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Dual Unitarity

Consider a unitary gate on a two-qudit system U ∈ U(d2) and define the
following duality transformation

∼: U 7−→ Ũ ,

via reshuffling of basis states

〈j| ⊗ 〈`|Ũ |i〉 ⊗ |k〉 = 〈k| ⊗ 〈`|U |i〉 ⊗ |j〉 .

7

Supplemental Material for
“Exact Correlation Functions for Dual-Unitary Lattice Models in 1+1 Dimensions”
Here we report some useful information complementing the main text. In particular

- In Section I we report a detailed derivation of the diagrammatic fusion rules (10) and (11);

- In Section II we prove the contracting nature of M±;

- In Section III we derive a simple parametrisation of all 4 ⇥ 4 dual-unitary matrices;

- In Section IV we derive a quantum unitary circuit formulation of the self-dual kicked Ising model;

- In Section V we identify all possible occurrences of unimodular eigenvalues of M± for d = 2;

I. DUALITY AND FUSION RULES

In this section we derive the diagrammatic fusion rules (10) and (11). Let us begin by writing the matrix elements
of the quantum gate as

Ukl
ij = hk| ⌦ hl| U |ii ⌦ |ji )

i j

k l

, (sm-1)

then the duality mapping amounts to a Choi-Jamiołkowski reshuffling [22–24]

Ũ jl
ik = Ukl

ij . (sm-2)

The direct fusion rules are the straightforward tensor network expression of the unitarity of U :
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while the dual fusion rules amount to two different equivalent expressions of the unitarity of Ũ :
X
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pq Ũ ij

pq =
X

pq
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Here (· · · ) denotes complex conjugation.
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pq Ũ ij

pq =
X

pq
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Here (· · · ) denotes complex conjugation.

We call a gate dual-Unitary, if not only U is unitary, i.e.

UU† = U†U = 1,

but also Ũ is unitary
Ũ Ũ† = Ũ†Ũ = 1.
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Diagrammatic expression of dual unitarity

2

where Ũ 2 End(H⌦2t
1 ) is the “dual transfer matrix”

Ũ = T2tŨ
⌦tT†

2tŨ
⌦t . (6)

In this paper we consider unitary local gates U such that
Ũ is also unitary. Namely, we require

UU† = U†U = , (7)

Ũ Ũ† = Ũ†Ũ = . (8)

We call ‘dual-unitary’ local gates fulfilling both (7) and
(8) (these conditions immediately imply that U and Ũ
are also unitary). In the following we show that dual-
unitary gates provide a remarkable testing ground for
studying dynamical correlations in many-body quantum
systems. They allow us to classify exactly a number of
qualitatively different physical behaviours [20].

Before continuing, we note that the systems under
exam admit a convenient graphical representation. One
depicts operators as boxes with a number of incoming
and outgoing legs corresponding to the number of local
sites they act on. Each leg (or wire) carries a Hilbert
space H1. For instance, operators acting on a single site
are represented as a line with a bullet •, while the local
gate and its Hermitian conjugate are represented as

U = , U† = . (9)

We stress that, even if we use a symmetric symbol for
U , we assume no symmetry under reflection (left to right
flip) and time reversal (up to down flip). For example,
the relations (7) and (8) are respectively represented by
the following direct and dual “fusion rules” (see Sec. I of
the Supplemental Material (SM))

= = , (10)

= , = . (11)

Here we consider dynamical correlation functions of local
operators in the general time-translation invariant, ‘tra-
cial’, or infinite temperature state. These quantities are
defined as follows

D↵�(x, y, t) ⌘ 1

d2L
tr
⇥
a↵

xU�ta�
y Ut

⇤
, (12)

where x, y 2 1
2Z2L, t 2 N and {a↵

x}↵=0,....,d2�1 denotes a
basis of the space of local operators at site x, i.e., a basis
of End(H1). We assume that a↵ are Hilbert-Schmidt
orthonormal tr

⇥
(a↵)†a�

⇤
= d �↵,� and choose a0 = , so

all other a↵ are traceless, i.e., tr[a↵] = 0 for ↵ 6= 0.

A graphical quantum circuit representation of the ex-
pression (12) is as follows
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(13)

where the boundary conditions in both directions are pe-
riodic. This graph also pictures the space-time lattice of
the circuit, defined by (x, ⌧) 2 1

2Z2L ⇥ 1
2Z2t. Note that

we choose our coordinate system in such a way that ‘time’
and ‘space’ have the same units.

Since U�ta0
xUt = a0

x, we have for all ↵ 6= 0

D00(x, y, t) = 1, D0↵(x, y, t) = D↵0(x, y, t) = 0. (14)

Using the two-site shift invariance (2) we find

D↵�(x, y, t) =

(
C↵�

� (x � y, t) 2y even
C↵�

+ (x � y, t) 2y odd
, (15)

where we set C↵�
± (x, t) ⌘ D↵�(x + 1⌥1

4 , 1⌥1
4 , t).

We are now in a position to derive the main result of
this letter: an exact closed expression for (12). The calcu-
lation can be subdivided in two main steps, summarised
in the following two properties.

Property 1. If U is dual-unitary, the dynamical corre-
lations are non-zero for t  L/2 only on the edges of a
lightcone spreading at speed 1

C↵�
⌫ (x, t) = �x,⌫tC

↵�
⌫ (⌫t, t) , ⌫ = ±, ↵,� 6= 0 . (16)

Proof. The most intuitive way to prove this property is
by using the graphical representation (9,13). Let us show
it considering ⌫ = + as the procedure for ⌫ = � is totally
analogous.

By repeated use of the direct fusion rules (10) we can
simplify every contribution out of the light-cone spread-
ing at speed 1 from a�

0 . This is a simple consequence of
the causal structure of the time evolution. Pictorially, we

UU† = U†U = 1

2
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⌦t . (6)

In this paper we consider unitary local gates U such that
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Dual unitary quantum circuits

One step of a quantum circuit is a unitary over (Cd)⊗2L

U = UoUe

where
Ue = U⊗L, Uo = Π2LUeΠ†2L

and Π` is a periodic translation Π`|i1〉⊗ |i2〉 · · · |i`〉 ≡ |i2〉⊗ |i3〉 · · · |i`〉⊗ |i1〉.

2
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(here t = 2 and L = 6)
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Ũ = T2tŨ
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the relations (7) and (8) are respectively represented by
the following direct and dual “fusion rules” (see Sec. I of
the Supplemental Material (SM))

= = , (10)

= , = . (11)

Here we consider dynamical correlation functions of local
operators in the general time-translation invariant, ‘tra-
cial’, or infinite temperature state. These quantities are
defined as follows

D↵�(x, y, t) ⌘ 1

d2L
tr
⇥
a↵

xU�ta�
y Ut

⇤
, (12)

where x, y 2 1
2Z2L, t 2 N and {a↵

x}↵=0,....,d2�1 denotes a
basis of the space of local operators at site x, i.e., a basis
of End(H1). We assume that a↵ are Hilbert-Schmidt
orthonormal tr

⇥
(a↵)†a�

⇤
= d �↵,� and choose a0 = , so

all other a↵ are traceless, i.e., tr[a↵] = 0 for ↵ 6= 0.

A graphical quantum circuit representation of the ex-
pression (12) is as follows
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where the boundary conditions in both directions are pe-
riodic. This graph also pictures the space-time lattice of
the circuit, defined by (x, ⌧) 2 1

2Z2L ⇥ 1
2Z2t. Note that

we choose our coordinate system in such a way that ‘time’
and ‘space’ have the same units.

Since U�ta0
xUt = a0

x, we have for all ↵ 6= 0

D00(x, y, t) = 1, D0↵(x, y, t) = D↵0(x, y, t) = 0. (14)

Using the two-site shift invariance (2) we find

D↵�(x, y, t) =

(
C↵�

� (x � y, t) 2y even
C↵�

+ (x � y, t) 2y odd
, (15)

where we set C↵�
± (x, t) ⌘ D↵�(x + 1⌥1

4 , 1⌥1
4 , t).

