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Compressive sensing and linear algebra

High resolution (unknown) N -point signal x0

Small number of measurements

yk = 〈x0, φk〉, k = 1, . . . ,M or y = Φx0

Fewer measurements than degrees of freedom, M � N

y ! x0=

Treat acquisition as a linear inverse problem

Compressive Sampling: for sparse x0, we can “invert” incoherent Φ



Random matrices

Example: Φi,j ∼ ±1 w/ prob 1/2, iid

Can recover S-sparse x from

M & S · log(N/S)

measurements, and the sensing is universal



Random matrices

Example: Φi,j ∼ ±1 w/ prob 1/2, iid



Random matrices

Example: Φ consists of random rows from a global orthobasis

Can recover S-sparse x from

M & S · logN

measurements



Random matrices

Example: Φ consists of random rows from a global orthobasis



Sparse recovery algorithms

Many recovery methods are based on convex programming
`1 minimization (or Basis Pursuit)

min
x
‖ΨTx‖1 s.t. Φx = y

Ψ = sparsifying transform, Φ = measurement system

Convex (linear) program, can relax for robustness to noise



Sparse recovery algorithms

`1 can recover sparse signals almost anytime it is possible

perfect recovery with no noise

stable recovery in the presence of noise

robust recovery when the signal is not exactly sparse



Sparse recovery algorithms

Other recovery techniques have similar theoretical properties
(their practical effectiveness varies with applications)

greedy algorithms

iterative thresholding

belief propagation

specialized decoding algorithms



Agenda

What we will talk about today:

CS via random convolution

MIMO channel estimation using random probes

Analog-to-information receivers

Parametric estimation
(PDW extraction, e.g. time-of-arrival, carrier frequency)

Sampling architectures for ensembles of signals
(exploit correlation structure rather than sparisty)
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Random convolution

Many active imaging systems measure a pulse convolved with a
reflectivity profile (Green’s function)

pulse 

(known)  
rcvr  

txmt  

profile 

(unknown)  

return 

(sample this)  

Applications include:
I radar imaging
I sonar imaging
I seismic exploration
I channel estimation for communications
I super-resolved imaging

Using a random pulse = compressive sampling
(R, Rauhut, Tropp, Haupt, Bajwa, ... )



SAR spotlight imaging
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Figure 2.1: Ground-plane geometry for data collection in spotlight-mode SAR.

a more limited area than stripmap-mode SAR, because by steering the antenna, the

same terrain portion can be observed through a wider range of angles as compared

to that in stripmap-mode SAR.

The geometry for data collection in a spotlight-mode SAR is shown in Figure 2.1.

The x ! y coordinate system (denoting range and azimuth coordinates respectively)

is centered on a relatively small patch of ground illuminated by a narrow RF beam

from the moving radar. As the radar traverses the flight path, the radar beam is

continuously pointed in the direction of the ground patch. At points corresponding

to equal increments of ! (the angle between the x-axis and u-axis in Figure 2.1),

high-bandwidth pulses (such as linear FM) are transmitted to the ground patch and

echoes are then received and processed.

As we will illustrate in the following sections, demodulated SAR returns at each

observation point (after some pre-processing and certain approximations) are related

to a particular projectional view of the underlying scene, and the full set of returns

provide a band-limited spatial frequency domain description of the scene.

13

Send out pulse p(t), return is p(t) convolved with range profile q(t)

CS ⇒ ADC sampling rate is determined by complexity of profile,
and not the bandwidth of the pulses

(Munson et al. ’83, Cetin ’01)



CS via random convolution

iid subgaussian

Three models for random convolution

burst sampling uniform sampling random sampling

Matrices are random, but structured...



CS via random convolution

iid subgaussian

Three models for random convolution

burst sampling uniform sampling random sampling
(sparse in time) (sparse in time) (universal)

Can guarantee recovery for

M & S logqN

in different situations for small q



CS via random convolution

Signal model: sparsity in any orthobasis Ψ

Acquisition model:
generate a “pulse” whose FFT is a sequence of random phases,
convolve with signal,
sample result at M random locations Ω

Φ = RΩF∗ΣF , Σ = diag({σω})



Randomizing the phase = spreading in time

local in time local in freq not local in M

sample here



MIMO channel estimation
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Estimate all channel responses hj,k = between source j and receiver k

h1,1 h1,2 h2,4 etc

· · ·



MIMO channel estimation
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There are many way to estimate each channel individually
(single channel deconvolution)



MIMO channel estimation
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Activating simultaneously with diverse source signatures allows us to
separate the cross-talk

This reduces the total amount of time we spend probing the channels



Multiple channel linear algebra

G1 G2 · · · Gp

...

