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The establishment

Why do we trust computational methods?

Applied &
computational e Science and
mathematics & Provides principled, engineering
statistics interpretable,

trustworthy methodology



The insurgent

Why is machine learning attractive?

(Generative)
Machine learning

Empirical success In high-

dimensional problems
Scalable P

solutions

Science and
engineering



Principled smentlflc machlne learning

Grounding scientific machine
learning in foundational
mathematical principles

(Generative)
Machine learning

Scalable
Mathematical solutions
foundations

Applied &
computational Science and
mathematics & Principled methgdok)gy englneerlng

statistics



Principled m-context Of erator learning

Grounding in-context
learning in Bayesian
Inference

In-context
operator learning

Scalable
Mathematical solutions
foundations

Numerical
methods and ODEs/PDEs and

iInference



“Traditional” operator learning
Standard information flow for traditional operator learning
Operator Learning: algorithms and Analysis, Kovachki et al. 2024

Parameters: o Conditions: y Quantities-of-interest: 7
A(a)z=0, InND HB(a)z =y, on oD
Initial value problems: Boundary value problems: Inverse problems:
z/(1) = f(2(2); ) -V - (q;(x)Vz(x)) =a,(x) IND =V - (;(x) Vy(x)) = a,(x) IN D
z(0) =y z(x) =y onadD y(x) =z 0on oD

Training data: {(a'?, y\, z\) }ﬁil Model: z = F 4(y; @)

N
Training objective: min Z 12 — gg(y(i); a(i))\\%
0

i=1
F is a neural operator (Deep-O-net, FNO, PCA-net, etc.)



In-context operator learning

Information flow of ICON induces learning of ‘context’

Parameters: & Conditions: y Quantities-of-interest: 7
N

. . N |
Group according to a: { {(a(’), Yy 7)) }j=1 } A(a)z =0, inD
HB(a)z =1y, In oD

N
. cn ]
Training data omits a: { {0, )} | }
J=2 ) i=1

N ey J—1
In-context operator network: z = 9 (y; {(y(f), z(f))}, 1 )
]:
Informs ‘context’

N 2
. . . —1
Training objective: min Z ZY) — T (y("); {(y(f), Z(]))}{ )
0 - : /=1 p)
=

Note training does not involve a



In-context operator networks

In-Context Operator Learning with Data Prompts for Differential Equation Problems, PNAS, L. Yang, S. Liu, T. Meng and S. Osher
Fine-Tune Language Models as Multi-Modal Differential Equation Solvers, Neural Networks, L. Yang, S. Liu, S. Osher

Differential equations Paramelers Conditions Qols
9 u(t) = are(t) + 0, a1, t w0, ¢t), t = [0,1° uit), te 0,1] : UL
forte[0.1] u(t),t=0,1] cit) t=[0,1]
gfu(r) = oqc(thu(t) + as 1. 02 u{0),cir), t [0, 1 uit),te 0,1]
forre|0,1) u{t),t = 0,1 cit}, t=|0,1]
gru(t} = gquit) + asc{t) — o3 aq,09, 03 u{0),cit), t« [0, 1 ult),te [0,1]
forre [0,1] u(t),t=[01] cir) te [0 1] R
u(t) = Asin(3E 1 + )N k uit),t £ [0,0.5) uir),t & [0.5,1] J
fort e [0,1] wit),te[0.51] u(t), t € [0,0.5)
42 . . . L uy u.h
02 u(x) = c(x) u{0), u(1) c(x)xe[0,1] u(x),x e [0,1] Qol
forx e [0, 1] uix),xe 0,1] cix),x e [0, 1]

e @2 i ) —
ladx?_ ulx) | kixjuix] =c¢
forx < [0, 1], 4=0.05

g2
—Aa—zu(x\ b ku(x)3 = c(x)
fOI’XE[O 1], 2=10.

uf0} w1}, a.c

ul0) w1k a

Kix),xe|0,1]
uix),xe0,1]
c(x)x |01
uix),x e 0,1]

ulx),x e 0,1
k{xi, xe[0,1]
ulx)xe0.1
cix),xe01]

