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Stacked 2D Heterostuctures: No Periodic Structure
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Example of heterostructure with five monolayers Top view of the atomic structure

§ Mechanical properties (relaxation, defects, etc.)
§ Diffraction, dark field imaging
§ Electronic structure (density of states, Kubo transport, scattering)
§ Quantum, kinetic, hydrodynamic models of transport
§ Plasmonics, edge states, topological properties
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2D Lattices

A Bravais lattice, R, and its unit cell, Γ, is defined for non-singular A P R2ˆ2 by

R :“ tAn : n P Z2u, Γ “ tAβ : β P r0, 1q2u.

A : set of m orbitals associated with the unit cell. |A| “ m.

The orbitals in A can correspond to basis functions centered at the lattice points of
R or can be centered at other basis atoms in the unit cell.

Ω “ RˆA : total degrees of freedom.

The reciprocal lattice to R and its unit cell (the Brillouin zone) is given by

R˚ :“ t2πA´Tn : n P Z2u, Γ˚ “ t2πA´Tβ : β P r0, 1q2u.
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2D bilayer geometry

For sheet j P t1, 2u, we define the Bravais lattice

Rj :“ tAjn : n P Z2u

where Aj is a 2ˆ 2 invertible matrix. We define the unit cell for sheet j as

Γj :“ tAjx : x P r0, 1q2u.

Each individual sheet is trivially periodic, since

Rj “ Ajn `Rj for n P Z2.

The combined system R1 YR2 need not be periodic, though.

We represent multilattices by Ω1 :“ R1 ˆA1 and Ω2 :“ R2 ˆA2, and

Ω :“ Ω1 Y Ω2 “ R1 ˆA1 YR2 ˆA2.

The orbitals in Aj can correspond to basis functions centered at the lattice points
of Rj or can be centered at other basis atoms in the unit cell.
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2D multilayer geometry

For sheet j P t1, . . . , pu, we define the Bravais lattice

Rj :“ tAjn : n P Z2u

where Aj is a 2ˆ 2 invertible matrix. We define the unit cell for sheet j as

Γj :“ tAjx : x P r0, 1q2u.

Each individual sheet is trivially periodic, since

Rj “ Ajn `Rj for n P Z2.

The combined system R1 Y ¨ ¨ ¨ YRp need not be periodic, though.

We represent multilattices by Ωj :“ Rj ˆAj and

Ω :“ Ω1 Y ¨ ¨ ¨ Y Ωp “ R1 ˆA1 Y ¨ ¨ ¨ YRp ˆAp.

The orbitals in Aj can correspond to basis functions centered at the lattice points
of Rj or can be centered at other basis atoms in the unit cell.
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Isomorphism between real space and configuration (disregistry) space for
incommensurate systems. Configuration space is uniformly sampled (Ergodicity).

Red-orbital’s local environment described completely by the “~b-shift” between the
blue and red unit-cells.

Our configuration space approach gives a unified and computationally efficient
approach to mechanics, electronic structure, transport, diffraction.
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Twisted Trilayer Configuration Space

The local configuration (disregistry) of layer j in a twisted trilayer is given by the
2 ¨ 2 “ 4 dimensional torus Xj “ Γi ˆ Γk where i ‰ j ‰ k.

There is no 2D periodic moiré domain for p ą 2. Moiré of moiré.

The local configuration (disregistry) of layer j in a p layer heterostructure is given
by the 2pp ´ 1q dimensional torus Xj “

Ś

i‰j Γi .
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The Tight-Binding Model for 2D Multilayers

Construct a basis of (Wannier) orbitals defined on a lattice Rj of R2:

pφα,Rq RPRj
αPAj

where φα,Rpxq “ φαpx ´ Rq.

Denote the (tight-binding) hamiltonian operator H by

rHsRα,R1α1 :“ xφα,R |H|φα1,R1y “ hα,α1pR ´ R 1q

where H “ ´~2{p2meq∆` Vionpxq is a Schrödinger operator with periodic
potential and the mass operator is

rSsRα,R1α1 :“ xφα,R |φα1,R1y “ sα,α1pR ´ R 1q.

When the basis of crystal orbitals is obtained from a Wannier orbital construction,
it is usually orthonormal, i.e., S is the identity operator.

The operator H does not have translation symmetry and thus cannot be
diagonalized by a Bloch-Fourier transform if R1 Y ¨ ¨ ¨ YRp is not periodic.
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Density of States Approximation
Finite domain Hamiltonian: for Ωr :“

Ťp
j“1trRj X Br s ˆAju, r ą 0,

H r :“ pHRα,R1α1qRα,R1α1PΩr .