=yk
h1,k

h2,k channels(of((
length(N!

convolu/on(with(pulse( pj

hc,k

M!

How long does each pulse need to be to recover all of the channels?
(the system is M ×NC, M = pulse length, C =# channels)

Of course we can do it for M ≥ NC



Restricted isometries for multichannel systems

G1 G2 · · · Gp

...

=yk
h1,k

h2,k channels(of((
length(N!

convolu/on(with(pulse( pj

hc,k

M!

yk = Φhk

With each of the pulses as iid Gaussian sequences,
Φ is a “compressive sensing matrix” when

M & S · logq(NC) + N

for small q. (R and Neelamani ’09)

Consequence: we can separate the channels using short random
pulses (using `1 min or other sparse recovery algorithms)



Forward modeling/simulation

Given a candidate model of the earth, we want to estimate the
channel between each source/receiver pair
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Simultaneous activation

Run a single simulation with all of the sources activated
simultaneously with random waveforms

The channel responses interfere with one another, but the randomness
“codes” them in such a way that they can be separated later
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Seismic imaging simulation

(a) Estimated
(16x faster, SNR=9.6 dB).

(b) Estimation error
(Figure 2b minus 5(a))

(c) Cross-correlation
estimate.

Figure 5: Simulation results for the more complex Green’s function and the random
impulsive-source approach

37

Result produced with 16× “compression” in the computations

Can even take this example down to 32×



Application: Compressive Multiplexing

Fig. 1. (a) Ideal CMUX system diagram. Each of the J channels is spread by a different chipping sequence, then summed and sampled. (b) Ideal CMUX equivalent system. The
sampling operation is moved to the front of the system for the sake of analysis.

will yield a recovered signal �α that satisfies ��α − α�2 ≤ C0� pro-
vided that �e�2 ≤ �, where C0 > 1 is a constant depending only on
δ [5]. While convex optimization techniques like BPDN are pow-
erful methods for CS signal recovery, there also exist a variety of
alternative algorithms, such as greedy algorithms, that are used in
practice and have comparable performance guarantees.

A key theoretical CS result is that by acquiring only M =
O(K log(N/K)) random rows, we obtain a Φ that satisfies the
RIP of order 2KAs we will see, similar guarantees are possible for
highly structured measurement systems as well.

2.2. Compressive sampling architectures

Several hardware architectures have been proposed and implemented
to perform CS in practical settings with analog signals. Examples in-
clude the random demodulator (RD), random filtering, random con-
volution, and the modulated wideband converter [1–3]. These sys-
tems aim to capture a large portion of bandwidth with fewer samples
than Shannon would prescribe.

We briefly describe the RD as an example of such a system [1].
An input analog signal is modulated by a ±1 “chipping sequence”
operating at the Nyquist rate and integrated. The output of the inte-
grator is sampled, and the integrator is reset after each sample. The
ideal integrator with reset can be replaced by a low pass filter.

The components of the RD are typical for many of the afore-
mentioned architectures. We also note that other parallelized archi-
tectures to date require the use of multiple ADCs [2, 10].

3. CMUX: A NEW MULTI-CHANNEL ARCHITECTURE

3.1. System description

The CMUX compresses J channels, each with bandwidth W/2 Hz,
into a single stream of samples running at the Nyquist rate of any
one channel. As shown in Figure 1(a), each channel is first mixed
down to baseband to obtain xj(t) and then modulated by a pseudo-
random ±1 chipping sequence pj(t) with chipping frequency W Hz.
The spread channels are then summed and sampled once per chip by
a single ADC. It is important to note that the summation occurs over
the channels and not over time (unlike previous systems).

