
Introduction Model Why not work? How to fix it? Conclusions References

Why License Plate Rationing Does Not Work and
How to Fix It?

Yu (Marco) Nie 1

1Northwestern University

Presented at IPAM Decision Support for Traffic Workshop,
November 19th, 2015

Nie LPR



Introduction Model Why not work? How to fix it? Conclusions References

Outline

1 Introduction
Traffic congestion problem
Solutions

2 Model

3 Why not work?
Analysis
Numerical results

4 How to fix it?
LPR+NVQ
LPR+Trading with Auto Owners
Permit rationing and trading with all travelers

5 Conclusions

Nie LPR



Introduction Model Why not work? How to fix it? Conclusions References

The traffic congestion problem

Infamous symptoms of traffic con-
gestion: lost time, disrupted sched-
ules, wasted fuel, deteriorating air
quality, and discomfort.

Costed urban Americans approxi-
mately $121 billion in 2012.

A daunting challenge for the devel-
oping countries due to rapid urban-
ization.
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Autonavi report: Top 10 most congested Chinese cities
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2015 Q1  中国主要城市交通分析�告 
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2015Q1 Most congested city TOP10  

 
 
数据�明： 

早高峰：07:00~09:00  

晚高峰：17:00~19:00  

全  天：06:00~22:00  

 

 

�本�取��： 

2015.1.1~2015.3.31  

 

�本范�： 

我��取城市�划的中心城区或建成区
作�城市整体道路网的�价范� 

 

 

排名�明： 

目前，高德支持全国 114 城市交通信息
服�，我��取 45个重要城市参与排名 

（� 1）2015Q1中国主要城市�堵排名分布� 
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Beijing

Shanghai

2015 First Quarter
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The solutions

Increase supply: more roads,
better management, new
technologies (autonomous
and connected vehicles very
promising)

May face financial and
physical limits.
May be self-defeating as it
induces demand.

Manage demand: reduce to-
tal VMT by automobiles.

Sticks: pricing or rationing
car ownership and/or use
Carrots: incentivizing ef-
ficient and green travel
modes (sharing, walking,
biking).
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Congestion pricing

The basic economic theory is com-
pelling

If nothing is done, everybody
will travel at the low speed.

If some drivers are ”forced”
out the fast road, the total
travel time will be reduced.

Trave l tim e 
on fast road

N um ber o f veh ic les

AB

to ll

Travel tim
e
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Why nobody likes it?

Successful stories of congestion pricing are limited to a handful
of cities (Singapore, London, Stockholm)
High-profile public rejections (Hong Kong, Edinburgh, New
York)
Politically too expensive even for very powerful governments.

”Yet another tax!!!”

”The rich benefits at the ex-
pense of the poor”!!!
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New vehicle quota: a low-hanging fruit?

VQS was first implemented
in Singapore (New license
plates were sold through auc-
tion)

Shanghai adopted Singa-
pore’s VQS

Beijing 2010, license plates
are distributed by lottery

Guangzhou (2012), Tian-
jin (2013), Hangzhou and
ShengZhen (2014) - mixed
distribution schemes.
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Licence plate rationing: the other low-hanging fruit?

Mexico City’s “No Cir-
culating Day” scheme
(1989)

Manila, Philippine (1996)

Sao Paulo, Brazil (1997)

Bogota, Columbia (2000)

Beijing, China (2011)

Chengdu, Tianjin,
Hangzhou.... (since
2012)
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Objectives

Appeal of LPR

Easy to implement and enforce

Revenue neutral

Perceived as fair (since restrictions apply to all)

1 First, I will explain why LPR is a not a good policy

2 Second, I will propose and analyze a few alternative policies
that retain these advantages of LPR as much as possible.
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Model

Choice 0: Take transit,travel time = γ, 
operating cost = cT

Driving, travel time = τ, 
operating cost = cA

Choice 2, Own two cars
auto capital cost = 2φ

Choice 1: Own one car 
auto capital ost = φ

β

F(β)

Value of Time

q

The travel cost is represented as

uA = βτ(q) + cA + φ,

uT = βγ + cT .

Assumptions

The travel demand is fixed;

Travelers choose between driving
(with one or two cars) and taking
transit based on travel cost;

Taking transit is slower but cheaper
than driving;

Driving time τ is flow dependent,
whereas travel time on transit γ is
constant;

Travelers are heterogeneous in their
value of time β, which follows a con-
tinuous distribution;

One car is sufficient to meet travel
needs (drivers would buy the second
car only to avoid use restriction).
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User equilibrium

Ignoring corner solutions, the equilibrium is achieved when
uA = uT , i.e.

