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Processes on networks

The problem 

Talk Borrow Work

�i
<latexit sha1_base64="tvXB93aR7qsyE2XxVm1fNiBgYeU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEByhL3NXrJkd+/cnRNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x80bZIZxhsskYlpRdRyKTRvoEDJW6nhVEWSP0TDm6n/8MSNFYm+x1HKQ0X7WsSCUXRSq2NFX9Gu6JYrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDy7d0JOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfBWOhU4z5JrNF8WZJJiQ6fOkJwxnKEeOUGaEu5WwATWUoYuo5EIIFl9eJs2zanBe9e8uKrXrPI4iHMExnEIAl1CDW6hDAxhIeIZXePMevRfv3fuYtxa8fOYQ/sD7/AEbXpAB</latexit>

variables on nodes

�i 2 {blue, red, green} , i = 1, . . . , N
<latexit sha1_base64="3JoJDrBB2cOaetvJJ7K/6Be3c80="></latexit>

Goal: find the values of �i
<latexit sha1_base64="tvXB93aR7qsyE2XxVm1fNiBgYeU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEByhL3NXrJkd+/cnRNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x80bZIZxhsskYlpRdRyKTRvoEDJW6nhVEWSP0TDm6n/8MSNFYm+x1HKQ0X7WsSCUXRSq2NFX9Gu6JYrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDy7d0JOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfBWOhU4z5JrNF8WZJJiQ6fOkJwxnKEeOUGaEu5WwATWUoYuo5EIIFl9eJs2zanBe9e8uKrXrPI4iHMExnEIAl1CDW6hDAxhIeIZXePMevRfv3fuYtxa8fOYQ/sD7/AEbXpAB</latexit>
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variables on nodes

�i 2 {blue, red, green} , i = 1, . . . , N
<latexit sha1_base64="3JoJDrBB2cOaetvJJ7K/6Be3c80="></latexit>

P (�|J,C, �) /
Y

i<j

CJij
�i�j

(1� C�i�j )
(1�Jij)

Y

i

��i

<latexit sha1_base64="skLrXsaPJbWqpnMUTb9Nn6Gj5mk="></latexit>
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Talk Borrow Work
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variables on nodes

�i 2 {blue, red, green} , i = 1, . . . , N
<latexit sha1_base64="3JoJDrBB2cOaetvJJ7K/6Be3c80="></latexit>

P (�|J,C, �) = e�H(�|J,C,�)/Z(J,C, �)
<latexit sha1_base64="2+ddylgQxPxlNhDmkwcn3wpvfAg=">AAACJ3icbVDLSgMxFM3Ud31VXboJFqGC1hkVdKOI3RRXFewDO7XcSdMxmMwMSUYoY//Gjb/iRlARXfonpnUW2nrgwsk595J7jxdxprRtf1qZicmp6ZnZuez8wuLScm5ltabCWBJaJSEPZcMDRTkLaFUzzWkjkhSEx2nduy0N/PodlYqFwaXuRbQlwA9YlxHQRmrnTioFVzFfwP35dmnb9UEI2MLHmF4nO+V/rP7uVeHXs53L20V7CDxOnJTkUYpKO/fidkISCxpowkGppmNHupWA1Ixw2s+6saIRkFvwadPQAARVrWR4Zx9vGqWDu6E0FWg8VH9PJCCU6gnPdArQN2rUG4j/ec1Yd49aCQuiWNOA/HzUjTnWIR6EhjtMUqJ5zxAgkpldMbkBCUSbaLMmBGf05HFS2ys6+0X74iB/epbGMYvW0QYqIAcdolNURhVURQQ9oCf0it6sR+vZerc+flozVjqzhv7A+voGaCSjMA==</latexit>

H(�|J,C, �) = �
X

i

log �i �
X

i<j

Jij logC�i�j + (1� Jij) log(1� C�i�j )
<latexit sha1_base64="PPNBX8tAuhUvkHd0Vy2Sq7JQlC0="></latexit>
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Processes on networks

