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ELIMINATION OF UNNECESSARY SCALES

• THE FLUID FORMALISM PROVIDES A FAVORED REDUCED FRAMEWORK FOR

LOW-FREQUENCY, MACROSCOPIC PLASMA PHYSICS

• THE CONVENTIONAL, SHORT-MEAN-FREE-PATH FLUID CLOSURE DOES NOT

APPLY TO THE LOW-COLLISIONALITY REGIMES OF MAIN INTEREST IN SPACE

AND MAGNETIC FUSION PLASMAS
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• AT LOW-COLLISIONALITY, THE FLUID DESCRIPTION OF PARALLEL PHYSICS

CANNOT BE CLOSED. THE KINETIC INFORMATION FOR THE PARALLEL CLOSURE

INVOLVES ONLY THE GYROPHASE AVERAGE OF THE DISTRIBUTION FUNCTIONS

• A CONSISTENTLY CLOSED LOW-COLLISIONALITY THEORY CAN BE BASED ON

A HYBRID FLUID AND KINETIC SYSTEM, WITH DRIFT-KINETIC EQUATIONS FOR

THE GYRO-AVERAGED DISTRIBUTION FUNCTIONS TO GET PARALLEL CLOSURE.

SUCH A THEORY WILL BE PRESENTED HERE, EMPHASIZING:

RIGOROUS TREATMENT OF HIGH-ORDER FINITE LARMOR RADIUS EFFECTS

PRECISE CONSISTENCY BETWEEN FLUID AND DRIFT-KINETIC SIDES

EXACT CONSERVATION LAWS
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IN WHAT FOLLOWS, ASSUME SINGLE ION SPECIES OF UNIT CHARGE:

s ∈ {ι, e} , eι = −ee = e



LOW-FREQUENCY SYSTEM FOR QUASINEUTRAL PLASMAS (ω " ωp, L # λD)

∂B

∂t
= − ∇× E , ∇ · B = 0 , ∇× B = j

ne = nι = n , ue = uι −
j

en
,
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+ ∇ · (nus) = 0
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e2n(mι + me)
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∂t
+ v · ∂fs

∂x
+

es

ms
(E + v × B) · ∂fs

∂v
=

∑

s′
Css′[fs, fs′]

Ps = ms

∫
d3v (v − us)(v − us) fs , Fcoll

e = me

∫
d3v (v − ue) Ceι[fe, fι]



THE LOW-FREQUENCY QUASINEUTRAL SYSTEM, WITH FOKKER-PLANCK-LANDAU

OPERATORS FOR BINARY COULOMB COLLISIONS,

Css′[fs, fs′] = − c4e2
se

2
s′ ln Λss′

8πms

∂

∂v
·
∫

d3w U(v,w) ·



fs(v,x, t)

ms′

∂fs′(w,x, t)

∂w
− fs′(w,x, t)

ms

∂fs(v,x, t)

∂v





U(v,w) =
|v − w|2I − (v − w)(v − w)

|v − w|3 ,

CAN BE CONSIDERED THE ”STANDARD MODEL” AT THE ROOT OF A LARGE

PART OF THEORETICAL PLASMA RESEARCH



LOW-FREQUENCY, LARGE-SPATIAL-SCALE SYSTEM FOR MAGNETIZED PLASMAS

ASYMPTOTICS BASED ON THE EXPANSION PARAMETER δ ∼ ρι/L " 1

MASS AND TEMPERATURE RATIOS ORDERED AS me/mι ∼ δ2, Te/Tι ∼ 1

TWO DYNAMICAL ORDERINGS TO BE CONSIDERED:

1. COLLISIONLESS FAST DYNAMICS, FAR FROM MAXWELLIAN

νι = νe = 0, ω ∼ δΩcι, uι ∼ ue ∼ vthι

First-order accuracy in δ. Apt for space applications.

2. LOW-COLLISIONALITY SLOW DYNAMICS, NEAR MAXWELLIAN

νι ∼ δνe ∼ δ2Ωcι, ω ∼ δ2Ωcι, uι ∼ ue ∼ δvthι, fι − fMι ∼ δfMι, fe − fMe ∼ δ2fMe

Second-order accuracy in δ. Apt for application to confined magnetic fusion experiments.
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THE LOW-FREQUENCY, LARGE-SPATIAL-SCALE, MAGNETIZED PLASMA SYSTEM

CONSERVES EXACTLY PARTICLE NUMBER, MOMENTUM AND ENERGY:

∂n

∂t
+ ∇ · (nus) = 0

∂

∂t

(
nmιuι
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+ ∇ ·


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2
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3

2
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 = 0.



