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Computing the 3D position coordinates using a variety of 
measurements:
satellite-based systems (such as GPS, GLONASS, BeiDou, Galileo), 
terrestrial radio systems (such as cellular networks), and 
on-board sensors.

• Bayesian inference,  
• sequential Monte Carlo methods,  
• (extended) Kalman filters, and  
• numerical integration methods  
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A smartphone can compute where a GNSS 
satellite will be in a few days

Ala-Luhtala, TISE 2013, slide     !

Estimation of the initial state and prediction

7

Problem: 
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1) Filtering distribution: 
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The basic dynamic model includes earth, sun & 
moon gravity, and solar radiation 

Ala-Luhtala et al.  
IGNSS 2013

spherical harmonics 
up to degree & order 12
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empirical SRP modelpressure model is of the form [5]
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and e are the distance and unit vector from the

2. Satelliittien rataennustusmalli 6

ta, mutta tarkkoja satelliittien rataennusteita tehdessä ne ovat hyvin merkittäviä.

Kuva 2.2: JPL:n havainnollistava kuva maapallon gravitaatiokentän epätasaisuuksista
maanpinnan tasolla. Mitä punaisempi väri ja suurempi kohouma, sitä voimakkaampi maa-
pallon gravitaatiokiihtyvyys on alueella verrattuna referenssiellipsoidin aiheuttamaan kiih-
tyvyyteen [28]. Kuvan piirtoon vaadittu data on saatu Nasan GRACE -tehtävältä (engl.
Gravity Recovery and Climate Experiment).

Kuten kuvasta 2.2 voidaan nähdä, maapallon painovoimakenttä vaihtelee huo-
mattavasti maanpinnan tasolla. Mitä korkeammalle maanpinnan yläpuolelle nous-
taan, sitä pienempi vaikutus kuitenkin gravitaatiokentän epähomogeenisuuksilla on.
Koska tyypilliset navigointisatelliitit kiertävät maapalloa noin 20 000 kilometrin kor-
keudella, riittää että gravitaatiomallimme ottaa huomioon vain suurimmat epäta-
saisuudet gravitaatiokentässä.

Rataennustusmallin gravitaatiokiihtyvyyden laskemisessa on käytetty maapallon
osalta “typistettyä” EGM2008 mallia [39]. EGM eli Earth Gravitational Model tau-
lukoissa on esitetty maapallon gravitaatiopotentiaaliin liittyviä vakioita. Näiden va-
kioiden avulla voidaan laskea näppärästi Maan massan tuottama putoamiskiihty-
vyys satelliitin sijainnissa. Esimerkiksi Montebruckin ja Gillin kirjasta [27] voidaan
löytää selkeä laskentakaavan johto. Kiihtyvyyden määrittäminen perustuu potenti-
aalin gradientin laskemiseen. Potentiaali voidaan puolestaan määrittää palloharmo-
nisien kertoimien avulla. Kokonaiskiihtyvyys voidaan määrittää lausekkeella
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We looked at some additions and changes 
to the dynamic model  

effect km/s
earth gravity 6e-1
moon gravity 4e-5
sun gravity 2e-6
solar radiation 1e-7
solid tides 5e-9
earth albedo 5e-9
ocean tides 8e-10
earth gravity relativity correction 3e-10
venus gravity 3e-10
sun gravity relativity correction 4e-11
Jupiter gravity 3e-11
antenna radiation 2e-11
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Solid tide is modelled by modifying terms in the 
gravity potential’s harmonic series 

The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.

B. Improved model

In this section, we study enhancements to our existing force
model terms and introduce some smaller forces previously left
unaccounted. As the term aunaccounted is constituted of several
dozens of smaller separate terms, we can’t include all physical
forces in our model. Otherwise our orbit prediction algorithm
would be computationally too heavy to run in portable devices.
This study concentrated on the largest forces.

The first correction that we included was Earth’s solid
tides. Solid tides are the result of Earth’s deformation from
disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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Here k2,m represents the Love numbers and m is a gravity
potential coefficient index. R� and M� are the distance from
Earth’s gravity center to satellite and Earth’s mass. M and s
represent the mass of disturbing object and its distance from
Earth’s gravity center. G is the gravity constant. Angles � and
� are latitude and longitude of the satellite. The function Pnm

is the value of Legendre polynomial of degree n and order m.
This model for solid tides is given in [6] and more accurate
Love number values can be found in [7]. The final step is to
unnormalize the term changes [6]. It can be done with
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:
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Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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where
A = 1 + ↵3 · (sin(|�|)� 0.5). (9)

Here � represents the angle between the satellite and the Sun
if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
of Chebychev factors in pre-determined time intervals. The
older DE202 ephemeris is desirable in favor of the newer
DE400 series ephemerides because it doesn’t require an extra
coordinate transformation when used in our algorithm.

Because relativity correction for moving satellite accelerates
the satellite towards the Earth and we don’t have a good model
for albedo that is roughly in the opposite direction, we decided
to calibrate antenna thrust to roughly compensate for both
Earth albedo and the actual antenna thrust. If we know the
directional transmit power P of the antenna, we can calculate
antenna thrust with formula
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F
m

=

dp
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.

