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Multi -label segmentation
and high-order constraints

A Basic energies of imadabelings
A Move making (and other) algorithms

A Geometric constraints anulti-labelings



Submodular functions

A Edmonds 1970

Lattice (L,@,U) - set of elements witmf andsupoperations

STIL Y S@TI L SUTIL

Function E:L - A s calledbmodular if for any STI L

E(SQT)+E(SUT) ¢ E(S) + E(T)
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Submodular set functions
Assume sety, then(2V,1,8) is a lattice of subse

Setfunction E: 2"%- A dsbmodularif forany ST1 W
E(S1T)+E(S8T)C¢E(S)+E(T)

0D
Significance : any submodular set function can be

globally optimized in polynomial time O Wg)
[ Grotschel et al.1981,88, Schrijver 2000]
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Submodular set functions

Sets are conveniently represented by binary indicator variables

SEW 2 {s,1 {01} pl W} |

S, =0

p

Thus, set functiond=: 2V_ A can be represented as

E(S) =E(S,S,.---Siy)

Define S, 2{ S pl A} restrictionof S to any subseAl W
and consideprojections E(S,| S, ») of energy E ontosubsetsA

Setfunction E(S) is submodulariff for any pair p,ql W
E(00 Syp) tEMLY Sype) ¢ E(LA Sy ) +EOT Sy )



IPAM Graduate Summer School: Computer Vision, July 2013 Yuri Boykov , UWO

Graph cuts for minimization of
submodular set functions

Assume selg and2nd-order (quadratic) function

E(S) = a ES,S) S,.S,1 {0,

(pa)l N Indicator variables
FunctionE(S) is submodular if for any (p,q)1 N
E,(00) +E,(L1) ¢ E, (10)+E, (0,1)

Significance : submodular 2"9-order boolean (set) function
can be globally optimized in polynomial time by graph cuts

[Hammer 1968, Pickard&Ratliff1973] O N| W ?)
| Boros&Hammer 2000, Kolmogorov&Zabih2003]
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Submodular labeling energies

LabelingsL:q Y S

examples of imagmbelings(non-binary)
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Submodular labeling energies

LabelingsL: q Y s form a lattice(L",&U)
for strictly ordered labelss , e.qg. fors ={1,..,n}

L = (L) ={Llpina)
L)BL)=(Lo)  (L)0(L3)=(1L L)

?

segmentation
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Submodular labeling energies

LabelingsL: q Y s form a lattice(L",&U)
for strictly ordered labelss , e.qg. fors ={1,..,n}

S 1 L14 L2

?

segmentation
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Submodular labeling energies

LabelingsL: q Y s form a lattice(L",3U)

for strictly ordered labelss, e.g. fors ={1,..,n}
s L1A L2

L1 L2

1 2
L1A L . q

EnergyE(L) is submodular if for any twolabelings

E(L' @L°) + E(L"ULY) ¢ E(LY) + E(L)
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Reducing to set functions

Theorem [Birkhoff , 19371 anydistrib. Iattice(L,@,U)
IS isomorphic to a set lattide™,1.8) for same

Example [e.g.Ishikawa 1999} labelingsin s Wfor

strictly ordered set of labels can be represented
subsets ofq xs .

p

3

L:q Y S
SEW? L /S\

q




Reducing to set functions

Note: submodular energlg (L) of labelingsL in sW
gives submodular set functioa(S)= E(L).

E(L' @)+ E(L"UL®) ¢ E(LY) + E(L°)
E(S1T)+E(S8T)¢E(S)+E(T)

\

S SCT

SEWB L
SAT

q
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Graph cuts for minimization of
submodulapairwiselabeling energies

E(L) = & E,(L)+ &8 E, L, L) LiL

pl W (pa)l N strictly
ordered

FunctionE(L) is submodularif forany (p,g)| N
qu(a1 gaz ’bl @bZ) T qu(ai UaZ’bl UbZ) ¢ qu(ai’bl) + qu(az 1b2)

qu(a,b) =g(a- b) for someconvexfunctiong()
[Ishikawa, PAMI 2003] can be globally

minimized with graph cuts
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Optimizinglabelings
with st graph cut$ Roy &Cox 698, | st