We are now in a position to derive the main result of
this letter: an exact closed expression for (12). The calcu-
lation can be subdivided in two main steps, summarised
in the following two properties.

Property 1. If U is dual-unitary, the dynamical corre-
lations are non-zero for t  L/2 only on the edges of a
lightcone spreading at speed 1

C↵�
⌫ (x, t) = �x,⌫tC

↵�
⌫ (⌫t, t) , ⌫ = ±, ↵,� 6= 0 . (16)

Proof. The most intuitive way to prove this property is
by using the graphical representation (9,13). Let us show
it considering ⌫ = + as the procedure for ⌫ = � is totally
analogous.

By repeated use of the direct fusion rules (10) we can
simplify every contribution out of the light-cone spread-
ing at speed 1 from a�

0 . This is a simple consequence of
the causal structure of the time evolution. Pictorially, we

(here t = 2 and L = 6)

Similarly we define dual quantum circuit propagator over (Cd)⊗2t

Ũ = Ũ⊗tΠ2tŨ
⊗tΠ†2t.
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Dual unitary quantum circuits

One step of a quantum circuit is a unitary over (Cd)⊗2L

U = UoUe

where
Ue = U⊗L, Uo = Π2LUeΠ†2L

and Π` is a periodic translation Π`|i1〉⊗ |i2〉 · · · |i`〉 ≡ |i2〉⊗ |i3〉 · · · |i`〉⊗ |i1〉.

2

where Ũ 2 End(H⌦2t
1 ) is the “dual transfer matrix”

Ũ = T2tŨ
⌦tT†

2tŨ
⌦t . (6)

In this paper we consider unitary local gates U such that
Ũ is also unitary. Namely, we require

UU† = U†U = , (7)

Ũ Ũ† = Ũ†Ũ = . (8)

We call ‘dual-unitary’ local gates fulfilling both (7) and
(8) (these conditions immediately imply that U and Ũ
are also unitary). In the following we show that dual-
unitary gates provide a remarkable testing ground for
studying dynamical correlations in many-body quantum
systems. They allow us to classify exactly a number of
qualitatively different physical behaviours [20].

Before continuing, we note that the systems under
exam admit a convenient graphical representation. One
depicts operators as boxes with a number of incoming
and outgoing legs corresponding to the number of local
sites they act on. Each leg (or wire) carries a Hilbert
space H1. For instance, operators acting on a single site
are represented as a line with a bullet •, while the local
gate and its Hermitian conjugate are represented as

U = , U† = . (9)

We stress that, even if we use a symmetric symbol for
U , we assume no symmetry under reflection (left to right
flip) and time reversal (up to down flip). For example,
the relations (7) and (8) are respectively represented by
the following direct and dual “fusion rules” (see Sec. I of
the Supplemental Material (SM))

= = , (10)

= , = . (11)

Here we consider dynamical correlation functions of local
operators in the general time-translation invariant, ‘tra-
cial’, or infinite temperature state. These quantities are
defined as follows

D↵�(x, y, t) ⌘ 1

d2L
tr
⇥
a↵

xU�ta�
y Ut

⇤
, (12)

where x, y 2 1
2Z2L, t 2 N and {a↵

x}↵=0,....,d2�1 denotes a
basis of the space of local operators at site x, i.e., a basis
of End(H1). We assume that a↵ are Hilbert-Schmidt
orthonormal tr

⇥
(a↵)†a�

⇤
= d �↵,� and choose a0 = , so

all other a↵ are traceless, i.e., tr[a↵] = 0 for ↵ 6= 0.

A graphical quantum circuit representation of the ex-
pression (12) is as follows
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where the boundary conditions in both directions are pe-
riodic. This graph also pictures the space-time lattice of
the circuit, defined by (x, ⌧) 2 1

2Z2L ⇥ 1
2Z2t. Note that

we choose our coordinate system in such a way that ‘time’
and ‘space’ have the same units.

Since U�ta0
xUt = a0

x, we have for all ↵ 6= 0

D00(x, y, t) = 1, D0↵(x, y, t) = D↵0(x, y, t) = 0. (14)

Using the two-site shift invariance (2) we find

D↵�(x, y, t) =

(
C↵�

� (x � y, t) 2y even
C↵�

+ (x � y, t) 2y odd
, (15)

where we set C↵�
± (x, t) ⌘ D↵�(x + 1⌥1

4 , 1⌥1
4 , t).

We are now in a position to derive the main result of
this letter: an exact closed expression for (12). The calcu-
lation can be subdivided in two main steps, summarised
in the following two properties.

Property 1. If U is dual-unitary, the dynamical corre-
lations are non-zero for t  L/2 only on the edges of a
lightcone spreading at speed 1

C↵�
⌫ (x, t) = �x,⌫tC

↵�
⌫ (⌫t, t) , ⌫ = ±, ↵,� 6= 0 . (16)

Proof. The most intuitive way to prove this property is
by using the graphical representation (9,13). Let us show
it considering ⌫ = + as the procedure for ⌫ = � is totally
analogous.

By repeated use of the direct fusion rules (10) we can
simplify every contribution out of the light-cone spread-
ing at speed 1 from a�

0 . This is a simple consequence of
the causal structure of the time evolution. Pictorially, we

(here t = 2 and L = 6)

Similarly we define dual quantum circuit propagator over (Cd)⊗2t

Ũ = Ũ⊗tΠ2tŨ
⊗tΠ†2t.

Clearly we have duality of traces

trUt = tr ŨL .
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where Ũ 2 End(H⌦2t
1 ) is the “dual transfer matrix”

Ũ = T2tŨ
⌦tT†
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⌦t . (6)

In this paper we consider unitary local gates U such that
Ũ is also unitary. Namely, we require

UU† = U†U = , (7)

Ũ Ũ† = Ũ†Ũ = . (8)

We call ‘dual-unitary’ local gates fulfilling both (7) and
(8) (these conditions immediately imply that U and Ũ
are also unitary). In the following we show that dual-
unitary gates provide a remarkable testing ground for
studying dynamical correlations in many-body quantum
systems. They allow us to classify exactly a number of
qualitatively different physical behaviours [20].

Before continuing, we note that the systems under
exam admit a convenient graphical representation. One
depicts operators as boxes with a number of incoming
and outgoing legs corresponding to the number of local
sites they act on. Each leg (or wire) carries a Hilbert
space H1. For instance, operators acting on a single site
are represented as a line with a bullet •, while the local
gate and its Hermitian conjugate are represented as

U = , U† = . (9)

We stress that, even if we use a symmetric symbol for
U , we assume no symmetry under reflection (left to right
flip) and time reversal (up to down flip). For example,
the relations (7) and (8) are respectively represented by
the following direct and dual “fusion rules” (see Sec. I of
the Supplemental Material (SM))
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Here we consider dynamical correlation functions of local
operators in the general time-translation invariant, ‘tra-
cial’, or infinite temperature state. These quantities are
defined as follows
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⇤
, (12)

where x, y 2 1
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basis of the space of local operators at site x, i.e., a basis
of End(H1). We assume that a↵ are Hilbert-Schmidt
orthonormal tr

⇥
(a↵)†a�

⇤
= d �↵,� and choose a0 = , so

all other a↵ are traceless, i.e., tr[a↵] = 0 for ↵ 6= 0.

A graphical quantum circuit representation of the ex-
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where the boundary conditions in both directions are pe-
riodic. This graph also pictures the space-time lattice of
the circuit, defined by (x, ⌧) 2 1

2Z2L ⇥ 1
2Z2t. Note that

we choose our coordinate system in such a way that ‘time’
and ‘space’ have the same units.

Since U�ta0
xUt = a0

x, we have for all ↵ 6= 0

D00(x, y, t) = 1, D0↵(x, y, t) = D↵0(x, y, t) = 0. (14)

Using the two-site shift invariance (2) we find

D↵�(x, y, t) =

(
C↵�

� (x � y, t) 2y even
C↵�

+ (x � y, t) 2y odd
, (15)

where we set C↵�
± (x, t) ⌘ D↵�(x + 1⌥1

4 , 1⌥1
4 , t).