The density of states, DrH r s, can be defined as linear functional on test functions:

DrH r spgq :“ 1
|Ωr |

TrrgpH r qs “
1
|Ωr |

ÿ

RαPΩr

gpH r qRα,Rα “
1
|Ωr |

|Ωr |
ÿ

i“1
gpεr ,iq,

where εr ,i are the eigenvalues of H r .
Represent the linear functional by the density of states, ρr pE q,

DrH r spgq “
ˆ

gpE qρr pE q dE .

Approximate ρr pεq by setting gpE q “ 1?
2πκ exp´ pE´εq

2

2κ2 .

The local density of states distribution is defined as the linear functional
DRαrH r spgq :“ rgpH r qsRα,Rα, Rα P Ωr .

Note that
1
|Ωr |

ÿ

RαPΩr

DRαrH r s “ DrH r s.
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Equidistribution of lattice shifts (Ergodicity)

Let R1, . . . ,Rp be incommensurate lattices embedded in R2 :

v `R˚
1 Y ¨ ¨ ¨ YR˚

p “ R˚
1 Y ¨ ¨ ¨ YR˚

p ô v “
ˆ

0
0

˙

,

where R˚
j is the reciprocal lattice to Rj .

Theorem
For h P CperpXjq where Xj “

Ś

i‰j Γi , we have

1
#Rj X Br

ÿ

RjPRjXBr

hpRjq Ñ
1
|Xj |

ˆ
Xj

hpbqdb.

Local geometries around sites of sheet j can be parameterized by the local
configurations Xj .
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Isomorphism between real space and configuration (disregistry) space for
incommensurate systems. Configuration space is uniformly sampled (Ergodicity).

Red-orbital’s local environment described completely by the “~b-shift” between the
blue and red unit-cells.

Mitchell Luskin (University of Minnesota) Real Space and Momentum Space Methods for 2D Heterostructures January 13, 2020 12 / 56



Shifted Hamiltonian and Local DoS
Define the Hamiltonian for a cluster of radius r in which the sheet i is shifted by
bi P Γi for i ‰ j

rHr ,jpbqsRα,R1α1 , Rα,R 1α1 P Ωr .

We can then approximate

DRαrH r s « D0αrHr ,jpmodXj pRqqs, Rα P Rj ˆAj .
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Formal Derivation of Disregistry-Based DoS

Since
DRαrH r s « D0αrHr ,jpmodXj pRqqs, Rα P Rj ˆAj ,

and modXj pRq for R P Rj uniformly samples Xj , we can formally derive by the
ergodic property of incommensurate lattices

1
|Ωr |

ÿ

RαPΩr

DRαrH r s «
1
|Ωr |

ÿ

RαPΩr

D0αrHr ,jpmodXj pRqqs

Ñ ν
p
ÿ

j“1

ÿ

αPAj

ˆ
Xj

D0αrHr ,jpbqsdb,

where
ν “

1
řp

j“1 |Xj | |Aj |
.

Global method DrH r spgq gives linear convergence.

Local method D0αrHr ,jpbqs gives exponential convergence.
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Thermodynamic Limit
Let SpHq be an interval containing the spectrum of H.

Theorem
There exists a bounded linear functional DrHs : CpSpHqq Ñ C such that

DrHr ,jp0qs Ñ DrHs as r Ñ8, for j “ 1, . . . , p,

and

DrHs “ ν
p
ÿ

j“1

ÿ

αPAj

ˆ
Xj

D0αrHpbqsdb,

where
ν “

1
řp

j“1 |Xj | |Aj |
.

If g is analytic for dpz ,SrHsq ă d , we have the explicit error bound
ˇ

ˇ

ˇ

ˇ

DrHspgq ´ ν
p
ÿ

j“1

ÿ

αPAj

ˆ
Xj

D0αrHr ,jpbqspgqdb
ˇ

ˇ

ˇ

ˇ

ď Cd´6 sup
dpz,SrHsqăd

|gpzq|e´γdr .
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If g is analytic for dpz ,SrHsq ă d , we have the explicit error bound
ˇ

ˇ

ˇ

ˇ

DrHspgq ´ ν
p
ÿ

j“1

ÿ

αPAj

ˆ
Xj

D0αrHr ,jpbqspgqdb
ˇ

ˇ

ˇ

ˇ

ď Cd´6 sup
dpz,SrHsqăd

|gpzq|e´γdr .

Algorithmic approximations:

§ Sample from torus Xj .

§ Cut-off Hamiltonian at radius r to obtain Hr ,jpbq.
§ Approximate DOS ρpεq by setting gpE q “ 1?

2πκ exp´ pE´εq
2

2κ2 . Then

sup
dpz,SrHsqăd

|gpzq| ď 1
?
2πκ

exp
ˆ

d2

2κ2

˙

.