Demo 1 Demo J; Question

In-context learning

Unknown operator 1

hidden QDE:
w' = 0.563cu — 0.179

S

Prediction

me

ll‘lfp,m .I“I Cz—p oxdt +fg(‘X)0|’\1,X}dX g(XJ, X o _0, 1] th = O, X),X € [0, 1] p{t = 1,X),X S [0, 1] Unknown operator 2

S.Laep(LX) = Vx - ML X) = udypll x) plt=0,x),x<[01) (LX), te[051],x<[01] ) )

forte[0,1),x [0, 1], p(tx), 1€ [0,05),xe01] p(tx) te[051],xe[01] hidden PDE:
¢ = 20, 4 = 0.02, p(t = 0,x) g(x),x € [0,1] p(t = 1,x3,x € 0,1] —0.0696u,.. + 0.6491" = e(z)

Periodic spatial boundary condition x€(0,1] plt,x), te 051, x €0, 1] (© 0.514

ch )t
Praducnon u(1) = 0.105
Prediction of QOI 1 Predicticn of QOI 2 Demo Jo Question

al QUERY_1 al QUERY_2

In-context learning

i \
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: ! B output head layer - . -

: X - . .
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X X Transformer

: ;

: |

| | @ AddPosiiona — > Unknown operator
' ' Encoding gy > [ ]

! : ) hidden PDE:

5 | Input embadding 3 N . 00825+ K = 1523
: ' layer for functicn QJI Guery B u{0) = —0.

! ' data - u(1) = 0.649

; ' O Demol Demo Jy Question

' ' Input embeadding ‘D

:l ; layer for caplions In-context learning

CAPTION

COND_1 I_1 QUERY_1 COND_2 QOI 2 QUERY_2




What exactly is in-context operator learning?
What is the fundamental math problem ICON solves?

 What are the tools we use to approach this problem?

* A probabillistic formulation for operator learning: random differential equations

 What exactly is in-context operator learning in the probabilistic formulation?

* |n-context operator learning implicitly performs Bayesian inference

 What does the Bayesian interpretation provide us?

* A motivated generative formulation of ICON provides uncertainty quantification



A probabilistic formulation for operator learning
Random differential equations describes the data generating process

Key idea: parameters, conditions, and Qols are random variables
Fix a probability space (2, &, P) Model the family of ODEs/PDEs as RDEs.

Parameters: a(w) Conditions: y(w) Quantities-of-interest: z(w)

{ L2t ) = alt, w)z(t, w)
2(0,w) = zo(w) = y(w)
RDEs induce probability measure which describes data generating process (data generating measure)
Q(da, dy, dz)
In practice, requires discretization 0 =1, <t; < -+ <ty =T N_1
(@,yD, 20N |~ @V(da, dy, dz, ...,dzy) = @ (dV)Q(da) | | #(dz,, 12, @)
~ Q(da,dy,dz) n=0



Recall: Regression and conditional expectation
Least squares regression approximates conditional expectation

Let X and Y be random variables with joint distribution pyy, and /(X) be a predictor for Y. The
predictor that minimizes the mean-squared error is the conditional expectation of Y given X.

Y| X] = argmin
h

Joint: pyv(x, y)

Marginal: py(x) = Jpxy(x, y)dy

1Y — h(X)|I3

Conditional: py (v |x) =

Pxy

pXY(Xa )’)
px(x)

Y] X =x] = Jypnx(y | x)dy

Training data: {(a(i),y(i),z(i)) }ﬁil ~ Q(a,y, 7)

N
Obijective: min Z Hz(i) — 9],9(},(1'); a(i))”%
0
i=1

The optimal learned operator approximates conditional expectation

2]y, a] # F oy a?)