1. FLUID-KINETIC CLOSURE OF THE

LOW-FREQUENCY, LARGE-SPATIAL-SCALE, MAGNETIZED PLASMA SYSTEM

FOR COLLISIONLESS FAST DYNAMICS, FAR FROM MAXWELLIAN

νι = νe = 0, ω ∼ δΩcι, uι ∼ ue ∼ vthι

first-order accuracy in δ



THE NON-GYROTROPIC (PERPENDICULAR) CLOSURES ARE DERIVED ALGEBRAICALLY

AFTER δ-EXPANSION OF THE FLUID MOMENTS OF THE FULL KINETIC EQUATION:

PGV
ι,jk =

1

4
εjlmbl Kι,mn (δnk + 3bnbk) + (j ↔ k)

Kι,jk =
mι

eB



 pι⊥
∂uι,k

∂xj
+ 2(pι‖ − pι⊥) bjbl

uι,k

∂xl
+

∂(qιT‖bk)

∂xj
+ (2qιB‖ − 3qιT‖) bjκk


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qι⊥ =
b

eB
×

[
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


pι‖ + 4pι⊥

2n



 +
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n
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THE GYROTROPIC (PARALLEL) CLOSURES ARE THE FOLLOWING MOMENTS OF THE

GYROPHASE-AVERAGED DISTRIBUTION FUNCTIONS IN THE REFERENCE FRAMES

OF THE MEAN FLOWS, TO BE SOLVED FOR KINETICALLY:

ps‖ = 2πms

∫
dv′‖ dv′⊥v′⊥ v′2‖ f̄s , ps⊥ = πms

∫
dv′‖ dv′⊥v′⊥ v′2⊥ f̄s

qs‖ = πms

∫
dv′‖ dv′⊥v′⊥ v′‖ v′2 f̄s

qιB‖ = πmι

∫
dv′‖ dv′⊥v′⊥ v′3‖ f̄ι , qιT‖ = qι‖ − qιB‖

r̃s‖ = πm2
s

∫
dv′‖ dv′⊥v′⊥ v′2‖ v′2 (f̄s − f2Ms) , r̃s⊥ =

πm2
s

2

∫
dv′‖ dv′⊥v′⊥ v′2⊥ v′2 (f̄s − f2Ms)

where

v′ = v − us(x, t) = v′‖ b(x, t) + v′⊥ [cos α e1(x, t) + sin α e2(x, t)]

f̄s(v
′
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′
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dα fs(v
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′
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′
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

−msn

2




v′2‖
ps‖

+
v′2⊥
ps⊥











THE DRIFT-KINETIC EQUATIONS FOR THE GYROPHASE-AVERAGED DISTRIBUTION

FUNCTIONS IN THE REFERENCE FRAMES OF THE MEAN FLOWS, f̄s(v′‖, v
′
⊥,x, t), ARE:

dsf̄s

dt
≡ ∂f̄s

∂t
+ ẋs ·

∂f̄s

∂x
+ v̇′‖s

∂f̄s

∂v′‖
+ v̇′⊥s

∂f̄s

∂v′⊥
= 0



THE DRIFT-KINETIC EQUATIONS FOR THE GYROPHASE-AVERAGED DISTRIBUTION

FUNCTIONS IN THE REFERENCE FRAMES OF THE MEAN FLOWS, f̄s(v′‖, v
′
⊥,x, t), ARE:

dsf̄s

dt
≡ ∂f̄s

∂t
+ ẋs ·

∂f̄s

∂x
+ v̇′‖s

∂f̄s

∂v′‖
+ v̇′⊥s

∂f̄s

∂v′⊥
= 0

with the ion coefficient functions

ẋι = uι + v′‖b +
v′2⊥
2
∇×

( b

Ωcι

)
− b

Ωcι
×




∇ · Pι

mιn
− 2v′‖(b · ∇)uι −

(
v′2‖ − v′2⊥

2

)
κ





v̇′‖ι =
b · (∇ · Pι)

mιn
− v′‖b · [(b · ∇)uι] − v′2⊥

2
b · ∇ ln B +

v′2⊥
2
∇ ·




b

Ωcι
× [(∇× uι) × b + v′‖κ]