F−1(qe)τ(qe) + cA + φ = γF−1(qe) + cT .

(γ − τ(qe))βe = ∆c (1)

where βe = F−1(qe),∆c = cA + φ− cT > 0

Travelers with β > βe will drive

Travelers with β < βe will ride transit.
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System optimum

The total system cost can be written as

Ĝ ≡
∫ q

0

F−1(w)τ(q)dw +

∫ d

q

F−1(w)γdw + (cA + φ)q + cT (d − q)

The first-order optimality condition leads to

dĜ

dq
= 0→ (γ − τ(q))F−1(q) = ∆c + τ(q)′

∫ q

0

F−1(w)dw

If qs is solution to the above equation, then the system optimal toll is

µs = τ(qs)
′
∫ qs

0

F−1(w)dw

Nie LPR



Introduction Model Why not work? How to fix it? Conclusions References

Setting of LPR

Under LPR, all travelers with one car can only drive on a fraction of
all days depending on the last digit of the license plate. This fraction
is denoted as λ ∈ [0, 1].

λ = 1 means no restriction, and λ = 0 represents full restriction.
Typically we assume λ ≥ 0.5 (odd-even rationing).

A traveler may respond to rationing by purchasing another vehicle, if
it reduces the travel cost.

There are three choices: 0 (taking transit), 1 (owning one car), and
2 (owning two cars).
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Introduction Model Why not work? How to fix it? Conclusions References

Setting of LPR

Under LPR, all travelers with one car can only drive on a fraction of
all days depending on the last digit of the license plate. This fraction
is denoted as λ ∈ [0, 1].

λ = 1 means no restriction, and λ = 0 represents full restriction.
Typically we assume λ ≥ 0.5 (odd-even rationing).

A traveler may respond to rationing by purchasing another vehicle, if
it reduces the travel cost.

There are three choices: 0 (taking transit), 1 (owning one car), and
2 (owning two cars).

Nie LPR



Introduction Model Why not work? How to fix it? Conclusions References

Setting of LPR

Under LPR, all travelers with one car can only drive on a fraction of
all days depending on the last digit of the license plate. This fraction
is denoted as λ ∈ [0, 1].

λ = 1 means no restriction, and λ = 0 represents full restriction.
Typically we assume λ ≥ 0.5 (odd-even rationing).

A traveler may respond to rationing by purchasing another vehicle, if
it reduces the travel cost.

There are three choices: 0 (taking transit), 1 (owning one car), and
2 (owning two cars).

Nie LPR



Introduction Model Why not work? How to fix it? Conclusions References

Setting of LPR

Under LPR, all travelers with one car can only drive on a fraction of
all days depending on the last digit of the license plate. This fraction
is denoted as λ ∈ [0, 1].

λ = 1 means no restriction, and λ = 0 represents full restriction.
Typically we assume λ ≥ 0.5 (odd-even rationing).

A traveler may respond to rationing by purchasing another vehicle, if
it reduces the travel cost.

There are three choices: 0 (taking transit), 1 (owning one car), and
2 (owning two cars).

Nie LPR



Introduction Model Why not work? How to fix it? Conclusions References

User equilibrium (UE) solutions

User cost

u1 = λ(βτ(q) + cA) + (1− λ)(βγ + cT ) + φ,

u2 = βτ(q) + cA + 2φ,

u0 = βγ + cT .

Also note that highway flow q = f2 + λf1.

Characteristics of UE solutions

When λ is sufficiently close to 1, travelers will choose between taking transit
and owning one car;

When λ reaches a threshold λ̂, wealthy travelers will begin to acquire the
second car.