Without loss of generality, the CMUX can be written as a W ×
JW matrix Φ, formed by concatenating diagonal W ×W submatri-
ces Φi, i = 1, · · · , J . For the sake of analysis, we will consider the
elements along the diagonals to be ±1 Rademacher variables. As an

example, let J = 3 and W = 3. Then the Φ matrix might look like

Φ =




−1 0 0
0 1 0
0 0 −1

� �� �
Φ1

1 0 0
0 1 0
0 0 −1

� �� �
Φ2

1 0 0
0 −1 0
0 0 −1




� �� �
Φ3

(4)
We consider signals that are jointly sparse over the combined

bandwidth of the spectrum channels. The sparsity basis Ψ for this
model is a JW × JW block diagonal matrix with W × W DFT
bases along the diagonal. Thus, we aim to recover a K-sparse vector
α ∈ RJW such that y = Aα where A is a union of orthonormal
bases,

A = [Φ1F ,Φ2F , · · · ,ΦJF ], (5)
and where F is the W × W unitary DFT matrix.

It has recently been demonstrated by Romberg that A of this
form satisfy the RIP [7]. We present a modified version of the state-
ment of the theorem (as suggested therein) for completeness:

Theorem 1 (Theorem 3.1 in [7]). Let A be defined as in (5) and fix
δ ∈ (0, 1). Then there exists C0 such that when

W ≥ C1K log4(JW ) (6)

A satisfies the RIP of order K as in (2) with probability 1−C2
0/δC2

1 ,
where C0 is constant.

Note that the constant C0 is the same as that in [7], and improved
bounds on the probability may be obtained [8]. It is clear from this
statement that for the total bandwidth N = JW , the number of
possible channels can be upper bounded as

J ≤ N

K

1

C1 log4 N
. (7)

3.2. The CMUX and bandpass sampling

Real-world RF tuners often mix signals to an “intermediate fre-
quency” (IF) instead of directly to baseband. For example, candidate
CMUX tuners use IFs between 22 MHz and 70 MHz. Sampling sys-
tems with IF signals typically complete the downconversion using a
bandpass sampling technique that intentionally undersamples the IF
signal so that its non-aliased image falls near 0 Hz.

Most CS samplers ignore this issue, meaning that in practice
they must consider a bandwidth that is 2fIF Hz higher than neces-
sary. The CMUX, however, can easily bandpass sample. Consider
the alternative but equivalent CMUX system in Figure 1(b). This
figure shows that the sampling operation could arguably act directly
on each channel input, which is exactly how bandpass sampling is
done.

+

!

Fig. 2. Passive Averager CMUX (PA-CMUX) for J = 3.

3.3. The passive averager: A CMUX hardware concept

A major goal in implementing randomized CS hardware is to reduce
the possible sources of hardware noise (i.e., achieve a simple design)
so that it does not obscure the benefits achieved through sample rate
reduction. To this end, we propose the Passive Averager CMUX
(PA-CMUX).

As depicted in Figure 2, the PA-CMUX uses a single linear feed-
back shift register (LFSR), J analog switches, two banks of resistors,
and a single-channel ADC to achieve the chipping sequence multiply
and the instantaneous sum. The J uncorrelated chipping sequences
are formed from delays of a single chipping sequence. Depending
on the sign of the chipping sequence applied to it, each input signal
xj(t) is routed by an analog switch to either a “+1” or “−1” bank
of resistors. Each resistor bank consists of J resistors that nominally
have the same resistance; in practice, discrete resistors are unneces-
sary as each switch has a controlled output impedance. Using Kir-
choff’s voltage and current laws, the voltage output from each bank,
V+1, V−1, is the average of the voltages that are fed into the bank,
hence, passive averaging.

These voltages can be written as

V+1[n] =

�
j∈Pn,+1

xj [n]

|Pn,+1|
, V−1[n] =

�
j∈Pn,−1

xj [n]

|Pn,−1|
,

where Pn,+1 and Pn,−1 are the sets of channel indices being routed
to the +1 bank or −1 bank at sample index n, respectively. Thus,
we must rescale these voltages to obtain equivalent CMUX samples:

y[n] = |Pn,+1| V+1[n] − |Pn,−1| V−1[n].

While this could be achieved with two ADCs and gain components,
the approach shown here does not attempt to invert the averaging
scale factors during the measurement stage. Instead, the design sim-
ply computes the difference of the two averages, y[n] = V+1[n] −
V−1[n], and applies the averaging weights in Φ during reconstruc-
tion. The system designer can also calibrate the system by measur-
ing the actual resistances along each signal pathway; these non-ideal
values turn our averages into weighted averages.

The PA-CMUX relies on the fact that a single-channel ADC na-
tively computes the difference between two voltages. In a typical
setup, one of these voltages would be ground. However, in the PA-
CMUX we can use it to compute the difference between the two
averages.

