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Continuous-time auxiliary field method (CT-AUX)
® Weak coupling expansion and auxiliary field decomposition

® Application: electron pockets in the 2D Hubbard model

Hybridization expansion
® "'Strong coupling” method for general classes of impurity models
® Application: spin freezing transition in a 3-orbital model

Adaptation to non-equilibrium systems
® quantum dots / non-equilibrium DMFT

Collaborators
® E. Gull,A.]. Millis, T. Oka, O. Parcollet, M. Troyer
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® Computationally expensive step: solution of the impurity model




Diagrammatic QMC

® General recipe:
® Split Hamiltonian into two parts: H = Hi + H>
e Use interaction representation in which O(7) = e™ Qe

® Write partition function as time-ordered exponential, expand in
powers of Ho

Z = Tr [e_ﬁHl Te Jo dTH?(T)}

B B (_1\k
= Z/dTl .../di#TT[e_ﬁHlTHQ(Tl)...HQ(Tk)
k 0 0 k.

® Weak-coupling expansion: Rombouts et al, (1999), Rubtsov et al. (2005), Gull et al. (2008)
® expand in interactions, treat quadratic terms exactly

® Hybridization expansion: Werner et al, (2006), Werner & Millis (2006), Haule (2007)
® expand in hybridizations, treat local terms exactly




Rombouts et al., PRL (1999)
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® Impurity model given by

H = Hy+Hy
HO = K/ﬂ—(,LL—U/Q)(’I"LT‘i‘nl)'i‘thb"'Hbath
Hy = U(nn —(ny+n))/2) - K/

® Expand partition function into powers of the interaction term

7 = zk: (_kl')k /dT1 . /diTT [Te_ﬁHOHU(ﬁ) . ..HU(Tk)]

® Decouple the interaction terms using Rombouts et al, PRL (1999)

K sU
Hy = — ys(np—ny) h(~) = 1 + 2=
U 2/6 32:;1 € Y COS (r)/) + 2K




Rombouts et al., PRL (1999)
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Cl-auxiliar

® Configuration space: all possible time-ordered spin configurations
Kdr\*
® Weight: w(7y,815...57k, S) = (2—;) E[det N {1, 8:))
Na_1 = ' — Gy (eF" - 1)
el'e = diag(e??®,...,e77%)
® Monte Carlo updates: random insertion/removal of a spin
=]

Equivalent to Rubtsov et al., formally similar to Hirsch-Fye
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Rombouts et al., PRL (1999)
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Configuration space: all possible time-ordered spin configurations

vty

Kdr\*
® Weight: w(7y,815...57k, S) = (2—;) HdetNa_l({Ti,si})
Na_1 = el — Gy (eF" — 1)
els = diag(e??*r, ..., e7%)
[ J

Monte Carlo updates: random insertion/removal of a spin

Equivalent to Rubtsov et al., formally similar to Hirsch-Fye
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Cl-auxiliar

® Configuration space: all possible time-ordered spin configurations
Kdr\*
® Weight: w(71,81;...; Tk, Sk) = (2—57—) E[det N {1, 8:))
Na_1 = el — Gy (eF" — 1)
els = diag(e??*r, ..., e7%)
® Monte Carlo updates: random insertion/removal of a spin
=]
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M-l transition.in.the 2D .Hubbard model

® Hubbard model with nn hopping t, nnn hopping t'=0 (bandwidth 8t)
H= Z €pChaCpa +U Z nini,) € = —2t(cos(py) + cos(py))
P, 1

® DMFT: approximate momentum-dependence of the self-energy

S(p,w) = 3 6ap) Za(w)

® DCA: "tiling” of the Brillouin zone




M-I transition.in.the 2D.Hubbard model

® Doping the insulator produces electron/hole pockets
® 8-site cluster has a "'tile” at the expected position of the pockets

® 8-site DCA-result at U/t=7:first 8% of dopants go into the B sector
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® Doping the insulator produces electron/hole pockets
® 8-site cluster has a "'tile” at the expected position of the pockets