When λ is reduced to 0.5, all drivers would have two cars.
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System optimum (SO) solution

min Ĝ =

∫ f2

0
F−1(w)τ(q)dw + (cA + 2φ)f2 +

∫ f1+f2

f2

F−1(w) (λτ(q) + (1− λ)γ) dw

+ λf1(cA + φ) + (1− λ)f1(φ+ cT ) +

∫ d

f1+f2

F−1(w)γdw + cT (d − f1 − f2)

subject to:f ∈ [0, d ], λ ∈ [0, 1]

∂Ĝ

∂f1
= λF−1(f1 + f2)(τ(q)− γ) + λπ + λ∆c + (1− λ)φ

∂Ĝ

∂f2
= (λF−1(f1 + f2)− (1− λ)F−1(f2))(τ(q)− γ) + π + ∆c + φ

∂Ĝ

∂λ
=

∫ f1+f2

f2

F−1(w)dw(τ(q)− γ) + f1π + f1(cA − cT ),

where

π = τ(q)′(λ

∫ f1+f2

f2

F−1(w)dw +

∫ f2

0
F−1(w)dw)
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Main result I: cost at UE

Proposition

Let [f a1 , f
a

2 ] and [f b1 , f
b

2 ] be UE solutions corresponding to λa and λb. (1) If
1 ≥ λa > λb ≥ λ̂, τ(qa) > τ(qb); and (2) If λ̂ > λa > λb ≥ 0.5 and
f a1 + f a2 < f b1 + f b2 , τ(qa) > τ(qb).

Implications

Highway travel time decreases with tighter rationing policies until travelers
begin to buy the second car.

A sufficient condition is that the share of transit mode must increase in
response to a tighter rationing policy (a very strong condition)
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Main result II: cost at SO

Proposition

Let [f ∗, λ∗] be the solution to SO problem. Ignoring trivial corner solutions,
λ∗ = 1.

For any given λ < 1, the system cost can always be minimized with λ being
treated as a parameter instead of a variable.

Implications

Proposition 2 asserts that the solutions for those parametric problems would
be always inferior to that with λ = 1.

The total system cost will always increase at SO!

Even if a first-best policy can be implemented, it cannot minimize the
system cost under LPR.
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Main result III: SO toll

SO toll under LPR

Under LPR, to decentralize the SO we will need to charge one-car travelers a
toll equal λπ and two-car travelers a toll equal π, where

π = τ(q)′(λ

∫ f1+f2

f2

F−1(w)dw +

∫ f2

0

F−1(w)dw)

Those who opt to buy a second car need to pay an extra toll equal to
(1− λ)π

This additional toll may be collected as an extra “sales tax” (or an addi-
tional registration fee) upon the purchase of the second car.

This SO toll is progressive
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Experimental setting

Table: Description of model parameters

Parameters Default value Unit Description
γ 1 hour Transit travel time/trip

cT 5 $ Transit operating cost/trip
τ0 0.5 hour Highway free flow travel time/trip
C 500 veh/hour Highway capacity
d 1000 person Total demand
cA 6 $ Auto operating cost/trip
φ 5 $ Auto capital cost/trip
βU 60 $/hour Highest VOT
ρ 0.1 - Index of wealth

Scenario D All parameters take default values.

Scenario P All parameters take default values except ρ = 4 (poor population)

Scenario R All parameters take default values except ρ = −0.6 (rich population)

Scenario L All parameters take default values except φ = 2.5 (low auto capital
cost)

Scenario H All parameters take default values except ρ = 10 (high auto capital
cost)
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Welfare effects: cost increases compared to UE
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Sensitivity to index of wealth ρ

0.5 0.6 0.7 0.8 0.9 1
300

400

500

600

700

800

900

1000

1100

1200

1300

Rationing ratio ( λ)

Fl
ow

 

 

0.5 0.6 0.7 0.8 0.9 1
200

300

400

500

600

700

800

Rationing ratio ( λ)

Fl
ow

 

 
Car population at UE − D
Car population at SO − D
Car population at UE − P
Car population at SO − P
Car population at UE − R
Car population at SO − R

Highway �ow at UE − D
Highway �ow at SO − D
Highway �ow at UE − P
Highway �ow at SO − P
Highway �ow at UE − R
Highway �ow at SO − R

The total number of cars is higher for the richer population.

The highway flow is higher for the richer population.
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The difference between SO and UE diminishes as the population
becomes poorer

Highway travel increases as λ becomes more restrictive, for the
rich population.
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Proposed strategies

The key is to encourage travelers to cope with the restriction by switching to
transit, not by getting the second car.

