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Lecture overview

• Some history on series expansions

• Series expansions for quantum lattice models
• From Taylor expansions to linked-cluster expansions
• Why linked clusters?
• Series analysis, (Padé) approximants

• Things to calculate, examples
• ground-state properties
• tracking (various) excited states

• References
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Some history
High-temperature series expansions for classical models.

Series expansions gave the first indications 
of universal exponents.

This led to the development of renormalization 
group techniques and the discovery of universality.

Starting in the late 80’s series expansion techniques 
for quantum systems were developed.

exp(−βH) = 1− βH +
(β)2

2!
H2 + . . .
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High-order series expansions (T=0)

Taylor expansion, e.g. for ground-state energy

E(λ) = E0 + E1λ
1 + E2λ

2 + . . . + Enλn + O(λn+1)

Toy model: One-dimensional spin ladder

|J
J||

H = H0 + λH1 = J⊥
∑

i

{
"Si · "S′

i + λ
(

"Si · "Si+1 + "S′
i · "S′

i+1

)}

λ = J||/J⊥
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cluster weight

Multivariable expansions
The perturbation H1 is a sum of local interaction terms hk

h1 h4h2 h3
H1 =

∑

〈ij〉

!Si · !Sj =
∑

k

hk

Associate each term hk with a coefficient λk 
and (multi-)expand the ground-state energy

h1

h4h3 h2h1 h3

h2 h3h3
E({λk}) =

∑

{nk}

e{nk}
∏

k

λnk
k

=
∑

C

W[E](C)
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Linked-cluster expansions

h1 h4h2 h3

Simplify multivariable expansion by setting all λk equal to λ.
Topologically equivalent clusters then give identical contributions.
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Linked-cluster expansions

Two clusters G and H are called topologically equivalent,
if there is a mapping M of the vertices of G to the vertices of H

such that M(G) = H.

? ✓

Simplify multivariable expansion by setting all λk equal to λ.
Topologically equivalent clusters then give identical contributions.
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“lattice constant”
counts the # of embeddings

Linked-cluster expansions

Simplify multivariable expansion by setting all λk equal to λ.

P (λ)/N =
∑

C̃

L(C̃) · W[P ](C̃)

Topologically equivalent clusters then give identical contributions.
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Efficiency gain of a linked-cluster expansion

Square lattice Triangular lattice Cubic lattice
N Cluster Embeddings Cluster Embeddings Cluster Embeddings
1 1 4 1 6 1 6
2 2 16 2 36 2 36
3 4 76 5 306 4 306
4 8 280 10 1.860 8 2.016
5 14 1.180 22 13.278 15 16.278
6 28 4.856 50 89.988 31 126.036
7 56 21.060 122 656.862 64 1.071.954
8 124 90.568 320 4.756.596 147 9.008.808
9 280 419.468 910 37.095.654 353 82.540.686
10 679 1.911.352 2.727 284.221.236 908 742.248.348

9

We can reduce the number of calculations 
by many orders of magnitude!
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The thermodynamic limit

The subcluster subtraction eliminates 
all (low-order) contributions of subclusters.

Reconsider the cluster weight

W[P ](C) = PC −
∑

C′⊂C

W[P ](C ′)

➡
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The thermodynamic limit

However, we trade finite-size scaling with series extrapolation.

Each cluster contributes only the additional high-order terms, 
which can be evaluated first for the respective cluster size.

The subcluster subtraction eliminates 
all (low-order) contributions of subclusters.

Reconsider the cluster weight

W[P ](C) = PC −
∑

C′⊂C

W[P ](C ′)

We obtain results directly for the thermodynamic limit.
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The linked-cluster theorem
Disconnected clusters have vanishing weight

PC = PA + PB ⇒ W[P ](C) = 0
because

W[P ](C) = PC −
∑

C′⊂C

W[P ](C ′)

= PA −
∑

C′⊆A

W[P ](C ′) + PB −
∑

C′⊆B

W[P ](C ′) = 0

➡
disconnected

cluster C

A B
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Graph theory

• Generation of clusters

• Isomorphism of clusters
→  identify topologically

     equivalent clusters

• Embedding of clusters 
  onto given lattices

→  topologically equivalent 
     clusters have identical weights

=
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• Graphs and and their general properties
(vertices, edges, labels, …)

Boost graph library
http://www.boost.org

•   Graph isomorphisms 
    (automorphism group, canonical labeling, 
     sorting, …)

  The nauty algorithm by Brendan McKay

  http://cs.anu.edu.au/people/bdm/nauty/

Efficient graph handling

Lukas Gamper
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• Perturbation theory for T=0
–  Rayleigh-Schrödinger perturbation theory

–  High-temperature expansion for finite T.

en = 〈ψ0|H1|ψn−1〉 〈k|ψn〉 =
〈k|H1|ψn−1〉 −

∑n−1
m=1 em〈k|ψn−m〉

〈0|H0|0〉 − 〈k|H0|k〉

E(C) =
∑

n

λnen |ψ〉 =
∑

n

λnψn

–  A cluster with n edges will contribute first in order n.