A probabilistic formulation for ICON

The ICON joint measure Parameters: o
4 \

Condition y(!) Qol (M Condition y(? Qol 23| ~voveies Condition y(/—1) Qol z(/—1 Question (/) Prediction z(*)

Example condition-Qol pairs New query-prediction pair

N
. e N -
Group according to a: { {(a(l), ys), Z(”J))}, | } ~ Qa,y,z) = Q(z]y, a)Q,(a)Q(y)
J=2 =1

N o
° ° o ° J | |
Training data omits a: { {(y(l’]), Z(l’f))}, 1 } ~ Q ({(y(]), z¥) }le) Subtly non-i.i.d!
j=1)

i=1
The joint measure of conditions-Qols pairs

J
) ({(y(j), 7)) }JJZI) — J@a(a)n Q(zY ‘y(j), a)@y(y(j))da

j=1



What conditional expectation does ICON approximate?
ICON estimates expectation of the posterior predictive

{Parameters: Oé}
{Condition y(l)HQol z(l)J {Condition y(Q)HQoI z(Q)} """"" {Condition y(Jl)HQoI z(Jl)} {Question y('])HPrediction Z(J)J

Example condition-Qol pairs New query-prediction pair

J N ’
.. .o AN . : - ' ' B
Training data:{ {(y(l,]), Z(I,J))}izl } 1N 0 ({(y(J), Z(J)) }]le) Training objective: meln Z V) — T 9 (}’(J); {(}’(]), Z(J))}]Lll)
J= i=1 2

The conditional measure of prediction conditioned on query and example condition-Qol pairs

@ (2 [y (6.2 )

The in-context operator network approximates conditional expectation
- lzm VD {(yD, 7)) }]J:—lll ~ T, (ym, (YD, 70 }}-';11)

Expectation of posterior predictive



What is the posterior predictive distribution?

What is the classical Bayesian approach to the ICON problem?
z(1) = f(z(1); a)

Model: 0 = 3 Task: Given {(y(j), zW)) }]le (from same a) and y("), oredict 7/
Step 1: Bayesian parameter estimation (compute the posterior distribution)
6 (a (YD, z(ﬂ}}.’;f) ~ @a(a)ﬁ@ (yu), 0 a)
Posterior Prior Likelihood

Step 2: Compute the posterior predictive (Predictions under an inferred «)

0 (Zm YD {(yD, 7)) }]{2—11) _ J@ (Zm ym,a) % (a (YD, 70 };;11) dt
Prediction for a given y(] ) and a _




ICON implicitly performs Bayesian inference

[ Task: Given {(y@), z0))1 P ' and new question y(/), predict z(*) ]

Step 1: Compute posterior distribution

0 (a {4, <g>}‘] 1>  Qola H Q( G), L)

j_

)

In-context operator networks

Y

(

0 <Z<J>

Step 2: Compute posterior predictive distribution

yu),{ym (g) ) /Q<<J> (), >Q<a

{yu')’ zU)}i]_
J

1

=

\

Least squares regression

. Y J-1
7'* <y(J)7 {y(J),Z(])} ) = arg min K
j=1 T

Expectation taken over Joint measure of condition-Qol pairs

) T (yu), {ym, L) }J -
J

1

—

)

2

2

) de

J

T

Conditional expectation predicts 2(J)
- Ny J—1 N : N~ J—1
K [z(J) y( ) {y(3)7 Z(J)}j:1] - T (y(J)’ {y(3)7 z(J)}jzl)

ICON directly approximates mean of posterior predictive distribution

An explanation of in-context learning as implicit Bayesian inference, Xie et. al 2021



Ex: Reaction-diffusion equation

—0.05y(w)u"(x, w) + alx, ®)u(x, ®) = y,(w) Z(x,w) = ulx,w) + € Parameters a(x, w)
u(0,0) = y3(), u(1,0) = yy() e ~ N (0,02), foreachx  Conditions {y,(w)},

Data generating process  Qol z(x, ®)

Noisy observations of the solution u(x, @)

« a(x, w) rectified Gaussian process O, — 0
with squared exponential covariance

e vy, ~ [0.5,1.5],y, ~ U[—-2,2]
v~ Ul—-1,11,y, ~ U[-1,1]

1.0 -

0.5 -

value

0.0 ~

-0.5 : : : : ' '
0.0 0.2 0.4 0.6 0.8 1.0
J — 1 = 5 Example condition-Qol pairs ey
quest qol, len: [41]
' - ' +H+ ++++
Colored lines: example solutions . LT AR )
. . + + 4
Truth (+) and prediction (+) 207 + 4+ b,
: : % o6 - T+

Learning from partial | +
observations (example pairs have 0.5 - *

different lengths) 0.0 0.2 0.4 0.6 0.8 1.0



Ex: Reaction-diffusion equation

—0.05y(w)u"(x, ®) + alx, w)u(x, ) = y,(w)
M(O,C()) — y3(60), u(l,a)) — y4(60)