Proposed policy Rationale

LPR coupled with new
vehicle quota

Curtail the growth of auto ownership triggered by
LPR, hence improve its effectiveness

LPR coupled with
trading among auto
owners

Inspired by the recent studies on tradable credit
schemes (TCS), desirable access to driving may be
achieved at a lower cost by purchasing permits than
another car

Permit rationing and
trading among all
travelers

Avoid making the right to drive as a de facto “enti-
tlement” of auto owners
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New vehicle quota (NVQ)

Recall

u1(β) = λ(βτ(q) + cA) + (1− λ)(βγ + cT ) + φ,

u2(β) = βτ(q) + cA + 2φ,

u0(β) = βγ + cT .

The NVQ scheme will introduce the following constraint:

f1 + 2f2 ≤ K0fe

where K0 ≥ 1 is the desired vehicle control target and fe is the UE
flow when λ = 1.0.
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New vehicle quota (NVQ)

Let ν be the multiplier associated with the capacity constraints, the
complementarity requires

ν ≥ 0; ν(f1 + 2f2 − K0fe) = 0

The UE conditions that incorporate this complementarity condition are

f1 ∈ (0, d)→∃β1 ∈ [βL, βU ], s.t. u1(β1) + ν = u0(β1)

f2 > 0→∃β2 ∈ [βL, βU ], s.t. u1(β2) + ν = u2(β2) + 2ν
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Model trading with auto owners (TAO)

rationale

Buying another vehicle to gain more access to the highway
could be more expensive than acquiring permits

Facilitate efficient allocation of permits among auto owners

Implementation issues

Permit no longer tied to license plates

Virtual permits must be used.

Permits can then be traded in a virtual market and linked to registered
vehicles through an on-board unit.

Transaction and enforcement may be done via vehicle-to-infrastructure
(V2I) communication.
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vehicles through an on-board unit.

Transaction and enforcement may be done via vehicle-to-infrastructure
(V2I) communication.
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LPR-TAO

Travelers face four choices: transit (0), own one car and sell permits (1-), own
one car and buy permits (1+), and own two cars and sell extra permits(2).

Policy 0: Transit,travel time = γ, operating cost = cT

Driving, travel time = τ, operating cost = cA

Policy 2, Own two cars, sell extra permits

Policy 1-: Own one car, ownership cost = φ
sell permits

Policy1+: Own one car, ownership cost = φ
purchase permits. 

u1+(β) = (λ+ δ(β))(βτ + cA) + (1− λ− δ(β))(βγ + cT ) + φ+ δ(β)P

u1−(β) = (λ− δ(β))(βτ + cA) + (1− λ+ δ)(βγ + cT ) + φ− δ(β)P

u2(β) = βτ + cA + 2φ− Pδ(β)

u0(β) = βγ + cT

where P is the price of permits required to gain full driving access.
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Trading function

A traveler may purchase or sell certain
amount of permits, which is assumed
to be a function of β, denoted as δ(β)

β

δ(β)

β1 β∗ β2

βL

βU

δ+
Buy permits

Sell permits

Transit
users

One-car users Two-car
users

δ-
2λ−1

δ∗

β∗ = F−1(f2 + f1+)

β1 = F−1(f2 + f1)

β2 = F−1(f2); f1 = f1+ + f1−

Lemma

Consider two travelers a and b, each
with a VOT βa and βb such that βa > βb
and permits λa, λb ∈ (0, 1). Traveler a
would always gain more than what trav-
eler b would lose if ε ∈ (0,min(λb, 1 −
λa))) permit is transferred from b to a.

Trading will always occur when λ
is restricted below 1.

Since trading is mutually benefi-
cial, the permit price must be pos-
itive.
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Main result: characteristics of the trading function

Proposition

If λ ∈ [0.5, 1] and β1 < β∗ < β2 <
βU , then at user equilibrium, the permit
trading function

δ(β) =


1− 2λ β ∈ [β2, βU ]
1− λ β ∈ [β∗, β2)
−λ β ∈ [β1, β

∗)

δ(β)

β1 β∗ β2

βL

βU

Buy permits

Sell permits

Transit
users

One-car users Two-car
users

−λ

2λ−1

1−λ

The amount of permits traded jumps abruptly, and its change
coincides with the change in the primary travel choices
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Main results: characteristics of UE solution

As λ decreases from 1, relatively rich one-car travelers will begin to buy permits
from their relatively poor peers.

As λ becomes more restrictive, the permit will become more valuable, and more
zero-car travelers will become permit suppliers.

When very restrictive λ drives the demand for permits sufficiently high, the richest
travelers may begin to acquire the second automobile to increase the permit
supply.