The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.
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disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:

�aEarth = �GM�
r2

er
✓
3

v2

c2

◆
. (7)

Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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Here � represents the angle between the satellite and the Sun
if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
of Chebychev factors in pre-determined time intervals. The
older DE202 ephemeris is desirable in favor of the newer
DE400 series ephemerides because it doesn’t require an extra
coordinate transformation when used in our algorithm.

Because relativity correction for moving satellite accelerates
the satellite towards the Earth and we don’t have a good model
for albedo that is roughly in the opposite direction, we decided
to calibrate antenna thrust to roughly compensate for both
Earth albedo and the actual antenna thrust. If we know the
directional transmit power P of the antenna, we can calculate
antenna thrust with formula
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.

Montebruck & Gill: 
Satellite Orbits (2000)
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We replace our simple Sun & Moon orbit formula 
with JPL ephemeris

We use DE202 (J2000) instead of DE400 (IERS)

http://www.cv.nrao.edu/∼rfisher/
Ephemerides/ephem_descr.html#ref8 

Chebyshev coefficients, 150 kB/year 

Accuracy in milliarcseconds  
  (simple formula’s accuracy is arc minutes)
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Earth-gravity relativity, antenna radiation, and 
earth albedo effects are radial forces 

antenna radiation thrust

satellite orbit speed v = 10-5c

empirical Albedo model

The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.

B. Improved model

In this section, we study enhancements to our existing force
model terms and introduce some smaller forces previously left
unaccounted. As the term aunaccounted is constituted of several
dozens of smaller separate terms, we can’t include all physical
forces in our model. Otherwise our orbit prediction algorithm
would be computationally too heavy to run in portable devices.
This study concentrated on the largest forces.

The first correction that we included was Earth’s solid
tides. Solid tides are the result of Earth’s deformation from
disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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potential coefficient index. R� and M� are the distance from
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represent the mass of disturbing object and its distance from
Earth’s gravity center. G is the gravity constant. Angles � and
� are latitude and longitude of the satellite. The function Pnm

is the value of Legendre polynomial of degree n and order m.
This model for solid tides is given in [6] and more accurate
Love number values can be found in [7]. The final step is to
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:
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Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.

The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.
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disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:

�aEarth = �GM�
r2

er
✓
3

v2

c2

◆
. (7)

Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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where
A = 1 + ↵3 · (sin(|�|)� 0.5). (9)

Here � represents the angle between the satellite and the Sun
if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
of Chebychev factors in pre-determined time intervals. The
older DE202 ephemeris is desirable in favor of the newer
DE400 series ephemerides because it doesn’t require an extra
coordinate transformation when used in our algorithm.

Because relativity correction for moving satellite accelerates
the satellite towards the Earth and we don’t have a good model
for albedo that is roughly in the opposite direction, we decided
to calibrate antenna thrust to roughly compensate for both
Earth albedo and the actual antenna thrust. If we know the
directional transmit power P of the antenna, we can calculate
antenna thrust with formula
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.

The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.

B. Improved model

In this section, we study enhancements to our existing force
model terms and introduce some smaller forces previously left
unaccounted. As the term aunaccounted is constituted of several
dozens of smaller separate terms, we can’t include all physical
forces in our model. Otherwise our orbit prediction algorithm
would be computationally too heavy to run in portable devices.
This study concentrated on the largest forces.

The first correction that we included was Earth’s solid
tides. Solid tides are the result of Earth’s deformation from
disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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Here k2,m represents the Love numbers and m is a gravity
potential coefficient index. R� and M� are the distance from
Earth’s gravity center to satellite and Earth’s mass. M and s
represent the mass of disturbing object and its distance from
Earth’s gravity center. G is the gravity constant. Angles � and
� are latitude and longitude of the satellite. The function Pnm

is the value of Legendre polynomial of degree n and order m.
This model for solid tides is given in [6] and more accurate
Love number values can be found in [7]. The final step is to
unnormalize the term changes [6]. It can be done with
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:
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Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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Here � represents the angle between the satellite and the Sun
if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
of Chebychev factors in pre-determined time intervals. The
older DE202 ephemeris is desirable in favor of the newer
DE400 series ephemerides because it doesn’t require an extra
coordinate transformation when used in our algorithm.

Because relativity correction for moving satellite accelerates
the satellite towards the Earth and we don’t have a good model
for albedo that is roughly in the opposite direction, we decided
to calibrate antenna thrust to roughly compensate for both
Earth albedo and the actual antenna thrust. If we know the
directional transmit power P of the antenna, we can calculate
antenna thrust with formula
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.
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The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.

B. Improved model

In this section, we study enhancements to our existing force
model terms and introduce some smaller forces previously left
unaccounted. As the term aunaccounted is constituted of several
dozens of smaller separate terms, we can’t include all physical
forces in our model. Otherwise our orbit prediction algorithm
would be computationally too heavy to run in portable devices.
This study concentrated on the largest forces.

