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Why bother with algorithms?

PhD while still young

( , )G r τ   

New quantities, more theoretical
tools to address physics

Grand canonical ensemble

Off-diagonal correlations

“Single-particle” and/or 

condensate wave functions

Winding numbers and 

Examples from: superfluid-insulator transition, spin chains, 
helium, deconfined criticality, polarons,

resonant fermions, holes in the t-J model, …
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Efficiency

PhD while still young

Better accuracy

Large system size
More complex systems
Finite-size scaling

Critical phenomena 

Phase diagrams

Reliably!



Worm algorithm idea

Consider:

- configuration space =  arbitrary closed loops 

- each cnf. has a weight factor
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“conventional”
sampling scheme:

local shape change Add/delete small loops

can not 
evolve to

No sampling of 
topological classes
(non-ergodic)

Critical slowing down
(large loops are related to
critical modes) 
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dynamical critical exponent 
in many cases2z ≈



Worm algorithm idea

draw  and erase:
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or

Masha

Ira

+

keep

drawing
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Masha

Topological classes are sampled (whatever you can draw!)

No critical slowing down in most cases  

Disconnected loops are related to  

correlation functions and are not 
merely an algorithm trick!   



High-T expansion for the Ising model ( 1)
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Graphically:  

number of lines;

continuity (enter/exit) 
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Complete algorithm:

- If              , select a new site for            at random 

- select direction to move      , let it be bond   

- If                    accept                         with prob.
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Ising         XY-model ( )cos
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Flux in = Flux out closed oriented loops
of  integer j-currents;

“zero-divergence” constraint
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Worm algorithm cnf. space = Z G∪

- If            , select a new site for             at random 

- select direction to move      , let it be bond   

- for positive/negative directions; 
accept with prob.
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Lattice path-integrals for bosons and 
spins  are “diagrams” of closed loops!
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Diagrams for
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The rest is conventional worm algorithm in continuous time

(there is no problem to work with arbitrary number of continuous
variables as long as an expansion is well defined) 
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Path-integrals in continuous space 
are consist of closed loops too!
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( , )r tψ

( ', ')r tψ +

ZG

Perform simulations in the extended configuration space Z G∪



( , )r tψ
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(open/close update)
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(insert/remove update)
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(advance/recede update)
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(swap update)
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Not necessarily for closed loops!

Feynman (space-time) diagrams 
for fermions with contact 
interaction (attractive)
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Pair correlation function
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General ideas:   1. Enlarge the configuration space 
(using correlation functions, source operators, even unphysical structures!)

2. Perform local updates through the special points



More: winding numbers and superfluid density
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Grand canonical ensemble (a “must” for disorder problems!)
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Ideal equilibrium crystals of He-4

Vacancy & interstitial gaps from  exponential decay of   

(melting density)
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Current standard for simulations of bosons in optical lattices and in traps:

all experimental parameters “as is”, including particle number”
6~ 10N
 

Continuous variables (any number of them)
is not a problem.



Let …
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Diagram order

Same-order diagrams

Integration variables

Contribution to the answer

or the diagram weight
(positive definite, if possible)
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Balance Equation: If the desired probability density distribution
of diagrams in the stochastic sum is
then  the MC process of updating diagrams should

be stationary with respect to       (equilibrium condition)
(in most cases it is the same as the diagram weight        ) Dν
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Detailed Balance: solve it for each pair of updates separately. 
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Equation:
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