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Competing interactions

Example: ferromagnetic materials

- short-range ordering of spins by exchange interactions

- long-range forces frustrate magnetic ordering

: m m low
L -

N N
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Magnetization patterns

ome examples:

iron whiskers

thick cobalt films

rom Hubert and Schafer: Magnetic domains
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Energetics of competing short-
range and long-range interactions

Energy functional:

S[U]:/( Vul|? + f(u) )da;+ // x)|Go(x,y)glu(y)] dx dy

- local part favors phase segregation

- long-range kernel favors spatial homogeneity

- volume fraction of one phase fixed




Energetics of competing short-
range and long-range interactions
(cont

Ginzburg-Landau framework:

] = /<—|Vu|2+W( )) da

+ —// u)Go(z,y)(u(y) — u)dx dy

0<e<1 isthe dimensionless interfacial thickness

of special physical interest is the large domain case
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Canonical model

Ginzburg-Landau energy + squared negative Sobolev norm:

Elu] = / (—Wu|2+W( )> da
/Td/IR{d \w—y\f)_wdmy

we HY(TY) T9=1[0,0¢ 0<a<d

here:

need “neutrality’” condition: _/ wdr =
Td’
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Canonical model (cont.)

Ginzburg-Landau energy + squared negative Sobolev norm:

Elu] = / (—|Vu|2+W( )) da

T B

physical cases: non-locality of Coulombic origin
X = |,d =3 - ceramic compounds, various polymer systems, etc.
X = |,d =2 - magnetic bubble materials, high-T. sueperconductors, etc.

X =“0",d =2 - ordering during surface deposition, etc.

X =“3",d =2 - ultra-thin ferromagnetic films
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Canonical model (cont.)

Alternative rescaling:

] = / ( Vul? + W (u )> da

d o

£>1

\fv = y\o‘

i), dx dy

= ¢ is the relative strength of long-range forces

need <1: if e>1, then the functional is convex

bifurcation at ¢ =¢. = O(1)

far from bifurcation =

e k1

Wednesday, February 29, 2012




Long-range Coulomb
repulsion

u - charge density on a torus in R* or R”

Go - Green’s function of the Laplace’s equation

charge neutrality condition: udr = 1

pd
g Tg

Ohta-Kawasaki model (diblock copolymers)
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Ohta-Kawasaki energy

diblock-copolymer melts wﬁw;‘%oggﬁom

2
Eo</<l\v¢,2_f_¢ + <b) .

// ) = 9) oy gy N )

!r—r’\

qualitative model for mesophases under strong segretation

LO ng- I”ange fO rces Qf (Leibler’80; Stillinger’83; Ohta, Kawasaki’86;
. . Choksi, Ren’03)
entropic origin
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Block copolymer morphologies
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mixing A and B segments) and N is the degree of polymenzation (number of monomers of all types per macromolecule). b:
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od PL ph.l'-v:, whach 15

f the equilibrium microdomain structures as f, 1s
increased for fixed ¥V, with tvpe A ancd B monomers confined to blue and red regions, respectively,

M.WV. Matsen, M. Schick, Phys. Rev. Lett. (1994)
A. K. Khandpur et al., Macromolecules (1995)
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Ohta-Kawasaki model

many local minimizers:

(Choksi, Peletier and Williams’09)
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Sharp interface energy

reduced energy J1V2W () du = 1.

Blu] = / |Vl dz + / d / (ule) ~ 1)~ y)(uly) — ) de dy

where v e BV (Q;{-1,1}) and (M'98; M02)
1

VW (1)

G is a screened Coulomb kernel, no neutrality constraint

~AG(z) + k°G(z) = 6(x) K=

Theorem: if <€ (-1,1) and d =2, then

min &

> ] 0 M’10
min E a» = ( )

ae(-1,1), ¢=0(), e<1 = non-trivial minimizers

the rest of the talk is in two space dimensions
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Non-trivial minimizers with high
compositional asymmetry

- pattern with sharp interface
- identical disk-shaped droplets

- energy reduces to pair
Interactions (M'10):

n—1 n &) ®
) ) J :
i=1 j=i+1 i = —0.5, ¢ = 0.025, W(u) = $(1 — u?)?

Q = [0,11.5) x [0, 10)

note the similarity with Abrikosov vortices

Is the minimizer a hexagonal lattice?
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Energy of interacting droplets

Gz) = % S Ko(slz —nl)),  Gla) = —% (&) + 0(z]),  |a| < 1

nez?

macroscopic limit: ¢ -0, /21

assume droplets are disks, then to leading order

N

Enx({{ri},{x;}) = Z(Qwam —2n(1 +@)x%r? — ri(Inkr; — i))
1=1
+ 472 Z Z G(z; — zj)rirs.
1=1 j=141
balancing termes: min Ex = O(e4/3|1ne|/3)

ri = 0(e/3|Ine|~3)  N=0(lne]) 1+a=0(E¥3lne|'/?)