Solution by Kernel (Chebyshev) polynomial method.
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Representation of LDoS by Cauchy Integral Formula

We can write for Ωr Ă Ω, , Rα P Ωr , and g analytic

rgpH r qsRαRα “
1
2πi

˛
C
gpzqrpz ´ H r q´1sRαRαdz ,

where C is a contour around SrHs which contains the spectrum.

Assume that
|hαα1pxq| ď Ce´γ|x |.

Extend Combes–Thomas decay estimate for rpz ´ H r q´1sRαR1α1 :

There exists C ą 0 and κ ą 0 such that for all z P C, distpz ,SpH r qq ě d ,
ˇ

ˇ

ˇ
rpz ´ H r q´1sRαR1α1

ˇ

ˇ

ˇ
ď Ce´κγd|R´R

1
|.
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Exponential Convergence of LDOS

For simplicity, consider a 1D lattice with lattice constant a “ 1. Assume

H`,m ď C exp p´γ|`´m|q , pz ´ H r q´1
`,m ď C exp p´γ|`´m|q ,

for distpz ,SrHsq ě d . For r 1 ą r , we then estimate

rgpHr 1qs00 ´ rgpHr qs00 “
1
2πi

˛
C
gpzqrpz ´ Hr 1q

´1 ´ pz ´ H r q´1s00dz .

We thus need to estimate

rpz ´ Hr 1q
´1 ´ pz ´ H r q´1s00 “ rpz ´ Hr 1q

´1pHr 1 ´ H r qpz ´ Hr q
´1s00

“

¨

˝

ÿ

`PΩr1 zΩr

ÿ

mPΩr

`
ÿ

`PΩr

ÿ

mPΩr1 zΩr

`
ÿ

`PΩr1 zΩr

ÿ

mPΩr1 zΩr

˛

‚

pz ´ Hr 1q
´1
0` pHr 1 ´ H r q`mpz ´ Hr q

´1
m0.
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Exponential Convergence of LDOS
Estimate

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

`PΩr1 zΩr

ÿ

mPΩr

pz ´ Hr 1q
´1
0` pHr 1 ´ H r q`mpz ´ Hr q

´1
m0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2C2
r 1
ÿ

`“r`1

r
ÿ

m“0
exp p´γp`` p`´mq `mqq “ 2C2

r 1
ÿ

`“r`1

r
ÿ

m“0
exp p´2γ`q

ď 2C2
ˆ r 1

r
x exp p´2γxq dx ď 2C2 r exp p´2γrq

2γ ` 2C2 exp p´2γrq
p2γq2

ď C1 exp p´γrq.

Local Method gpH r q00 converges exponentially.
(periodic chain has only one configuration)

Global Method 1
2rTr gpH

r q converges linearly:

Global Method Error « 1
2r

ˆ r

0
exp p´γpr ´ sqq ds “ 1

2rγ p1´ exp pγrqq .
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Twisted Bilayer Graphene Calculation

Figure: 500 Angstrom radius disk ( 600,000 atoms in total)
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Figure: Local Electronic Density of States as a function of shift distance across the unit
cell diagonal: (a) Scan of a single orbital’s LEDoS with the coloring corresponding to
distance across the diagonal. The insets show the real-space configurations ω for three
types of stacking with the bottom layer atoms represented by blue circles and the top layer
ones by red circles. The unit-cell of the bottom layer is outlined in blue and the shifted
orbital is highlighted as a filled red dot.
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Transform to Momentum Space
The multilayer wave function ψR,α “ pψR1α1 , . . . , ψRpαp q or ψ :“ pψ1, . . . , ψpq is
defined on Ω :“ Ω1 Y ¨ ¨ ¨ Y Ωp “ R1 ˆA1 Y ¨ ¨ ¨ YRp ˆAp
Define the Bloch transform for each sheet

qψjpqq “ |Γ˚j |´1{2
ÿ

RjPRj

ψRjαj e´iRj ¨q, q P BZj , αj P Aj .

Transform the Hamiltonian to momentum space
~Hjjψjpqq “ cj|hjjpqq qψjpqq, q P BZj ,

­Hjkψkpqq “
ÿ

GjPR˚j

cjkxhjkpq ` Gjq|ψkpq ` Gjq, j ‰ k, q P BZj ,

where cj “ |Γ˚j |1{2, cjk “ cj ¨ ck , and

|hjjpqq “ |Γ˚j |´1{2
ÿ

RjPRj

hαjαj pRjqe´iRj ¨q, αj P Aj , q P BZj ,

xhjkpqq “
1
2π

ˆ
hαα1pxqe´ix ¨qdx , j ‰ k, αj P Aj , αk P Ak , q P R2.