Optimizinglabelings
with st graph cut$ Roy &Cox 698, | st

t cut

labels

L(p)

labels
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st graphcuts for

multi-label energy minimization

A Ishikawa 1998, 2000, 2003
A Modification of construction by Roy&Cox 1998

o)

E(L) = a -Dy(lL,) + aVv(L,Ly

pd N

Linear interactions

+ V(dL)

dL=Lp-Lqg

ARConvexo

Yuri Boykov , UWO

L I R

p

Il nt er ac

$ V(dL)

/

dL=Lp-Lq
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Pixel interactiony/:
nconvey

Tractable

NConvexo
Interactions V

Robust

Interactions V

Yuri Boykov , UWO

vdsscontinuitypreserving

NP hard
(>2labels)

Nndi scontinuity pr

T Vv(dL)
Al 1 n r o
model
dL=Lp-Lq
T v(dL)
dL=Lp-Lq

~

t V(dL)

»

t V(dL)

[Blake & Zisserman 1

Potts
mode/

dL=Lp-Lq

-/>_dL:Lp-Lq

986]
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Pixel interactions:
ficonveX  vdsscontifuitypreserving

stair-casing

Al I nVfear o

truncated
Nl 1 n\ar ¢
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Robust interactions

A NP-hard problem (3 or more labels) code
A two labels can be solved via s-f cuts

A a-expansiorapproximation algorithm

(Boykov, Veksler, Zabih1998, 2001)

A guaranteed approximation qualitygksler, thesis
2001)

i within a factor of 2 from the global minima (Potts mgdel
A Many other (small or large) move making algorithms

- a/b swap, jump moves, range moves, fusion moves, etc.
A LP relaxations, message passing, e€.g. (TRWS)
A Many other MRF techniques (tafly Ying Niar Wu)
A Variational methods (talk by Mildikolova, DanielCremer$
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a-expansion move

Basicidea is motivated by methods for multi -way cut problem
(similar to Potts model)

»
AN
/L

Break computation into a sequence of binary  s-f cuts
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a-expansion (binary move)
optimiziessumbodulaset function

L ={L, pl W |

current labeling expansions

correspond to subsets
(shaded area)
/ SEW

% Li(S,)=aC, +L, G5,
1- S,
ES) = E(L(9) = & E,(L) " 8L
p p

E (S,) E,(S,S

, UWO
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a-expansion (binary move)
optimiziessumbodulaset function
L ={L,| pi W

current labeling

E,(L,)| Ey(a)

E(S) = E(L(S) = A E,(Lj)+ A Eq(LiLi)

(pgl N

E (S,) E,(S,S
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a-expansion (binary move)

optimiziessumbodulaset function

L ={L, pl W

current labeling

Yuri Boykov , UWO

E(S) = E(L(S) = A E,(Lj)+ A Eq(LiLi)

(pgl N

E,(S,)

Sq Sp 0 1
0 |E,(L, L) E(aLy)
1 E (L,.a) E,aa)
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a-expansion (binary move)
optimiziessumbodulaset function

L ={L,| pl W
current labeling

0 |E,(Ly L) Eq(a,Ly)
1 E (L,.a) E,aa)

Set function E(S)is submodular if

E (1.1)+E (0,0)¢E, (0,1)+E (1,0)
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a-expansion (binary move)
optimiziessumbodulaset function

L ={L,| pl W
current labeling

S 0 1

0 |E,(Ly L) Eq(a,Ly)
1 E (L,.a) E,aa)

Set function E(S)is submodular if

E @) + Eullyn L) € By L @)+ Byl L)

1
|
0 triangular inequality for ||ab||=E(a,b)
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a-expansion (binary move)
optimiziessumbodulaset function