Calculating cluster observables

ground-state energy ground-state wavefunction
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Ground-state expansion for spin ladder
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Sometimes, we do get convergent series.

But sometimes, we also obtain asymptotic series. 

Does the calculated series (always) converge?

E/J⊥ = −3
4
− 3

8
λ2 − 3

16
λ3 +

3
128

λ4 + O(λ5)

Quantum spin-S models  
e.g. ground state energy of the spin-1/2 Heisenberg ladder

E/U = −1
2
− 4λ2 + 4λ4 + 30.22λ6 − 62.57λ8 + 121.18λ10 + O(λ12)

Bose-Hubbard model
e.g. ground state energy of chain of bosons
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A Padé approximant to some finite series is a rational function

where the Taylor expansion of  f  matches the approximated series.

fPade(λ) =
pN (λ)
qM (λ)

Series extrapolation: Padé approximants

Pade[2, 2] =
(
−3

4
+

3
8
x− 39

64
x2

)
/

(
1− 1

2
x +

5
16

x2

)

= −3
4
− 3

8
x2 − 3

16
x3 +

3
128

x4

+
9

128
x5 +

57
2048

x6 − 33
4096

x7 − 417
32768

x8 + . . .

E/J⊥ = −3
4
− 3

8
x2 − 3

16
x3 +

3
128

x4 + O(x5)
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Assume a series obeys a power-law dependency

s(λ) = f(λ) · (λ − λc)ν

 Let’s differentiate the logarithm of s(λ)

D log s(λ) =
f ′(λ)
f(λ)

+
ν

λ − λc
=

pN (λ)
qM (λ)

The critical point       is a root of the denominator            .qM (λ)λc

ν = resλc

(
f ′(λ)
f(λ)

+
ν

λ − λc

)
=

pN (λc)
q′M (λc)

The critical exponent     can be evaluated byν

Dlog Padés: Critical points and exponent

critical point

critical exponent
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What is the elementary excitation of the coupled system?

What is the excitation spectrum?

What can be calculated using (high-order) cluster expansions?

Quasiparticle dynamics: Excitation spectrum
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One-particle excited states
Calculate effective Hamiltonians in the degenerate

   manifold of excited one-particle states for each cluster.

However, there is no cluster expansion

Heff
C =

[
Heff + eBI

]
A
⊕

[
Heff + eAI

]
B
"= Heff

A ⊕ Heff
B

Calculate irreducible matrix elements instead
∆(i, j) = 〈j|Heff |i〉 − E0δi,jHeff − eCI

http://www.kitp.ucsb.edu/~trebst/
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Calculation of eigenvalues

∆(i, j) = ∆(δ)

The energy eigenvalues are

E(K) =
∑

δ

∆(δ) cos(K · δ)

For a translationally invariant system we have

and the momentum K is a good quantum number.

The effective one-particle Hamiltonian can then easily be 
   diagonalized by a Fourier transformation.
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Spectrum for spin-1/2 ladder

0 π/2 π
K

0

0.5

1

1.5

E(
K
)

Δ

The elementary excitation becomes 
a dressed triplet state, the triplon.

gapped
dispersion

triplon band
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Two-particle excitations

€ 

OTHO =

Heff 0( ) 0 0 0

0 Heff 1( ) 0 0

0 0 Heff 2( ) 0
0 0 0 ...

 

 

 
 
 
 
 

 

 

 
 
 
 
 

Generalize single-particle approach to block diagonalize Hamiltonian

Cluster expansion for effective Hamiltonians,
more precisely their irreducible matrix elements.

This gives the exact 2-particle Schrödinger equation,
which can be (numerically) solved.
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Spin-1/2 ladder

• The 2-triplon states form
• a continuum of states,
• bound states (S = 0,1), 
• antibound states (S = 2).

  
• Typical ladder materials  
    (La,Ca)14Cu24O41

triplon

S=0 bound state
S=1 bound state

2-triplon continuum
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Summary

• controlled numerical framework 
• for strongly correlated systems               

particularly gapped quantum spin liquids,
• static and dynamic properties calculated in                              

thermodynamic limit,
• close connection to graph theory.

• advantages / disadvantages
• no sign problem.
• works for (1,2,3)-dimensional quantum systems.
• perturbative approach (T=0, finite T).
• ‘clever’ series extrapolation tools needed.

Linked cluster expansions
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