
Kosterlitz–Thouless transition in the
quasi-two-dimensional Bose gas

Werner Krauth

Laboratoire de Physique Statistique
Ecole Normale Supérieure, Paris, France

Numerical approaches to Quantum Many-Body systems,
UCLA, 30 January 2009



References

M. Holzmann, W. Krauth “Kosterlitz–Thouless transition of
the quasi two-dimensional trapped Bose gas” PRL, 2008

M. Holzmann, M. Chevallier, W. Krauth “Semiclassical
theory of the quasi two-dimensional trapped Bose gas”
EPL, 2008



Early quest for BEC

for different sorts of equilibrium. A gas of atoms can come into kinetic equi-
librium via two-body collisions, whereas it requires three-body collisions to
achieve chemical equilibrium (i.e., to form molecules and thence solids.) At
sufficiently low densities, the two-body rate will dominate the three-body rate,
and a gas will reach kinetic equilibrium, perhaps in a metastable Bose-Ein-
stein condensate, long before the gas finds its way to the ultimately stable 
solid-state condition. The need to maintain metastability usually dictates a 
more stringent upper limit on density than does the desire to create a dilute
system. Densities around 1020 cm-3, for instance, would be a hundred times
more dilute than a condensed-matter helium superfluid. But creating such a
gas is quite impractical – even at an additional factor of a thousand lower den-
sity, say 1017 cm-3, metastability times would be on the order of a few microse-
conds; more realistic are densities on the order of 1014 cm-3. The low densities
mandated by the need to maintain long-lived metastability in turn make ne-
cessary the achievement of still lower temperatures if one is to reach BEC.

Thus, the great experimental hurdle that must be overcome to create BEC
in a dilute gas is to form and keep a sample that is so deeply forbidden. Since
our subsequent discussion will focus only on BEC in dilute gases, we will refer
to this simply as “BEC” in the sections below and avoid endlessly repeating “in
a dilute gas.” 

Efforts to make a dilute BEC in an atomic gas were sparked by a 1976 paper
by Stwalley and Nosanow [8]. They argued that spin-polarized hydrogen had
no bound states and hence would remain a gas down to zero temperature,
and so it would be a good candidate for BEC. This stimulated a number of ex-
perimental groups [9–12] in the late 70s and early 80s to begin pursuing this
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Figure 1. Generic phase-diagram common to all atoms. The dotted line shows the boundary
between non-BEC and BEC. The solid line shows the boundary between allowed and forbidden
regions of the temperature-density space. Note that at low and intermediate densities, BEC exists
only in the thermodynamically forbidden regime.



Early set-up of 2d BEC experiment
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2d BEC experiment by Hadzibabic et al (Nature 2006)



Direct imaging of vortices

Hadzibabic et al, Nature (2006),



Density plots
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Two descriptions of Bosons...

I) Energy levels
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BEC ≡ saturation . . .

II) Density Matrices

τ = β

τ = 0

x5 x4x3x2 x1

x5 x4x3x2 x1

BEC ≡ long cycles . . .



Quantum Monte Carlo I (free particle)

Z ({x1, . . . , xN}) =

1
N!

∑

P

∫

dx1 , . . . , dxN ρ
free

({x1, . . . , xN}; {xP1 , . . . , xPN}; β)

τ = β

τ = 0

x5 x4x3x2 x1

x5 x4x3x2 x1

this is last week’s 44-line program
(see www.smac.lps.ens.fr)



Quantum Monte Carlo II (interacting bosons)

τ = β

τ = 0

x5 x4x3x2 x1

x5 x4x3x2 x1

Analytical reweighting of (free-particle) paths

This is the perfect action approach.



Ideal 2d Bosons

number dN of particles per phase-space element
dkxdkydxdy

dN =
1

(2π)2

dkxdkydxdy

exp
[

β(
~2k2

2m + v(r) − µ)

]

− 1
,

... yields

n(r) = − 1
λ2 ln{1 − exp [β(µ − v(r))]},

... and . . .

N = − π

λ2

∞
∑

ν=0

∫

∞

0
d(r2

) ln
[

1 − eβ(µ−mω2r2/2)

]

=
T 2

~2ω2 F2(−µβ),



Quasi-two-dimensional gas (scaling with N)
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quasi-two-dimensional trap . . .

ω = ωx = ωy ≪ ωz

. . . at temperatures comparable to the z-level spacing . . .

