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The problem

(Lyons)p >1. IfX. . : A — TIPI (R?) finite p-variation,
multiplicative, then X has unique multiplicative, finite p-variation
extension S(X). :A— T (RY).

H. Boedihardjo Uniqueness of Signature



The problem

(Lyons)p >1. IfX. . : A — TIPI (R?) finite p-variation,
multiplicative, then X has unique multiplicative, finite p-variation
extension S(X). :A— T (RY).

o The Uniqueness of Signature problem: Given S (X),,
recover X for all s,¢.
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The p < 2 case

o p<2. x:[0,1] — R finite p-variation. Explicit extension.

5(X)011=1+/ dxs, + dxs; @dxg, + .. ..
’ 0<s1<1 O<s1<82<1
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The p < 2 case

o p<2. x:[0,1] — R finite p-variation. Explicit extension.
5(x)oa 5214’/ dxs, + dxs, ®dxs, + . ...
' 0<s1<1 0<s1<s<1

@ Uniqueness of signature equivalent to finding all x such that

S(x)o1 = (1,0,0,...).
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The p < 2 case

o p<2. x:[0,1] — R finite p-variation. Explicit extension.
5(x)oa 5214’/ dxs, + dxs, ®dxs, + . ...
' 0<s1<1 0<s1<s<1

@ Uniqueness of signature equivalent to finding all x such that
S(X)OJ_ — (].,0,07 .. ) .

° Ifx:aa,

S(x)o1 =(1,0,0,...).
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Review

(K. T. Chen) x, x'irreducible, piecewise regular, continuous paths.
S(x)g1=S(x")gq iff x,x" are translation and reparametrisation of
each other.
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Review

(K. T. Chen) x, x'irreducible, piecewise regular, continuous paths.
S(x)g1=S(x")gq iff x,x" are translation and reparametrisation of
each other.

(Hambly-Lyons) x bounded variation. S(x),, =1 if and only if
exists h(t) continuous, non-negative, h(1) = h(0), such that for all
s<t,

Ixt —xs| < h(t)+h(s)—2 inf h(u).

u€ls,t]
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Height function
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Height function
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Height function

h(s) = length of

Xs
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Height function
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Height function

h(u) = length of
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Height function

Xt
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Height function

Xt

h(t)= length of
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Height function
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Height function
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Height function
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Height function
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Height function
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Height function
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Inversion

o Explicit Inversion scheme: Weijun Xu (C? paths), Andrew
Ursitti.
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The p > 1 case

@ Uniqueness of Signature for path with p variation, 1 < p is
open.
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The p > 1 case

@ Uniqueness of Signature for path with p variation, 1 < p is
open.

e Key difficulty: extending Coarea Formula:

(Ohtsuka) y bounded variation. n(x) = |y~!({x})|. A1(dx) is one
dimensional Hausdorff measure. Then

/f t)dt—/f x) N1 (dx).
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Almost-sure uniqueness

Almost-sure uniqueness problem:u probability measure. Prove
there exists p-null set A x,x’ € 4/ and S(x)g; =5S(x")g; =
x = x' up to reparametrisation.
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Almost-sure uniqueness

Almost-sure uniqueness problem:u probability measure. Prove
there exists u-null set 4" x,x" € A€ and S(x)g; =S (x')g; =
x = x' up to reparametrisation.

@ Brownian motion—-Le Jan-Qian (2009) .

e Hypoelliptic diffusion—-Geng-Qian (2013).

o Fractional Brownian motion H > ——Geng-B. (2014).
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Almost-sure uniqueness
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Almost-sure uniqueness

ﬂ
S
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Almost sure uniqueness

B
\
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H. Boedihardjo Uniqueness of Signature



B

H. Boedihardjo Uniqueness of Signature



Signature and integration against 1-forms

1,...,0, smooth 1-forms. There exists a sequence of linear
functionals F,, depending only on ¢s

JA o 1) b0 (d) = fim P (S0, )
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Assigning 1-forms to Boxes

¢z @,,... non degenerate in interior of boxes. Compactly
supported on boxes.