 +

+



b

Ωcι
× [(∇× uι) × b + v′‖κ]



 ·



∇ · Pι

mιn
− 2v′‖(b · ∇)uι − v′2‖ κ



 − v′2⊥
4Ωcι

M× : (∇uι)

v̇′⊥ι =
v′⊥
2

{
b · [(b · ∇)uι] −∇ · uι + v′‖b · ∇ ln B + ∇ ·




b

Ωcι
×




∇ · Pι

mιn
− 2v′‖(b · ∇)uι − v′2‖ κ







 +

+ 2



b

Ωcι
× [(∇× uι) × b]



 ·
[
(b · ∇)uι + v′‖κ

]
−

( b

Ωcι
× κ

)
·
[∇ · Pι

mιn
− 4v′‖(b · ∇)uι
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and the electron coefficient functions

ẋe = ue + v′‖b +
v′2⊥
2
∇×

( b
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)
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×




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men
−

(
v′2‖ − v′2⊥

2

)
κ




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− v′‖b · [(b · ∇)ue] − v′2⊥

2
b · ∇ ln B +

v′‖v
′2
⊥

2
∇ ·




b × κ

Ωce



 + v′‖
(b × κ) · (∇ · Pe)

menΩce

v̇′⊥e =
v′⊥
2





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


b
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×




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




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and the electron coefficient functions
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
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∇ ·


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THESE FULFILL THE PHASE-SPACE VOLUME CONSERVATION CONDITIONS

∂

∂x
· ẋs +

∂v̇′‖s
∂v′‖

+
1

v′⊥

∂(v′⊥v̇′⊥s)

∂v′⊥
= 0

so that

dsf̄s

dt
=

∂f̄s

∂t
+

∂

∂x
·
(
f̄sẋs

)
+

∂

∂v′‖

(
f̄sv̇

′
‖s
)

+
1

v′⊥

∂

∂v′⊥

(
v′⊥f̄sv̇

′
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)



THE FIRST THREE MOMENTS OF THE GYROPHASE-AVERAGED DISTRIBUTION

FUNCTIONS ARE:

2π
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⊥,x, t) = ps‖ + 2ps⊥ ≡ 3ps ≡ 3nTs



THE FIRST THREE MOMENTS OF THE GYROPHASE-AVERAGED DISTRIBUTION

FUNCTIONS ARE:

2π
∫

dv′‖ dv′⊥v′⊥ f̄s(v
′
‖, v

′
⊥,x, t) = n

2π
∫

dv′‖ dv′⊥v′⊥ v′‖ f̄s(v
′
‖, v

′
⊥,x, t) = 0

2πms

∫
dv′‖ dv′⊥v′⊥ v′2 f̄s(v

′
‖, v

′
⊥,x, t) = ps‖ + 2ps⊥ ≡ 3ps ≡ 3nTs

AND THE CORRESPONDING MOMENTS OF THE DRIFT-KINETIC EQUATIONS YIELD:

∂n

∂t
+ ∇ · (nus) = 0

0 = 0

3

2




∂ps

∂t
+ ∇ · (psus)



 + Ps : (∇us) + ∇ · qs = 0

CONSISTENT WITH THE FLUID PART OF THE SYSTEM



2. FLUID-KINETIC CLOSURE OF THE

LOW-FREQUENCY, LARGE-SPATIAL-SCALE, MAGNETIZED PLASMA SYSTEM

FOR LOW-COLLISIONALITY SLOW DYNAMICS, NEAR MAXWELLIAN

νι ∼ δνe ∼ δ2Ωcι, ω ∼ δ2Ωcι, uι ∼ ue ∼ δvthι, fι − fMι ∼ δfMι, fe − fMe ∼ δ2fMe

for consistency, b · ∇Tι ∼ δ Tι/L , b · ∇Te ∼ δ2 Te/L

second-order accuracy in δ



THE NON-GYROTROPIC (PERPENDICULAR) CLOSURES ARE:

PGV
ι,jk =

1

4
εjlmbl Kι,mn (δnk + 3bnbk) + (j ↔ k)