® 8-site DCA-result at U/t=7:first 8% of dopants go into the B sector

0.56
0.55 ¢
0.54
c 053¢
0.52

0.51 ¢

0O 02 04 06 08 1
u/t

12 14




M-I transition.in.the 2D.Hubbard model
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® Doping the insulator produces electron/hole pockets

® 8-site cluster has a "'tile” at the expected position of the pockets

® 8-site DCA-result at U/t=7:first 8% of dopants go into the B sector
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® Doping the insulator produces electron/hole pockets
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M-I transition.in.the 2D.Hubbard model

Doping the insulator produces electron/hole pockets

8-site cluster has a "'tile” at the expected position of the pockets

8-site DCA-result at U/t=7:first 8% of dopants go into the B sector

® Assuming an ellipsoidal shape for the pocket, we can estimate the
aspect ratio

b 1

a 10
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Werner et al., PRL (2006)

Werner & Millis, RPB (2006)

® Impurity model given by

H = Hloc + Hbath + thb
Hige = Unyny—p(ng +ny)
Hpypy = Z tgciapy,, + h.c.

P,

® Expand partition function into powers of the hybridization term
1
Z = Z ﬁ /dTl .. ./dTngT [Te_ﬁ(Hl°C+Hb“th)thb(T1) . thb(Tgk):|
k

® Trace over bath degrees of freedom yields determinant of
hybridization functions F

. ¢ f
Tryanl-. ] = [[det M M0 g) = Fo(r? = 7))
t?

Folcton) =2 0,05,
p n

P




Werner et al., PRL (2006)
Werner & Millis, PRB (2006)
Haule, PRB (2007)

® Monte Carlo configurations consist of segments for spin up and down

ﬁ Om—)————
@—.—O—O-—O—

® Monte Carlo updates: random insertion/removal of (anti-)segments

® Weight of a segment configuration:
w(Tf(c)’Tla(cT); o ;Tgfc)’Tg(cT)) — ¢ Ulovertaptpu(lr+1)) Hdet Mg_l dr2ko

o
-~

Trimp["'] 7 T’r‘bath[...]
® Determinant of a k x k matrix resums k! diagrams 1
T T
det ( B =) ol = i) ) e

c CT Cc CJr
Fo(ry? =) Fo(ry —757))
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Hybridization . expansion Werner & Milis, PRB (2006)

Haule, PRB (2007,
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® Weight of a segment configuration:

Il T
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Trimp[--'] 7 Tryatn|. -]
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Werner et al., PRL (2008,

® | site, 3 degenerate orbitals (semi-circular DOS, bandwidth 4t)
Hloc = - Z N, o + Z Unoz,Tnoz,l
a,o [

+ Y Unaonp—o+ (U = Dnaons,e
a>p,0

- Z J(wl,lwgnd’ﬁ,ﬂbaﬁ + ¢;3,T¢};,l¢a,¢¢a,l + h.c.)
—y

® Captures essential physics of SrRuO3

® Similar models for other transition metal oxides, actinide
compounds, Fe / Ni based superconductors, ...




VWerne l, PRL (2008,
® Phase diagram for U' = U = 2J,J/U = 1/6, 3t = 50
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® Mott insulating "“lobes” with I, 2, 3, (4, 5) electrons

n




16 ‘ ®
14 + |
12 +
10 +
= - frozen
S 8 r S 8 r Fermi liquid moment
6 61
4 - 4+
_ glass transition —e—
2r glass transiton —&— 2 L Mottinsulator (ft=50) —
0 . . . . . . . 0 . . . . .
-5 0 5 10 15 20 25 30 35 40 0 0.5 1 1.5 2 25 3
wi n

® Mott insulating "“lobes” with I, 2, 3, (4, 5) electrons

® |n the metallic phase: transition from Fermi liquid to "“spin glass”
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® Critical exponents associated with the transition can be seen in a
wide quantum critical regime

e e.g. non Fermi-liquid self-energy TmY/t ~ (iw, /t)*, a ~ 0.5
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® A self-energy with frequency dependence 3(w) ~ w'/? implies an
optical conductivity o(w) ~ 1/w'/?