¢21 ¢22 ¢23

¢Z4 ¢'Z5 ¢26

¢27 ¢Za (PZQ
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Reading the path

@ Assume the total number of boxes visited by x in order is N.
Let z1,...,zy be the boxes visited in order.

f0<sl<...<sN<1 ¢21 (dxsl) T ¢ZN (dXSN) 7é 0.
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Reading the path

@ Assume the total number of boxes visited by x in order is N.
Let z1,...,zy be the boxes visited in order.

f0<sl<...<sN<1 ¢21 (dxsl) T ¢ZN (dXSN) 7é 0.

f0<51<...<s,,<1 P, (dXsy) - - Ow, (dxs,) =0 for all n> N, all

Wieyeooy Wp.
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Reading the path

@ Assume the total number of boxes visited by x in order is N.
Let z1,...,zy be the boxes visited in order.

f0<sl<...<sN<1 ¢21 (dxsl) T ¢ZN (dXSN) 7é 0.

f0<51<...<s,,<1 P, (dXsy) - - Ow, (dxs,) =0 for all n> N, all
Wi.,...,Wp.

For any wq,...,wy, f0<51<__'<sN<1 Ow, (dXs; ) ... Py (dxsy) =0
unless w; = z; for all i.
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Reading the path

@ Assume the total number of boxes visited by x in order is N.
Let z,...,zy be the boxes visited in order.

To prove [y . s 19z (dxs,).. 9z, (dxs,) #0 .
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Reading the path

@ Assume the total number of boxes visited by x in order is N.

Let z,...,zy be the boxes visited in order.
To prove f0<51<...<s,1<1 Oz (dxs,) ... ¢z, (dxs,) #0 .
o Step 1:

| s, (A5 .. 0z, (dx,)
0<s1<...<sp<1

entry time of boxi entry time of box3
:/0 0z, (dxs, /e

ntry time of box2

¢21 (dxsl)
1
/ 0. (dxs.)

entry time of box n
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Reading the path

Step 2:

q2
(PZ,' (dXt):O — 3qlaq2 EQ, (Pz,- (dXt):O

entry time of boxi+1
/entry time of boxi a

Q)Zi
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Reading the path

Step 3: As¢:={x: x visited interior of box between time sand t}.

P <{x : /St¢z,- (dx,) = o} mAsJ) 0.

¢Zi
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Application

@ Time series:

zy=ap+aixt+ azxt2 + asyt3 + &
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Application

@ Time series:

zy=ap+aixt+ azxt2 + asyt3 + &

@ Rough path:

dy: = Byrdx;
= Yt = ZB@n(yo) </ dX51"‘dX5n>-
n=0 0<s1 < <s,<1

@ See work of H. Ni, Gyurko, Guy Flint, T. Lyons.
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Almost-sure uniqueness for SLE curves

(B.-Ni-Qian)x < 4. Almost-sure uniqueness of signature holds for
SLE, curves.
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Scaling limit of 2D Ising model




Scaling limit of critical 2D Ising model

Partition function: o (i) € {—1,1},

eBJerit Livjo(i)o(j)
eﬁ Jerie Ziwj 6(’)6(1)

ZConfig
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Scaling limit of 2D Ising model




Scaling limit of 2D Ising model




Conformal Invariance

Family of measures {up (z,w) : D C C} is conformally invariant if

foup(z,w) = ep)(f(2),f(w)).

flw)
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Family of measures {up (z,w) : D C C} is Domain Markov if

Hp (27 W‘X[O, t]) = Hp\x[0,1] (X(t) ) W) :

D D\x[0,t]

x(t) x(t)
z w ::> i
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Loewner’s transform

dgt (Z) 2
— ,80\Z) =2z
it~ a@) -2 &%
)
— ‘ g H\x[0.t] — H
PN ,/ /\
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A theorem of Schramm

(Schramm)If the random curve x satisfies conformal invariance and
domain Markov property, then A (t) is a Brownian motion \/kB;.
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A theorem of Schramm

(Schramm)If the random curve x satisfies conformal invariance and
domain Markov property, then A (t) is a Brownian motion \/kB;.

Define g; by

dg: (2) 2

it~ a()-veso &V

=Z.