3.4. Comparison with random demodulator

The CMUX compares favorably against the RD [1] on a number
of fronts. A number of these advantages appear when evaluating

how the equivalent CMUX shows the system operating on digi-
tal Nyquist-rate samples of each channel. From simulation and
post-processing perspectives, this indicates that our CMUX compu-
tational models are accurate and easy to calibrate. The RD’s inte-
gration of a product of analog signals over time makes it harder to
make such a claim. CMUX’s avoidance of integrating over time also
allows for simpler hardware realizations, such as the PA-CMUX.
Additionally, this sampling characteristic translates to relaxing the
requirements on individual CMUX hardware components between
samples (e.g. switching times); the RD’s integrator enforces strict
time-oriented performance requirements. The previously-mentioned
ability to bandpass sample significantly reduces the chipping and
sampling frequencies in the CMUX vs. the RD. As power require-
ments for these components typically rise with the square of the
frequency, a meaningful savings is achieved.

The multi-channel nature of the CMUX also brings benefits.
The CMUX can grow its total bandwidth by adding channels with-
out increasing the chipping and sampling rates. In RF scenarios,
splitting the CMUX’s target bandwidth across multiple RF tuners
matches the fact that commercially-available tuners don’t produce
arbitrarily large bandwidths. And with access to multiple indepen-
dent tuners, the CMUX can also allocate its bandwidth capacity
where it is needed in the spectrum. The CMUX can also turn off
channels to improve performance; at an extreme, the CMUX reverts
to a Nyquist sampler when all but one input is disabled.

There are of course some disadvantages. The CMUX under-
sampling factor is restricted more than in the RD. This factor is fixed
at J − Joff , where Joff is the number of disabled input channels.
Also, the presence of more channel edges mean there are more places
where signals can fall out of coverage.

4. ALGORITHMIC CHARCUTERIE
4.1. Trivial reconstruction

We can trivially produce an approximate recovery of any input chan-
nel i by multiplying that channel’s chipping sequence against the
output samples, i.e., �xi = Φiy. It is clear from

�xi = Φiy = Φi

��

j

Φjxj

�
= xi +

�

i �=j

ΦiΦjxj , (8)

that this approach yields the original channel xj , plus a noise term
that is the sum of the other channels spread by a new ±1 sequence
ΦiΦj . Note that exact recovery is achieved when all coefficients are
in a single channel The trivial reconstruction can either be used by
algorithms resilient to noise (correlation routines, PLLs, etc.).

4.2. Block coordinate relaxation (BCR)

The trivial reconstruction technique can intuitively be extended to
perform joint reconstruction of all channels. One approach would
be to approximate one channel as above, transform and threshold
to keep the largest coefficients, subtract that channel’s contributions
from the measurements, and repeat this process with the other chan-
nels. Indeed, this is roughly the procedure of block coordinate relax-
ation (BCR) [11].

BCR provably solves the LASSO program

α = argmin
α

1

2
�y − Aα�2

2 + λ�α�1, (9)

when A is a union of orthonormal bases. For any � in (3), there is
an appropriate choice of λ such that the solutions to (3) and (9) are

Architecture proposed by Slavinsky et al ’10



Randomly modulated integration
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Measurement system M with coherence µ

Sampling process:
Divide rows into m blocks,
randomly flip sign of each row, sum over block

Recovery guarantees for

M & S · log5N

for spectrally sparse signals (Tropp, Duarte, Laska, R, Baraniuk ’10)



Randomly modulated integration
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Uses a standard “slow” ADC preceded by a “fast” binary mixing

Mixing circuit much easier to build than a “fast” ADC

In each sampling interval, the signal is summarized with a random
sum

Sample rate ∼ total active bandwidth



Random modulated integration in time and frequency
2

input signal x(t) input signal X(!)

pseudorandom
sequence p

c
(t)

pseudorandom sequence
spectrum P

c
(!)

modulated input
modulated input and

integrator (low!pass filter)

Fig. 2. The demodulation process multiplies the continuous-time input signal
by a random square wave. The action of the system on a single tone is
illustrated in the time domain (left) and the frequency domain (right). The
dashed line indicates the frequency response of the lowpass filter. See Figure 3
for an enlargement of the filter’s passband.

Y
(!
)

!