L ={L,| pl W
current labeling

S 0 1

0 |E,(Ly L) Eq(a,Ly)
1 E (L,.a) E,aa)

a-expansion moves are submodular If
E (8 b) isametric on the space of labels

[Boykov, Veksler Zabih, PAMI 2001]
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a-expansion moves

Ineach a4e x pansi on a aggrabsespacelfrarbothér laliels
initial solution
@ -expansion

@ -expansion

@ -cxpansion

@ -expansion

For each move we choose expansion that gives the largest decrease in
the energy: binary optimization problem
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a-expansions:
examples ometricinteractions

momdd @ mondo

\ V(. 5) V. B)

~

-]

PottsvV ¢ 7
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Multi-way graph cuts

Multi -object Extraction

Obvious generalization of binary object extraction technique
(Boykov, Jolly, Funkalea 2004)
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Multi-way graph cuts

stereo vision

depth map

of Nster eoo
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Multi-way graph cuts

Stereo/Motion with slanted surfaces

Labels = parameterized surfaces

Block-coordinate descent: models <> segments
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Multi-way graph cuts

Graph-cut textures
(Kwatra, Schodl, Essa, Bobick 2003)

s 1 mi limageqtua | f{Eiron&F@eman, 2001)
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Multi-way graph cuts

Graph-cut textures
(Kwatra, Schodl, Essa, Bobick 2003)
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a-expansions vs. simulated annealing

e musditest anomesitign, a-expansions (BVZ 89,01)
starl ohenrsald®324et¥o err 90 seconds, 5.8% err

| —e— Annealing —®— Our method |
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Multi-set lattices and muiget functions

Assume sefy, then(2"z ..2 2V,gU) s a lattice

multi-sets(S) :=(S)iL,

abd

(>

n

where eaShe W g
(ST 232

(S)2(T) = (S AT)
(S)U(T)=(SCT)



Multi-set lattices and muiget functions

Multi-set functionE(S;, &) is a mappingE:2"3 ..32%- A

ol

E(Sl, @1) /s submodular if for any (S),(Tl)i 2W3 L3 2W

E((8)2(T))+E(S)U(T) ¢ E(S)+E(T))
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Submodular multset functions

Inclusion constraint

Minimum margin constraint

or elastic repulsion

Boundary smoothness (Potts)
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Non submodular mulset functions

exclusion constraint @ @

Maximum Hausdorf
distance constraint

h(S| S)CT e

or elastic attraction
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Reducing to set functions

Theorem [Birkhoff , 1937} anydistrib. Iattice(L,@,U)
IS Isomorphic to a set lattiqe"’,1,8) for same
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Multi-set functions via graph cuts
Let x € B~*” over objectd and pixeld

interaction terms

muit ZD]) Z Va rZ I’)V?:j (X;

peP €L 1,7€L
1#£]

0l ayer cakec¢

al a | shi kawa- - - - - -

variabl J k40
ables gcp,a:p,xp
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Multi-set functions via graph cuts
Let x € B~*” over objectd and pixeld

Z Vi(x")

e L

A Standard regularization of L e e

each independent surface - - - - - .

Vix") = Z Vﬁq(xg,xé) S A

pqEN’?x oooooo
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Multi-set functions via graph cuts
Let x € B~*” over objectd and pixeld

interaction terms

> W (x)
1,7€L
i#]

A Inter-surface interaction - e e e e

Wiix)= S Wik(xi,xl) Tt At

42
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So whatcanwe do with graph cuts?

A Nestednegbiclusion of subsegments
[Delong ,Boykov ICCV 2009](exact solution)

A Springlike repulsion of surfaces, minimum distance
[Delong ,Boykov ICCV 2009](exact solution)

A Springlike attraction of surfacegjausdorfdistance
[Schmidt,Boykov ECCV 2012](approximation)

A ExtenddLi, Wu, Chen &Sonka PAMI 006

A no precomputed medial axes
A no topology constraints

43
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Applications

A Medical Segmentation

A Lots of complex shapes with (
priors between boundaries

A Better domairspecific models

T, O

A Scene Layout Estimation

A Basically just regularize
Holemstyle data terms [4]

44