The proof follows from the Poisson summation formula:
|Γ˚j |´1

ÿ

RjPRj

e iq¨Rj “
ÿ

GjPR˚j

δpq ` Gjq, q P R.
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Interlayer Scattering

Transform the Hamiltonian to momentum space

~Hjjψjpqq “ cj|hjjpqq qψjpqq, q P BZj ,

­Hjkψkpqq “
ÿ

GjPR˚j

cjkxhjkpq ` Gjq|ψkpq ` Gjq, j ‰ k, q P BZj .

We thus see that

qψjpqq scatters to |ψkpq ` Gjq “ |ψkpq ` Gj ´ Gkq, Gj P R˚
j , Gk P R˚

k .

Bilayer:

|ψ1pqq scatters to |ψ2pq ` G1 ´ G2q, G1 P R˚
1 , G2 P R˚

2 .

|ψ2pq ` G1 ´ G2q scatters to |ψ1pq ` pG1 ´ G2q ` pG 12 ´ G 11qq

“ |ψ1pq ` pG1 ´ G 11q ´ pG2 ´ G 12qq, G 12 P R˚
2 , G 11 P R˚

1 .
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Transform Bilayer Hamiltonian to Reciprocal Space

Note that if q “ modBZ1G2,

exp iq ¨ R1 “ exp iG2 ¨ R1, R1 P R1.

Since the reciprocal lattice, R˚
2 , uniformly samples the torus BZ1 by q “ modΓ˚1

G2,

we can equivalently formulate the Hamiltonian in reciprocal space.

The reciprocal space degrees of freedom are:

Ω˚j “ R˚
i ˆAj ,

Ω˚ “ Ω˚1 Y Ω˚2 ,
Ω˚r “ ppR˚

2 X Br q ˆA1q Y ppR˚
1 X Br q ˆA2q,

and the Hamiltonian for the bilayer can then be defined by pH : Ω˚ Ñ Ω˚,

rpHsGα,G 1α1 “ cj }hαα1pGqδGG 1 , if Gα P Ω˚j ,G 1α1 P Ω˚j ,

rpHsGα,G 1α1 “ c0ĥαα1pG ` G 1q, if Gα P Ω˚j ,G 1α1 P Ω˚i .
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Shifted Configuration-Based Momentum Space Hamilton

Define the momentum Hamiltonian centered at a configuration q P BZj by

rpHpqqsGα,G 1α1 “ c0ĥαα1pq ` G ` G 1q, if α P Aj , α
1 P Ai ,

rpHpqqsGα,G 1α1 “ cj }hαα1pq ` GqδGG 1 , Gα,G 1α1 P Ω˚j .

We then have the following theorem based on the ergodicity property:

Theorem

Tr gpHq “ Tr gppHq “ ν˚
2
ÿ

j“1

ÿ

αPAj

ˆ
BZj

rg ˝ pHpqqs0α,0α,

where

ν˚ “

„

|BZ2| ¨ |A1| ` |BZ1| ¨ |A2|

´1
.
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Multilayer Momentum Space Hamiltonian
The multi-layer momentum degrees of freedom are

Ω˚ “ Yp
j“1Ω˚j :“ Yp

j“1Gj ˆAj ,

where Gj “ tG “ pG1, ¨ ¨ ¨Gpq P bkPSR˚
k : Gj “ 0u. The intralayer interaction is

rpHsGα,G̃α̃ “ δGG̃
}hααp

ÿ

k
Gkq, Gα, G̃α̃ P Ω˚j .

If k ‰ j and Gα P Ωk and G̃α̃ P Ωj , we define the interlayer interaction by

rpHsGα,G̃α̃

“ δt|k´j|“1u

b

|BZk | ¨ |BZj |
`

ΠsPSztk,juδGs G̃s

˘

ĥαα1pGj ` G̃k `
ÿ

sPSztk,ju
Gsq.

The density of states are given in momentum space by
ˆ
ρpE qgpE q dE “ ν˚

p
ÿ

j“1

ÿ

αPAj

ˆ
BZj

rg ˝ pHpqqs0α,0αdq, ν˚ “ p
p
ÿ

j“1
|BZj | ¨ |Aj |q

´1.
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Graphene Band Structure

[The electronic properties of graphene, Neto, Geim, et al, Rev. Mod. Phys]
[Correlated insulator behaviour at half-filling in magic-angle graphene superlattices,Cao, Jarillo-Herroro, et al, Nature]

Figure: L: Monolayer graphene bands at the Fermi level. The Dirac cone.
R: Band structure for non-interacting twisted bilayer graphene.

Figure: Twisted bilayer graphene momentum local DoS
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Momentum Space Hamiltonian Domain Reduction
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Figure: Strongly interacting DoF in momentum q space (left) and reciprocal space (right).

