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On “real” LPs
. . . based on joint work

with Stefan Fischer (1998)
and with Dietmar Weber (1999)
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On “real” LPs
\Problem name: afiro.lp

Minimize
COST: - 0.4 X02 - 0.32 X14 - 0.6 X23 - 0.48 X36 + 10 X39

Subject To
R09: - X01 + X02 + X03 = 0
R10: - 1.06 X01 + X04 = 0
X05: X01 <= 80
X21: - X02 + 1.4 X14 <= 0
R12: - X06 - X07 - X08 - X09 + X14 + X15 = 0
R13: - 1.06 X06 - 1.06 X07 - 0.96 X08 - 0.86 X09 + X16 = 0
X17: X06 - X10 <= 80
X18: X07 - X11 <= 0
X19: X08 - X12 <= 0
X20: X09 - X13 <= 0
R19: - X22 + X23 + X24 + X25 = 0
R20: - 0.43 X22 + X26 = 0
X27: X22 <= 500
X44: - X23 + 1.4 X36 <= 0
R22: - 0.43 X28 - 0.43 X29 - 0.39 X30 - 0.37 X31 + X38 = 0
R23: X28 + X29 + X30 + X31 - X36 + X37 + X39 = 44
X40: X28 - X32 <= 500
X41: X29 - X33 <= 0
X42: X30 - X34 <= 0
X43: X31 - X35 <= 0
X45: 2.364 X10 + 2.386 X11 + 2.408 X12 + 2.429 X13 - X25 + 2.191 X32

+ 2.219 X33 + 2.249 X34 + 2.279 X35 <= 0
X46: - X03 + 0.109 X22 <= 0
X47: - X15 + 0.109 X28 + 0.108 X29 + 0.108 X30 + 0.107 X31 <= 0
X48: 0.301 X01 - X24 <= 0
X49: 0.301 X06 + 0.313 X07 + 0.313 X08 + 0.326 X09 - X37 <= 0
X50: X04 + X26 <= 310
X51: X16 + X38 <= 300

End



On “real” LPs: afiro.lp

afiro.lp:
dimension: 24
29 facets

1654 vertices
78 degenerate vertices
minimal vertex degree = 24
maximal vertex degree = 39
average vertex degree = 24.71
20433 edges
11718 horizontal edges (more than half of the edges horizontal!)
maximal vertex: unique, degree 39
minimal vertex: 4 of them, 2-face
graph distance minimal vertices to maximal vertex: 2
graph diameter: 5 (Hirsch conjecture sharp!)
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On “real” LPs: Pictures??
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On “real” LPs: afiro.lp
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On “real” LPs: boeing1.lp
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On “real” LPs: boeing2.lp

-82000

-80000

-78000

-76000

-74000

-72000

-70000

-68000

-300 -250 -200 -150 -100

boeing2



On “real” LPs: fit1d.lp
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On “real” LPs: kb2.lp
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On “real” LPs: sc105.lp
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On “bad” 3D LPs
. . . joint work with

Volker Kaibel, Rafael Mechtel
and Micha Sharir

(SIAM J. Comp. 2005)
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On “bad” 3D LPs

Geometry vs. Combinatorial Model [Steinitz 1922]:

3-polytope P planar, 3-connected graph G
(no loops, no parallel edges)



On “bad” 3D LPs

Geometry vs. Combinatorial Model [Mihalisin & Klee 2000]:

vmin

vmax

ϕ

3-polytope P
generic linear function
ϕ : R3 → R

vminvmax

• 3-polytopal graph G

• acyclic orientation with
unique sink in every face (AOF)

• three disjoint monotone paths
from vmax to vmin
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On “bad” 3D LPs: RandomEdge
RandomEdge takes a step to an improving neighbor chosen
uniformly at random:

vmin
vstart

vmax

Theorem:
The worst-case running time of RandomEdge on a 3D polytope
with n facets is bounded by

1.3473 n ≤ RandomEdge(n) ≤ 1.4943 n.
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On “bad” 3D LPs: RandomEdge

For n ≤ 12, we enumerated 3-connected cubic graphs with n
faces using plantri by [Brinkmann & McKay]

. . . and all the “abstract objective functions” on each of
these . . .

. . . to see what worst-case examples look like:

vminvstart
vmax



On “bad” 3D LPs: RandomEdge
the “backbone”:

v0 = vmin

v1v2vk−1 vk−2 vk−3vmax

a configuration:

vi ,min

vi ,start

4

4

62
2

6
3

3

5
8

flow costs per configuration:
43
8

facets per configuration: 3 + 1

=⇒ RandomEdge(n)/n ≥ 43
8 · 4

≈ 1.3437
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On “bad” 3D LPs: RandomEdge

a worse configuration:

flow costs per configuration:
1897
128

facets per configuration: 10 + 1

=⇒ RandomEdge(n)/n ≥ 1897
1408

≈ 1.3473.



On “bad” 3D LPs: RandomEdge

Recursion formula for the expected number of pivot steps E(v)
“starting from v ”:

E(v) = 1 +
1

| δ+(v)|
∑

u:(v ,u)∈δ+(v)

E(u),

vmin

vstart
vmax

01
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5
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35
8
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On “bad” 3D LPs: RandomEdge

Theorem:
The worst-case running time of RandomEdge on a 3D polytope
with n facets is bounded by

1.3473 n ≤ RandomEdge(n) ≤ 1.4943 n.

Proof of Upper bound:
Complicated, LP-optimized induction
based on the numbers of 1- and 2-vertices “ahead”
by case analysis of possible local structure.



