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Studying matter under extreme conditions is relevant to
understand astrophysical and laboratory plasmas

Plasma parameters:

Coupling parameter Γ =
Ze2

4πε0 kBT

(
4π n

3

)1/3

Degeneracy parameter θ =
kBT

EF
, EF =

~2

2m
(3πn)2/3
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Probing the bulk properties of solid density plasmas
requires intense x-ray sources

Critical wavelength vs. electron density
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X-rays penetrate deep
into solid matter

         volumetric heating
possible, mitigate ne/T
gradients

         probe bulk properties of
dense matter, discard
surface effects

         Need accurate theory
for the interaction of
correlated matter with
x-rays
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The QED Lagrangian governs the particle and field
dynamics

L(x) =
∑
c

ψ̄c(x)
(
i~cγµ∂µ −mcc

2
)
ψc(x)−ε0c

2

4
Fµν(x)Fµν(x)

+
∑
c

Zcejµc(x)Aµ(x)

Free fermions, Dirac equation, particle current jµc = ψ̄c(x)γµψc(x)

Free gauge fields, Maxwell equations, fields Fµν = ∂µAν(x)−∂νAµ(x)

minimal particle-field coupling
⇒ emission/absorption, collisions, radiative damping
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The current-current correlation gives the linear response to
external fields (EM, pressure, particles)

4-current dynamical structure factor Sµν(k)

Sµν(k) =

∫
d4x ′ exp(ikλx

′λ)〈j†µ(x + x ′)jν(x)〉x k = (ω/c , ~k), x = (ct,~x)

Correlation functions are expressed via Green functions

〈j†µjν〉k =
1

π
ImGjj(k)

Green functions are systematically evaluated using MB Feynman
diagrams

Gjj(k) =
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Dyson-Schwinger Equations

Fermion propagator G = G(0) + G(0)
Σ G

Self-energy: Σ =
Γ0 Γ

QP shift+damping (lifetime)

Field propagator: W = V + V
Π

W

Polarization: Π =

G

G

Γ(0) Γ Dynamical screening

Vertex: = + K eff. coupling

Dyson, Phys. Rev. 75 (1949), Schwinger, PNAS 37 (1951)

Hedin, Phys. Rev. 139 (1965)
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The spectral function describes damped quasiparticles in a
dense medium

A(p, ω) = −2ImG (~p, ω + i0+)

A(~p, ω): probability for particle with
momentum ~p at energy ~ω.

Free particle:
AFP(~p, ω) = 2π δ(~ω − p2/2m)

Dense medium:
A(~p, ω) = −2Γ(~p,ω)

[~ω−Ep−∆(~p,ω)]2+[Γ(~p,ω)]2

Σ(~p, ω) = ∆(~p, ω) + iΓ(~p, ω)
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Example: GW0 spectral function

Spectral function for dilute
plasma (ne = 1022/cc,T = 1keV)
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Spectral function for dense
plasma (ne = 1026/cc,T = 1keV)
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The spectral function yields important observables

Equation of state

na(µa,T ) =

∞∫
−∞

dω

2π

∫
d3p

(2π)3
fa(ω)Aa(~p, ω)

Vorberger et al. PRE 69, 046407 (2004)

Band structure

Ep = ~2p2/2m + ReΣ(~p,Ep)

Optical properties

Πe(~k, ωµ)=
∑
zν ,~p

∞∫
−∞

dω

2π

dω′

2π
Γ0

Ae(~p + ~k)

ω − zν − ωµ
Ae(~p, ω′)
ω′ − zν

Γ(ωµ + zν , zν ;~p + ~k , ~p)

Fortmann et al., Contrib. Plasma Phys. 94 (2007)
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Applications to X-ray processes in WDM

Bremsstrahlung

σbrems(~k, ω) ∝ ImΠee(~k , ω)

Important energy loss/heating
process in dense plasmas

Spectrum typically ∝ e−~ω/kBT

⇒ Temperature diagnostic for
hot electrons

Direct measure of collisionality
in the plasma

Electron distribution function
can be calculated by
deconvolution of spectrum
from elementary cross-section

Inelastic x-ray scattering

σIXS(~k , ω) ∝ See
00(~k, ω)

Important ne,T ,Zf , ρ/ρ0

diagnostic

Sensitive to many-body
correlations (collisons, local
field effects)

Spectrum gives information
about free-free, bound-free,
and bound-bound correlations
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X-ray scattering is a versatile dense matter diagnostic tool

A diagnostic for complex systems

scattering from free and
bound electrons

sensitive to static and dynamic
correlations

e-e and e-i interaction

strongly non-ideal system

Key advantages of x-ray
scattering

undercritical for solids and
compressed matter

         deep penetration

         probe bulk properties

measures both dynamic and
static plasma properties

direct ne, Te measurement via
first principle relations (plasma
frequency, detailled balance)

high spatial and temporal
resolution thanks to modern
x-ray sources (backlighters,
fel’s)
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Scattering spectrum reflects the correlation of density
fluctuations
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XRTS resolves collective and single particle dynamics
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Dynamical Structure Factor S(k , ω)