Can approximate pHpqq by pH|Ω˚r pqq in

Tr gpHq “ Tr gppHq « ν˚
2
ÿ

j“1

ÿ

αPAj

ˆ
BZj

rg ˝ pH|Ω˚r pqqs0α,0α,

More efficient to approximate pHpqq by pHpqq|Ω˚jεr pqq
where Ω˚jεr pqq Ă Ω˚r pqq are the strongly interacting degrees of freedom at energy ε.
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Error Estimates for Hamiltonian Domain Reduction

Let φεκpE q “ 1?
2πκe

´
pE´εq2

2κ2 . Then
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Tr φεκpHq ´ ν˚
2
ÿ

j“1

ÿ

αPAj

ˆ
BZj

rφεκ ˝ pH|Ω˚r pqqs0α,0α

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À κ´7e´γκr .

For ε with compact and connected strongly interacting sets Ω˚jεr pqq, we have the
improved convergence rate

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Tr φεκpHq ´ ν˚
2
ÿ

j“1

ÿ

αPAj

ˆ
BZj

rφεκ ˝ pH|Ω˚jεr pqqs0α,0α

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À κ´3e´γr .

To obtain comparable error as κÑ 0, r2
r1 « κ where r1 for Ω˚r and r2 for Ω˚jεr .

Can do direct solution for eigenvalue problem for Ω˚jεr .
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Smoothness of Real Space LDos
Can we improve the efficiency of the real space approach?

Figure: LDoS is smooth for real space shift (disregisty, configuration). No strongly
interacting compact connected set of shifts.
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Improved Computational Efficiency for Momentum Space versus Real
Space
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Multilayer Challenge

For p “ 2, pHpqq can be reduced by restricting the Hamiltonian to DOF q `K1 that
lie in the a compact dark region of in the figure below.

For p ą 2 the reduced Hamiltonian must retain the DOF in the cylinder
q ` K1 ` K3 that lies in the dark region.

q0
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Kubo Formula for Conductivity on a Periodic Supercell

The Kubo formula for the linear response of charge to an applied field is

σrjk “
e2

~2
1
|Ωr |

TrrBjH r piω ` η ` LHr q´1Bk fβpH r qs,

where the current operator, Liouvillian operator, and Fermi-Dirac distribution are

BjH “ irRj ,Hs “ ipRjH ´ HRjq, LHpAq “
i
~
rH,As,

fβpE q “
´

1` eβpE´EF q
¯´1

with ω the frequency, η the dissipation, EF the Fermi-level.

The Hamiltonian H r now denotes H restricted to wave functions that are periodic
on a supercell of period r on R.
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Kubo Formula for Conductivity on a Periodic Supercell

The Kubo formula can equivalently be given by

σrjk “
1
|Ωr |

ÿ

m, n
FξpEm,Enqxvn|BjH r |vmyxvm|BkH r |vny,

where pEm, vmq are the eigenvalue, eigenvector pairs of H r , ξ “ pβ, η, ω,EF q, and
the conductivity function is given by

FξpE ,E 1q “
ie2

~2
fβpE ´ EF q ´ fβpE 1 ´ EF q

pE ´ E 1qpE ´ E 1 ` ω ` iηq .

The current-current correlation measure is given by

xvn|BjH r |vmyxvm|BkH r |vny.
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Kubo Formula for Periodic Structure

The limit σkl “ limrÑ8 σ
r
kl can be formally derived by replacing the sum of the

states indexed by m, n by integrals over the Brillouin zone, Γ˚, to obtain

σkl “ lim
rÑ8

σrkl “ ´

ˆ
Γ˚
´

ˆ
Γ˚

ÿ

m, n
Fξpεq,m, εq1,nqxvq1,n|BjH|vq,myxvq,m|BkH|vq1,ny dq dq1,

where pεq,m, vq,mq are the eigenvalue-eigenvalue pairs of H.

How to generalize to incommensurate multilayers?
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Current-current Correlation Measure

The velocity operator BpH r P RΩrˆΩr is given by

rBpH r sRα,R1α1 “ irH r ,RpsRα,R1α1 “ ´ipR 1 ´ RqpH r
Rα,R1α1 , Rα,R 1α1 P Ωr ,

where Rp is understood as a diagonal matrix

rRpsRα,R1α1 “ δαα1δRR1Rp.