Fig. 3. The random demodulator furnishes each frequency with a unique
signature that can be discerned by examining the passband of the antialiasing
filter. This image enlarges the pass region of the demodulator’s output for
two input tones (solid and dashed). The two signatures are nearly orthogonal
when their phases are taken into account.

f(t) is encoded into the measurements in a more subtle
manner; the reconstruction process is highly nonlinear, and
must carefully take advantage of the fact that the signal is
sparse. As a result, signal recovery becomes more compu-
tationally intensive. In short, the random demodulator uses
additional digital processing to reduce the burden on the
analog hardware. This tradeoff seems acceptable, as advances
in digital computing have outpaced those in analog-to-digital
conversion.

B. Results

Our simulations provide striking evidence that the ran-
dom demodulator performs. Consider a periodic signal with
a bandlimit of W/2 Hz, and suppose that it contains K
tones with random frequencies and phases. Our experiments
below show that, with high probability, the system acquires
enough information to reconstruct the signal after sampling
at just O(K log(W/K)) Hz. In words, the sampling rate is
proportional to the number K of tones and the logarithm of the
bandlimit W . In contrast, the usual approach requires sampling
at W Hz, regardless of K. In other words, the random
demodulator operates at an exponentially slower sampling
rate! We also demonstrate that the system is effective for
reconstructing simple communication signals.

Our theoretical work supports these empirical conclusions,
but it results in slightly weaker bounds on the sampling

rate. We have been able to prove that a sampling rate of
O(K log W + log3 W ) suffices for high-probability recovery
of the random signals we studied experimentally. This analysis
also suggests that there is a small startup cost when the number
of tones is small, but we did not observe this phenomenon in
our experiments. It remains an open problem to explain the
computational results in complete detail.

The random signal model arises naturally in numerical
experiments, but it does not provide an adequate description
of real signals, whose frequencies and phases are typically
far from random. To address this concern, we have proved
that the random demodulator can acquire all K-tone signals—
regardless of the frequencies, amplitudes, and phases—when
the sampling rate is O(K log6 W ). In fact, the system does not
even require the spectrum of the input signal to be sparse; the
system can successfully recover any signal whose spectrum
is well-approximated by K tones. Moreover, our analysis
shows that the random demodulator is robust against noise
and quantization errors.

This work focuses on input signals drawn from a specific
mathematical model, framed in Section II. Many real signals
have sparse spectral occupancy, even though they do not meet
all of our formal assuptions. We propose a device, based on
the classical idea of windowing, that allows us to approximate
general signals by signals drawn from our model. Therefore,
our recovery results for the idealized signal class extend to
signals that we are likely to encounter in practice.

In summary, we believe that these empirical and theoretical
results, taken together, provide compelling evidence that the
demodulator system is a powerful alternative to Nyquist-rate
sampling for sparse signals.

C. Outline

In Section II, we present a mathematical model for the
class of sparse, bandlimited signals. Section III describes the
intuition and architecture of the random demodulator, and it
addresses the nonidealities that may affect its performance. In
Section IV, we model the action of the random demodulator
as a matrix. Section V describes computational algorithms
for reconstructing frequency-sparse signals from the coded
samples provided by the demodulator. We continue with an
empirical study of the system in Section VI, and we offer
some theoretical results in Section VII that partially explain
the system’s performance. Section VIII discusses a windowing
technique that allows the demodulator to capture nonperiodic
signals. We conclude with a discussion of related work in
Section IX. Finally, Appendices I, II and III contain proofs of
our signal reconstruction theorems.

II. THE SIGNAL MODEL

Our analysis focuses on a class of discrete, multitone signals
that have three distinguished properties:

• Bandlimited. The maximum frequency is bounded.
• Periodic. Each tone has an integral frequency in Hz.
• Sparse. The number of active tones is small in compar-

ison with the bandlimit.



Multichannel modulated integration
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This architecture is being implemented as part of DARPA’s
Analog-to-Information program



Analog-to-digital converter state-of-the-art

IEEE SIGNAL PROCESSING MAGAZINE [71] NOVEMBER 2005

The pipelined structure and unknown structure have the
best overall performance, so that they are best suited for
applications with high performance requirements, such as
wireless transceiver applications and military use [3]. SAR
ADCs have widely ranging sampling rates, though they are
not the fastest devices. Still, these devices are popular for
their range of speeds and resolutions as well as low cost and
power dissipation. It can be seen that there is a borderline of
sampling rate at around 30 Ms/s separating the sigma-delta
and flash ADCs. Sigma-delta ADCs have the highest resolu-
tion with relatively low sampling rates from kilosamples per
second to megasamples per second, while flash ADCs have
the highest sampling rates up to
Gsps due to their parallel structure
but with a resolution limited to no
more than 8 b due to nonlinearity.
Between these two structures are
unknown structures compromising
speed and resolution. 