VOLUME 81, NUMBER 12 PHYSICAL REVIEW LETTERS 21 SEPTEMBER 1998

Non-Fermi-Liquid Behavior of SrRuQO3: Evidence from Infrared Conductivity

P. Kostie, Y. Okada,* N.C. Collins, and Z. Schlesinger
Department of Physics, University of California, Santa Cruz, California 95064

J.W. Reiner, L. Klein,T A. Kapitulnik, T. H. Geballe, and M. R. Beasley
Edward L. Ginzton Laboratories, Stanford University, Stanford, California 94305
(Received 13 March 1998)

The reflectivity of the itinerant ferromagnet StRuO; has been measured between 50 and 25000 cm ™
at temperatures ranging from 40 to 300 K, and used to obtain conductivity, scattering rate, and effective
mass as a function of frequency and temperature. We find that at low temperatures the conductivity
falls unusually slowly as a function of frequency (proportional to I/w'/?), and at high temperatures
it even appears to increase as a function of frequency in the far-infrared limit. The data suggest
that the charge dynamics of SrRuQOs; are substantially different from those of Fermi-liquid metals.




Muehlbacher & Rabani (2008)

® Quantum dot coupled to two infinite leads

H = Hdot + Hleads + Hmix
Hiot = €i(nar +na;) +Unarna;
H — a af o
leads Z Z (6ho = Ha) dpo i Goldhaber-Gordon (1998)
a=L,R po
Huix = 3, > (Vapds +hec)
a=L,R p,o

® |nitial preparation of the dot: pg dot
® Non-interacting leads: pg jeaqs (DOS, Fermi distribution function)
® Level broadening: I'*(w) = wz |Vp°‘|25(w —€,)

p




H = Hdot + Hleads + Hmix
Hyoy = ea(ngr +nay) +Unging)
Hleads - Z Z (Ega - 'ua)a’g;agff
a=L,R po
Ho,ix = Z Z (Vp"‘afjjda + h.c.)
a=L,R p,o

® |nitial preparation of the dot: pg dot

® Non-interacting leads: pg jeaqs (DOS, Fermi distribution function)

® Level broadening: I'*(w) = wz |Vp°‘|25(w —€)
p

Muehlbacher & Rabani (2008)
Schmidt et al. (2008)

Werner et al. (2008)

81dhaber-Gordon (1998)




Muehlbacher & Rabani (2008)

® Interaction picture
H = Hl +H2, O(S) — eisH1(9€—isH1
(O(t)) = Tr [poethOe_th}

- T [,00 (Tei K dng(s)) o(t) (Te—i I dsHQ(s/))]

o iHt
® “Keldysh contour” >

Po O
<

0 eth t

® Expand time evolution operators in powers of Hy
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® Interaction picture
H = Hl +H2, O(S) — eisH1(9€—isH1
(O(t)) = Tr [poethOe_th}

- T [,00 (Tei K dng(s)) o(t) (Te—i I dsHQ(s/))]

—iHQ —iHQ _iHQ
® “Keldysh contour” O O O >
Po O
< @ @
0 1Ho 1Ho t

® Expand time evolution operators in powers of Hy




VVeak-coupling.expansion . wemes oka & s pr5 2009

® Configuration space: all possible spin configurations on the Keldysh

contour

® Weight: analogous to imaginary-time CT-AUX with

Gég(t’,t”) the < the
Gaa(t’,t") the >t

Go.o(t: k)

G§/>(t,, t”) _

:tl/ dw e_iw(t’—t”) Za:L,R I« (1 + tanh (nga ))
27 (w—eq—U/2)2 4172




VVeak-coupling.expansion . wemes oka & s pr5 2009

® Configuration space: all possible spin configurations on the Keldysh

contour 1
<7 ‘
current
® Weight: analogous to imaginary-time CT-AUX with Z V})a;fmdg
p

G< t/ t” t/ tl/
Go.o (e, ) { 0o (") Tty <t

Gaa(t’,t") the >t

Gy (1) = i / Ao sy a1, T (1F tanh (*572))

