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ÅOptimized software
ÅMemory locality and parallelism

Introduction

ÅDimensionality reduction
ÅSystem decomposition
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Outline

ÅThe challenge: curse of dimensionality
ÅFinite difference: a numerically convergent approach

ÅDimensionality reduction
Åά/ƘŀƛƴŜŘέ ǎȅǎǘŜƳǎ ŀƴŘ ǇǊƻƧŜŎǘƛƻƴǎ

ÅOptimizing software
ÅMaximizing brute-force computation capabilities

ÅNovel applications of HJ PDE solutions in machine learning
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Wikipedia

Challenges in Safety-Critical Systems

ÅAccount for all possible system behaviors
ÅFormal verification is needed

ÅComplex environment
ÅWeather conditions
ÅUnpredictable
ÅAdversarial agents

ÅComplex dynamics

ÅHigh-dimensional system dynamics

Wikipedia

iStock Wikipedia

5



The Hamilton-Jacobi PDE

ÅOne version of the equation
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ÅSolved on a grid

ÅNumerically convergent
ÅAs state space and time discretization go to zero, we approach the exact 

solution 
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Advantages

ÅGlobally optimal solution

ÅFlexibility: variants of value/cost functions

ÅSeveral other variants for different reachability problems

7

ὠὸȟὼὸ ÍÉÎ
ẗ
ÍÁØ
ẗ
ὰὼπ ᵼ

ὠ

ὸ
ÍÁØÍÉÎ

ὠ

ὼ
ὪὼȟόȟὨ π

ᵼÍÉÎ
ὠ

ὸ
ÍÁØÍÉÎ

ὠ

ὼ
ὪὼȟόȟὨ ȟὰὸȟὼ ὠὸȟὼ πὠὸȟὼὸ ÍÉÎ

ẗ
ÍÁØ
ẗ
ÍÉÎ
ᶰ ȟ

ὰίȟὼί



Advantages

ÅDisturbances

ÅNonlinear dynamics 

ÅCan represent sets of arbitrary shapes
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Challenges in Safety-Critical Systems

ÅAccount for all possible system behaviors
ÅFormal verification is needed

ÅComplex environment
ÅWeather conditions
ÅUnpredictable
ÅAdversarial agents

ÅContinuous-time system dynamics

ÅHigh-dimensional system dynamics
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1D: 
< 0.1s
negligible RAM

2D: 
seconds
negligible RAM

3D: 
minutes
tens of megabytes

4D:
hours
hundreds of megabytes

Main Challenge:
Exponential Computational Complexity

number of system dimensions

Computation time 
and RAM usage

5D:
days
gigabytes
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ὕὔ time and space complexity!

6D:
intractable!



Drone Intruder Avoidance
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Intruder
(human controlled)

Platoon leader
(autonomous)

Chen et al., JGCD 2015



Car Experiment 

ÅMore complex model (7D)

ÅIntractable Ą simplify model

ÅModelling errors resulted in positional 
errors of up to ~15cm

ÅRate of change in turn rate and 
acceleration is important!
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Leung et al., IJRR 2018
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State Dependency-Based Decomposition

State Dependency Graph:

Example: 4D Quadruple Integrator
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Option 1: Three 2D subsystems Option 2: Two 3D subsystems
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Trade off Efficiency vs. Accuracy


