HOMEWORK FROM CLAY LECTURE 3

J.M. LANDSBERG

(1) Write Fy19 ¢ A*®@B* for a candidate for I11¢ in the border apolarity method. Recall that
the (210)-test is that the symmetrization map d)%lﬁo : Fl109A* - S?2A*®B* has image
of codimension at least 7. Show that this is equivalent to the map 9 : Fj;,®A — A2A®B
having at least an r dimensional kernel. Hints: First consider the transpose of d)%ll?o,

and then recall that A®A = S2A®A2A. Remark: Using this one reduces the calculation

of the (210) test for M) from computing the rank of a 40 x 24 matrix to computing the

rank of a 24 x 24 matrix.

(2) Show that when 7 = m (minimal border rank), the (210)-test becomes a familiar space
of polynomials in the ideal of o, (P! x P~ x pm-1),

(3) Let U =V = W = C2. Show that we have the following decompositions as SL(U)xSL(V)-
modules
A (U*eV)eV* = S2U eV & AU eV & A*U*eS3V
S2(U*eV)eV* = S2U*eS3V @ A*U eV @ S*U*eV

rite =My @ . Using the previous two exercises, show that the dimension
4) Write Fjy, M3) C*)®E],,. Usi h i i h hat the di i
of the kernel of ¢ for M) equals the dimension of the kernel of the map

E}0®A - AU eS Ve,
Note that this amounts to calculating the rank of a 4 x 6 matrix.
(5) Prove R(M9)) > 6 (and thus equals 7).

(6) Show that for T'e C"C™®C™ = A®B®C that if R(7T") < m, then PT(A*) n Seg(PB x
PC) # () and similarly for the other factors.

(7) Show more generally that for T'e C"®C"®C™ = A B®C' that if R(7T") < m, then there
exists a flag F} c Fy c--- c Fy;, =T(A”), such that PFj c 0(Seg(PBxPC)) for 1<j<m
and similarly for the other factors. (This is called the “flag condition”.)

(8) Show that an analog of the flag condition holds for border apolarity. Namely show that
if we have a winning ideal, then Fj5, ¢ A®B admits a flag I c --- ¢ F,. = F}j, such
that for j < m, PF; c 0;(Seg(PB x PC)). Remark: this was the new development that
enabled the previously unattainable lower bound on the border rank of perms, because
in that case the relevant weight spaces have large multiplicities.
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