Scattered power Ps per frequency interval dω per solid angle dΩ

Ps(~R, ω)dΩdω =
Pi r

2
0dΩ

2πA

∣∣∣∣~̂k f × (~̂k f × ~̂E 0i )

∣∣∣∣2 NS(~k, ω)dω

S(~k , ω) =
1

2πN

∫
dt eiωt〈ρe(~k , t)ρe(−~k , 0)〉

S : density-density correlation function ⇔ coherent superposition of
density fluctuations
S determined via

scattering experiments
theoretical calculations
computer simulations (MD, QMD, WPMD, ...)

r0 = e2/4πε0mec
2: classical electron radius

N: number of scattering centers; A: area of illuminated plasma∣∣∣∣~̂k f × (~̂k f × ~̂E0i )

∣∣∣∣2 : laser polarization
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Chihara formalism for the dynamical structure factor in dense plasmas

S(k, ω) = |fI (k) + q(k)|2 Sii(k, ω) + Zf S
0
ee(k, ω) + ZcScore(k, ω)

f (k) q(k) 2S (k, ) Z S0 (k, ) Z S̃ (k, ')S (k, ')d( , )
Probe

Energy

In
te

n
s

it
y

E0

Ion feature
[tightly bound/screening e-]

Ecompton

Electron feature
[free or delocalized e-]

Bound-free
[weakly bound]

Ebind

Schematic Scattering spectrum

f (k): ionic form factor, elastic
scattering from bound states

q(k): “screening cloud”: free
electrons following ions
adiabatically

Sii (k , ω): ion-ion structure factor

S0
ee(k , ω): Electron OCP

structure factor (e.g. plasmons)

Score(k , ω) ∝ 〈~p|ei~k·~r |nlm〉:
bound-free scattering

Chihara, J. Phys.: Cond. Mat. 12 (2000)

C. Fortmann (LLNL & UCLA) IPAM 2012 17 / 32



Extended Born-Mermin theory and local field effects

Electronic subsystem

e − e correlations important at
finite k

treat e correlations via LFC

→ χOCP
ee = χ

(0)
e

1−V (1−Gee)χ
(0)
e

Ionic subsystem

static structure factor Sii (k)

e.g. HNC, DFT-MD
Wünsch et al. PRE (2009)

Schwarz et al., HEDP (2010)

Coupling of e and i subsystems

e − i collision frequency

νBorn(ω) ∝ Zf

ω

∫ ∞
0

dq q6V 2
S (q)Sii(q)

[
χ(0)(q, ω)− χ(0)(q, 0)

]
Mermin ansatz with correlated electrons and e − i collision frequency

χxM(k, ω) =
−iz
ν(ω)

χOCP(k , z)χOCP(k, 0)

χOCP(k , z)− iω
ν(ω) χ

OCP(k , 0)
, z = ω + iν(ω)

Fortmann et al, PRE 81 (2010)
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Mermin response function is derived from Linear Response Theory

relevant statistical operator for multi-component plasma
Zubarev et al. Statistical Mechanics of Nonequilibrium Processes (1996)

ρrel = exp
{
− Φ(t)− βH + β

∑
c

µcNc + β
∑
c

δµc(k , ω)ncke
iωt + c .c .

}
Lagrange multipliers β, µ, δµc(k, ω) from self-consistency relations

Mermin response function
Mermin, PRB (1970) Röpke et al., Phys. Lett. A (1999)

χM
c (k , ω) =

iz

ν

χ
(0)
c (k, z)χ

(0)
c (k , 0)

χ
(0)
c (k , z)− iω

ν χ
(0)
c (k , 0)

, z = ω + iν(ω) .

χM conserves local density

ν(ω): dynamical collision frequency, describes e-i collisions
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Calculation of the collision frequency

Force-force correlation function

ν(ω) =
βΩ0

ε0ω2
pl

〈
J̇
z
0, J̇

z
0

〉
ω+iη

∝ G4

Approximations

Born ap-
proximation

e−

V sc
ee

Dynamical
screening

T-matrix
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Collision frequency in Born approximation

Redmer et al., IEEE Trans. Plasma Sci (2005)

Fortmann et al., Laser Particle Beams (2009)

νBorn(ω) ∝ Zf

ω

∫ ∞
0

dq q6V 2
S (q)Sii(q)

[
εRPA
e (q, ω)− εRPA

e (q, 0)
]

Be, Zf = 2, T = 13 eV
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23

 cm
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, θ=0.73
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24

 cm
-3

, θ=0.15

ne=3x10
22

 cm
-3

, θ=3.4

Collisions most important
near θ = kBT

EF
' 1

At high & low degeneracy
Landau damping dominates.

