The strange energy spectrum of MPS ground states

with Max Silvester and Giuseppe Carleo

1. Introduction to DMRG

2. Extrapolation with truncation error and with the energy variance
3. Perfect Sampling; fat tails for the variance

4. The unusual energy spectrum

5. Improved extrapolations
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Bulk eigenstates are “super-entangled”
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Von Neumann Entanglement

entropy S for every eigenstate

Enérgy levels Of S=1/2 N=12 (system divided 1n center)
Heisenberg chains




Entanglement entropy of the ground state of N-site Heisenberg chains

S=1/2, maximum
S=1, maximum

S=1: gapped, bigger
d, edge spinons

S=1/2: gapless, log
correction, “RVB”
oscillations

System are cut 1n two,
symmetrically, with
open boundaries

(Doing all these systems
with DMRG took just a
few minutes on my

laptop)
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Convergence in |D
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Comparison with Bethe Ansatz

2000 site S=1/2 Heisenberg chain

Absolute error in energy

First excited State
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Energy extrapolation

12x6 square lattice Heisenberg

Fit based on circles
|

O

|
0.0005
€

Probability of states thrown away
= truncation error (function of m)

|
0.001

Assign error bars to result:
if the fit 1s this good,
assign (extrapolation from
last point)/5

(no derivation, just
experience that this works
on lots of systems)

[f the fit looks worse,
increase the error bar
(substantially) or don’t use
that run/keep more states
or smaller size system.
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Energy sampling

Running Average
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12x6 Heisenberg
sguare lattice
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Variance sampling
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8 Variance has
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3 fat tails--
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L] Hubig, et al

approximate variance

0.0 5.0x10" 1.0x10° 1.5x10° 2.0x10° 2 5x10°
Number of samples

4x4 Heisenberg square lattice torus (pbc) m =80



Sum of P

Small system exact calculation

L [T DVRG o Here we compare the sampling

. | & Imaginary-time distribution for a DMRG wavefunction and
- a wavefunction obtained from imaginary

- time evolution. We plot the contribution to

the variance of each sample. (4x4 torus)
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Energy Spectrum
To try to understand this, we decomposed the approximate ground states into

superpositions of exact eigenstates |,y — Z ¢, |n) n an eigenstate
| ' | ' | T .
| S . il We can look at the average energy of the
0 'v sl |~ excited state part of the wavefunction £, as we
L increase the bond dimension (move to left)
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Why do DMRG states have this strange Energy Spectrum?

Optimized MPS ground states satisfy two criteria: low energy, and small bond
dimension. This is incompatible with being a superposition of a few low energy
states.

Suppose, for high accuracy, we needed m~1000 for the ground state. Low lying
states are slightly more entangled, but say we still need m~1000 for them. Say our
approximate MPS has m=100. If it was a superposition of the excited states, it
would say a few MPS with high bond dimension could combine and cancel out
almost all the high bond dimension parts.

Apparently, the only way to get low bond dimension is a superposition of many
states—which must have a broad spectrum.



Energy variance

Can we revive our extrapolation based on sampled variance?

Suppose we impose a window on our sampled E-local, throwing away extreme
samples. This is highly biased, but the bias goes away as the bond dimension
iIncreases. If the bias decreases smoothly, the extrapolation can deal with it.
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Conclusions

DMRG ground states inherently have a strange energy spectrum: lots of weight In
the exact ground state, and very spread out tiny contributions going to very high
energies! This is very different from imaginary time approximate wavefunctions.

Biased truncated energy extrapolations work quite well, providing an excellent
alternative to truncation error extrapolations.
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Extrapolation of the energy

2000 site Heisenberg chain
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Extrapolation
improves the energy
by a factor of 5-10
and provides an
error estimate.