We are now in a position to derive the main result of
this letter: an exact closed expression for (12). The calcu-
lation can be subdivided in two main steps, summarised
in the following two properties.

Property 1. If U is dual-unitary, the dynamical corre-
lations are non-zero for t  L/2 only on the edges of a
lightcone spreading at speed 1

C↵�
⌫ (x, t) = �x,⌫tC

↵�
⌫ (⌫t, t) , ⌫ = ±, ↵,� 6= 0 . (16)

Proof. The most intuitive way to prove this property is
by using the graphical representation (9,13). Let us show
it considering ⌫ = + as the procedure for ⌫ = � is totally
analogous.

By repeated use of the direct fusion rules (10) we can
simplify every contribution out of the light-cone spread-
ing at speed 1 from a�

0 . This is a simple consequence of
the causal structure of the time evolution. Pictorially, we

(here t = 2 and L = 6)
Similarly we define dual quantum circuit propagator over (Cd)⊗2t

Ũ = Ũ⊗tΠ2tŨ
⊗tΠ†2t.

Clearly we have duality of traces

trUt = tr ŨL .
DUC generalize the self-dual kicked Ising model PRL 121, 264101 (2018)
where exact RMT expression for the spectral form factor was derived.
See also [Gopalakrishnan and Lamacraft, PRB 100, 064309 (2019)]
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Spectral Form Factor in Floquet Systems

The spectrum {ϕn} of a unitary one-period propagator
U = T exp(−i

∫ 1

0
H(t)dt) as a gas in one dimension

Spectral density:

ρ(ϕ) =
2π

N
∑

n

δ(ϕ− ϕn), N = 2L.

Spectral pair correlation function (2-point function):

r(ϑ) =
1

2π

∫ 2π

0

dϕρ(ϕ+ 1
2
ϑ)ρ(ϕ− 1

2
ϑ)− 1.

Spectral Form Factor (SFF) (Fourier transform of 2-point function):

K(t) =
N 2

2π

∫ 2π

0

dϑr(ϑ)eitϑ =
∑

m,n

eit(ϕm−ϕn) −N 2δt,0

=
∣∣trU t

∣∣2 −N 2δt,0, t ∈ Z.
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Spectral Form Factor in Floquet Systems

The spectrum {ϕn} of a unitary one-period propagator
U = T exp(−i

∫ 1

0
H(t)dt) as a gas in one dimension

Spectral density:

ρ(ϕ) =
2π

N
∑

n

δ(ϕ− ϕn), N = 2L.

Spectral pair correlation function (2-point function):

r(ϑ) =
1

2π

∫ 2π

0

dϕρ(ϕ+ 1
2
ϑ)ρ(ϕ− 1

2
ϑ)− 1.

Spectral Form Factor (SFF) (Fourier transform of 2-point function):

K(t) =
N 2

2π

∫ 2π

0

dϑr(ϑ)eitϑ =
∑

m,n

eit(ϕm−ϕn) −N 2δt,0

=
∣∣trU t

∣∣2 −N 2δt,0, t ∈ Z.

Caveat: SFF is not self-averaging! Consider instead K̄(t) = E[K(t)].
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Comparision to RMT spectral form factors

RMT (No time reversal symmetry):

KCUE(t) = t, t < N .

RMT (With time teversal symmetry):

KCOE(t) = 2t− t log(1 + 2t/N ), t < N .

Random (uncorrelated, Poissonian) spectrum {ϕn}:

KPoisson ≡ N .

RMT vs Real System:












A
N

Poisson

x

i I t

tt tEN t

E[K(t)] = E

[∑

m,n

ei(ϕm−ϕn)
]
.

Saturation K̄(t) ∼ N beyond
Heisenberg time t > tH = N =
1/∆ϕ.

Non-universal (system-specific) be-
haviour below Ehrenfest/Thouless
time t < tT.
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Spectral Form Factor in DUC

Spectral Form Factor in Dual-Unitary Circuits
(Dated: September 23, 2020)

I. SETTING

We consider brick-work type quantum circuits, consisting of gates acting on two neighbouring qudits with periodic
boundary conditions. The action of such gates is implemented by d2 ⇥ d2 unitary matrices Ux,x+1/2, where x 2 1

2Z2L

denotes the local position of a qudit in the chain and d the number of states of the qdits. The time evolution operator
can be written as a product of two unitary operators

U1 =
O

x2ZL+1/2

Ux,x+1/2, U2 =
O

x2ZL

Ux,x+1/2 . (1)

which implement the evolution for half a time step. Namely we have

U = U2U1 . (2)

Here we consider the following special form for the local gates

Ux�1/2,x = (u1,x�1/2 ⌦ u1,x)U1, Ux,x+1/2 = (u2,x ⌦ u2,x+1/2)U2, 8x 2 ZL . (3)

This form means that the interaction is translationally invariant by two-site shifts, but there are some position
dependent qudit rotations representing a local field. The circuit evolution can be represented graphically as follows

U =
0

1

1
2

1
2

3
2

5
2

� 1
2

0 1 2 3· · · · · ·· · · · · ·

, (4)

where we respectively represented two-site gates and one-site gates as

U = , u = . (5)

and different colours denote different matrices. Note that in our notation time runs upwards.
The object of interest in this work is the spectral form factor

K(t, L) = Eu[|tr Ut|2] = Eu[tr (U† ⌦ UT )t] = tr[(Eu[Ũ† ⌦ ŨT ])L], (6)

where the average is taken over random u matrices (they can be chosen according to the U(1) or SU(2) Haar measure)
and we introduced

Ũ = Ũ2Ũ1 (7)

with

Ũ1 =
O

x2Zt+1/2

Ũx,x+1/2, Ũ2 =
O

x2Zt

Ũx,x+1/2, (8)

and Ũx,x+1/2 defined as

hk|hl|Ũx,x+1/2|ii|ji = hj|hl|Ux,x+1/2|ii|ki . (9)

We represent this quantity in the “folded picture”, namely we consider the double gates made as

W = = = U † ⌦ UT , w = = = u† ⌦ uT . (10)

Spectral Form Factor in Dual-Unitary Circuits
(Dated: September 24, 2020)

I. SETTING

We consider brick-work type quantum circuits, consisting of gates acting on two neighbouring qudits with periodic
boundary conditions. The action of such gates is implemented by d2 ⇥ d2 unitary matrices Ux,x+1/2, where x 2 1

2Z2L

denotes the local position of a qudit in the chain and d the number of states of the qdits. The time evolution operator
can be written as a product of two unitary operators

U1 =
O

x2ZL+1/2

Ux,x+1/2, U2 =
O

x2ZL

Ux,x+1/2 . (1)

which implement the evolution for half a time step. Namely we have

U = U2U1 . (2)

Here we consider the following special form for the local gates

Ux�1/2,x = (u1,x�1/2 ⌦ u1,x)U1, Ux,x+1/2 = (u2,x ⌦ u2,x+1/2)U2, 8x 2 ZL . (3)

This form means that the interaction is translationally invariant by two-site shifts, but there are some position
dependent qudit rotations representing a local field. The circuit evolution can be represented graphically as follows

U =
0

1

1
2

1
2

3
2

5
2

� 1
2

0 1 2 3· · · · · ·· · · · · ·

, (4)

where we respectively represented two-site gates and one-site gates as

U = , u = . (5)

and different colours denote different matrices. Note that in our notation time runs upwards.
The object of interest in this work is the spectral form factor

K(t, L) = Eu[|tr Ut|2] = Eu[tr (U† ⌦ UT )t] = tr[(Eu[Ũ† ⌦ ŨT ])L], (6)

where the average is taken over random qudit rotations (random u matrices) and we introduced

Ũ = Ũ2Ũ1 (7)

with

Ũ1 =
O

x2Zt+1/2

Ũx,x+1/2, Ũ2 =
O

x2Zt

Ũx,x+1/2, (8)

and Ũx,x+1/2 defined as

hk|hl|Ũx,x+1/2|ii|ji = hj|hl|Ux,x+1/2|ii|ki . (9)

