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Point Defects as Quantum Embedding Problems
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Defects make the material
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• How can we predict and identify 
defects and their properties?

• How will the defect affect material 
properties?

• How will the material affect the 
defect?



Defects as quantum materials
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R. Schirhagl, et al., ARPC., 65, 83 (2014)



Excited state description of defects is essential
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• Often lack of experimental characterization (charge, 
chemical composition)

• Combination of very different energy scales ( defect, 
bath interaction, defect-defect) 

• Proper modeling of excited states is particularly 
important 

• Accurate description of optical, structural and dynamical 
properties of these defects is detrimental

~ eV

~ 0.01 meV



Defects as quantum materials
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• Complicated interplay of many different 
quantum effects

quantum

materials

topology
light-matter


coupling

electronic

correlations

spins 

and 


magnetism

spin-orbit

coupling

symmetry

and


structure

• Understanding and manipulating the electronic 
structure of point defects has become a focal 
point in the field of quantum materials

Today 

An overview over the challenges of modeling 
localized point defects in host materials and a 

possible route to overcome them through 
embedding approaches (arXiv:2105.08705)


applications in quantum sensing, quantum 
computing, quantum communication



• Single particle Kramers partners


• Spatial symmetry


• Eigenvalues of Kramers partners


• Product state (Band insulator)

Excited states require multi-reference methods
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A product state transforms 
trivially


under point group 
transformations

If a state transforms non-
trivially and is a singlet it 
must be multi-reference


(basis independant)



• DFT and post DFT

Embedding theories combine accuracy with low-cost 
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• finite sized clusters + quantum chemical methods

• embedding (downfolding) approaches

scalable, but unable to describe strongly 
correlated states

expensive and hard to converge finite size 
effects.

treat small subsystem with highly accurate 
method and treat interaction with rest in 
terms of a lower level method
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• extremely well characterized experimentally
zero-phonon line at 1.945 eV

C3v symmetry

NV- as a Benchmark
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Wannierization and c-RPA 
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• DFT calculation of supercell with defect

geometry relaxation and selection of active 
space

• Wannierzation of active space states and single 
particle hamiltonian (restricted DFT)

yields localized, molecular like orbitals around 
defect and single particle hamiltonian


incorporates effects of host material



Wannierization and c-RPA 

14

• Define correlated subspace problem

• Calculate screened coulomb matrix elements 
with c-RPA



Benchmarking Assumptions and Challenges of method
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• Double counting

• dependence on DFT functional

• localized nature and interaction with host 

Subtract correlation effects included in DFT

quality of single-particle hamiltonian and 
active space

size of active space, screening

Requires careful benchmarking 
and comparison to experiments
• Choice of local orbitals and disentanglement

Wannier functions and cRPA



Difference to quantum chemical approaches
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• Hilbert space of active orbitals is small

Allows to build simplified models and 
interpret results 

• Environment is taken into account through c-RPA

Bottleneck of the method

• Qualitatively correct starting point (DFT vs HF)

make use of existing DFT methodology for 
defects

active space

frozen occupied

frozen unoccupied



NV- Level ordering

17

• Careful convergence of supercell size 
and unoccupied states (no DC)
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Figure 1
(a) The atomic structure of the nitrogen-vacancy (NV−) center in diamond. Carbon atoms (C) are light brown, the nitrogen atom (N)
is blue, and the vacancy site (V) is indicated by a dashed circle. (b) Schematic of the single-particle states associated with the NV−

defect, positioned relative to the conduction band (cb) and valence band (vb) of diamond. The labels refer to the irreducible
representations. (c) The mechanism of spin initialization via optical excitation, as described in the text. Red solid lines denote optical
excitations; orange solid lines denote optical emission, with the thinner line between the ms = 1 sublevels indicating the reduced
intensity resulting from competition with the intersystem crossing (blue dashed lines). (d ) A schematic of the luminescence band of NV−

centers. It is composed of the zero-phonon line (ZPL) and the phonon side band.

an empty e state, and the zero-phonon line (ZPL) of the transition is 1.945 eV (637 nm) (see
also Section 4.3). At room temperature the excited state possesses a similar structure of magnetic
sublevels with a ZFS of D = 1.42 GHz (9). Optical excitation (Figure 1c) is mostly spin preserving,
meaning that the ms = 0 level of the ground state couples to the ms = 0 level of the excited state,
and likewise for ms = ±1 levels.

Besides the triplet states, there exist two low-lying singlet states, 1A1 and 1E. If the system is
initially in the ms = 0 level of the excited 3E state, it returns to the ground state via emission
of a photon with a lifetime of ∼13 ns. However, for the ms = ±1 states there is a comparable
probability for the so-called intersystem crossing (ISC), whereby the NV− center transitions into
the singlet 1A1 state. After that, there is a very fast (lifetime ∼1 ns, mostly nonradiative) transition
to the lower-lying 1E state. This is a relatively long-lived metastable state [lifetime of ∼150 ns
at room temperature (18)]. From here the system undergoes another ISC to the triplet 3A2 state,
predominantly coupling to the ms = 0 sublevel. After a few such cycles, the NV− center can
be initialized into the ms = 0 spin state, which can then be controlled using microwaves. The
electronic structure of the NV− center thus enables optical spin initialization. Conveniently, it also
allows for optical spin readout, as the luminescence intensity now depends on the spin state. The
above-described mechanism of spin initialization and readout has been understood after many
years of experimental research (9), with the upper ISC put on firm theoretical ground (19).