The first correction that we included was Earth’s solid
tides. Solid tides are the result of Earth’s deformation from
disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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Here k2,m represents the Love numbers and m is a gravity
potential coefficient index. R� and M� are the distance from
Earth’s gravity center to satellite and Earth’s mass. M and s
represent the mass of disturbing object and its distance from
Earth’s gravity center. G is the gravity constant. Angles � and
� are latitude and longitude of the satellite. The function Pnm

is the value of Legendre polynomial of degree n and order m.
This model for solid tides is given in [6] and more accurate
Love number values can be found in [7]. The final step is to
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:
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Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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where
A = 1 + ↵3 · (sin(|�|)� 0.5). (9)

Here � represents the angle between the satellite and the Sun
if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
of Chebychev factors in pre-determined time intervals. The
older DE202 ephemeris is desirable in favor of the newer
DE400 series ephemerides because it doesn’t require an extra
coordinate transformation when used in our algorithm.

Because relativity correction for moving satellite accelerates
the satellite towards the Earth and we don’t have a good model
for albedo that is roughly in the opposite direction, we decided
to calibrate antenna thrust to roughly compensate for both
Earth albedo and the actual antenna thrust. If we know the
directional transmit power P of the antenna, we can calculate
antenna thrust with formula
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.

The factor � 2 [0, 1] is a shadow factor, such that � = 1,
when the satellite is in sunlight and � = 0, when the satellite
is completely in the Earth’s shadow. We have used the conical
shadow model described in [6]. The parameters ↵1 and ↵2 are
satellite-specific parameters that are estimated separately for
each satellite. The parameter ↵1 is a scaling parameter that is
used to account for the uncertainty in the mass, surface area
and reflectivity of the satellite. The parameter ↵2 represents
the magnitude of the y-bias acceleration. Variables rSat and
rSun are vectors from the Earth’s gravity center to satellite and
to the Sun in Terrestrial Intermediate Reference System.

B. Improved model

In this section, we study enhancements to our existing force
model terms and introduce some smaller forces previously left
unaccounted. As the term aunaccounted is constituted of several
dozens of smaller separate terms, we can’t include all physical
forces in our model. Otherwise our orbit prediction algorithm
would be computationally too heavy to run in portable devices.
This study concentrated on the largest forces.

The first correction that we included was Earth’s solid
tides. Solid tides are the result of Earth’s deformation from
disturbing gravity potentials. The correction is calculated
by changing the 2nd order unnormalized coefficients in the
spherical harmonic expansion for the gravity potential. The
normalized term changes can be calculated by
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Here k2,m represents the Love numbers and m is a gravity
potential coefficient index. R� and M� are the distance from
Earth’s gravity center to satellite and Earth’s mass. M and s
represent the mass of disturbing object and its distance from
Earth’s gravity center. G is the gravity constant. Angles � and
� are latitude and longitude of the satellite. The function Pnm

is the value of Legendre polynomial of degree n and order m.
This model for solid tides is given in [6] and more accurate
Love number values can be found in [7]. The final step is to
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Here �0,m represents the Kronecker delta function which gains
the value of 1 only when m = 0 and the value 0 otherwise.

The second correction to the force model was an additional
scaling of the Earth’s gravity field. The theory of general
relativity states that a moving object sees the space-time
surrounding it differently than a resting observer. Therefore,
a moving satellite has to undergo relativistic coordinate trans-
formation if we desire to predict the motion really accurately.
Essentially, this means that the satellite experiences an increase

in gravity because of the relativistic coordinate transformation.
Without going further into details of general relativity, the
increase in Earth’s gravity for a satellite is given by [6]:
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Here r is distance from Earth’s gravity center and v is the
satellite’s velocity. This approximation holds rather well for
all satellites on a circular orbit. Because most GNSS satellites
are in a nearly circular orbit, this formula suits us well.

The third major correction that we tested was a simple
version of a box-wing SRP model. We tested the correction
only for GPS satellites. This correction included a semi-
empirical sun-earth-satellite angle dependence in the satellite
surface area. We assumed that the technical box of the satellite
would rotate in relation to the Sun as it is kept directed toward
Earth, while solar panels always face the Sun (with a small
phase lag). The dependence was assumed to be simply of a
sine form. Therefore our modified SRP model is of the form:
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where
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Here � represents the angle between the satellite and the Sun
if observed from the gravity center of the Earth. Parameter ↵3

was hand tuned by using a large number of orbit predictions.
We didn’t use any available box-wing models in determin-
ing the equation (9). However, it is noteworthy that certain
forces in already published box-wing models [8] resemble our
simplified box-wing-correction. We didn’t use a previously
designed box-wing corrections as they are, because most of
them are computationally noticeably heavier. Even our simple
correction slowed down the computation by over 10%.

The next correction in our force model was enhancing the
planetary body coordinate accuracy. Our force model used a
simple analytical formula to calculate the Sun and the Moon
positions [6]. To improve the position accuracy, we used
Jet Propulsion Lab’s DE202 planetary body ephemeris [9].
The ephemeris gives planetary body coordinate data in form
of Chebychev factors in pre-determined time intervals. The
older DE202 ephemeris is desirable in favor of the newer
DE400 series ephemerides because it doesn’t require an extra
coordinate transformation when used in our algorithm.