We represent this quantity in the “folded picture”, namely we consider the double gates made as

W = = = U † ⌦ UT , w = = = u† ⌦ uT . (10)

K(t, L) = Eu[|trUt|2] = Eu[tr (U† ⊗ UT )t] = tr[(Eu[Ũ† ⊗ ŨT ])L]

Theorem [Bertini, Kos, P, arXiv:2012.12254]:

For i.i.d. local 1-qubit gates u, with nonvanishing probability density in
arbitrary small ball in SU(2) around the identity u = 1, and for any dual
unitary 2-qubit gates U other than the SWAP, we have

lim
L→∞

K(t) = dim

{
t−1∑

τ=0

σατ+ ι
2
,

t−1∑

τ=0

σατ+ ι
2
σβ
τ+ ι+1

2

;α, β ∈ {x, y, z}, ι ∈ {0, 1}
}′

= t

σατ = 12τ ⊗ στ ⊗ 12t−2τ−1 ∈ End((C2)⊗2t), τ ∈ 1

2
Z2t
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Dynamical correlation functions in DUC

Writing the orthonormal set of local observables as aα, α = 0, . . . , d2 − 1,
tr
[
(aα)†aβ

]
= d δα,β and choose a0 = 1, so all other aα are traceless,

we shall be interested in the following space-time correlator

Dαβ(x, y, t) ≡ 1

d2L
tr
[
aαxU−taβyUt

]
=

{
Cαβ− (x− y, t) 2y even
Cαβ+ (x− y, t) 2y odd

,

2

where Ũ 2 End(H⌦2t
1 ) is the “dual transfer matrix”

Ũ = T2tŨ
⌦tT†

2tŨ
⌦t . (6)

In this paper we consider unitary local gates U such that
Ũ is also unitary. Namely, we require

UU† = U†U = , (7)

Ũ Ũ† = Ũ†Ũ = . (8)

We call ‘dual-unitary’ local gates fulfilling both (7) and
(8) (these conditions immediately imply that U and Ũ
are also unitary). In the following we show that dual-
unitary gates provide a remarkable testing ground for
studying dynamical correlations in many-body quantum
systems. They allow us to classify exactly a number of
qualitatively different physical behaviours [20].

Before continuing, we note that the systems under
exam admit a convenient graphical representation. One
depicts operators as boxes with a number of incoming
and outgoing legs corresponding to the number of local
sites they act on. Each leg (or wire) carries a Hilbert
space H1. For instance, operators acting on a single site
are represented as a line with a bullet •, while the local
gate and its Hermitian conjugate are represented as

U = , U† = . (9)

We stress that, even if we use a symmetric symbol for
U , we assume no symmetry under reflection (left to right
flip) and time reversal (up to down flip). For example,
the relations (7) and (8) are respectively represented by
the following direct and dual “fusion rules” (see Sec. I of
the Supplemental Material (SM))

= = , (10)

= , = . (11)

Here we consider dynamical correlation functions of local
operators in the general time-translation invariant, ‘tra-
cial’, or infinite temperature state. These quantities are
defined as follows

D↵�(x, y, t) ⌘ 1

d2L
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⇥
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⇤
, (12)

where x, y 2 1
2Z2L, t 2 N and {a↵

x}↵=0,....,d2�1 denotes a
basis of the space of local operators at site x, i.e., a basis
of End(H1). We assume that a↵ are Hilbert-Schmidt
orthonormal tr

⇥
(a↵)†a�

⇤
= d �↵,� and choose a0 = , so

all other a↵ are traceless, i.e., tr[a↵] = 0 for ↵ 6= 0.

A graphical quantum circuit representation of the ex-
pression (12) is as follows
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where the boundary conditions in both directions are pe-
riodic. This graph also pictures the space-time lattice of
the circuit, defined by (x, ⌧) 2 1

2Z2L ⇥ 1
2Z2t. Note that

we choose our coordinate system in such a way that ‘time’
and ‘space’ have the same units.

Since U�ta0
xUt = a0

x, we have for all ↵ 6= 0

D00(x, y, t) = 1, D0↵(x, y, t) = D↵0(x, y, t) = 0. (14)

Using the two-site shift invariance (2) we find

D↵�(x, y, t) =

(
C↵�

� (x � y, t) 2y even
C↵�

+ (x � y, t) 2y odd
, (15)

where we set C↵�
± (x, t) ⌘ D↵�(x + 1⌥1

4 , 1⌥1
4 , t).

We are now in a position to derive the main result of
this letter: an exact closed expression for (12). The calcu-
lation can be subdivided in two main steps, summarised
in the following two properties.

Property 1. If U is dual-unitary, the dynamical corre-
lations are non-zero for t  L/2 only on the edges of a
lightcone spreading at speed 1

C↵�
⌫ (x, t) = �x,⌫tC

↵�
⌫ (⌫t, t) , ⌫ = ±, ↵,� 6= 0 . (16)

Proof. The most intuitive way to prove this property is
by using the graphical representation (9,13). Let us show
it considering ⌫ = + as the procedure for ⌫ = � is totally
analogous.

By repeated use of the direct fusion rules (10) we can
simplify every contribution out of the light-cone spread-
ing at speed 1 from a�

0 . This is a simple consequence of
the causal structure of the time evolution. Pictorially, we
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Property 1
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Cαβν (x, t) = δx,νtC
αβ
ν (νt, t) , ν = ±, α, β 6= 0 .

3

have

C↵�
+ (x, t)=

1

d4t a�

a↵

. (17)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t � 1

2 ; (iii) x 6= t � 1
2 , t. Let us start

considering the case (iii), using the dual fusion rules (11)
we have

C↵�
+ (x, t)=

1

d4t�1 a�

a↵

. (18)

From this picture it is clear that the dual fusion rules (11)
can be ‘telescoped’ until the operator a� is encountered.
Namely

C↵�
+ (x, t)=

1

d4t�1 a�

a↵

, (19)

where the central loop represents the trace of a� factoring
out. Using that for � 6= 0 the operators a� are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using the dual fusion rules
(11) we find

C↵�
+

�
t � 1

2 , t
�
=

1

d4t a�

a↵

. (20)

Here the loop giving tr[a↵] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations C↵�
+ (t, t) and

C↵�
� (�t, t) are given by

C↵�
⌫ (⌫t, t) =

1

d
tr
⇥
M2t

⌫ (a�)a↵
⇤
, (21)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

⇥
U †(a ⌦ )U

⇤
=

1

d
a , (22)

M�(a) =
1

d
tr2

⇥
U†( ⌦ a)U

⇤
=

1

d
a . (23)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for C↵�
+ (t, t), using

the graphical representation. A completely analogous
reasoning applies for C↵�

� (�t, t).
By repeated use of the fusion rules (10) we can reduce

C↵�
+ (t, t) to the following form

C↵�
+ (t, t)=

1

d2t+1 a�

a↵

. (24)
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Proof. We again prove the property for C↵�
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Dynamical correlations tamed!

Decay of correlations is given in terms of d2 − 1 eigenvalues λ+,α of single
qudit channel (d2 × d2 matrix)M+, and d2 − 1 eigenvalues λ−,α ofM−.

Dαβ(x, y, t) =

{
δy−x,t

∑d2−1
γ=1 cαβ−,γ(λ−,γ)2t 2y even

δx−y,t
∑d2−1
γ=1 cαβ+,γ(λ+,γ)2t 2y odd

(One eigenvalue is always λν,0 = 1, with eigenoperator a0 = 1.)