The problem 

Talk Borrow Work

Goal: find marginal distributions like 

P (�i|J,C, �)
<latexit sha1_base64="5JlfixtcEm3fdH/OWs1J488Z5q0=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8EgRAhhVwU9BnMRTxHMA5Kw9E5mN0NmdpeZWSGs8eKvePGgiFf/wpt/4+Rx0MSChqKqm+4uL+ZMadv+tjJLyyura9n13Mbm1vZOfnevoaJEElonEY9kywNFOQtpXTPNaSuWFITHadMbVMd+855KxaLwTg9j2hUQhMxnBLSR3PxBrdhRLBDgMvyAb0rVUicAIeDEzRfssj0BXiTOjBTQDDU3/9XpRSQRNNSEg1Jtx451NwWpGeF0lOskisZABhDQtqEhCKq66eSDET42Sg/7kTQVajxRf0+kIJQaCs90CtB9Ne+Nxf+8dqL9y27KwjjRNCTTRX7CsY7wOA7cY5ISzYeGAJHM3IpJHyQQbULLmRCc+ZcXSeO07JyV7dvzQuVqFkcWHaIjVEQOukAVdI1qqI4IekTP6BW9WU/Wi/VufUxbM9ZsZh/9gfX5AzkXlXM=</latexit>

P (�i,�j |J,C, �)
<latexit sha1_base64="7dUjFit5Q5M2/Jcs2IGKFw3STAE=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGVGBV0WuxFXFewD2lLupJlpbDIzJBmhjP0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzc40acKW3b31ZmaXlldS27ntvY3Nreye/uNVQYS0LrJOShbLmgKGcBrWumOW1FkoJwOW26w+rEb95TqVgY3OpRRLsC/IB5jIA2Ui9fwLViRzFfQI+VUnKHH/B1qVrq+CAEHGOTssv2FHiROCkpoBS1Xv6r0w9JLGigCQel2o4d6W4CUjPC6TjXiRWNgAzBp21DAxBUdZPpMWN8ZJQ+9kJpXqDxVP09kYBQaiRckxSgB2rem4j/ee1YexfdhAVRrGlAZou8mGMd4kkzuM8kJZqPDAEimfkrJgOQQLTpL2dKcOZPXiSNk7JzWrZvzgqVy7SOLDpAh6iIHHSOKugK1VAdEfSIntErerOerBfr3fqYRTNWOrOP/sD6/AHBIZmD</latexit>
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Processes on networks

The problem 

Challenge: performing the marginalization exactly is not possible, 

exponential number of configurations

P (�|J,C, �) = e�H(�|J,C,�)/Z(J,C, �)
<latexit sha1_base64="2+ddylgQxPxlNhDmkwcn3wpvfAg=">AAACJ3icbVDLSgMxFM3Ud31VXboJFqGC1hkVdKOI3RRXFewDO7XcSdMxmMwMSUYoY//Gjb/iRlARXfonpnUW2nrgwsk595J7jxdxprRtf1qZicmp6ZnZuez8wuLScm5ltabCWBJaJSEPZcMDRTkLaFUzzWkjkhSEx2nduy0N/PodlYqFwaXuRbQlwA9YlxHQRmrnTioFVzFfwP35dmnb9UEI2MLHmF4nO+V/rP7uVeHXs53L20V7CDxOnJTkUYpKO/fidkISCxpowkGppmNHupWA1Ixw2s+6saIRkFvwadPQAARVrWR4Zx9vGqWDu6E0FWg8VH9PJCCU6gnPdArQN2rUG4j/ec1Yd49aCQuiWNOA/HzUjTnWIR6EhjtMUqJ5zxAgkpldMbkBCUSbaLMmBGf05HFS2ys6+0X74iB/epbGMYvW0QYqIAcdolNURhVURQQ9oCf0it6sR+vZerc+flozVjqzhv7A+voGaCSjMA==</latexit>