Kι,jk =
mι

eB



 nTι
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∂xj
+

∂(qιT‖bk)

∂xj
+ (2qιB‖ − 3qιT‖) bjκk +

∂

∂xj




nTι

eB
εklm bl

∂Tι

∂xm







 + (j ↔ k)

qι⊥ =
b

eB
×





5

2
nTι∇Tι +

5

6
Tι∇(pι‖ − pι⊥) + Tι(pι‖ − pι⊥)




1

3
∇ ln(nTι) −

5

2
κ


 + ∇r̂ι⊥ + (r̂ι‖ − r̂ι⊥)κ





qe⊥ = − 5nTe

2eB
b ×∇Te

Fcoll
e⊥ =

2νeme

3(2π)1/2e
j⊥ − νemen

(2π)1/2eB
b ×∇Te



THE GYROTROPIC (PARALLEL) CLOSURES ARE THE FOLLOWING MOMENTS OF THE

NON-MAXWELLIAN PARTS OF THE GYRO-AVERAGED DISTRIBUTION FUNCTIONS:

(ps‖ − ps⊥) = πms

∫
dv′‖ dv′⊥v′⊥ (2v′2‖ − v′2⊥) f̄Ns

qs‖ = πms

∫
dv′‖ dv′⊥v′⊥ v′‖ v′2 f̄Ns

qιB‖ = πmι

∫
dv′‖ dv′⊥v′⊥ v′3‖ f̄Nι , qιT‖ = qι‖ − qιB‖

r̂ι‖ = πm2
ι

∫
dv′‖ dv′⊥v′⊥ v′2‖ v′2 f̄Nι , r̂ι⊥ =

πm2
ι

2

∫
dv′‖ dv′⊥v′⊥ v′2⊥ v′2 f̄Nι

F coll
e‖ =

2νeme

3(2π)1/2e
j‖ − 2πνemev

3
the

∫
dv′‖ dv′⊥v′⊥

v′‖
v′3

f̄Ne ,

where

v′ = v − us(x, t) = v′‖ b(x, t) + v′⊥ [cos α e1(x, t) + sin α e2(x, t)]

f̄Ns(v
′
‖, v

′
⊥,x, t) = (2π)−1

∮
dα [fs(v

′
‖, v

′
⊥, α,x, t) − fMs(v

′,x, t)]

fMs(v
′,x, t) =

(ms

2π

)3/2 n

T 3/2
s

exp



−msv′2

2Ts







THE DRIFT-KINETIC EQUATIONS FOR THE NON-MAXWELLIAN PARTS OF THE

GYRO-AVERAGED DISTRIBUTION FUNCTIONS IN THE REFERENCE FRAMES OF

THE MEAN FLOWS, f̄Ns(v′‖, v
′
⊥,x, t), ARE:

dsf̄Ns

dt
≡ ∂f̄Ns

∂t
+ ẋs ·

∂f̄Ns

∂x
+ v̇′‖s

∂f̄Ns

∂v′‖
+ v̇′⊥s

∂f̄Ns

∂v′⊥
= Ds fMs + Qcoll

s



THE DRIFT-KINETIC EQUATIONS FOR THE NON-MAXWELLIAN PARTS OF THE

GYRO-AVERAGED DISTRIBUTION FUNCTIONS IN THE REFERENCE FRAMES OF

THE MEAN FLOWS, f̄Ns(v′‖, v
′
⊥,x, t), ARE:

dsf̄Ns

dt
≡ ∂f̄Ns

∂t
+ ẋs ·

∂f̄Ns

∂x
+ v̇′‖s

∂f̄Ns

∂v′‖
+ v̇′⊥s

∂f̄Ns

∂v′⊥
= Ds fMs + Qcoll

s

with the coefficient functions for the electron collisionless advection operator

ẋe = v′‖b

v̇′‖e =
Te

me
b · ∇ ln n − v′2⊥

2
b · ∇ ln B

v̇′⊥e =
v′⊥v′‖

2
b · ∇ ln B



and the coefficient functions for the ion collisionless advection operator

ẋι = v′‖b + uι − uDι +
v′2⊥
2
∇×




b

Ωcι



 +



v′2‖ − v′2⊥
2




b × κ

Ωcι

v̇′‖ι =
b · (∇ · PCGL

ι )