Classification of ergodic behaviours:
1 Non-interacting dynamics:

all λν,γ = 1 (example: SWAP U |i〉 ⊗ |j〉 = |j〉 ⊗ |i〉)
2 Non-ergodic (and generically non-integrable) behavior:

∃ additional eigenvalue equal to one λν,γ = 1, γ 6= 0.
3 Ergodic but non-mixing behavior:

all λν,γ 6=0 6= 1, but ∃γ 6= 0, |λν,γ | = 1.
4 Ergodic and mixing behavior:

all |λν,γ 6=0| < 1.
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Problem: Classify all Dual Unitary gates for a given dimension d
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Problem: Classify all Dual Unitary gates for a given dimension d

We can provide a complete classification only for d = 2:

U = eiφ(u+ ⊗ u−) · V [J ] · (v− ⊗ v+) ,

where φ, J ∈ R, u±, v± ∈ SU(2) and

V [J ]=exp
[
−i
(π

4
σx ⊗ σx+

π

4
σy ⊗ σy+Jσz ⊗ σz

)]
.

Relevant examples:
1 SWAP gate U = V [π/4].
2 One parameter line of the trotterized XXZ chain

UXXZ = V [J ] ,

3 The maximally chaotic self-dual kicked Ising (SDKI) chain

USDKI =e−ihσ
z

ei
π
4
σx⊗ eiπ4 σx · V [0] · eiπ4 σye−ihσz⊗ eiπ4 σy.
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U = eiφ(u+ ⊗ u−) · V [J ] · (v− ⊗ v+) ,
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UXXZ = V [J ] ,

3 The maximally chaotic self-dual kicked Ising (SDKI) chain

USDKI =e−ihσ
z

ei
π
4
σx⊗ eiπ4 σx · V [0] · eiπ4 σye−ihσz⊗ eiπ4 σy.

See [Claeys & Lamacraft, PRL126, 100603 (2021)] for generalization (not
complete classification!) to higher d, and [Gutkin,Braun,Akila,Waltner,Guhr,
arXiv:2001.01298] for generalization of KI model to higher d.
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SFF in general (non-dual-unitary) brickwork circuits

Circuit models with local quench disorder:

Spectral Form Factor in Dual-Unitary Circuits
(Dated: September 23, 2020)

I. SETTING

We consider brick-work type quantum circuits, consisting of gates acting on two neighbouring qudits with periodic
boundary conditions. The action of such gates is implemented by d2 ⇥ d2 unitary matrices Ux,x+1/2, where x 2 1

2Z2L

denotes the local position of a qudit in the chain and d the number of states of the qdits. The time evolution operator
can be written as a product of two unitary operators

U1 =
O

x2ZL+1/2

Ux,x+1/2, U2 =
O

x2ZL

Ux,x+1/2 . (1)

which implement the evolution for half a time step. Namely we have

U = U2U1 . (2)

Here we consider the following special form for the local gates

Ux�1/2,x = (u1,x�1/2 ⌦ u1,x)U1, Ux,x+1/2 = (u2,x ⌦ u2,x+1/2)U2, 8x 2 ZL . (3)

This form means that the interaction is translationally invariant by two-site shifts, but there are some position
dependent qudit rotations representing a local field. The circuit evolution can be represented graphically as follows

U =
0

1

1
2

1
2

3
2

5
2

� 1
2

0 1 2 3· · · · · ·· · · · · ·

, (4)

where we respectively represented two-site gates and one-site gates as

U = , u = . (5)

and different colours denote different matrices. Note that in our notation time runs upwards.
The object of interest in this work is the spectral form factor

K(t, L) = Eu[|tr Ut|2] = Eu[tr (U† ⌦ UT )t] = tr[(Eu[Ũ† ⌦ ŨT ])L], (6)

where the average is taken over random u matrices (they can be chosen according to the U(1) or SU(2) Haar measure)
and we introduced

Ũ = Ũ2Ũ1 (7)

with

Ũ1 =
O

x2Zt+1/2

Ũx,x+1/2, Ũ2 =
O

x2Zt

Ũx,x+1/2, (8)

and Ũx,x+1/2 defined as

hk|hl|Ũx,x+1/2|ii|ji = hj|hl|Ux,x+1/2|ii|ki . (9)

We represent this quantity in the “folded picture”, namely we consider the double gates made as

W = = = U † ⌦ UT , w = = = u† ⌦ uT . (10)

Spectral Form Factor in Dual-Unitary Circuits
(Dated: September 24, 2020)

I. SETTING

We consider brick-work type quantum circuits, consisting of gates acting on two neighbouring qudits with periodic
boundary conditions. The action of such gates is implemented by d2 ⇥ d2 unitary matrices Ux,x+1/2, where x 2 1

2Z2L

denotes the local position of a qudit in the chain and d the number of states of the qdits. The time evolution operator
can be written as a product of two unitary operators

U1 =
O

x2ZL+1/2

Ux,x+1/2, U2 =
O

x2ZL

Ux,x+1/2 . (1)

which implement the evolution for half a time step. Namely we have

U = U2U1 . (2)

Here we consider the following special form for the local gates

Ux�1/2,x = (u1,x�1/2 ⌦ u1,x)U1, Ux,x+1/2 = (u2,x ⌦ u2,x+1/2)U2, 8x 2 ZL . (3)

This form means that the interaction is translationally invariant by two-site shifts, but there are some position
dependent qudit rotations representing a local field. The circuit evolution can be represented graphically as follows

U =
0

1

1
2

1
2

3
2

5
2

� 1
2

0 1 2 3· · · · · ·· · · · · ·

, (4)

where we respectively represented two-site gates and one-site gates as

U = , u = . (5)

and different colours denote different matrices. Note that in our notation time runs upwards.
The object of interest in this work is the spectral form factor

K(t, L) = Eu[|tr Ut|2] = Eu[tr (U† ⌦ UT )t] = tr[(Eu[Ũ† ⌦ ŨT ])L], (6)

where the average is taken over random qudit rotations (random u matrices) and we introduced

Ũ = Ũ2Ũ1 (7)

with

Ũ1 =
O

x2Zt+1/2

Ũx,x+1/2, Ũ2 =
O

x2Zt

Ũx,x+1/2, (8)

and Ũx,x+1/2 defined as

hk|hl|Ũx,x+1/2|ii|ji = hj|hl|Ux,x+1/2|ii|ki . (9)

We represent this quantity in the “folded picture”, namely we consider the double gates made as

W = = = U † ⌦ UT , w = = = u† ⌦ uT . (10)

K(t, L) = Eu[|trUt|2] = Eu[tr (U† ⊗ UT )t] = tr[(Eu[Ũ† ⊗ ŨT ])L]
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Distance to nearest dual-unitary gate to U decreases from left to right plot.

Data for L = 8, 10, 12, 14, 16 suggest the conjecture

K(t)− t ≤ ALe−Bt, A,B > 0.

[unpublished, c.f. Garratt and Chalker, arXiv:2008.01697]
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Operator entanglement in DUC

Analytic computation of Renyi-2 operator entanglement entropy for
spreading of local operators [Bertini, Kos & P, SciPost Phys. 2020]:

Eop(t) = αt

where α = 2 log d signals maximal chaos.

SciPost Physics Submission

The complex conjugation (·)⇤ is defined such that

⇤hn|O⇤|mi⇤ = (hn|O|mi)⇤ , (18)

meaning that the vectorization mapping is linear (and not antilinear!) with respect to both,
the ket and the bra parts1.

For convenience we arrange the states |ni ⌦ |mi⇤ in H ⌦ H in such a way that the time
evolution generated by U† ⌦ U†⇤ is “local in space”. Specifically,

|i1 . . . i2Li ⌦ |j1 . . . j2Li⇤ = |i1 j1i ⌦ · · · |i2L j2Li , (19)

where {|ii ; i = 1, 2, . . . , d} is a real, orthonormal basis of H1. In general, for any set of states
|ai , |bi · · · 2 H1, we use a compact notation |a b . . .i = |ai ⌦ |bi ⌦ · · · .

The mapping defined in this way is directly represented by folding the circuit

a 7�! d(2L�1)/2

a

, (20)

where each thick wire carries a d2 dimensional local Hilbert space H1 ⌦ H1

= (21)

and we introduced the “double gate”

=W = . (22)

Note that the red gate is upside down, meaning that U is transposed (c.f. (U†)⇤ = UT on the
r.h.s. of (17)). Finally, we also introduced the (normalised) local states associated to to the
identity operator

1p
d

7�! 1p
d

= ⌘ |�i , (23)

1We can always decide to choose a fixed canonical basis such that |ni⇤ = |ni.