The matrix-valued current-current correlation measure µ̄r on the finite system Ωr is
ˆ
R2
φpE ,E 1q d µ̄r pE ,E 1q

“

„

1
|Ωr |

ÿ

i,i 1
φpEi ,Ei 1qTr

”

|viyxvi |BpH r |vi 1y xvi 1 |Bp1H r |
ı



p,p1“1,2

where pEi , viq denote the eigenpairs of the Hamiltonian H r .
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Current-current Correlation Measure

ˆ
R2
φpE ,E 1q d µ̄r pE ,E 1q

“

„

1
|Ωr |

ÿ

i,i 1
φpEi ,Ei 1qTr

”

|viyxvi |BpH r |vi 1y xvi 1 |Bp1H r |
ı



p,p1“1,2

Approximate general functions φpE ,E 1q by sums of products of univariate functions

φpE ,E 1q «
ÿ

i,j
φipE qφjpE 1q.

We can then rewrite the current-current correlation measure asˆ
R2
φpE ,E 1q d µ̄r pE ,E 1q “ 1

|Ωr |

ÿ

i,j
Tr
“

φipH r qBpH rφjpH r qBp1H r ‰.
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Conductivity Tensor for Finite System

The conductivity tensor for the finite system Ωr can now be defined by

σ̄r “
1
|Ωr |

ˆ
R2

FζpE ,E 1qd µ̄r pE ,E 1q,

where the conductivity function Fζ is defined as follows: if e is the elementary
charge, ~ the Planck constant, EF the Fermi-level of the system, and
fβpE q “ p1` eβpE´EF qq´1 the Fermi-Dirac distribution, then

FζpE ,E 1q “
ie2

~2
fβpE ´ EF q ´ fβpE 1 ´ EF q

pE ´ E 1qpE ´ E 1 ` ω ` iηq .

Can we show that the thermodynamic limit

σ :“ lim
rÑ8

σ̄r

exists and establish a rate of convergence?
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Local Current-current Correlation Measure

We can write the current-current correlation measure asˆ
R2
φpE ,E 1q d µ̄r pE ,E 1q “ 1

|Ωr |

ÿ

i,i 1
φpEi ,Ei 1qTr

“

|viyxvi |BpH r |vi 1y xvi 1 |Bp1H r |
‰

“
1
|Ωr |

ÿ

RαPΩr

„

ÿ

i,i 1
φpEi ,Ei 1qxeRα|viyxvi |BpH r |vi 1y xvi 1 |Bp1H r |eRαy



where
reRαsR1α1 “ δαα1δRR1 , R 1α1 P Ωr ,

and pEi , viq are the eigenpairs of H r .

Transform discretized integral over Ωr to an integral over configuration space by
introducing the shifted Hamiltonian

rH`pbqsRα,R1α1 “ hαα1
`

bpδαPAτp`q
´ δα1PAτp`q

q ` R ´ R 1
˘

, Rα,R 1α1 P Ω,

and H r
` pbq “ H`pbq|Ωr .
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Local Current-current Correlation Measure

We can use the shifted Hamiltonian to approximate

xeRα|viyxvi |BpH r |vi 1y xvi 1 |Bp1H r |eRαy « xe0α|viyxvi |BpH r
` pbq|vi 1y xvi 1 |Bp1H r

` pbq|e0αy

where b “ modipRjq. Define the local current-current correlation measure µr`rbs for
a finite system Ωr , at configuration b, in layer `, via
ˆ
R2
φpE ,E 1q dµr`rbs “

ÿ

i,i 1
αPA`

φpEi ,Ei 1q xe0α|viyxvi |BpH r
` pbq|vi 1y xvi 1 |Bp1H r

` pbq|e0αy,

where pEi , viq are the eigenpairs of H r
` pbq, and the configuration-based approximate

current-current correlation measure and conductivity by

µr “ ν

ˆˆ
Γ2

µr1rbs db `
ˆ

Γ1

µr2rbs db
˙

, and

σr “

ˆ
Fζ dµr pE ,E 1q.
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Exponential Convergence of Current-current Correlation Measure

We define a strip in the complex plane

Sa “ tz | pzq P r´a ´ 1, a ` 1s, pzq P r´a, asu.

Lemma
There exist unique measures µ`rbs such that for all F that are analytic on Sa ˆ Sa,

ˆ
R2

F pE ,E 1qdµr`rbspE ,E 1q Ñ
ˆ
R2

F pE ,E 1qdµ`rbspE ,E 1q

with the rate
ˇ

ˇ

ˇ

ˇ

ˆ
R2

F pE ,E 1qdµr`rbspE ,E 1q ´
ˆ
R2

F pE ,E 1qdµ`rbspE ,E 1q
ˇ

ˇ

ˇ

ˇ

À sup
z,z 1PSazSa{2

|F pz , z 1q|e´γar´c logpaq,

for some c, γ ą 0.
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Exponential Convergence of Conductivity
Theorem
We have

σ̄r Ñ σ and σr Ñ σ as r Ñ8.