{

Parameters a(x, @)

Z(-xa a)) — I/t(x, a)) + €
Conditions {y,-(a))}?=1

e ~ N (0,6%), for each x

Qol z(x, )
Qol z(x, w) Noisy observations of the solution u(x, ®)
g 00 o O'OSqoi, demo len: [45 50 48 47 41], quest len: [50]
1.0 - i + + Ooo .:.;I+.Q°+_‘;_-:--<|>»- O’f‘i L _:_ o o _<*>.H-o . 4 : :Z 3 %09 ©
S 05 g o BT T T A J’++'h + H
J — 1 = 5 Example condition-Qol pairs =
Colored lines: example pairs 051 | ' ' | |
o 0.0 0.2 0.4 0.6 0.8 1.0
Truth (+) and prediction (+) key
] . quest qoli, len: [50]
ICON is de-noising = "
+ T i 135071 + +
) + 4+ E+4¢+++ H it
, 08 ¥ + + 4+ HH 4ty t +
5 # * *E L 4
. . > +_+_
— | ,(6)|4,(6) (D -UH\1d 0.6 T e
l y ’ y ’ ]_1 ++4:f‘¢i
0.'0 0.'2 0.'4 0.'6 0.'8 le

key




Ex: Reaction-diffusion equation

—0.05y(w)u"(x, w) + a(w)u(x, w) = y,(w) zZ(x,w) = u(x,w) + € Parar-n-eters a(w) .
1(0,0) = yy(@), u(1,0) = y,() e ~ /(0,62), for each x Conditions {y(w)};_,
Qol z(x, w)
* ICON learns from partial Noisy observations of the solution u(x, )
observations o =005
0 qoi, demo len: [45 50 48 47 41], quest len: [50]
* ICON is de-noising L o0 % Zave03®
1.0 - e % tr oo 2ot e o . L.,
) +o+0++ . °0e + +++++ ++o + oy A *®e0p oo X
How? Implicitly performing Bayesian inference 3 o5 - G .o"'# * MRA S ¥ S iy
Posterior @ <a| {(yV, 7V }]5:1) 0
_05 -
Posterior predictive @ (Z(6) |}’(6), (Y, z9) }15:1) 0'0 v Y ey > l'o
6 6 . 1 s quest qoi, len: [50]
= (6 y( ). {(y(J)’Z(J))},:1 4 fi s o .
] 4+ :&+..|i+_++ + +
i . v 07 $¥H + 4 Jii+ ¢ T 1 -
—FE |,© ©) (v (D)5 3 iy * RS AN
_u Ty iz )}j=1_ o6 T B
6) [ ,©® (v G153 "
— ) U . . . , . + -
= U |y ? {(y » < )}jzl 0.0 0.2 0.4 0.6 0.8 1.0

key



Can we sample from the posterior predictive?
A soupcon of generative modeling

Goal: Given data {Zi}é\; i ~ @ from (unknown) target distribution @, produce new samples from @

» Pick a source distribution py, easy to simulate (e.g. Gaussian).
» Generative map: Learn a transport map & such that:

?#I?X ~ Q,st. X ~ Px> ?(X) ~ @9 ~ (O

o= M

source p (simple) target 7 (complex)




Can we sample from the posterior predictive?
A generative ICON produces samples from the posterior predictive

Generative in-context operator network samples from the posterior predictive
Let py be a reference distribution. Generative ICON is a mapping such that

: Ny J—1 : Y J—1
o ( D0, Z(J))}j=1 )ﬂ px) = @ ( |y, {09, Z(]))}j=1>

: A | : Y J—1
X~ py = G (x’ym, {(y0, Z(]))}j=1> — . N ( Ny, {00, Zu))}j:l)

Original ICON is the average Generative ICON!