T ≃ ~ωz

. . . and to the 2D Bose–Einstein transition temperature

T ≃ T 2d
BEC =

√
6N~ω

π

leads to:
ωz/ω ∝

√
N



Quasi-two-dimensional gas (scaling of a0)

x-coordinate y-coordinate z-coordinate
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Life (QMC, experiment) is 3D, coupling constant

g3d = 4π~
2a0/m

. . . integrating out the z-direction

g2d = 4π~
2a0/m

∫

dz [ρ(z, z)]
2

. . . supposing harmonic groundstate in z

g2d ≃ g̃ = a0

√

8πωz~3/m

leads to:
a0(N) ∝ 1/

√
ωz ∝ 1/N1/4



First check ...

Initial simulation, with ωz ∝
√

N and a0 ∝ 1/N1/4

experimental ~ωz/T 2d
BEC = 0.55 and mg̃/~

2
= 0.13
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Density profile at T = T 2d
BEC
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let’s do the non-interacting case first.



Semiclassical theory I (no interaction)

number dN of particles per element dkxdkydxdy in the
z-energy level ν

dN =
1

(2π)2

dkxdkydxdy

exp
[

β(
~2k2

2m + v(r) + ν~ωz − µ)

]

− 1
,

... yields density n[v(r)] = n(r)

n(r) = − 1
λ2

∞
∑

ν=0

ln{1 − exp [β(µ − v(r) − ν~ωz)]},

... and also N(µ, ωz) if potential v(r) = mω
2r2

/2

N = − π

λ2

∞
∑

ν=0

∫

∞

0
d(r2

) ln
[

1 − eβ(µ−ν~ωz−mω2r2/2)

]

=
T 2

~2ω2

∞
∑

ν=0

F2(−µβ + νβ~ωz),



Tc for the ideal quasi-2D trapped Bose gas

Critical temperature t = T q2d
BEC/T 2d

BEC vs. ω̃z = ωz/T 2d
BEC at

chemical potential µ̃ = βµ = 0:
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Critical temperature tBEC = 0.78 for ω̃z = 0.55
(experimental value).



Semiclassical theory II (contact interaction)

introduce contact interaction

v(r) = mω
2r2

/2 + 2g[n(r) − n(0)].

yields total density

N = π

∫

∞

0
d(r2

) n(r) = π

∫

∞

0
dv

[

∂(r2
)

∂v

]

n(v)

= · · · =

=
T 2

~2ω2

(

∞
∑

ν=0

F2(−µ̃ + νβ~ωz) +
mg

2π~2

[

n(0)λ
2
]2

)

,



density profile at T = T 2d
BEC (exp. parameters)

0

0.5

1

1.5

2

0 0.5 1 1.5 2

 d
en

si
ty

 n
λ

2

position rβ1/2

ideal q2d
mean field q2d

QMC N=104

Boltzmann

0.0001

0.001

0.01

0.1

1

1 8

 π
k

 k

excellent agreement of semiclassical theory with QMC.
interaction g (not g̃), contact term 2g.



density profile at T = 0.8T 2d
BEC (exp. parameters)
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central density much higher than at T = T 2d
BEC

no phase transition within semiclassical theory.



Universal jump of ρs (Nelson, Kosterlitz)

Universal jump of superfluid density

∆ρs =
2mT
π~2

leads in our case to a jump of superfluid density

∆ρs

n(rc)
=

2mTλ
2

8π~2 ≃ 1
2



Density profile at T/T 2d
BEC = 0.5
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density for r < rc : Thomas–Fermi profile
superfluid density for r < rc : again Thomas–Fermi
interaction g from QMC, or g ≃ g̃

√

tanh[ω̃z/(2t)]



Thomas–Fermi approximation

The Thomas–Fermi approximation neglects the kinetic energy
in the Gross-Pitaevski equation ...

µΨ(r) =

[

−XXXX
~

2

2m
∆

2
+ V (r) + g|Ψ(r)|2

]

Ψ(r)

... which leads to ...

n(r) = n(0) − 1
2

mω
2r2

g

we must use the correct interaction g from QMC, or
g ≃ g̃

√

tanh[ω̃z/(2t)].



Moment of inertia – condensate fraction
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ansatz ¤

condensate fraction from QMC (separate calculation),
finite-size behavior compatible with N0/N ∼ N−η(T )/2, with
η(Tc) = 1/4.



Conclusion

Quasi-two-dimensional regime for Bose gas.

Semi-classical description is fun, and so is QMC.

Close relation with experiments.