In contrast to the case for silicon, which has a well-developed technological platform, growth
and fabrication of diamond-based devices are much less developed. This difficulty has motivated
scientists to search for other wide-band-gap semiconductors that could potentially host NV−

analogs (8). SiC was a natural choice, and a few defects have been suggested as promising candidates
(20, 21). One prominent defect is the neutral divacancy (V C-VSi)0, for which a number of impressive
advances, including the detection of single centers with millisecond coherence times, have been
demonstrated (22). An additional advantage of SiC is that it is available in several polytypes,
including hexagonal (4H and 6H ) and cubic (3C), all of which have slightly different defect
properties (23). One major outstanding challenge in using deep defects in diamond and SiC as
spin qubits is how to efficiently couple distant spins, a topic of current research.

4 Dreyer et al.
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NV- Level ordering
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• Strong dependence on DFT functional and 
matrix elements (model building)
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an empty e state, and the zero-phonon line (ZPL) of the transition is 1.945 eV (637 nm) (see
also Section 4.3). At room temperature the excited state possesses a similar structure of magnetic
sublevels with a ZFS of D = 1.42 GHz (9). Optical excitation (Figure 1c) is mostly spin preserving,
meaning that the ms = 0 level of the ground state couples to the ms = 0 level of the excited state,
and likewise for ms = ±1 levels.

Besides the triplet states, there exist two low-lying singlet states, 1A1 and 1E. If the system is
initially in the ms = 0 level of the excited 3E state, it returns to the ground state via emission
of a photon with a lifetime of ∼13 ns. However, for the ms = ±1 states there is a comparable
probability for the so-called intersystem crossing (ISC), whereby the NV− center transitions into
the singlet 1A1 state. After that, there is a very fast (lifetime ∼1 ns, mostly nonradiative) transition
to the lower-lying 1E state. This is a relatively long-lived metastable state [lifetime of ∼150 ns
at room temperature (18)]. From here the system undergoes another ISC to the triplet 3A2 state,
predominantly coupling to the ms = 0 sublevel. After a few such cycles, the NV− center can
be initialized into the ms = 0 spin state, which can then be controlled using microwaves. The
electronic structure of the NV− center thus enables optical spin initialization. Conveniently, it also
allows for optical spin readout, as the luminescence intensity now depends on the spin state. The
above-described mechanism of spin initialization and readout has been understood after many
years of experimental research (9), with the upper ISC put on firm theoretical ground (19).

In contrast to the case for silicon, which has a well-developed technological platform, growth
and fabrication of diamond-based devices are much less developed. This difficulty has motivated
scientists to search for other wide-band-gap semiconductors that could potentially host NV−

analogs (8). SiC was a natural choice, and a few defects have been suggested as promising candidates
(20, 21). One prominent defect is the neutral divacancy (V C-VSi)0, for which a number of impressive
advances, including the detection of single centers with millisecond coherence times, have been
demonstrated (22). An additional advantage of SiC is that it is available in several polytypes,
including hexagonal (4H and 6H ) and cubic (3C), all of which have slightly different defect
properties (23). One major outstanding challenge in using deep defects in diamond and SiC as
spin qubits is how to efficiently couple distant spins, a topic of current research.
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Double Counting strongly influences excited states
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• Double counting corrections for HSE significantly 
affect excited state triplet (orbitally dependent)

Hartree double counting

HDC =
X

ij,�

c
†
i�cj�

X

kl

Pkl (Uiljk � ↵Uilkj)

<latexit sha1_base64="3iBV8NRV4mXRSwxpqlyXxx15eAI="></latexit>

HSE-like double counting



Carbon Dimer in hex. BN
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• neutral carbon-dimer (CnBN) in h-BN

arXiv:2105.08705

proposed to be origin of the 4.1 eV zero-
phonon line in experiments

• Simple many-body problem

Can be accurately modeled by two-site 
Hubbard model with known solution
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• Many-body states (simplified)

arXiv:2105.08705

b2

b2*

+/-

• Many-body states (from embedding @PBE)

Carbon Dimer in hex. BN 
simple many Body structure



Model system: 
Carbon Dimer in h-BN
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• Double counting corrections for zero-phonon line

HDC =
X

ij,�

c
†
i�cj�

X

kl

Pkl

✓
Uiljk � 1

2
Uilkj

◆

<latexit sha1_base64="UZJPBoEjrPcigVwsyfpvT8XQ76o="></latexit>

HDC =
X

ij,�

c
†
i�cj�

X

kl

Pkl (Uiljk � ↵Uilkj)

<latexit sha1_base64="3iBV8NRV4mXRSwxpqlyXxx15eAI="></latexit>

Hartree-Fock double counting

HSE-like double counting

• Double counting shifts ZPL over 1.5 eV

DC shifts single particle levels significantly



d-electron defects as a challenge
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• FeAl defect in AlN

arXiv:2105.08705

Multiplet structure of Fe as a 
challenge for the method

d-electrons within band gap

comparison to crystal field 
theory



d-electron defects as a challenge
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arXiv:2105.08705

• Many-body states labeled 
by irreps of point group

• Prediction: Mutliplet 
structure differ from Tanabe-
Sugano diagram prediction

Full-Coulomb tensor needed to 
reproduce our ordering

• Labeling of irreps
decomposition in orbital 
and spin 



d-electron defects as a challenge
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• Caveat: Extreme dependence on 
DFT functional and DFT ground state

arXiv:2105.08705

HSE calculations only give 
qualitatively correct ordering if initial 
state configuration is as in (b)

• Restricted HSE is not always 
the best starting point

HSE provides better description of 
bulk AlN, but not for the correlated 
subspace



Outlook
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• Methodology can describe localized defects with 
considerable accuracy and comparably low computational 
cost

• Double counting and dependence on DFT functional are the 
biggest challenges for predictive modeling

• Possibility to extend methodology for structural and 
dynamical properties due to low-cost