We are also interested in the
envelope of the sample distributions
in this plot since such an envelope
indicates the performance limita-
tions. It is reasonable to extract the
envelope information based on the
ADCs with the highest performance
to postulate the design challenges
and technology trends.

In Figure 1, if Walden’s claim that P
is relatively constant is true, according
to (1), the envelope line should show
that a 3 dBs/s increment in fs corre-
sponds to a 1-b reduction in resolution.
However, Figure 1 shows that the real
tradeoff is 1 b/2.3 dBs/s. Compared to
the 1 b/3 dBs/s slope hypothesis, there
is an improvement in P at low sam-
pling rates and degradation at high
sampling rates. This trend indicates
that the ADC performance boundary is
varying with sampling rate, as illustrat-
ed by Figure 2 where ENOB is plotted
versus the sampling rate.

As stated previously, noise and dis-
tortion cause most of the performance
degradation in practical ADCs. The
internal sample-hold-quantize signal
operations are nonlinear, and those
effects are represented as equivalent
noise effects so that they can be unified
into noise-based equations to simplify
the performance analysis. Therefore,
besides thermal noise, we have two
additional noise sources, quantization
noise [2] and aperture-jitter noise [1].

THERMAL NOISE
Thermal noise by itself [1] has a 1 b/6 dBs/s relationship to sam-
pling frequency assuming Nyquist sampling [2]. However, it is
usually overwhelmed by the capacitance noise since the S/H stage,
as the input stage of an ADC, shows strong capacitive characteris-
tics. Therefore, the capacitance noise (modeled as kT/C noise [4],
where k is Boltzmann’s constant, T is the temperature, and C is
the capacitance) is usually assumed as the input noise floor.

QUANTIZATION NOISE
The signal distortion in quantization is modeled as quantization
noise with a signal-to-quantization-noise ratio (SQNR) definition of

[FIG1] Stated number of bits versus sampling rate.
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[FIG2] ENOB versus sampling rate.
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The bad news starts at 1 GHz (Le et al ’05)
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Figure IIIC 3-1 Sparse spectrum populated by a small number of active communications channels. The 

positions of the active channels must first be estimated from the NUS data in order to facilitate 

reconstruction via L2 reprojection. Our proposed algorithm for detecting the active channels involves 

energy detection over each candidate frequency bin. 

 

To employ a NUS reconstruction algorithm such as L2 reprojection, however, it is necessary to first 

determine the occupied frequencies, that is, to determine a set !  of occupied frequency channels 

 

 ],[],[],[ max,min,2max,2min,1max,1min, ZZ
FFFFFF !!!=" L  

 

where MHz150|| !" . The diagram below illustrates the required information flow. 
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Figure: NUS samples are first used to identify the active channel locations. The subsequent L2 

reprojection uses NUS samples to reconstruct only the active portions of the spectrum. 

 

This presents a technical challenge since the occupied spectrum may be unknown a priori, and the 

NUS sample rate is below the apparent rate needed to perform spectral analysis of a 1.2GHz band. 

 

2. Proposed Solution: 
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Figure 1.  Top-level block diagram of the RMPI front-end with eight parallel channels. 

 

1.1.1 CMOS Implementation 

In the proposed RMPI architecture, with eight channels in parallel, we need to choose a chip 

fabrication technology that not only can support the target modulation rate of 5.0 Gbps, but also 

facilitates very low-power consumption per channel. Considering the speed and power requirements of 

the design, we plan to design and implement our first prototype in a 90 nm bulk CMOS 

(complementary metal-oxide-semiconductor) technology.  Some of the advantages of using standard 

CMOS technologies are: very low area and power consumption, potential for mass-production (low 

cost), possibility of full integration of the front-end with both the ADCs and the digital processing 

units.  We plan to use the 90 nm CMOS process that is offered by TAPO (via DoD).  Our team 

member, Azita Emami, has an ongoing research project using the IBM CMOS9sf technology through 

TAPO, sponsored by DARPA (FCRP). This FCRP-funded research is focused on clocking and 

synchronization for a 10 Gbps data communication system. Our ongoing and previous work on precise 

clock generation and signaling in the 90nm technology will be extremely beneficial to the RMPI 

implementation effort.  