Because relativity correction for moving satellite accelerates
the satellite towards the Earth and we don’t have a good model
for albedo that is roughly in the opposite direction, we decided
to calibrate antenna thrust to roughly compensate for both
Earth albedo and the actual antenna thrust. If we know the
directional transmit power P of the antenna, we can calculate
antenna thrust with formula
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Here m is the satellite’s mass, F is the antenna thrust force,
p is the total momentum of the emitted photons and c is the
speed of light.

“simplified box-wing model”
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The clearest improvements are in short-term 
predictions, but computation time increases too
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This study has found some small improvements to 
our dynamic model; what next?

speed up sun & moon 
ephemeris computation?

better models of solar 
radiation & earth albedo?

clock drift is a limiting factor

Andrei Pukkila, Juha Ala-Luhtala, Robert Piche, and Simo Ali-Löytty. GNSS orbit prediction with enhanced force model. 
In 2015 International Conference on Localization and GNSS (ICL-GNSS), pages 1-6, June 2015.
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Robust estimation of a reception region from
location fingerprints
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Abstract— A method for fitting an ellipse-shaped reception re-
gion to a set of location-stamped radio signal reception reports, or
location fingerprints, is presented. Reports are modelled as having
a multivariate Student distribution. The method is less sensitive
to outliers than existing smallest-enclosing ellipse and Normal-
distribution based methods. A Gibbs sampling algorithm and an
EM algorithm to compute ellipse parameters are presented.

I. INTRODUCTION

Many positioning systems make use of a database of radio
reception reports or “fingerprints”. At its simplest, a fingerprint
is a list of the radio signals (e.g. phone cell id’s or WiFi access
point addresses) that can be heard by a receiver, along with
a timestamp and the receiver’s location. Fingerprints can be
collected in a systematic survey (“wardriving”) or by (perhaps
surreptitiously) polling GPS-equipped mobile devices.

A fingerprint database can be enormous, for example Sky-
hook Wireless claims to maintain a reference database of over
250 million WiFi and cellular phone access points. There is
therefore interest in compressing fingerprint information in
order to facilitate data storage and transmission as well as
position calculations. One solution is to distill fingerprints
into a database of signal sources’ reception regions (cover-
age areas). Actual reception regions are irregularly shaped
(Fig. 1) and depend on the chosen signal strength threshold,
receiver antenna orientation, and changing environment (e.g.
atmospheric humidity, number of people nearby), but reception
region models for practical large-scale positioning systems
need to be very simple.

A simple reception region model is a disk, centred for
example at the mean or the median of the fingerprints. A
slightly more elaborate reception region model is the smallest
ellipse that contains all the fingerprints. Ellipses only need 5
real numbers to be specified, but provide a reasonable approx-
imation of a convex region. (Some ellipse parametrisations are
summarised in Appendix I.)

In [1], ellipse-shaped reception regions are fitted by mod-
elling reception reports as having a Normal (Gaussian) dis-
tribution. Bayesian estimates of the model parameters can
be rapidly computed using closed-form formulas available in
the literature (e.g. [2]). Prior knowledge about typical radio
signal range can be exploited to improve the reception region
estimate.

The smallest ellipse containing all the fingerprints can
also be given a Bayesian interpretation: it is the maximum
a-posteriori estimate when the probability of reception is

Fig. 1. A conceptual presentation of a mobile phone network cell id reception
region (green), reception reports (x), and the smallest ellipse that encloses
them. The base station location (triangle), which in this case is not inside the
ellipse, is not needed for positioning.

modelled to be uniform inside an ellipse and zero outside,
and the prior probability distribution of the ellipse parameters
is assumed to be uniform.

Real fingerprint data can be expected to include some
outliers, that is, locations that are not in the normal reception
region are reported because of unusual reception conditions,
software or hardware malfunctions in the GPS or radio signal
reception, etc. The smallest enclosing ellipse region-fitting
method is obviously very sensitive to even a single outlier,
and the Normal regression model is well known to be overly
sensitive to outliers. For both these methods, outliers produce
reception regions that are too large. Various outlier-screening
heuristics exist and these are usually adequate for dealing with
a small number of gross outliers. “Moderate” outliers are more
difficult to handle, especially if they are numerous.

The Student t distribution, of which the Cauchy distribution
is a special case, is known as an alternative to the Normal
distribution that, because of its heavy tails, is better suited as
a model of data that may contain outliers. Student regression
can be computed numerically by standard Gibbs sampling or
Expectation Maximisation (EM) algorithms.

The objective of this work is to present in detail the fitting
of ellipse-shaped reception regions using a Student model of
reception reports. The paper is organised as follows. Section II
reviews the Normal distribution-based fitting method. The
Student data model is presented in section III-A. EM and
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I. INTRODUCTION
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is a list of the radio signals (e.g. phone cell id’s or WiFi access
point addresses) that can be heard by a receiver, along with
a timestamp and the receiver’s location. Fingerprints can be
collected in a systematic survey (“wardriving”) or by (perhaps
surreptitiously) polling GPS-equipped mobile devices.