P (�i|J,C, �)
<latexit sha1_base64="5JlfixtcEm3fdH/OWs1J488Z5q0=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8EgRAhhVwU9BnMRTxHMA5Kw9E5mN0NmdpeZWSGs8eKvePGgiFf/wpt/4+Rx0MSChqKqm+4uL+ZMadv+tjJLyyura9n13Mbm1vZOfnevoaJEElonEY9kywNFOQtpXTPNaSuWFITHadMbVMd+855KxaLwTg9j2hUQhMxnBLSR3PxBrdhRLBDgMvyAb0rVUicAIeDEzRfssj0BXiTOjBTQDDU3/9XpRSQRNNSEg1Jtx451NwWpGeF0lOskisZABhDQtqEhCKq66eSDET42Sg/7kTQVajxRf0+kIJQaCs90CtB9Ne+Nxf+8dqL9y27KwjjRNCTTRX7CsY7wOA7cY5ISzYeGAJHM3IpJHyQQbULLmRCc+ZcXSeO07JyV7dvzQuVqFkcWHaIjVEQOukAVdI1qqI4IekTP6BW9WU/Wi/VufUxbM9ZsZh/9gfX5AzkXlXM=</latexit>
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Processes on networks

The message-passing algorithm 

Talk Borrow Workµij(�i) / ��ie
�hi

Y

k2@i\j

"
X

�k

C�i�kµki(�k)

#

<latexit sha1_base64="t2tTfGLZRXB1c0Ui0BmIYN9NzcU="></latexit>

• Message-passing (or cavity method, or belief propagation)


• Exact in tree,  good approximation on locally tree-like networks

Fast, can be done in linear time in N


• Mezard and Parisi 2003

• Yedidia et al 2003

• Kschischang et al 2001

• Kabashima and Saad 1998

• Pearl 1988

• Bethe 1935

https://doi.org/10.1103/PhysRevE.97.010104
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P (�i|J,C, �)
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Message-passing

• Mezard and Parisi 2003

• Yedidia et al 2003

• Kschischang et al 2001

• Kabashima and Saad 1998

• Pearl 1988

• Bethe 1935
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Dynamical Processes on networks

The problem 

Talk Borrow Work

“on” or “off” depending on the state of its neighbors in time�t
i

<latexit sha1_base64="gJW1P8tWEMSxUUzBz+V4PejKpYI=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lUQFPRa9eKxgP6CJZbPdtEt3N2F3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuZFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctk2SasiZNRKI7ETFMcMWayFGwTqoZkZFg7Wh0O/XbT0wbnqgHHKcslGSgeMwpQSsFgeEDSXr8McdJr1L1at4M7jLxC1KFAo1e5SvoJzSTTCEVxJiu76UY5kQjp4JNykFmWEroiAxY11JFJDNhPrt54p5ape/Gibal0J2pvydyIo0Zy8h2SoJDs+hNxf+8bobxdZhzlWbIFJ0vijPhYuJOA3D7XDOKYmwJoZrbW106JJpQtDGVbQj+4svLpHVe8y9q3v1ltX5TxFGCYziBM/DhCupwBw1oAoUUnuEV3pzMeXHenY9564pTzBzBHzifP3TfkfM=</latexit>
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The problem 

Talk Borrow Work

“on” or “off” depending on the state of its neighbors in time�t
i

<latexit sha1_base64="gJW1P8tWEMSxUUzBz+V4PejKpYI=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lUQFPRa9eKxgP6CJZbPdtEt3N2F3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuZFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctk2SasiZNRKI7ETFMcMWayFGwTqoZkZFg7Wh0O/XbT0wbnqgHHKcslGSgeMwpQSsFgeEDSXr8McdJr1L1at4M7jLxC1KFAo1e5SvoJzSTTCEVxJiu76UY5kQjp4JNykFmWEroiAxY11JFJDNhPrt54p5ape/Gibal0J2pvydyIo0Zy8h2SoJDs+hNxf+8bobxdZhzlWbIFJ0vijPhYuJOA3D7XDOKYmwJoZrbW106JJpQtDGVbQj+4svLpHVe8y9q3v1ltX5TxFGCYziBM/DhCupwBw1oAoUUnuEV3pzMeXHenY9564pTzBzBHzifP3TfkfM=</latexit>

dynamics

https://doi.org/10.1103/PhysRevE.97.010104
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Dynamical Processes on networks

The problem 

Talk Borrow Work

Initially active node 

W (�t+1
i |{�t

j}j2@i) =
e���t+1

i ht
i

2 cosh(�ht
i)