  

As part of this project, we will also investigate and explore scalability of our design to 65 nm and 

beyond, which will allow higher modulation rates, lower power consumption and a smaller design. In 

(arch. of Yoo and Emami)

Random demodulator being
built at part of DARPA A2I
program

Multiple (8) channels, operating
with different mixing sequences

Effective BW/chan = 2.5 GHz
Sample rate/chan = 50 MHz

Applications: radar pulse
detection, communications
surveillance, geolocation



Parameter estimation
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Say we are interested in just extracting some key parameters from a pulse
(carrier frequency, time-of-arrival, etc.)...

Instead of reconstructing the signal, we can estimate these
directly from the compressed samples



Example formulation: frequency of a pure tone

Suppose that the input signal x(t) is a pure tone at an unknown
frequency, amplitude, phase

x(t) = A0 cos(2πf0t+ θ0) = a1 cos(2πf0t) + a2 sin(2πf0t)

= Uf0 [a]



Example formulation: frequency of a pure tone

If Φ is the measurement device, we want to solve

f̂ = min
f

(
min
a
‖y − Φ[Uf [a]]‖22

)



Example formulation: frequency of a pure tone

If Φ is the measurement device, we want to solve

f̂ = min
f

(
min
a
‖y − Φ[Uf [a]]‖22

)

Let Vf be the M × 2 matrix

Vf =




〈φ1(t), cos(2πft)〉 〈φ1(t), sin(2πft)〉
〈φ2(t), cos(2πft)〉 〈φ2(t), sin(2πft)〉

...
...

〈φM (t), cos(2πft)〉 〈φM (t), sin(2πft)〉






Example formulation: frequency of a pure tone

If Φ is the measurement device, we want to solve

f̂ = min
f

(
min
a
‖y − Vfa‖22

)

= min
f
‖(I − Pf )y‖22

= max
f
‖Pfy‖22

where Pf = Vf (V T
f Vf )−1V T

f .



Estimating the frequency of a pure tone

We are looking for the maximum of J(f) = Pfy

J(f), (M = 10)
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Estimating the frequency of a pure tone

We are looking for the maximum of J(f) = Pfy

J(f) (M = 10), E[J(f)]
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Estimating the frequency of a pure tone

We are looking for the maximum of J(f) = Pfy

J(f) (M = 20), E[J(f)]
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Estimating the frequency of a pure tone

We are looking for the maximum of J(f) = Pfy

J(f) (M = 50), E[J(f)]
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Estimating the frequency of a pure tone

We are looking for the maximum of J(f) = Pfy

J(f) (M = 1000), E[J(f)]
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Frequency estimation: theory

If we take Nyquist samples and use the FFT, we can withstand noise levels
of

σ2 .
A2

0

log Ω

where Ω is the total bandwidth.

From compressed samples, we can withstand noise levels of

σ2 .
A2

0

log Ω
· M

Ω

when M &
√

log Ω.

We can interpret M/Ω as the noise penalty



Frequency estimation on actual hardware
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Nulling out interferers
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Large, dominating interferer between 1.976 and 2.026 GHz,
removed a posteriori using linear algebra

Nulling out an interferer “costs” a number of measurements proportional
to its bandwidth



Pulse detection and segmentation
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Pulse detection and segmentation
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Sampling correlated signals

M

Goal: acquire an ensemble of M signals

Bandlimited to W/2

“Correlated” → M signals are ≈ linear combinations of R signals



Sampling correlated signals
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=

M

R

Goal: acquire an ensemble of M signals

Bandlimited to W/2

“Correlated” → M signals are ≈ linear combinations of R signals



Sensor arrays



Components

analog 
VMM

modulator
x(t) p(t)x(t)

code p

LTI filterx(t) x(t) � h(t)
h

ADC
rate ϕ

x(t) {x(tk)}k

X(t) AX(t)
A

M × N

Analog vector-matrix multiplier spreads energy across channels

Modulators spread energy across frequency

Filters spread energy in one channel across time

We will use both uniform and non-uniform ADCs



Sampling correlated signals
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=

M

R

Bandlimited ⇒ there is a natural way to discretize this problem ...