A fingerprint database can be enormous, for example Sky-
hook Wireless claims to maintain a reference database of over
250 million WiFi and cellular phone access points. There is
therefore interest in compressing fingerprint information in
order to facilitate data storage and transmission as well as
position calculations. One solution is to distill fingerprints
into a database of signal sources’ reception regions (cover-
age areas). Actual reception regions are irregularly shaped
(Fig. 1) and depend on the chosen signal strength threshold,
receiver antenna orientation, and changing environment (e.g.
atmospheric humidity, number of people nearby), but reception
region models for practical large-scale positioning systems
need to be very simple.

A simple reception region model is a disk, centred for
example at the mean or the median of the fingerprints. A
slightly more elaborate reception region model is the smallest
ellipse that contains all the fingerprints. Ellipses only need 5
real numbers to be specified, but provide a reasonable approx-
imation of a convex region. (Some ellipse parametrisations are
summarised in Appendix I.)

In [1], ellipse-shaped reception regions are fitted by mod-
elling reception reports as having a Normal (Gaussian) dis-
tribution. Bayesian estimates of the model parameters can
be rapidly computed using closed-form formulas available in
the literature (e.g. [2]). Prior knowledge about typical radio
signal range can be exploited to improve the reception region
estimate.

The smallest ellipse containing all the fingerprints can
also be given a Bayesian interpretation: it is the maximum
a-posteriori estimate when the probability of reception is

Fig. 1. A conceptual presentation of a mobile phone network cell id reception
region (green), reception reports (x), and the smallest ellipse that encloses
them. The base station location (triangle), which in this case is not inside the
ellipse, is not needed for positioning.

modelled to be uniform inside an ellipse and zero outside,
and the prior probability distribution of the ellipse parameters
is assumed to be uniform.

Real fingerprint data can be expected to include some
outliers, that is, locations that are not in the normal reception
region are reported because of unusual reception conditions,
software or hardware malfunctions in the GPS or radio signal
reception, etc. The smallest enclosing ellipse region-fitting
method is obviously very sensitive to even a single outlier,
and the Normal regression model is well known to be overly
sensitive to outliers. For both these methods, outliers produce
reception regions that are too large. Various outlier-screening
heuristics exist and these are usually adequate for dealing with
a small number of gross outliers. “Moderate” outliers are more
difficult to handle, especially if they are numerous.

The Student t distribution, of which the Cauchy distribution
is a special case, is known as an alternative to the Normal
distribution that, because of its heavy tails, is better suited as
a model of data that may contain outliers. Student regression
can be computed numerically by standard Gibbs sampling or
Expectation Maximisation (EM) algorithms.

The objective of this work is to present in detail the fitting
of ellipse-shaped reception regions using a Student model of
reception reports. The paper is organised as follows. Section II
reviews the Normal distribution-based fitting method. The
Student data model is presented in section III-A. EM and
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B. Spearman*s footrule 
Spearman’s footrule distance measures total element-

wise displacement between two permutations [16]. It is 
similar to Manhattan distance for quantitative variables. 
Spearman’s footrule distance can be computed as:  
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C. Jaccard coefficient 
Jaccard coefficient is used to measure similarity of two 

sets of data. It is defined as the size of intersection of 
datasets divided by the size of the data sets [17]. It is a 
special case of the normalized Hamming distance and can 
be computed using: 
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D. Hamming distance 
Hamming distance is the number of disagreements 

between two vectors. Hamming distance can also be used 
for ordinal variables to measure disorder of elements in 
two vectors [18]. In the RBF algorithm a weighted 
Hamming distance was used to compute distance between 
two rank vectors: 
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where �k denotes the weight assigned to k-th element of 
the rank vector. 

E. Canberra distance 
Canberra distance is the sum of fraction differences 

between two vectors. Each fraction difference is a value 
between 0 and 1 [19]. If one of coordinate is zero, the term 
become unity regardless the other value, thus the distance 
will not be affected. A weighted version of Canberra 
distance was used in RBF algorithm: 
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V. EXPERIMENTAL RESULTS 
Experiment takes place in Tietotalo building at 

Tampere University of Technology. The area was covered 
with 96 reference points. The average number of heard 
APs per fingerprint was 29 and altogether 206 APs were 
detected during data collection.  

Measurements in offline phase of fingerprinting 
algorithm were done with Nokia N900 mobile phone and 
the data collecting software was implemented with Qt 
Developer. Area where test was performed, with position 
of reference points is shown in Fig. 2. 

 
Figure 2.  Localization area 

Experimental measurements in online phase were done 
the month later with same mobile phone Nokia N900 and 
a couple of weeks later with an Asus N63 laptop using 
WirelessMon software. Measured RSS data were used to 
estimate position of mobile device using fingerprinting 
algorithms. Measurements were done at 43 points. Track 
of mobile devices in online phase is shown on Fig. 2 as a 
black line. 