Inclusion of dynamical
screening and strong
collisions is straightforward.
Thiele et al., J. Phys. A (2006)
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Treatment of e-e correlations via local field corrections (LFC)

χxM(~k , ω) =
−iz
ν(ω)

χOCP(~k , z)χOCP(k , 0)

χOCP(~k , z)−
(

iω
ν(ω)

)
χOCP(~k , 0)

, z = ω + iν(ω)

χOCP(~k , ω) =
χ0
e(~k , ω)

1− Vee(k)(1− Gee(~k , ω))χ0
e(~k , ω)

The LFC is calculated using Padé interpolation
between low and high ω limits Wierling et al. CPP 2011
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1) XRTS in isochorically heated Be

Glenzer et al., PRL 98, 065002 (2007)
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Collisions are crucial to fit the scattering spectrum

Plasmon
scattering

Best fit
ne = 3 x 1023 cm-3

Te = 12 eV

with collisions

In
te

n
s
it

y

0

3
Ion feature

[elastic scattering]

Detailed

balance

Energy  (keV)

3.02.9

1

2

)a
�����	

���
�
��������	��

���

Glenzer et al., PRL 98 (2007)

BMA: Te = 12 eV (consistent w/ independent measurement)
RPA-fit: Te ' 30 eV.
First experimental evidence for the importance of collisions in X-ray
plasma scattering.
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Two component fully ionized plasma model

Fluctuation-dissipation theorem

See(~k , ω) = − ~
πne

Imχee(~k, ω)

Dyson equations for pair correlation function and screened potential

χcc ′(~k, ω) = χ0
c(~k , ω)δcc ′ +

∑
d=e,i

χ0
c(~k , ω)V sc

cd (~k , ω)χdc ′(~k, ω)

V sc
cc ′(

~k, ω) = Vcc ′(
~k) +

∑
d=e,i

Vcd(~k)χ0
d(~k , ω)V sc

dc ′(
~k, ω)

Vcc ′(
~k) =

qcqc ′

ε0k2
(fully ionized, replace by eff. potential in partially ionized plasma)

χ0
c(~k, ω) = =

1

Ω0

∑
~p

f c
~p+~k/2

− f c
~p−~k/2

E c
~p+~k/2

− E c
~p−~k/2

− ~ω
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RPA: Self-consistent mean field approximation

Terminate Dyson series after 1st iteration

χRPA
cc ′ (~k , ω) = χ0

c(~k , ω)δcc ′ + χ0
c(~k, ω)V sc

cc ′(
~k , ω)χ0

c ′(
~k, ω)

Solution to linearized Dyson equations

χRPA
ee (~k, ω) =

χ0
e − χ0

eViiχ
0
i

1− Veeχ0
e − Viiχ

0
i

χRPA
ei (~k , ω) =

2χ0
eVeiχ

0
i

1− Veeχ0
e − Viiχ

0
i

χRPA
ie (~k, ω) = χRPA

ei (~k , ω) χRPA
ii (~k , ω) =

χ0
i − χ0

i Veeχ
0
e

1− Veeχ0
e − Viiχ

0
i
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Calculation of the DSF

Apply fluctuation dissipation theorem

Imχee = Imχ0
ee + V 2

ei

{[(
Reχ0

ee

)2 −
(
Imχ0

ee

)2
]
Imχii+

+ 2Reχ0
ee Imχ0

ee Reχii

}
χ0
ee =

χ0
e

1− Veeχ0
e

Compare to “Chihara formula” (fully ionized case)
J. Chihara, J. Phys. Cond. Mat. (2000)

See(k, ω) = Zf S
0
ee(k, ω) + |q(k)|2 Sii (k, ω)

Identified high frequency component Zf S
0
ee and screening cloud q(k)

in TCP-RPA model

TCP-RPA contains additional dynamic terms
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TCP-RPA model largely agrees with Chihara formula

DSF calculations for fully ionized H, ne = 1022 cm−3,T = 1 eV
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Application 2: Angle and energy resolved XRTS on shock
compressed boron

5 and 8 keV photons are used to probe
shock-compressed B at various k

X‐ray probe beam 
(250 J, 10 ps) 

Boron 
target 

Go
ld 
sh
iel
d (
CH
 co
at
ed
) 

Drive beam 
(527 nm, 400 J, 10 ns) 

Probe foil 
(V, Cu) 

K‐α 

to van Hamos 
spectrometer 

Experiments performed at the
Titan Laser, LLNL

HELIOS simulations of the
drive-beam target interaction

Neumayer, Fortmann et al., PRL (2010)
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We completely characterize the plasma via XRTS

Plasmon position gives electron density
solid: w/ collisions, dashed: w/o coll.
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Plasmon dispersion and width reveal influence of
many-particle correlations

Plasmon dispersion data support
static LFC model
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Still unresolved discrepancies between experiment and theory.
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Plasmon dispersion and width reveal influence of
many-particle correlations

Plasmon dispersion data support
static LFC model
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Summary

Many-body field theory is applied to calculate radiation effects in
strongly coupled, non-ideal plasmas.

Dyson-Schwinger Equations are solved self-consistently yielding the
quasi-particle shift and damping

We developed a reliable Thomson scattering code as a basis for
XRTS plasma diagnostics

Collisional plasmon width and dispersion are succesfully described via
the externded Born-Mermin approximation.

First attempts to apply ab-initio methods for DSF calculations are
promising
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