If g¢: H\x[0,t] = H, x; is called SLE trace.
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Regularity of SLE curves

o (Viklund-Lawler) SLE, has Holder exponent

K 1
min{1— , =
' ( 241 2Kk 881 Kk 2>

N
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Regularity of SLE trace

o (Beffara) Hausdorff dimension of SLE trace is

K
in (1 7,2).
m|n< +8
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Regularity of SLE trace

o (Beffara) Hausdorff dimension of SLE trace is
_ K
min <1 + 5,2) .

o (Lawler, Rezaei) “Away from the root”, SLE trace has Holder

exponent 1i£ — € (parametrisation by Minkowski content).
8
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Regularity of SLE trace

o (Beffara) Hausdorff dimension of SLE trace is
_ K
min <1 + 5,2) .

o (Lawler, Rezaei) “Away from the root”, SLE trace has Holder

exponent 1i£ — € (parametrisation by Minkowski content).
8

o (Werness) Kk <4, SLEhas a H% — & Holder parametrisation.
8

K > 4 open problem.
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Werness's work

@ Define SLE, in D as conformal image of SLE in H.
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Werness's work

@ Define SLE, in D as conformal image of SLE in H.

o (Werness)First 3 terms in expected signature of SLE in .
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Expected signature of SLE curves

/ dxs, dxs,dys,
0<sy <$2 <s3<1

—/ sd)/s

:/xlD (x,y)dxdy.
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Uniqueness of Signature

S5(o1=35 (7/)0 1

)

Xnyk Xnyk
= / Ik 1D(X,y)dxdy=/ T Lo (xoy)dxdy.
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Uniqueness of Signature

S(’}/)O,l = 5 (’)/)0 1

)

Xnyk Xnyk
= / P 1D(X,y)dxdy=/ T Lo (xoy)dxdy.

e D=D'. y=7 up to reparametrisation.

Can get 4th term in expected signature of SLE, trace.
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Extensions

y finite p < 2 variation.

n k
*®@n * X
{2 @ P (5 (1) = (<1 [ ST (1, (x, ) axy

where W (y,(x,y)) is winding number of 'y around (x,y).
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Controlling the winding number
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“Iso p-variation” inequality

(B.)y finite p < 2 variation. q < %.

17 (1 (o)) l1e < 43¢ <i) 172,
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“Iso p-variation” inequality

o Want f — [oo f (x,y) # (7,(x,y))dxdy bounded on LY,
2
q<2.

f—>/ 0D ga(x)
R2 W — X

is bounded operator L9 to Lip <1 — %) qg>2.

1
g~ [ elr)an

in Lip(r —1)" for r > p.
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Topological Degree

Theorem

(Degree formula)Let Q be an open domain in RY. dQ has measure
zero. he C1(Q,RY). Then there exists d (-,Q,h) € L such that
for all g € C (RY)

£y, 2)dy = [ det(Dh(x)g (h(x)x.
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Topological Degree

Theorem

(Degree formula)Let Q be an open domain in RY. dQ has measure
zero. he C1(Q,RY). Then there exists d (-,Q,h) € L such that
for all g € C (RY)

£y, 2)dy = [ det(Dh(x)g (h(x)x.

Y bounded variation. Let f1,...,f, € (]Rd)*. Then

b 80 ) AR f(dn,)
= [ ,e®)d(v.2nay
R
where h(si,...,sn) = (A (Ys,),---,a (%))

H. Boedihardjo Uniqueness of Signature



Range of signature

(B.)y bounded variation. If S(y)y, = e”, P polynomial, then &
has degree at most one.
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Range of signature

(B.)y bounded variation. If S(y)y, = e”, P polynomial, then &
has degree at most one.

@ Lyons-Sidorova conjecture: y bounded variation. Then

>0

n (1085 (V)0 )

||m|nf‘

(R4)™

unless v is linear.
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Some thoughts on SLE curves

o Recall
dgt (Z) . 2

= » 80
dt 8t (Z)—\/EBt

(2) =z
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Some thoughts on SLE curves

o Recall
dgt (Z) . 2

= » 80
dt 8t (Z)—\/EBt

o Z;:=gi(z) — VKB:.

(2) =z

2
t
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Some thoughts on SLE curves

o Recall
%t () = 2 80(2) =z.
dt 8t (Z)—\/EBt’
("] Zt = 8t (Z) —\/EBt

2
t

SLE as rough path on the space of conform maps.
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Thanks you!
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