In this scenario differences in localization accuracy are 
caused by change of device used in online phase and also 
by changes in environment. Results achieved in this 
scenario using proposed RBF algorithm with different 
similarity measures are shown in Fig. 3. 
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Figure 3.  Bars show median error achieved using RBF and error bars 

show the 5% and 95% quantiles 

From results shown in Fig. 3 it can be seen that 
Spearman’s footrule performs best in this real world 
scenario. When Spearman’s footrule was used, median 
error does not change, and mean error was decreased by 
1.5 meter when different devices were used in online and 
offline phases. It is interesting to see that Asus does better 
than Nokia, even though the Nokia was used to create 
radio map. This may be caused by changes of the 
environment and also by hardware and software 
equipment of used devices.  

When best similarity measure in RBF algorithm was 
found, performance of this algorithm can be compared to 
NN and WKNN algorithms. For this comparison same 
data were used; in these algorithms distance between RSS 
vectors and weights were calculated using Euclidean 
distance. 
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Location fingerprinting is a popular technique 
for indoor positioning

Two stages
Survey: Collect radio reception reports 
(“fingerprints”) of WiFi, Bluetooth, cell id etc at 
known locations into a database (“radio map”)

Position: Compare mobile device reception with 
the radio map

Features
+ Uses available hardware and infrastructure
+ Works indoors and in dense urban areas
+ Low power (compared to GPS)
-  Database needs to be built and kept up to date  

Existing solutions
• Cell-ID is standardized (3GPP)
• Indoor, WiFi: RADAR (2000), Ekahau, Horus, …
• Outdoor, WiFi: Navizon, Skyhook, Place Lab, Seeker Wireless, 

OpenBmap, …  
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Weighted K nearest neighbours (WKNN) 
algorithm is often used for indoor positioning

2011 International Conference on Indoor Positioning and Indoor Navigation (IPIN), 21-23 September 2011, Guimarães, Portugal 

B. Spearman*s footrule 
Spearman’s footrule distance measures total element-

wise displacement between two permutations [16]. It is 
similar to Manhattan distance for quantitative variables. 
Spearman’s footrule distance can be computed as:  

 	
�

��
n

k
kkF yxD

1
. (5) 

C. Jaccard coefficient 
Jaccard coefficient is used to measure similarity of two 

sets of data. It is defined as the size of intersection of 
datasets divided by the size of the data sets [17]. It is a 
special case of the normalized Hamming distance and can 
be computed using: 

 
� �

n

yx
C

n

k
kk

J

	
�

�
� 1 . (6) 

D. Hamming distance 
Hamming distance is the number of disagreements 

between two vectors. Hamming distance can also be used 
for ordinal variables to measure disorder of elements in 
two vectors [18]. In the RBF algorithm a weighted 
Hamming distance was used to compute distance between 
two rank vectors: 

 , (7) �	
�

���
n

k
kkkH yxD

1
� �

where �k denotes the weight assigned to k-th element of 
the rank vector. 

E. Canberra distance 
Canberra distance is the sum of fraction differences 

between two vectors. Each fraction difference is a value 
between 0 and 1 [19]. If one of coordinate is zero, the term 
become unity regardless the other value, thus the distance 
will not be affected. A weighted version of Canberra 
distance was used in RBF algorithm: 

 k

n

k kk

kk
C yx

yx
D �	

�

�
�

�
�

1
. (8) 

V. EXPERIMENTAL RESULTS 
Experiment takes place in Tietotalo building at 

Tampere University of Technology. The area was covered 
with 96 reference points. The average number of heard 
APs per fingerprint was 29 and altogether 206 APs were 
detected during data collection.  

Measurements in offline phase of fingerprinting 
algorithm were done with Nokia N900 mobile phone and 
the data collecting software was implemented with Qt 
Developer. Area where test was performed, with position 
of reference points is shown in Fig. 2. 

 
Figure 2.  Localization area 

Experimental measurements in online phase were done 
the month later with same mobile phone Nokia N900 and 
a couple of weeks later with an Asus N63 laptop using 
WirelessMon software. Measured RSS data were used to 
estimate position of mobile device using fingerprinting 
algorithms. Measurements were done at 43 points. Track 
of mobile devices in online phase is shown on Fig. 2 as a 
black line. 

In this scenario differences in localization accuracy are 
caused by change of device used in online phase and also 
by changes in environment. Results achieved in this 
scenario using proposed RBF algorithm with different 
similarity measures are shown in Fig. 3. 

Nokia N900 Asus N63
0

5

10

15

20

25

E
rro

r [
m

]

Spearman distance
Spearman's footrule
Hamming distance
Jaccard coefficient
Canberra distance

 
Figure 3.  Bars show median error achieved using RBF and error bars 

show the 5% and 95% quantiles 

From results shown in Fig. 3 it can be seen that 
Spearman’s footrule performs best in this real world 
scenario. When Spearman’s footrule was used, median 
error does not change, and mean error was decreased by 
1.5 meter when different devices were used in online and 
offline phases. It is interesting to see that Asus does better 
than Nokia, even though the Nokia was used to create 
radio map. This may be caused by changes of the 
environment and also by hardware and software 
equipment of used devices.  

When best similarity measure in RBF algorithm was 
found, performance of this algorithm can be compared to 
NN and WKNN algorithms. For this comparison same 
data were used; in these algorithms distance between RSS 
vectors and weights were calculated using Euclidean 
distance. 