mιn
− v′2⊥

2
b · ∇ ln B − v′‖b · [(b · ∇)(uι − uDι)] +

v′‖v
′2
⊥

2
∇ ·




b × κ

Ωcι





v̇′⊥ι =
v′⊥
2




v
′
‖b · ∇ ln B + b · [(b · ∇)(uι − uDι)] − ∇ · (uι − uDι) − v′2‖ ∇ ·




b × κ

Ωcι










where

uDι =
b ×∇(nTι)

mιnΩcι
and PCGL

ι = nTιI + (pι‖ − pι⊥)(bb − I/3)



and the coefficient functions for the ion collisionless advection operator

ẋι = v′‖b + uι − uDι +
v′2⊥
2
∇×




b

Ωcι



 +



v′2‖ − v′2⊥
2




b × κ

Ωcι

v̇′‖ι =
b · (∇ · PCGL

ι )

mιn
− v′2⊥

2
b · ∇ ln B − v′‖b · [(b · ∇)(uι − uDι)] +

v′‖v
′2
⊥

2
∇ ·




b × κ

Ωcι





v̇′⊥ι =
v′⊥
2




v
′
‖b · ∇ ln B + b · [(b · ∇)(uι − uDι)] − ∇ · (uι − uDι) − v′2‖ ∇ ·




b × κ

Ωcι










where

uDι =
b ×∇(nTι)

mιnΩcι
and PCGL

ι = nTιI + (pι‖ − pι⊥)(bb − I/3)

THESE FULFILL THE PHASE-SPACE VOLUME CONSERVATION CONDITIONS

∂

∂x
· ẋs +

∂v̇′‖s
∂v′‖

+
1

v′⊥

∂(v′⊥v̇′⊥s)

∂v′⊥
= 0

so that

dsf̄Ns

dt
=

∂f̄Ns

∂t
+

∂

∂x
·
(
f̄Nsẋs

)
+

∂

∂v′‖

(
f̄Nsv̇

′
‖s
)

+
1

v′⊥

∂

∂v′⊥

(
v′⊥f̄Nsv̇

′
⊥s

)



The collision-independent driving terms, DsfMs, are lengthy but explicit functions,

given in Phys. Plasmas 17, 082502 (2010) and Phys. Plasmas 18, 102506 (2011)

In them, the fluid continuity and temperature equations were substituted for the

time derivatives of the Maxwellians





The first three moments of the collision-independent driving terms are:

∫
d3v′ De fMe = 0

me

∫
d3v′ v′‖ De fMe = b ·




2

3
∇(pe‖ − pe⊥) −

(
pe‖ − pe⊥

)
∇ ln B





me

2

∫
d3v′ v′2 De fMe = ∇ · (qe‖b)

∫
d3v′ Dι fMι = −∇ ·





b

mιΩcι
×




1

3
∇(pι‖ − pι⊥) − (pι‖ − pι⊥)κ










mι

∫
d3v′ v′‖ Dι fMι = b ·




2

3
∇(pι‖ − pι⊥) −

(
pι‖ − pι⊥

)
∇ ln B



 +

+ ∇ ·




b

Ωcι
×

[
∇qιT‖ + 2(qιB‖ − qιT‖)κ

]

 +



b × κ

Ωcι



 · ∇qιT‖

mι

2

∫
d3v′ v′2 Dι fMι = ∇ · (qι‖b) + ∇ ·





b

mιΩcι
×

[
∇r̂ι⊥ + (r̂ι‖ − r̂ι⊥)κ

]

 +

+ (pι‖ − pι⊥)



b ·
[
(b · ∇)(uι − uDι)

]
− 1

3
∇ · (uι − uDι)