7
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With our choices of operator and subsystem the graphical representation for the reduced
density matrix reads as

⇢A(t, y; a) = trĀ[|ay(t)ihay(t)|]= a
a†aa†aa†aa†aa† . (29)

In the representation (29) we took y < t  L. We considered the right inequality, because
we are interested in the thermodynamic limit and the results no longer depend on L for
L � t, while we take the left inequality, t > y, because in the opposite case the reduced
density matrix is pure and hence the entanglement vanishes. This is due to the fact that in
quantum circuits there is a strict lightcone for the propagation of information: nothing can
propagate faster than a given maximal velocity (this is stricter than the Lieb-Robinson bound
which allows for exponentially small corrections). In particular, in our units (see Eq. (20))
the maximal velocity is 1. Finally, we assumed y to be an integer. The case of half-integer y
can be recovered by the reflection R of the chain around the bond between 0 and 1/2. This
results in

|ay(t, U)ihay(t, U)| 7! R |ay(t, U)ihay(t, U)| R† = |a1/2�y(t, SUS†)iha1/2�y(t, SUS†)| , (30)

where S is the “swap-gate”
S(a ⌦ b)S† = b ⌦ a , (31)

and we designate explicitly the dependence on the local gate. From now on we always take y
to be integer.

Using the representation (29) we see that the calculation of trA[⇢n
A(t, y; a)] is reduced to

that of a partition function of a vertex model (generically with complex weights). For instance,

9
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Figure 4: The slope �S(2)(y, t�1/2) = S(2)(y, t)�S(2)(y, t�1) and the constant o↵set factor
µ2(y, t) (much more sensitive) versus the parameter J for a dual unitary gate with r = 0.5,
� = 0.7, ✓ = 0 (see Appendix C for the definition of the gate). We show the results for
operators a1 = �3 (left panel) and a2 = ↵1�1 + ↵2�2 + ↵3�3 a fixed random operator with
↵1 = 0.3289, ↵2 = 0.0696, ↵3 = 0.6221. The points correspond to exact numerical results,
and the lines are the predictions using the conjecture (78). The operator is initialised at
y = 0, and we set t = 7 for the right panel.

Figure 5: The slope of Rényi n = 2 entanglement entropy for the operator �3 evolving ac-
cording to (non-dual-unitary) U(4) Haar-random gates. In the clean case we average over 10
realisations, in the noisy case over 20 (100 for t  6). The results suggest that the slope is
close to log 2, which is half of the maximal slope. Note that this agrees well with large d result
from [37], where we get the slope 26

5(
p

2 � 1) log 2 ⇡ 0.9941 log 2, if we use the parameters
sspread, vb for d = 2 (cf. Ref. [37] for a definition of these parameters).

are then given by
�
|e0x+1i = |�. . . � 3 3 �. . .�|{z}

x�1

i , |e0x+2i = |�. . . � 3 r1 3 �. . .�|{z}
x�2

i , . . . , |e02xi = |3 rx�1 3i
 
, (82)
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hbx+y|ay(t)i =

b

a

=

b

a

. (13)

Here we conveniently rotated the picture by 45� in the
clockwise direction and, for concreteness, we depicted
correlation functions for integer coordinates y 2 Z and
x 2 Z. The cases with half-integer coordinates can be
treated in an analogous fashion: if y 2 Z+1/2 the states
at the bottom ( and #) are exchanged, while when
x + y 2 Z + 1/2 those at the top ( and #) are ex-
changed.

We see that in this representation correlation functions
correspond to partition functions of a statistical mechan-
ical model (with complex weights determined by the ten-
sor W ) defined on a rectangular lattice of dimensions

x+ = t + dxe x� = t + 1 � dxe, y 2 Z, (14)

x+ = t + 1 + dxe x� = t � dxe, y 2 Z +
1

2
, (15)

where we introduced the ceiling function d·e, such that
dxe 2 Z and x  dxe < x + 1 for any x 2 R (this
definition applies also for negative x). Moreover, we note
that for values of x such that x±  0 the correlations
vanish identically. For definiteness, from now on we will

always consider y = 0 unless otherwise stated.
In the representation (13), it is natural to think of the

correlations in terms of horizontal and vertical transfer
matrices

Aab
x = · · ·

ba

x

, (16)

Cab
x = · · ·

ba

x

, (17)

as follows

hbx|a0(t)i =

8
><
>:

ha# . . .# |(A##x� )x+�1A#b
x� |# . . .#i = h# . . .# b|(C##

x+
)x��1Ca#

x+
|# . . .#i, x 2 Z + 1

2 ,

ha# . . .# |(A##x� )x+ |# . . .# bi = h# . . .# |C#b
x+

(C##
x+

)x��2Ca#
x+

|# . . .#i, x 2 Z
. (18)

Note that the above transfer matrices fulfil the following
two properties

i) Aab
x and Cab

x are contracting, i.e. their eigenvalues lie
on the closed unit disk around 0 in the complex plane,
for all a, b. This is a consequence of the unitarity of
W and can be established following the derivation in
Appendix A of Ref. [13].

ii) The state |#i⌦x is an eigenvector of A##x and C##
x

with eigenvalue one. This is a direct consequence of the

unitality relations (11).

The folding mapping described in this subsection turns
the evolution of operators in the quantum circuit defined
by the elementary gate U into that of states in a larger
(super) quantum circuit defined by the elementary gate
W . In this language the correlation functions are nothing
but matrix elements of powers of the evolution operator

W =
O

x2ZL+1/2

Wx,x+1/2

O

x2ZL

Wx,x+1/2, (19)
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where �x denotes the Kronecker delta function and
mod(m, n) ⌘ m mod n is the mod function. As dis-
cussed in Ref. [11], depending on the spectrum of the
transfer matrices A##du,1 and C##

du,1, these correlations can
show four increasing degrees of ergodicity ranging from
non-interacting behaviour — where correlations are all
constant — to the ergodic and mixing one — where all
correlations decay exponentially. In particular, by pro-
viding a complete parametrisation of dual-unitary gates
for d = 2, Ref. [11] showed that the ergodic and mixing
case is typical (i.e. it has measure one in the parametri-
sation space).

Finally, we stress that if the double gate is defined as
in (10) and U fulfils (21), then also W and W † fulfil an
analogous diagrammatic relation. This is however not
needed to obtain the results of this subsection. We only
need the conditions (20), which we dub “dual-unitality”.
Even though the two conditions are equivalent when the
gate W comes from a folded quantum circuit, Eq. (20)
is less restrictive and can hold in a more general setting.
For example in Appendix A we show that this property
arises in Markov circuits where the local evolution matrix
is bistochastic in both space and time directions.

III. STRATEGY AND RESULTS

The goal of this paper is to develop a perturbative ex-
pansion of correlation functions around the dual-unitary
point. The idea is to consider circuits with a number
of non-dual-unitary gates U⌘ composed of a dual-unitary
term Udu and a non-dual-unitary correction. To have
gates that are manifestly unitary we consider perturba-

tions of the multiplicative form

U⌘ = Uduei⌘P , (30)

where P is a generic hermitian 2-qudit operator and non-
negative real parameter ⌘ sets the strength of the pertur-
bation. The folded gate W⌘ can then be written as

W⌘ =
⇣
e�i⌘P ⌦ ei⌘P T

⌘
Wdu. (31)

Note that any quantum gate can be written in the form
(30). Therefore, the expression (30) is the most general
perturbation preserving the circuit-structure of the time
evolution.