<latexit sha1_base64="klRRPxOD0MC35QVsdxNwPu1bWUk="></latexit>

ht
i =

X

j

Jij�
t
j

<latexit sha1_base64="QI0lNOWfp9X8w/Q5tLiX8kmbb8Q=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQq6EYouhFXFewDmhgm00k77UwSZiZCCfkCN/6KGxeKuHXtzr9xmmahrQcunDnnXube48eMSmVZ30ZpaXllda28XtnY3NreMXf32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx1dTv/NAhKRReKcmMXE5GoQ0oBgpLXlmbXifqsxLaQYvoCMT7o3gjX6OMkfSAUfeKPfNqlW3csBFYhekCgo0PfPL6Uc44SRUmCEpe7YVKzdFQlHMSFZxEklihMdoQHqahogT6ab5ORmsaaUPg0joChXM1d8TKeJSTrivOzlSQznvTcX/vF6ignM3pWGcKBLi2UdBwqCK4DQb2KeCYMUmmiAsqN4V4iESCCudYEWHYM+fvEjax3X7pG7dnlYbl0UcZXAADsERsMEZaIBr0AQtgMEjeAav4M14Ml6Md+Nj1loyipl98AfG5w/XNJyc</latexit>

time

“on” or “off” depending on the state of its neighbors in time�t
i

<latexit sha1_base64="gJW1P8tWEMSxUUzBz+V4PejKpYI=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lUQFPRa9eKxgP6CJZbPdtEt3N2F3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuZFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctk2SasiZNRKI7ETFMcMWayFGwTqoZkZFg7Wh0O/XbT0wbnqgHHKcslGSgeMwpQSsFgeEDSXr8McdJr1L1at4M7jLxC1KFAo1e5SvoJzSTTCEVxJiu76UY5kQjp4JNykFmWEroiAxY11JFJDNhPrt54p5ape/Gibal0J2pvydyIo0Zy8h2SoJDs+hNxf+8bobxdZhzlWbIFJ0vijPhYuJOA3D7XDOKYmwJoZrbW106JJpQtDGVbQj+4svLpHVe8y9q3v1ltX5TxFGCYziBM/DhCupwBw1oAoUUnuEV3pzMeXHenY9564pTzBzBHzifP3TfkfM=</latexit>

Glauber dynamics, RJ Glauber J Math Phys 1963 

https://doi.org/10.1103/PhysRevE.97.010104
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Dynamical Processes on networks

The problem 

Talk Borrow Work

Initially active node 

W (�t+1
i |{�t

j}j2@i) =
e���t+1

i ht
i

2 cosh(�ht
i)

<latexit sha1_base64="klRRPxOD0MC35QVsdxNwPu1bWUk="></latexit>

ht
i =

X

j

Jij�
t
j

<latexit sha1_base64="QI0lNOWfp9X8w/Q5tLiX8kmbb8Q=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQq6EYouhFXFewDmhgm00k77UwSZiZCCfkCN/6KGxeKuHXtzr9xmmahrQcunDnnXube48eMSmVZ30ZpaXllda28XtnY3NreMXf32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx1dTv/NAhKRReKcmMXE5GoQ0oBgpLXlmbXifqsxLaQYvoCMT7o3gjX6OMkfSAUfeKPfNqlW3csBFYhekCgo0PfPL6Uc44SRUmCEpe7YVKzdFQlHMSFZxEklihMdoQHqahogT6ab5ORmsaaUPg0joChXM1d8TKeJSTrivOzlSQznvTcX/vF6ignM3pWGcKBLi2UdBwqCK4DQb2KeCYMUmmiAsqN4V4iESCCudYEWHYM+fvEjax3X7pG7dnlYbl0UcZXAADsERsMEZaIBr0AQtgMEjeAav4M14Ml6Md+Nj1loyipl98AfG5w/XNJyc</latexit>
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Dynamical Processes on networks

The problem 
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Dynamical Processes on networks

The problem 

Talk Borrow Work

Initially active node time
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“on” or “off” depending on the state of its neighbors in time
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Dynamical Processes on networks

The problem 
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Transition probability

is a Nt-dimensional vector denoting the N-variable configuration of 
time-trajectories
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Dynamical Processes on networks