The collisional driving terms, Qcoll
s are

Qcoll
ι = ( 2π)−1

∮
dα{Cιι[fNι, fMι] + Cιι[fMι, fNι]} ≡ Cι[f̄Nι]

and

Qcoll
e = (2π)−1

∮
dα{Cee[fNe, fMe] + Cee[fMe, fNe] + Ceι[fNe, fMι]} +

+ (2π)−1
∮

dα Ceι[fMe, fMι] −



v′‖
nTe

F coll
e‖ +

2νeme

3(2π)1/2mι




Tι

Te
− 1








mev′2

Te
− 3







 fMe ≡

≡ Ce[f̄Ne] + Icoll
e



The collisional driving terms, Qcoll
s are

Qcoll
ι = ( 2π)−1

∮
dα{Cιι[fNι, fMι] + Cιι[fMι, fNι]} ≡ Cι[f̄Nι]

and

Qcoll
e = (2π)−1

∮
dα{Cee[fNe, fMe] + Cee[fMe, fNe] + Ceι[fNe, fMι]} +

+ (2π)−1
∮

dα Ceι[fMe, fMι] −



v′‖
nTe

F coll
e‖ +

2νeme

3(2π)1/2mι




Tι

Te
− 1








mev′2

Te
− 3







 fMe ≡

≡ Ce[f̄Ne] + Icoll
e

These have particle, momentum and energy conservation properties:

∫
d3v′ (1, v′‖, v

′2) Qcoll
s = 0



FROM THE DEFINITION OF v′ AS RELATIVE TO THE MEAN FLOWS AND THE

CONDITION THAT THE FLUID DENSITY AND TEMPERATURES BE THOSE IN

THE MAXWELLIANS:

∫
d3v′ (1, v′‖, v

′2) f̄Ns = 0



FROM THE DEFINITION OF v′ AS RELATIVE TO THE MEAN FLOWS AND THE

CONDITION THAT THE FLUID DENSITY AND TEMPERATURES BE THOSE IN

THE MAXWELLIANS:

∫
d3v′ (1, v′‖, v

′2) f̄Ns = 0

THEN, USING THE EXPRESSIONS OF THE COLLISIONLESS ADVECTION OPERATORS,

IT IS VERIFIED THAT

∫
d3v′ (1, v′‖, v

′2)
dsf̄Ns

dt
≡

∫
d3v′ (1, v′‖, v

′2) (Ds fMs + Qcoll
s )

SO, CONSISTENT WITH THE CONDITIONS
∫
d3v′ (1, v′‖, v

′2) f̄Ns = 0 , THE (1, v′‖, v
′2)

MOMENTS OF THE DRIFT-KINETIC EQUATIONS ARE SATISFIED IDENTICALLY



SUMMARY

A RIGOROUS FINITE-LARMOR-RADIUS FLUID AND DRIFT-KINETIC THEORY HAS BEEN

DEVELOPED, SUITABLE TO DESCRIBE MACROSCOPIC DYNAMICS OF MAGNETIZED

PLASMAS IN COLLISIONLESS OR LOW-COLLISIONALITY REGIMES. IT FEATURES:

• LOW-FREQUENCY, QUASINEUTRAL EQUATIONS FOR THE ELECTROMAGNETIC FIELDS

• FLUID EQUATIONS FOR THE DENSITY, ION FLOW VELOCITY AND TEMPERATURES

• PARTICLE, MOMENTUM AND ENERGY CONSERVATION IN THE FLUID SYSTEM

• EXPLICIT EXPRESSIONS FOR THE NON-GYROTROPIC (PERPENDICULAR) CLOSURES

• GYROTROPIC (PARALLEL) CLOSURES AS MOMENTS OF THE GYROPHASE-AVERAGED

DISTRIBUTION FUNCTIONS



• DRIFT-KINETIC EQUATIONS FOR THE GYROPHASE-AVERAGED DISTRIBUTION

FUNCTIONS IN THE REFERENCE FRAMES OF THEIR MEAN FLOWS

• PHASE-SPACE VOLUME CONSERVATION BY THE DRIFT-KINETIC COLLISIONLESS

ADVECTION OPERATORS

• FOR FAR-FROM-MAXWELLIAN DISTRIBUTION FUNCTIONS, THE v′‖ MOMENTS OF

THE DRIFT-KINETIC EQUATIONS ARE IDENTITIES, AND THE 1 AND v′2 MOMENTS

REPRODUCE THE FLUID CONTINUITY AND TEMPERATURE EQUATIONS

• FOR NEAR-MAXWELLIAN DISTRIBUTION FUNCTIONS WITH THE FLUID

CONTINUITY AND TEMPERATURE EQUATIONS SUBSTITUTED FOR THE TIME

DERIVATIVES OF THE MAXWELLIANS, THE 1, v′‖ AND v′2 MOMENTS OF THE

DRIFT-KINETIC EQUATIONS ARE IDENTITIES