If λ “ mintη, β´1u, then there exist constants c, γ ą 0 independent of λ and r ,
such that

|σ ´ σr | À e´γλr´c logpλq.

The global conductivity approximation only converges linearly

|σ ´ σ̄r | À
1
ηr .

Numerical Evaluation of the Approximate Conductivity:

Evaluate
σr rbs :“

ˆ
FζpE1,E2q dµr`rbspE1,E2q

and integrate over local configurations b.

Computing eigenpairs Ei , vi of H r takes O
`

|Ωr |
3˘! Can we do better?
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A Linear-Scaling Local Conductivity Algorithm
Alternatively, assume we have an approximation

F̃ζpE1,E2q :“
ÿ

pk2,k2qPK
ck1k2 Tk1pE1qTk2pE2q « FζpE1,E2q

where K Ă N2 is a finite set of indices and TkpE q denotes the kth Chebyshev
polynomial defined through the three-term recurrence relation

T0pxq “ 1, T1pxq “ x , Tk`1pxq “ 2x Tkpxq ´ Tk´1pxq.

Define an approximate local conductivity

σ̃r rbs “
2
ÿ

`“1

ÿ

αPA`

ÿ

pk1,k2qPK
ck1k2 rTk1pHr ,`pbqq BjHr ,`pbqTk2pHr ,`pbqq BkHr ,`pbqs0α,0α

which satisfies the error bound
ˇ

ˇσr rbs ´ σ̃r rbs
ˇ

ˇ ď C }Fζ ´ F̃ζ}r´1,1s2 .
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Local Conductivity Via Tensor-Product Chebyshev Approximation

1. vk1 :“ BjH Tk1pHq e0α for all k1 P K1 :“ tk1 | Dk2 : pk1, k2q P Ku
2. wk2 :“ Tk2pHq BkH e0α for all k2 P K2 :“ tk2 | Dk1 : pk1, k2q P Ku

3. σ̃r rbs :“
ÿ

pk1,k2qPK
vTk1

wk2

Lines 1 and 2 take |K1| and |K2|, respectively, matrix-vector products when
evaluated using the Chebyshev recurrence relation.

Line 3 requires |K | inner products.

Due to the sparsity of H P Rnˆn, both types of products take Op|Ωr |q
floating-point operations, and since |K1|, |K2| ď |K | we conclude that the
computational cost is dominated by the cost of line 3 which is Op|K | |Ωr |q.

The runtime of the algorithm is thus minimized by choosing |K | as small as possible
subject to the constraint that }Fζ ´ F̃ζ}r´1,1s2 is less than some error tolerance.
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Optimal Choice For The Index Set K

The optimal choice for the index set K is to truncate the infinite Chebsyhev series

FζpE1,E2q :“
8
ÿ

k1,k2“0
ck1k2 Tk1pE1qTk2pE2q

using some small tolerance τ ą 0,

K pτq :“
 

pk1, k2q P N2 | |ck1k2 | ď τ
(

,

thus the size of K is linked to the decay of the Chebyshev coefficients ck1k2 which in
turn depends on the regularity properties of Fζ .
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Regularity of Fζ

Split the conductivity function FζpE1,E2q “ gβ,EF pE1,E2q fω,ηpE1,E2q into

gβ,EF pE1,E2q :“ fβpE1 ´ EF q ´ fβpE2 ´ EF q

E1 ´ E2

and
fω,ηpE1,E2q :“ 1

E1 ´ E2 ` ω ` ιη
,

which are analytic everywhere except on the sets

Sβ,EF :“
`

Sp1qβ,EF
ˆ C

˘

Y

´

Cˆ Sp1qβ,EF

¯

with Sp1qβ,EF
:“

 

EF `
ιπk
β | k odd

(

and
Sω,η :“

 

pE2,E2q P C2 | E1 ´ E2 ` ω ` ιη “ 0
(

,

respectively.

The conductivity function Fζ is thus analytic except on the union of these two sets.
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Decay of Chebyshev Coefficients

In one dimension, the Chebyshev coefficients ck of a function f pxq analytic on a
neighborhood of r´1, 1s decay exponentially, |ck | ď C expp´α kq.

In two dimensions, we have two decay rates α1, α2 and in the case of the
conductivity function Fζ we have two sets of singularities Sβ,EF , Sω,η limiting the
possible values of α1 and α2.

Increasing β renders conductivity calculations at low temperatures rather expensive.
Our pole expansion of Fζ provably reduces the cost of evaluating the local
conductivity to O

`

β1{2 η´5{4˘ inner products for all β Á η´1{2 and whose actual
scaling was empirically found to be O

`

β1{2 η´1.05˘ inner products.