- (y(J),{(y(j),Z(j))}}fz—ll) = E |29y {7, 2D}

= Ey [c‘g* (x,y(f), {(y(j), Z(j))};;l)]

N ey J—1
ch* ( X, y(J), {(y(]), zD) }j=1 ) Px(x)dx




The posterior predictive provides uncertainty quantification
Why we should sample from the posterlor predictive

Original ICON

- <y(J)’{y(j)7Z(J)}J j) _ 5 Lo <J>,{y<j>’z<j>}"‘1
)= L J=1_

e ICON approximates mean of posterior predictive distribution

- | y O, (D, 2}

e 7*(-,-) is an operator learner

Y

Theorem: Average generative ICON equals Original ICON

s (y(J)’{y(J) (g)} ) /g* (:p y) { ), “)}‘,]_11) px(z) dx
i

A

N ey J—1
% ( /) |y<f>, (09,29} )

Generative ICON
J—1 | N J-1
G+ (.,yw,{yu) ) ) - ( y {9,200} )
7=1/y J=1

e Generative ICON generates from the posterior predictive distribution

o G*(x,-,-) is a sample operator learner This is uncertainty quantification




Generative in-context operator networks

Conditional sampling from the posterior predictive distribution

Example: training via Generative Adversarial Networks

- D v L0 0D H) ( D v LD 0D H) i dQ
m@m@(@(z |y ,{y , 2 }j=1 , Qg 27|y ,{y , Z }j=1 m@m a, |/ i,

= min max ol Dy(y)] = Eg [(f* e DY)

J

. Cn AN -
Training data:{ {(y(l’]), Z(l’]))}i=1 } ~ @ ({(y(”,z(f)) }le)

j=1

IIllIl maX { Z D ( ) {y(J) (])}J—l (J)> _ % if* (D¢ (y(f), {y(j),z(j)}]tll, fifg(x(n),y(f)’ {y(j),z(j)}]tll))> }
n=1



Parameters a,(®) a,(®) Conditions y(x, @) .
Qol (X, ®) .
Data generating process
y(x, @) Gaussian process with 0:8_
squared exponential covariance .
0{1 i %[0,1], 0(2 ~ %[O,l]

J — 1 = 3 Example condition-Qol pairs
Colored lines: example pairs
Truth (+)
Uncertainty bands computed from generated samples
. N~ J—1 0 |

tom (@ ( D]y, {(yD, z0)V* )
]=1 0. -

Example: Generative ICON for Poisson

y(x, )

u'(x, w) =
{u(O,a)) = o(w), u(l,w) = a,(w)

2(x, w) = u(x, )

e ~ N(0,62), foreach x_ -

cond, demo len: [25 25 25], quest len: [25]

+ 4 ra
+ , 4
oA+ + 4+ H+4++ + +
0.0 0.2 0.4 0.6 0.8 1.0
key
O, = 005 qoi, demo len: [25 25 25], quest len: [30]
+ + + + + + + + 4+ 4 +
++ 71 + T+
+ +
+
+ +
+
+
+
+
+
0.0 0.2 0.4 0.6 0.8 1.0
- e
-~ Predicion Average - o
+2 Std Dev
+1 Std Dev
N ooy J—1
o7y ( (J) Z(J))
vy, 1 0, i

0.0

0.4 U.b 0.8




Conclusion and outlook

In-context operator learning implicitly performs Bayesian inference for differential equations

 Random differential equations provides a framework for probabillistic operator learning
* |CON directly approximates mean of the Bayesian posterior predictive distribution

 Generative ICON samples from the posterior predictive: a form of uncertainty quantification

-

Original ICON

T <yu>, {4, Z(j)}‘]‘l) R [Zu)
j=1

e ICON approximates mean of posterior predictive distribution

OUtIOOk . © T*(-,-) is an operator learner

. Y J—1
v, {4,201 ]
71=1

|

* Motivation to find Bayesian structure in other multi-task  — freorem: Averase soncrative ICON equals Original ICON

operator learners? 7 (50, {020} ) = o (5. {4020} ) pateya
. PROSE [Liu et al.], BCAT [Liu et. al], POSEIDON T
[Herde et al.] and more... , Generative ICON

e WONC
G (-,y(‘”, {y@,z(ﬂ)}, ) px =Q ( e {yo),,z(:])} )
=1/ 7=t

e Generative ICON generates from the posterior predictive distribution

Than k yOU! L o g* (33, ) ) Is a Sample Operator learner

* Using other types of generative models beyond GANs