Sampling correlated signals
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=

M

W

R

W

Bandlimited ⇒ this is just a low-rank recovery problem

Sampling each channel separately takes MW total samples,
we want strategies that take ∼ RW total samples



Low-rank matrix recovery

Given p linear samples of a matrix,

y = A(X0), y ∈ Rp, X0 ∈ RM×W

we solve
min
X
‖X‖∗ subject to A(X) = y

where ‖X‖∗ is the nuclear norm: the sum of the singular values of X.

“optimal” sampler A would (stably) recover X0 from y when

#samples & R ·max(M,W )

& RW (in our case)



Low-rank matrix recovery

Given p linear samples of a matrix,

y = A(X0), y ∈ Rp, X0 ∈ RM×W

we solve
min
X
‖X‖∗ subject to A(X) = y

where ‖X‖∗ is the nuclear norm: the sum of the singular values of X.

Recht, Fazel, Parrilo, Candès, Plan, ...

If A is a random projection, then we can take

#samples & RW

Matrix completion: A observes a subset of the entries; we can take

#samples & RW log(RW )

under incoherence assumptions



Low-rank matrix recovery

Given p linear samples of a matrix,

y = A(X0), y ∈ Rp, X0 ∈ RM×W

we solve
min
X
‖X‖∗ subject to A(X) = y

where ‖X‖∗ is the nuclear norm: the sum of the singular values of X.

Recht, Fazel, Parrilo, Candès, Plan, ...

If A is a random projection, then we can take

#samples & RW

Matrix completion: A observes a subset of the entries; we can take

#samples & RW log(RW )

under incoherence assumptions



Architecture 1: One non-uniform ADC per channel

nus-ADC

nus-ADC

nus-ADC

nus-ADC

avg rate θ

avg rate θ

avg rate θ

avg rate θ

Direct application of these results: we can recover “incoherent”
ensembles when

total samples = Mθ ≥ Const. ·RW · log2(W )

so we can take θ ∼ R
MW instead of W .

Incoherent ⇒
signal energy is spread out evenly across time and channels



Architecture 1: One non-uniform ADC per channel

nus-ADC

nus-ADC

nus-ADC

nus-ADC

avg rate θ

avg rate θ

avg rate θ

avg rate θ

Drawbacks:

Incoherence assumptions (not universal)

Requires M ADCs (time-multiplexing would be delicate...)



Architecture 2: Pre-mix + prefilter + non-uniform ADCs

...

analog VMM

random ⊥
...

nus-ADC

nus-ADC

nus-ADC

nus-ADC

avg rate θ

avg rate θ

avg rate θ

avg rate θ

h
LTI filter

h
LTI filter

h
LTI filter

h
LTI filter

...
...

M × M

X

X̃

YA

Ahmed, R ’11: We can recover the ensemble X̃ when

total samples & RW log4(W )

From X̃, we recover X using

X = ATX̃H

Universal, but still using an ADC for every channel...



Multiplexing onto one channel

We can always combine M channels into 1 by multiplexing in either
time or frequency

Frequency multiplexer:

modulator
cos(Wt)

modulator
cos(2Wt)

+ ADC
rate 3W

Replace M ADCs running at rate W with 1 ADC at rate MW



Architecture 3: modulated multiplexing

modulator

modulator

modulator

modulator

+

...

ADC

code p1
rate ϕ

code p2

code p3

rate ϕ

rate ϕ

rate ϕ

rate ϕ

...
code pM

y

Ahmed, R ’11: If the signals are spread out uniformly in time, then
the ADC and modulators can run at rate

ϕ & RW log3/2(MW )

This requires a (milder) “incoherence across time” assumption, and a
(slightly) different recovery algorithm for the theory to work



Architecture 4: prefilter + modulated multiplexing

...

LTI filter

LTI filter

LTI filter

LTI filter

...

h1

h2

h3

modulator

modulator

modulator

modulator

+

...

ADC

code p1
rate ϕ

code p2

code p3

rate ϕ

rate ϕ

rate ϕ

rate ϕ

hM
code pM

X y

We can stably recover a rank-R ensemble X when the modulators
and ADC operate at rate

ϕ & RW log4(mW )

This architecture is universal in that it works for any low-rank
correlation structure



Recap

CS via random convolution

MIMO channel estimation using random probes

Analog-to-information receivers

Parametric estimation
(PDW extraction, e.g. time-of-arrival, carrier frequency)

Sampling architectures for ensembles of signals
(exploit correlation structure rather than sparisty)

jrom@ece.gatech.edu