When representing correlation functions as partition
functions in a lattice of doubled gates (cf. (13)) one can
think of the gates W⌘, for ⌘ > 0, as defects. Even though
the methods that we develop are applicable to arbitrary
distributions of defects, for the sake of clarity in the main
text we only consider the case where all defects are the
same, namely there is a non-random systematic breaking
of dual-unitarity. For comparison, we consider in Ap-
pendix C the opposite extreme case of random defects
independently distributed at each space-time point. To
better control the perturbation theory it is useful to also
modulate the number of defects in the lattice. To this
aim we introduce an additional parameter: the density
� of defects. We fixed the density because the actual
arrangement of the defects does not affect appreciably
the physics: one can imagine to randomly place �x+x�
defects among the x+x� gates in the lattice (13). For
simplicity, however, it will be sometimes useful to imag-
ine the defects covering a regular sublattice of (13) with
lattice spacings ⌫+ and ⌫�, such that � = 1/⌫+⌫�. For
example

hbx|a0(t)i =

b

a

⌫�

⌫+

. (32)

It follows directly from the above definitions that in both
limiting cases, ⌘ ! 0 or � ! 0, we recover a dual-unitary
circuit. The two perturbations, however, are highly in-

equivalent. In particular, the case of small density � ⌧ 1
is substantially easier to treat than that of small strength
⌘ ⌧ 1 and allows for rigorous results. This difference can
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It follows directly from the above definitions that in both
limiting cases, � � 0 or � � 0, we recover a dual-unitary
circuit. The two perturbations, however, are highly in-

equivalent. In particular, the case of small density � � 1
is substantially easier to treat than that of small strength
� � 1 and allows for rigorous results. This difference can
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be appreciated through a simple combinatoric argument:
While for small � one can work with a single partition
function with a small number of defects and large dual-
unitary islands, separating the dual-unitary islands for
non-zero � generates a complicated sum of terms. In
particular, the number of contributions at a given or-
der �n corresponds to the number of ways to dispose n
identical objects in x+x� identical drawers and becomes
exponentially large in the volume x+x� for large enough
n.

Remarkably, in this paper we find that — under cer-
tain conditions on the unperturbed dual-unitary gate
Wdu — the leading order contribution to the correlations
can be directly computed in both cases and, surprisingly,
takes the same form. Specifically, we observe that — at
the leading order in time — correlations are still deter-
mined by the 1d transfer matrices A��

du,1 and C��
du,1 (cf.

Eqs. (26)–(28)). The difference is that, instead of being
contracted along straight lines as in (26) and (28), now
the maps can also be contracted along zig-zag lines like

b

a

(33)

which we dub “skeleton diagrams”. In particular, the
correlation between two arbitrary points in the causal
light cone is obtained by summing the contributions of
all skeleton diagrams connecting the two points. The
turns in the diagrams are generated by the defects, this
means that for � < 1 all the possible positions of the
turns are restricted to a sub-lattice, while for � = 1 the
turns can be anywhere in the lattice. Note that all skele-
ton diagrams with down- or left- turns are forbidden.
Indeed, these diagrams are cut by the rules (11) and do
not contribute to the correlation. Such decomposition of
the correlation function can be interpreted as a discrete
path-integral on the 2d lattice (32).

To explain how and under what conditions this simpli-
fication arises we proceed in two steps. First, in Sec. IV,
we present rigorous results in a toy setting where the
wires in (32) are two dimensional and the doubled gates
four dimensional — we dub this case “reduced gates”.
Second, in Sec. V, we use a combination of analytical
arguments and numerical observations to show that the
phenomenology identified in the toy setting holds true for
generic d4-dimensional doubled gates.

Let us summarise our results in the above two cases.
At the end, for a comparison, we also provide a summary

of the results we obtained for random, independently dis-
tributed perturbations (details are in Appendix C).

A. Results on Reduced Gates

We begin by noting that, since the doubled/folded
gates have dimension d4, one cannot reduce the dimen-
sion of these gates below 16 by lowering the local Hilbert
space dimension d. However, as explained in Sec. IV, it
is possible to reduce the problem by considering unper-
turbed dual-unitary gates with random U(1) noise (de-
scribing for example random magnetic fields in a fixed
direction for spin 1/2 degrees of freedom, d = 2) and fo-
cussing on the correlations averaged over the noise. In
this case each wire in (32) becomes effectively a two-state
system and we consider the following basis

B = {|�� , |��}, (34)

where |�� corresponds to the identity operator and |��
is orthogonal to it (it corresponds to the only non-trivial
one-site traceless operator preserved by the average).
The most general averaged folded two-body gate can be
expressed in the basis B � B as

w := =

�
��

1 0 0 0
0 p� a b
0 c q� d
0 e f g

�
�� , (35)

where we used lower case w and thin lines to highlight
that the wires are just two-dimensional and the gate is
hence four-dimensional.

Since the gate w is obtained via an average it is not
unitary. However, we see that (35) fulfils the condi-
tions (11). Moreover, we see that the gate also fulfils
the conditions (20) if we set � = 0, namely

wdu := =

�
��

1 0 0 0
0 0 a b
0 c 0 d
0 e f g

�
�� . (36)

The parameter � can then be interpreted as the dual-
unitarity breaking parameter in this setting. Indeed, ex-
pressing the elements of w in terms of those of W� (see
Appendix B 1) we find that � = O(�) where � is the
strength of the perturbation in (31). On the other hand,
all other parameters in w are O(�0). In words this means
that � vanishes for vanishing �, while all other parameters
in w are in general non-zero.

More generally, from the explicit parametrisation of
Appendix B 1 we also find that wij � [�1, 1] and that
the gate becomes a bistochastic matrix (see the definition
(A7)) when conjugated with H � H, where

H :=
1�
2

�
1 1
1 �1

�
, (37)
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The U(1)-noise averaged dynamical correlations

cab(x, t) = E{hj,t}Cab(x, t), Uj,j+1 → Uj,j+1e
ihj,tσ

z
j+ihj+1,tσ

z
j+1

can be formulated in terms of classical bistochastic brickwork Markov
circuits in the basis of diagonal operators |1〉, |σz〉 with elementary 2-gate

Prosen Part B2 Q U E S T 10

2-point correlator is then formulated as a particular partition function of a 2-dimensional tensor
network model with particular boundary conditions encoding the operators a, b. Similarly one can
encode (and sometimes calculate [107, 108, 109]) measures of complexity of operator spreading, such
as Renyi-2 local operator entanglement entropy (Fig. 4).

The property of dual unitarity can be expressed in terms of trivial side-ways contractions of the
folded gate W (which we paint in orange for dual unitary gate U)

= , = . (17)

This can be applied to yield the correlation function (15) non-vanishing for traceless a and b, only if
|x| = t, when it is given as a power of a d2 ◊ d2 transfer matrix, e.g.

Cab(t, t) = ba =: Èa|M2t|bÍ . (18)

The 2-point correlator, despite being non-zero only on the edges of the causal light-cone |x| = t, can
display a plethora of ergodic behaviors, depending on the spectrum of the unital (quantum channel)
map M [75], ranging from non-ergodic to ergodic and mixing dynamics. Similarly, dynamical complex-
ity indicators such as dynamics of the local operator entanglement entropy (Fig. 4) display transitions
from zero rate growth to linear growth with maximal rate 2 log d [107] which is ≥ 2◊ larger than for
Haar random unitary circuits [84].

2.2.1 Dual-bistochastic Markov chains

Folded quantum circuits can be replaced by classical stochastic Markov circuits where W is replaced
by an n ◊ n bistochastic matrix. Such a quantum to classical mapping can be explicitly constructed
by decorating all gates of the circuit by random diagonal matrices. For instance, for d = 2, we
may write Uj,j+1 æ Uj,j+1e

ihj,t‡
z
j +ihj+1,t‡z

j+1 and average the 2-point correlator over random fields
E{hj,t}Cab(x, t). This is equivalent to building a brickwork Markov circuit of n2 ◊n2 gates wrÕsÕ

r s , where
w is obtained from the folded gate W by projection to n = d diagonal operators w = (P¢P )W (P¢P ),
where P = | Í È | + |‡zÍ È‡z|. In the basis {|0Í = 1

2(|#Í+| Í), |1Í = 1
2(|#Í≠| Í)}, where |#Í © | Í,

| Í © |‡zÍ, w becomes a bistochastic matrix in the sense that the sum of all elements in each row
and column equals 1. Similarly, we define a dual-bistochasitc matrix w such that both w and w̃ are
bistochastic, where w̃ssÕ

rrÕ = wrÕsÕ
r s . For example, bistochastic 2-site gates for n = 2 in {|#Í , | Í} basis

are parametrised as

w := =

Q
ccca

1 0 0 0
0 Á1 a b
0 c Á2 d
0 e f g

R
dddb , (19)

where real parameters a, b, c, d, e, f, g, Á1,2 are confined to an appropriate convex set. If in addition
Á1 = Á2 = 0, the matrix w is dual-bistochastic, having 7 free parameters. Then one can explicitly
compute the correlaiton function of dual bi-stohastic dynamics by an analog of formula (18). Regarding
Á1, Á2 as small (expansion) parameters allow us to study perturbed dual-bistochastic maps.