The problem 
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Dynamical Processes on networks

The problem 

This can be done 
linearly in N!
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Dynamical Processes on networks

The problem 

Exponential in t!
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Dynamical Processes on networks

The problem 

https://doi.org/10.1103/PhysRevE.97.010104


T Barthel, C De Bacco and S Franz, PhysRevE.97.010104, 2018                            caterina.debacco@tuebingen.mpg.de

Matrix Product State and message-passing

The ansatz: matrix product edge messages (MPEM) 
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The ansatz: matrix product edge messages (MPEM) 
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Up to here, this is only a re-parametrization, 
complexity is still exponential

Matrix Product State and message-passing

The ansatz: matrix product edge messages (MPEM) 
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Up to here, this is only a re-parametrization, 
complexity is still exponential

How do we make it scalable?

Matrix Product State and message-passing

The ansatz: matrix product edge messages (MPEM) 
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Matrix Product State and message-passing

Lower the complexity 
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Matrix Product State and message-passing

Lower the complexity 
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Matrix Product State and message-passing

Results on Glauber dynamics 

time

• Out of equilibrium we see most 

discrepancies


• MPEM does well at every t

• MCMC has finite-size problems

Regular regular graphs z=3

J=1 (ferromagnet), 

thermodynamic limit 
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Matrix Product State and message-passing

Results on Glauber dynamics 

Regular regular graphs z=3

J=1 (ferromagnet), 

thermodynamic limit 

time

• Paramagnetic phase: 
magnetizations are small


• MCMC slowly converges
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Matrix Product State and message-passing

Results on Glauber dynamics 

• Paramagnetic phase: 
magnetizations are small


• MCMC has slowly decaying 

errors

er
ro

r

Regular regular graphs z=3

J=1 (ferromagnet), 

thermodynamic limit 
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Matrix Product State and message-passing

Trade-off accuracy vs complexity 

beta=1

• At late time steps we need 

higher dimensions, higher 

complexity
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Matrix Product State and message-passing

Trade-off accuracy vs complexity 

• O(M2z-1) most expensive 

step

• M constant after initial 

steps


• Need to compute t 
matrices A


• Total cost: linear in time 


T Barthel, J Stat Mech 013217, 2020
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Matrix Product State and message-passing

Open questions 

• How to further optimize the computational complexity?


• Is there a way to avoid recomputing at each time all the matrices A from 
scratch?


This would introduce an approximation, but if we learn (somehow) what are 
the most relevant correlations, perhaps we can guide this approximation
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Matrix Product State and message-passing

Open questions 

• How to further optimize the computational complexity?


• Is there a way to avoid recomputing at each time all the matrices from scratch? 

• Can we lower the complexity in terms of z? (node average degree)


Most real networks have z > 3. In addition, there could be “hubs”, nodes with 
high z. How do we deal with these?
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Matrix Product State and message-passing

Open questions 

• How to further optimize the computational complexity?


• Is there a way to avoid recomputing at each time all the matrices from scratch? 

• Can we lower the complexity in terms of z? (node average degree) 

• How to make it more flexible?


• Only parallel dynamics, how about sequential?
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Matrix Product State and message-passing

Open questions 

• How to further optimize the computational complexity?


• Is there a way to avoid recomputing at each time all the matrices from scratch? 

• Can we lower the complexity in terms of z? (node average degree) 

• How to make it more flexible?


• Only parallel dynamics, how about sequential? 

• How about continuous variables?


E.g. Community detection with mixed-membership
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Matrix Product State and message-passing

Dynamic stochastic block model 
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Nodes change labels: with probability eta 
they keep it, with probability 1-eta they switch 
it randomly
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A Ghasemian, 2019; A Ghasemian et al. Physical Review X 6 (3), 031005, 2016
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Thanks

• Modeling dynamical processes in network requires estimating marginals: 

this is expensive


• Message-passing algorithms help to reduce the complexity in space


• MPS help to reduce the complexity in time


• Combining these two (MPEM), we obtain accurate approximation for the 

marginals, at a tunable computational cost

Summary: dynamical processes on networks and MPS
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