The UE solution may be summarized as follows.

When λ ∈ [max(0.5, λ̂), 1), travelers may choose policy 0, 1+ or 1−, but not 2.

When λ ∈ [0.5,max(0.5, λ̂)], travelers may choose policy 1+, 1− or 2, but not 0.

where λ̂ is the threshold where travelers begin to acquire the second car.
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Summary

Enabling permit trading may initially motivate more travelers
to become car owners.

For a restrictive LPR, all travelers would choose to own at least
one vehicle.

There would be many who own cars but never use them - a
waste of social resources.

The overall effectiveness of the policy is questionable.
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Permit rationing and trading with all travelers (PRA-TAT)

Distribute all driving permits evenly among all travelers.

The authority decides the percentage of eligible travelers who
will be allowed to drive, also called λ.

A hybrid of LPR and tradable credit scheme (TCS).

Permits are given to travelers, not to vehicles, so no incentive
to buy extra vehicles.
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Main result

β

δ(β)

β1 β∗βL
βU

δ+
Buy permits

Sell permits

Transit
users

One-car users

−λ
Sell permits δ-

Three choices: use transit and sell all
permits to auto owners (0), own one car
and sell portion of the permit to other
car owners (1-), and own one-car and buy
options (1+).

Proposition

With the proposed PRA-TAT scheme, (1)
no traveler would choose to own a car but
sell permits at UE, i.e., f1− = 0. (2) One-
car travelers must purchase 1− λ permit at
UE, i.e.,

δ(β) =

{
1− λ β ∈ [β1, βU ]
−λ β ∈ [βL, β1)

(3) For target highway flow q0, driving re-
striction λ = q0/d ; and (4) the permit price
P = φ/λ.

Permit trading in PRA-TAT leads to
a surprisingly simple equilibrium solu-
tion!

Trading behavior is defined by auto
ownership, independent of user het-
erogeneity.
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LPR-NVQ: Result
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Each NVQ policy effectively restricts the total number of automobiles at
the level dictated by K0

When the shadow cost is excluded, LPR-NVQ improve the system cost

With the shadow cost, the system costs under LPR-NVQ becomes worse.
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Higher auto capital cost leads to lower auto ownership

Low auto capital cost leads to high shadow price.

With shadow price, the system is better off with high auto capacity cost!
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LPR-TAO: Result
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LPR-TAO: Sensitivity to auto capital cost
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Congestion is worse
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LPR-TAO: Sensitivity to auto capital cost
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Price = φ/λ

Trading volume peaks
when travelers begin
to buy the second car

Trading is more active 
when auto capital cost is lower
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PRA-TAT: Result
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Welfare effects of LPR-TAO vs. PRA-TAT
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(b) PRA−TAT, Scenario−D
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LPR-TAO benefits the travelers with high value of time at the expense of
those with medium value of time.

Under PRA-TAT all travelers benefit (Pareto-improving), though the ben-
efits of “middle class” are the lowest.

Equity issue generally is worse when rationing is more restrictive.
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(d) PRA−TAT, Scenario−R
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Benefits of both policies are improved with a rich population
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Welfare effects of LPR-TAO vs. PRA-TAT
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(f) PRA−TAT, Scenario−P
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Benefits of both policies are worsened with a poor population

Even PRA-TAT does not achieve Pareto-improving.

Whether or not such a policy is effective depends on the distribution of
VOT.
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Summary of findings

Shortcomings

LPR is neither first-best nor second-
best.

LPR is bound to worsen the system
optimum cost (with or without the
second car purchase).

The policy may lead to unintended
consequences (higher car ownership
and worse congestion).

Possible solutions

LPR-NVQ can improve “nominal” so-
cial welfare; but with shadow cost, it
worsens the system cost.

Allowing auto owners to trade their
permit to drive is generally a worse
policy than LPR itself.

Allowing all travelers to trade permits

is more efficient than other alterna-

tives.

A revenue-neutral first-best
policy with our assumptions.
can be introduced as an amend-
ment in cities where LPR is al-
ready in place
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Future studies

Generalize the analysis to determine the optimal control target
in PRA-TAT in real-world applications

Validating the trading behavioral with day-to-day dynamics mod-
els or agent-simulation model

Combine PRA-TAT with other TDM policies, e.g. NVQ (many
cities have both)...

Implementation issues?
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Thank you!
Questions and comments?
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