27 (w—eq—U/2)2 4172




VVeak-coupling.expansion

Werner, Oka &

® Monte Carlo sampling: random insertion/removal of spins

—tv—t
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® Current measurement:

I= —2Imza:zc:wg" - —2Im; [<

I
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illis, PRB (2009

B,

|




VVeak-coupling.expansion

Werner, Oka &
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illis, PRB (2009

‘——
—

® Current measurement:

I= —2Imza:zc:wg" - —2Im; [<

I
w,o 1

|wC| >|w0| <¢C>|wc|

|




VVeak-coupling.expansion

Werner, Oka &
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Werner, Oka &

® Monte Carlo sampling: random insertion/removal of spins
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Werner, Oka &

® Monte Carlo sampling: random insertion/removal of spins
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Werner, Oka &

® Monte Carlo sampling: random insertion/removal of spins
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® Interaction suppresses the current
® Correction largest for V ~ U

® 4th order perturbation theory by Fujii & Ueda identical to MC for
U =2I




® Interaction and voltage dependence of the double occupancy
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® Convergence to steady state faster for larger voltage bias




k-coupling.expansion

® Non-equilibrium DMFT
® Dynamics of the Hubbard model after a **quantum quench”

Eckstein and Werner (work in progress)
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® Non-equilibrium DMFT

quantum quench”
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® Dynamics of the Hubbard model after a

Eckstein and Werner (work in progress)
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Muehlbacher & Rabani (2008)
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® Configuration space: all possible segment configurations on the
(doubled) Keldysh contour

0 € 0 & 2e+U ¢ 0 €

Po

0 t

Y<(ty —t)) X<(ta —t})
x> ¥<

® Hybridization matrix becomes (t1 —t5) (ta —t5)

® Monte Carlo sampling: random insertions/removals of segments
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Hybridization . expansion

® Configuration space: all possible segment configurations on the
(doubled) Keldysh contour

Po

0 t

Y<(ty —t)) X<(ta —t})
x> ¥<

® Hybridization matrix becomes (t1 —t5) (ta —t5)

® Monte Carlo sampling: random insertions/removals of segments




Muehlbacher & Rabani (2008)
Schmidt et al. (2008)

Hybridization.expansion Schiro & Fabrizio (2008

Werner et al. (2008

® ¥<~ depends on the DOS and voltage bias

=
=
o

Ug

UL e

-,

eI

cos(¥)

ﬂsinh(% (tti/we))

t) e:l:iwct
5t)  vsinh(Jt)

® soft cutoff: Z:O’f? (1)

o<

® hard cutoff: St = F( ﬁc;s(h
111

—~




Muehlbacher & Rabani (2008)

Hybridization.expansion

current/T’

Initial state: dot decoupled from the leads

Time evolution of the left, right and average current (U/T" = 8)
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Initially, electrons rush to the dot from both leads; after ¢T" > 2
a steady state” is established with I, = —Ig
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® Current-Voltage characteristic of a strongly interacting dot (U/T" = 8)
measured at tI" =1, 1.25
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® |s ¢tI' =1, 1.25 close enough to steady state !
® Probably not for small voltage bias
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® Comparison to " fixed gap calculation” and 4th order perturbation

umr=0




Dis)advantages, of the two.approaches

® Perturbation order: weak-coupling (left), hyb-expansion (right)
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® Weak-coupling: restricted to small U, but can reach steady state

® Hybridization expansion: cannot quite reach steady state for U>0,
requires finite bandwidth, but can treat strong interactions

® Both: sign problem which grows exponentially with time




Summary.and Conclusions

® Diagrammatic QMC impurity solvers
® Enable efficient DMFT simulations of fermionic lattice models

® Weak-coupling solver scales favorably with number of sites/
orbitals: ideal for large impurity clusters

® Hybridization expansion allows to treat multi-orbital models with
complicated interactions

e Keldysh implementation of diagrammatic QMC
® Enables the study of transport and relaxation dynamics
® Sign problem prevents the simulation of long time intervals

® Impurity solver for non-equilibrium DMFT