Constraint Parameter range # significant terms
Relaxation β À η´1{2 O

`

η´3{2˘

Mixed η´1{2 À β À η´1 O
`

βη´1˘

Temperature η´1 À β O
`

β2˘
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Decay of Chebyshev Coefficients

Theorem
There exist αdiag pζq, αantipζq ą 0 such that the Chebyshev coefficients ck1k2 of Fζ
are bounded by

|ck1,k2 | ď Cpζq exp
`

´αdiag pζq pk1 ` k2q ´ αantipζq |k1 ´ k2|
˘

for some Cpζq ă 8 independent of k1, k2. In the limit β Ñ8 and ω, η Ñ 0 with
|ω| ď Cη for some C ą 0 and assuming EF P r´e, es for some e ă 1, it holds that

αdiag pζq “

#

Θ
`

η
˘

if ζ is relaxation- or mixed-constrained,
Θ
`

β´1˘ if ζ is temperature-constrained,

αantipζq “

#

Θ
`?
η
˘

if ζ is relaxation-constrained,
Θ
`

β´1˘ if ζ is mixed- or temperature-constrained.
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Figure: Normalized Chebyshev coefficients ĉk1k2 :“ |ck1k2 |{|c00| of the conductivity function
Fζ with increasing temperature for fixed relaxation η.
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The Chebyshev Decay Theorem suggests to truncate the infinite Chebyshev series to

Fζ,τ pE1,E2q :“
ÿ

pk1,k2qPKpτq
ck1k2 Tk1pE1qTk2pE2q

where

K pτq :“
!

pk1, k2q P N2 | exp
`

´αdiag pζq pk1 ` k2q ´ αantipζq |k1 ´ k2|
˘

ď τ
)

.

It then follows from the Chebyshev Decay Theorem that

}Fζ ´ Fζ,τ }r´1,1s2 “ O
´

αdiag pζq
´1 αantipζq

´1 τ | logpτq|
¯

.

The | logpτq|-factor above varies very little over a large range of τ such that one
may approximate it by a constant without losing much in accuracy. Doing so yields
that we need to choose the truncation tolerance τε :“ αdiag pζqαantipζq ε to
guarantee an error }Fζ ´ Fζ,τ }r´1,1s2 ď ε, which in turn yields

|K pτεq| “ O
ˆ

| logpαdiag pζqαantipζq εq|
2

αdiag pζqαantipζq

˙

.
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Pole Expansion For Low-Temperature Calculations
The number of coefficients eventually scales as O

`

β2˘ so that the Chebyshev
algorithm becomes expensive at low temperatures.

To avoid these high costs at low temperatures, we propose to expand Fζ into a sum
over the poles in Sβ,EF .

Theorem
The conductivity function Fζ can be written as

FζpE1,E2q “

ř

zPZk,β,EF

1
β

1
pE1´zq pE2´zq ` Rk,β,EF pE1,E2q

E1 ´ E2 ` ω ` ιη

where

Zk,β,EF :“
 

EF `
`πι
β | ` P t´2k ` 1,´2k ` 3, . . . , 2k ´ 3, 2k ´ 1u

(

Ă Sβ,EF

and the remainder Rk,β,EF is analytic on the larger biellipse
E
`

αk,β,EF

˘2
Ą E

`

α0,β,EF

˘2 with αk,β,EF the parameter of the ellipse through
EF ˘

p2k`1qπι
β .
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Pole Expansion For Low-Temperature Calculations

For k large enough, the remainder term becomes relaxation constrained such that
the Chebyshev Algorithm becomes fairly efficient. For the pole terms, we propose
to employ the Chebyshev Algorithm using the weighted Chebyshev approximation

1
pE1 ´ zq pE2 ´ zq pE1 ´ E2 ` ω ` ιηq

«
ÿ

k1k2PKz

cpzqk1k2

Tk1pE1q

E1 ´ z
Tk2pE2q

E2 ´ z .

This leads to dominant computational cost:

nip “ O
`

k η´3{2˘`

$

’

&

’

%

O
`

β2

k2

˘

if k ď
X

βη´π
2π

\

O
`

βη´1

k
˘

if
P

βη´π
2π

T

ď k ď
Xβyζ´π

2π
\

O
`

η´3{2˘ if
Pβyζ´π

2π
T

ď k

inner products if we assume that solving a single linear system of the form
pH ´ zIq´1 v is less expensive than Opη´3{2˘ inner products. This cost is
minimized if we choose k “ O

`

β1{2 η1{4˘ which yields nip “ O
`

β1{2 η´5{4˘.
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Convergence of Local versus Naive Conductivity
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Figure: We let η “ β´1, and look at convergence for β “ 50 and β “ 100. The local
technique converges exponentially, while the naive computation of conductivity is far
weaker. Also as expected, larger β and smaller η gives a slower rate of decay.
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