Estimate position as weighted average of K “nearest” reception report locations

“Nearness” is some measure of similarity of received signal strengths (RSS) 
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using WKNN, the mean positioning error along this track was 12m
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Nonparametric fingerprint methods require 
large radio maps that grow as more training 
data is collected

Radio map size depends on no. of fingerprints

Its transmission to a user device can be too 
slow for real time positioning

Also, the radio map itself requires large storage

fingerprint
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Coverage area estimated by an elliptical 
probability distribution requires 5 parameters

Koski et al. 2010

Wirola et al. 2010

Raitoharju et al. 2013

Robust estimation of a reception region from
location fingerprints

Robert Piché
Tampere University of Technology

robert.piche@tut.fi

Abstract— A method for fitting an ellipse-shaped reception re-
gion to a set of location-stamped radio signal reception reports, or
location fingerprints, is presented. Reports are modelled as having
a multivariate Student distribution. The method is less sensitive
to outliers than existing smallest-enclosing ellipse and Normal-
distribution based methods. A Gibbs sampling algorithm and an
EM algorithm to compute ellipse parameters are presented.

I. INTRODUCTION

Many positioning systems make use of a database of radio
reception reports or “fingerprints”. At its simplest, a fingerprint
is a list of the radio signals (e.g. phone cell id’s or WiFi access
point addresses) that can be heard by a receiver, along with
a timestamp and the receiver’s location. Fingerprints can be
collected in a systematic survey (“wardriving”) or by (perhaps
surreptitiously) polling GPS-equipped mobile devices.

A fingerprint database can be enormous, for example Sky-
hook Wireless claims to maintain a reference database of over
250 million WiFi and cellular phone access points. There is
therefore interest in compressing fingerprint information in
order to facilitate data storage and transmission as well as
position calculations. One solution is to distill fingerprints
into a database of signal sources’ reception regions (cover-
age areas). Actual reception regions are irregularly shaped
(Fig. 1) and depend on the chosen signal strength threshold,
receiver antenna orientation, and changing environment (e.g.
atmospheric humidity, number of people nearby), but reception
region models for practical large-scale positioning systems
need to be very simple.

A simple reception region model is a disk, centred for
example at the mean or the median of the fingerprints. A
slightly more elaborate reception region model is the smallest
ellipse that contains all the fingerprints. Ellipses only need 5
real numbers to be specified, but provide a reasonable approx-
imation of a convex region. (Some ellipse parametrisations are
summarised in Appendix I.)

In [1], ellipse-shaped reception regions are fitted by mod-
elling reception reports as having a Normal (Gaussian) dis-
tribution. Bayesian estimates of the model parameters can
be rapidly computed using closed-form formulas available in
the literature (e.g. [2]). Prior knowledge about typical radio
signal range can be exploited to improve the reception region
estimate.

The smallest ellipse containing all the fingerprints can
also be given a Bayesian interpretation: it is the maximum
a-posteriori estimate when the probability of reception is

Fig. 1. A conceptual presentation of a mobile phone network cell id reception
region (green), reception reports (x), and the smallest ellipse that encloses
them. The base station location (triangle), which in this case is not inside the
ellipse, is not needed for positioning.

modelled to be uniform inside an ellipse and zero outside,
and the prior probability distribution of the ellipse parameters
is assumed to be uniform.

Real fingerprint data can be expected to include some
outliers, that is, locations that are not in the normal reception
region are reported because of unusual reception conditions,
software or hardware malfunctions in the GPS or radio signal
reception, etc. The smallest enclosing ellipse region-fitting
method is obviously very sensitive to even a single outlier,
and the Normal regression model is well known to be overly
sensitive to outliers. For both these methods, outliers produce
reception regions that are too large. Various outlier-screening
heuristics exist and these are usually adequate for dealing with
a small number of gross outliers. “Moderate” outliers are more
difficult to handle, especially if they are numerous.

The Student t distribution, of which the Cauchy distribution
is a special case, is known as an alternative to the Normal
distribution that, because of its heavy tails, is better suited as
a model of data that may contain outliers. Student regression
can be computed numerically by standard Gibbs sampling or
Expectation Maximisation (EM) algorithms.

The objective of this work is to present in detail the fitting
of ellipse-shaped reception regions using a Student model of
reception reports. The paper is organised as follows. Section II
reviews the Normal distribution-based fitting method. The
Student data model is presented in section III-A. EM and

Example

Errors: mean [m] 68 % [m] 95% [m] RMSE
Headnodes 11.2 13.3 26.5 13.9
Test points, R 8.1 9.1 21.9 9.8
Test points, R3

i 8.7 10.3 22.1 10.7
Headnode mean 11.8 15.3 30.4 14.0

 

 

True position
Coverage area
Position estimate
Headnodes
Mean

– p. 11/12

Method models fingerprints of AP as a Gaussian 
distribution

It uses Bayes’ rule                         to compute 
position

p(x|y) � p(x)p(y|x)
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Distance from access point to user device can 
be estimated using a path loss model