In full analogy, one can define dual quantum bistochastic maps, i.e. brickwork quantum circuits
composed of two-qudit trace preserving unital channels (aka Kraus quantum circuits), which remain
such under appropriate (space-time) reshu�ing. Our method then gives explicit computation of
dynamical correlation functions of such general open quantum dynamics.

2.2.2 Diagrammatic expansion

In this subsection we consider the simplest case of (nearly dual-) bistochastic Markov chains with
n = 2 as the minimal paradigmatic model, while the objective of QUEST will be to further develop

ε1 = ε2 = 0 corresponds to dual-unutary/dual-bistochastic circuit.
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The 2-point correlator, despite being non-zero only on the edges of the causal light-cone |x| = t, can
display a plethora of ergodic behaviors, depending on the spectrum of the unital (quantum channel)
map M [75], ranging from non-ergodic to ergodic and mixing dynamics. Similarly, dynamical complex-
ity indicators such as dynamics of the local operator entanglement entropy (Fig. 4) display transitions
from zero rate growth to linear growth with maximal rate 2 log d [107] which is ≥ 2◊ larger than for
Haar random unitary circuits [84].

2.2.1 Dual-bistochastic Markov chains

Folded quantum circuits can be replaced by classical stochastic Markov circuits where W is replaced
by an n ◊ n bistochastic matrix. Such a quantum to classical mapping can be explicitly constructed
by decorating all gates of the circuit by random diagonal matrices. For instance, for d = 2, we
may write Uj,j+1 æ Uj,j+1e

ihj,t‡
z
j +ihj+1,t‡z

j+1 and average the 2-point correlator over random fields
E{hj,t}Cab(x, t). This is equivalent to building a brickwork Markov circuit of n2 ◊n2 gates wrÕsÕ

r s , where
w is obtained from the folded gate W by projection to n = d diagonal operators w = (P¢P )W (P¢P ),
where P = | Í È | + |‡zÍ È‡z|. In the basis {|0Í = 1

2(|#Í+| Í), |1Í = 1
2(|#Í≠| Í)}, where |#Í © | Í,

| Í © |‡zÍ, w becomes a bistochastic matrix in the sense that the sum of all elements in each row
and column equals 1. Similarly, we define a dual-bistochasitc matrix w such that both w and w̃ are
bistochastic, where w̃ssÕ

rrÕ = wrÕsÕ
r s . For example, bistochastic 2-site gates for n = 2 in {|#Í , | Í} basis

are parametrised as

w := =

Q
ccca

1 0 0 0
0 Á1 a b
0 c Á2 d
0 e f g

R
dddb , (19)

where real parameters a, b, c, d, e, f, g, Á1,2 are confined to an appropriate convex set. If in addition
Á1 = Á2 = 0, the matrix w is dual-bistochastic, having 7 free parameters. Then one can explicitly
compute the correlaiton function of dual bi-stohastic dynamics by an analog of formula (18). Regarding
Á1, Á2 as small (expansion) parameters allow us to study perturbed dual-bistochastic maps.

In full analogy, one can define dual quantum bistochastic maps, i.e. brickwork quantum circuits
composed of two-qudit trace preserving unital channels (aka Kraus quantum circuits), which remain
such under appropriate (space-time) reshu�ing. Our method then gives explicit computation of
dynamical correlation functions of such general open quantum dynamics.

2.2.2 Diagrammatic expansion

In this subsection we consider the simplest case of (nearly dual-) bistochastic Markov chains with
n = 2 as the minimal paradigmatic model, while the objective of QUEST will be to further develop

ε1 = ε2 = 0 corresponds to dual-unutary/dual-bistochastic circuit.
Tilling representation of dynamical correlations:
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the analysis and methodology for general unitary and Kraus circuits. Using parametrisation (19) and
identifying the tiles:

= 1 = a = b = c = d = e = f = g = Á1 = Á2

the general 2≠point correlator is given by a sum of all possible tilings (forbidding dangling ends of
lines) of (t+1≠ ÁxË)◊ (t+ ÁxË) rectangle with in/out boundary condition on lowerleft/upperright tile

È x| 0 (t)Í =
ÿ

sijœtiles

s1,1

s2,1

s3,1

s1,2

s2,2

s3,2

s1,3

s2,3

s3,3

s1,4

s2,4

s3,4

= + + . . .

+ + + . . . . (20)

where the value of each tiling diagram is the product over the values of the tiles. Clearly, the diagrams
should contain no loops when either of the branchings are zero, b = d = 0, or e = f = 0. In this case
the sum (20) contains only a polynomial number (in x, t) of distinct nonvanishing terms and can be
easily explicitly summed up. In general, the tile-representation (20) allows us to make a systematic
near dual-unitary expansion in orders of Á1,2 which represent the number of ‘turns’. For the choice
of coordinates x, t of (20) the lowest order terms are O(Á1Á2). The simplest, no-loop (or skeleton)
diagram (non-dual-unitary gates correspond to green squares) reads

. (21)

while all other O(Á1Á2) contributions (with fixed location of non-dual-unitary gates) corresponding to
1- and 2-loop diagrams are

, , . (22)

Using a remarkable algebraic property of the row and column transfer matrices of Markov circuits
(see [86] for details and preliminary results) one can show that if either of the following conditions

|a| > a2 + |bf |
1 ≠ –

, or |c| > c2 + |de|
1 ≠ —

, (23)

are satisfied, the combinatorial sum (20) can be explicitly evaluated (to all orders in Á1,2) and equals the
sum over skeleton diagrams only. This statement is rigorous in the dilute limit where only a vanishing
fraction of the gates are perturbed (i.e., are non-dual-bistochastic) while numerical evidence strongly
suggests that it holds even for density 1 of perturbed gates. Proving the last claim and elaborating the
method to treat perturbed dual-bistochastic, dual-unitary, and dual-quantum-bistochastic systems of
general type, as well as to study thresholds (23) and compare them with actual physical ergodicity-
breaking transitions (on which they shall provide rigorous bounds) is the main research avenue of
QUEST.

2.3 Chaotic boundaries/impurities for quantum lattice systems
Crucial for progress of understanding ETH is the ability to analytically compute or control dynamical
correlation functions in finite systems for asymptotically long times, e.g. via formula (3) or its finite
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Rigorous result on perturbative stability of reduced DUC

To fixed, say 2nd order in ε1, ε2, we get contributions from the no-loop
(skeleton) diagram
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However, if

|a| > a2 +
|bf |

1− α , or |c| > c2 +
|de|

1− β
where α and β are, respectively, the largest singular values of

(
c e
d g

)
, and

(
a f
b g

)
,

then the tile-sum can be explicitly evaluated and shown to be equal to sum
over skeleton diagrams. Convergence proven in ‘low density’ regime, while
conjectured at any density of perturbed gates.
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Conclusions

First exact results on spectral statistics of extended quantum lattice
systems, when thermodynamic limit taken first
Exact results on spatio-temporal correlation functions:
from regular to ergodic and mixing dynamics
Strong indication that the results are structurally stable to
perturbations

The main challenges for future work:
Exact results in finite systems, finite size corrections?
Statements about eigenstates:
dual unitary circuits as models where ETH can be proven?
Exactly solvable chaotic driven/dissipative chaos: Dual quantum
bistochastic Kraus cricuits?
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