On RandomEdge on KM-cubes
. . . joint work with Bernd Gärtner

(Combinatorica 1998)



RandomEdge on KM-cubes

[Klee & Minty 1972]:

min xn : 0 ≤ x1 ≤ 1,
εxi−1 ≤ xi ≤ 1− εxi−1 for 2 ≤ i ≤ n.
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RandomEdge on KM-cubes

[Klee & Minty 1972] – Geometry:

“deformed product” [Amenta & Z. 1998] [Sanyal & Z. 2010]

. . . not a projective cube, cf. [Gritzmann & Klee 1993]
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RandomEdge on KM-cubes

Recursion for running time of RandomEdge:

E(v) = 1 +
1

| δ+(v)|
∑

u:(v ,u)∈δ+(v)

E(u),

Conjectures/claims to deal with:

E(KMn) = O(n log2 n) [Kelly 1981]

E(KMn) = O(n) [Papadimitriou & Steiglitz 1982]

Worst starting vertex is “111111111” [Kelly 1981]
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RandomEdge on KM-cubes

Theorem: [Gärtner, Henk & Z. 1998]

n2

4 ln n
≤ E(KMn) ≤ .32 n2

Theorem: [Balogh & Pemantle 2007]

E(KMn) = Θ(n2)
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RandomEdge on KM-cubes
Theorem: [Gärtner, Henk & Z. 1998]
For n = 18, the “worst” starting vertex is not “111111111”,
136166317777758446833630201231270941028135605332492015926840304640150365977491641779378924970546362
001486182924828601717508954246122821880298939018616237774859112062779620562372127477241069714667806
109667503434288842278628632639922406269441894740923216905784658501403495599783468037889016761218222
795145103373667673578504455035073137360745353001370759056586140128088911186563164083744816700491672
716607249735499663818987810246711745191233710334603309575865554150334250777270044607724005927006495
630574654909003793648760750176193310157840490365582152850384892605351682376793108344389802112618284
161427281061037648717092825025950388442956087888963179841401054799838620395983759871302142820030330
205210515277173637075146781613088362212586412321468492780907667553544593310006202039463105745936805
916471287076562578439860349273101594882431855980110543531661228735653172364184893927624004504665911
011694321284018294309644960677373090721798518151101858546069233380191044329785072035525477215289569
85400094903678817126979242634733

/
249629144695831915663678999239600359664041958480618676740842573253514435416357071081559612262532487
878907790641939935723504075408824883134624804420091883229653081757938349083507117754707230636002158
076576233743621264669572170832778043225430212206849780062026976450061129257275626884999510190083522
732029986984330829236704104604710876206161657416064767234941060390726949789953976273624578860969503
099635044499002661302814668129046111990985398054219326010861887142646572783792962552166387728402241
035728642193325815068453760872129265686471144285322550475827572008339814705180088188056883066341479
133383808580980478975561917770145978332133974905825833052856429614841032286455068794438101322592251
386351523353118792334304408569861734302967787433500336047231878996997128262615425562460675488242889
881991912669679809568097642061769353192569851667464360971912357229242046441286662132862297830715068
324362198705370409377935967891587044893699750029740806956843031966768754922485791630938629591383597
80655177475508923698668685694367

*** ROUNDBF turned on to increase accuracy

54.5474439468

2#101010101010101010



RandomEdge on KM-cubes
Theorem: [Gärtner, Henk & Z. 1998]
For n = 18, the “worst” starting vertex is not “111111111”, but

136166844256559938688099303428296814165137459721175420596912825587892653593814055920277382350671685
264909447450200328218314583484147083703599597212844795194713050697966738233237494682850517057712731
974314661207749882867610218771478864244851864296774668302306565051401125672997341997377473169140471
494565256689059908433952925706279735055041538033547836893662377247886211874383162453075946945788448
296612907678788824261588624001164645802830052870517215235507618382024805379602863132062153701044865
331791851559511874254786441482723610152095528621942060391844729422961805436436395367830313404914718
826442530898501673588299612706446896500118190210068892135876186950680794168955900943614233039662349
979392400898587196935935943748582255749194216767704758052912568138310333227458943640219863964338904
675026684493906810180048915727032648113846533504628452888627636619439115108710768703453932711827329
601632449357174893696496084779189289153513857670449073100957005185820966308231724130693213981194003
82068757071877644544929382637646

/
249629144695831915663678999239600359664041958480618676740842573253514435416357071081559612262532487
878907790641939935723504075408824883134624804420091883229653081757938349083507117754707230636002158
076576233743621264669572170832778043225430212206849780062026976450061129257275626884999510190083522
732029986984330829236704104604710876206161657416064767234941060390726949789953976273624578860969503
099635044499002661302814668129046111990985398054219326010861887142646572783792962552166387728402241
035728642193325815068453760872129265686471144285322550475827572008339814705180088188056883066341479
133383808580980478975561917770145978332133974905825833052856429614841032286455068794438101322592251
386351523353118792334304408569861734302967787433500336047231878996997128262615425562460675488242889
881991912669679809568097642061769353192569851667464360971912357229242046441286662132862297830715068
324362198705370409377935967891587044893699750029740806956843031966768754922485791630938629591383597
80655177475508923698668685694367

54.5476548512

2#101010101010101011



RandomEdge on KM-cubes

Conclusions:

RandomEdge is charming and simple, but awful to analyze.

We don’t understand really bad linear programs, e.g. in
dimension 4.

Experiments help.
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