Nurminen et al. 2012 (IPIN)

Nurminen et al. 2012 (UPINLBS)

models of signal power 
loss or received signal 
strength

PRSS(d) = A� 10n log10(d) + w

Image adapted from Nurminen et al., “Statistical path loss 
parameter estimation and positioning using RSS measurements” 
in Ubiquitous Positioning Indoor Navigation and Location Based 
Service (UPINLBS2012), pages 1-8, October 2012
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Received signal strength distribution can be 
approximated by a Gaussian mixture

Image adapted from K. Kaji and N. Kawaguchi,  “Design and implementation of WiFi indoor localization based on Gaussian mixture model and 
particle filter,” in 2012 International Conference on Indoor Positioning and Indoor Navigation (IPIN), November 2012

p(x) =
NX

n=1

!nN (x;µn,⌃n)

A Gaussian mixture is defined as

where weights           and!n > 0
NX

n=1

!n = 1
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Measurement likelihood can be approximated 
by a generalized Gaussian mixture

p(yk,j |xk) ⇡ N (m1(yk,j);µ
(1)
k,j ,⌃

(1)
k,j) ·

⇣
1� c̄ · N (m2(yk,j); µ(2)

k,j ,⌃
(2)
k,j)

⌘

Müller et al. 2012 

Müller et al. 2014

one component can have negative weight

Image adapted from Müller et al., “UWB positioning with generalized Gaussian mixture filters,” in IEEE Transactions on Mobile Computing, 2014 (in press)
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Field test was done at Tampere University of 
Technology, Finland

2 buildings, each with 3 floors, 48 000 m2

506 access points

4 737 fingerprints

4 tracks with 
308 position 
estimates

building 2

building 1
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Parametric methods reduced radio map sizes 
between 30% and 90% in our tests
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Nonparametric method is slightly more 
accurate than parametric methods when 
using all available data (506 access-points)
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Parametric methods are more accurate than 
nonparametric method for low access-point 
density (51 access points)
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Parametric methods reduce radio map size 
and provide similar or better positioning 
accuracy than nonparametric method

Radio map size is reduced by 30% to 90% in 
our tests

Nonparametric and parametric methods show 
similar accuracies for high access-point density

Accuracies of parametric methods worsen only 
slightly for low access-point densities
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Ala-Luhtala, TISE 2013, slide     !

Estimation of the initial state and prediction

7

Problem: 
1) Estimate the initial state 
and model parameters

2) Predict the orbit 

Bayesian solution: 
1) Filtering distribution: 

2) Predictive distribution:    

p(x(tK) |y1:K)

x(tK)

x(t)

t > tK

PredictInitial state:

x =

2

4
r

v

p

3

5

t
K

= t
oe

+ 1.5h

p(x(t) |y1:K), t > tK

 13. heinäkuuta 13

time to first fix 
 30s → 5s

Bayesian Methods for Hybrid Positioning
Henri Nurminen and Simo Ali-Löytty

henri.nurminen@tut.fi and simo.ali-loytty@tut.fi

Tampere University of Technology, Finland, www.tut.fi/posgroup

Bayesian estimation

The Bayes’ theorem links the prior distribution p(x) and measure-

ment likelihood p(y | x) with the posterior distribution

p(x | y) / p(y | x) · p(x)

(Fig. 1), from which point estimates of x can be extracted, if needed.

prior

likelihood
posterior

Figure 1: The posterior contains all prior and measurement information.

Statistical path loss models [1]

The real-data tests with existing cell and WLAN infrastructure in-

dicate that especially estimation consistency is improved. Con-

sistency is crucial when different measurements are combined.
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Figure 2: Fitted model with vari-

ance induced by unknown PL pa-

rameters (dashed curves).

Figure 3: PL model likeli-

hood is omnidirectional.

Gaussian mixture filter [2]

Gaussian mixture filters are an efficient method for hybrid position-

ing when true posterior is multi-modal.

Figure 4: Left: True posterior. Right: posterior approximation using

EGMF [2, p. 26].

Kalman-assisted Particle filter [3]

Particle filter (PF) algorithms can be use in indoor localisation with

inertial measurement unit (IMU, Fig. 5), barometer, WLAN, and

wall constraint information.

Figure 5: Inertial measurements

are used for motion modelling.

KF

true

particles

Figure 6: PDR-Kalman filter is

the fallback if particles get stuck

behind wall constraints.

Map-based motion models [4]

Using a low-quality IMU or no IMU at all makes the wall-collision

PF inefficient. A solution is to use map information in the motion

and/or proposal model.

10m

Figure 7: Particles move on the

links of the graph.
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Figure 8: Link transition rule

affects performance with large

WLAN intervals.

Skew-t variational Bayes filter (STVBF) [5]

STVBF is applied to indoor positioning with ultra-wideband time-

of-arrival based distance measurements and inertial measurements.

Real-data tests show that the STVBF clearly outperforms the ex-

tended Kalman filter (EKF) in positioning accuracy with the com-

putational complexity about three times that of the EKF.
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Figure 9: Positive skewness means

that most realisations are small neg-

ative while some are large positive.
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