the number of droplets diverges!
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What is the limit behavior
of the minimizers!?

can be analyzed via the Euler-Lagrange equation, etc. (M'10)

Theorem. Let W = (1 —u?)?, let u = —1 +%/3|Ine|*/36, with some 6 > 0
fized, and let k = % Then

(i) If § < 5V9K%, then e*/3|Ine| /3~ min€ — 3x26”,

(it) If § > 2V/9 k2, then e=4/3|Ine|~2/3¢2 min € — \F( —i ),

as € — 0.
natural approach via [ -convergence (an easier case is ¢ ~ /%)
difficulty: (Ren, Wer03)
e < ¥ ne| 3 « |lne| V2 < 1

(see also Alberti, Choksi and Otto’08; Spadaro’09;

: I
multlple scales. Ren and Wei’07; Choksi and Peletier’10 and 'l I)
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Setting for | -convergence

study via the sharp interface energy

Eflu| =

62(1 + uf)?
2

—I—Z{s]ﬁ@ﬂ—Qﬁ_Q(l—l—u \Qﬂ +22/+/+ r—y)dzdy,
Q

where Q" are connected components of Q" := {u = +1}

introduce

droplet area and perimeter (suitably rescaled):

A= 2B me3QF|,  P:=eY31nel30Q].

droplet density:

dp(x

1
)= e 23| Ine|” 1/?’ng+ (@)dz = e ne| V(1 + u) da
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Setting for | -convergence

The rescaled energy: i = —1 +%/3| Ine['/35.

€ 5262 € e e 1 € 20 € € €
Ef[u] = */3|Inel?/3 (2% + Ef[u ]) Eflu] := Tne] Z (Pi — ?AJ +2/T2 /T2 G(z — y)du (z)du(y).

n 1 € €
sequences of bounded energy E° have: Tne] > Af = /TQ dp
1 ¢
li E P < , 1 E A <
lI;lj(l)lp Tng| 2~ +00 1msu Hne\ +00,

since:

_ 28 g .y
Eflul > —— TQd +2_/1I‘2/T2 )dp® (x)dp” (y)

K
2
>—— (e
K2 Tzd K202 (/11«2 du) ’

compactness w.r.t. convergence of measures
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Sharp interface energy

a suitable notion of convergence is, therefore, in terms of weak
convergence of measures

Main result:

Theorem. (I'-convergence of E¢) Fiz 6 > 0, k > 0 and £ > 0, and let E°
and u. be as before. Then, as € — 0 we have that

_ _ . T 6202 20
e~43|ne|"2/3E° = E°u] := 279*(32/3_?) /T du+2/TQ /T G(z—y)du(z)du(y),
I4 V4 £

where € M(T7) N H~1(T%).

Corollary. For given 6 > 0, Kk > 0 and £ > 0, let (u®) € BV ({—1,+1}) be
minimazers of E¢. Then, as € — 0 we have

/fé{ (

when § < 6. or & > d., respectively, with 6. := %32/3/432. (M’10)

N~ O
%Y

_ SC)

62
in (C(T2))*, e *3|lne|~?/3¢~2 min E* — {%;f %5 — 5.
2,4/2 C)»
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Sharp interface energy

characterization of almost minimizers:

Theorem. Let (u®) € A be a sequence of almost minimizers of E* with pre-
scribed limit density p. For every v € (0,1) define the set IS := {i € N :

32/3777 < Af < 32/3777_1}. Then

, 1
lim
e—0 |In¢g]|

> (B - VanE) =0,

1 2
lim Z (Af —3237) =0,

&M)“DE’

i€I§

, 1
hr% [ In €]
E—r

igls

= most droplets are nearly circular of radius r = 31/3¢1/3|Ine|~1/3.
in the limit the charge separates into droplets equally
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Diffuse interface energy

sharp interface results cannot be applied directly:

/ du” s not fixed on the sharp interface level, but
Ty

1 -
/ du® = 5562 on the diffuse interface level
T

intimately related to screening:

1.0 -

ol | e

need to filter out the screening charges
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Diffuse interface energy

introduce:

us () = « ) dps := 2723 Ing| V3 (1 + u§(x))dw.

Main result:

Theorem. (I'-convergence of £°) Fiz 6 > 0 and £ > 0, and let W(u) =

3—92(1 —u?)?. Then, as € — 0 we have that

—4/3 —2/3¢0e I 10 0°(? 2/3 20
e Ineg|7PES = BV p] = o5+ (377 — du+2 G(z—y)du(x)du(y),
20 ") I 2 12

where p € M(T?) N HY(T?) and k = %.

Corollary (for almost minimizers):

0 02
<, - <. i (C(TD), e 3ne| "3 *mings — 2T
Ho {%(550) in (C(T7)) | Ine| min 5 (26— 5,),

when § < d, or § > ., respectively, with d, := %32/3/432 and k = 2.

w
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Key points of proofs

rescaled interfacial energy:
E = |lne| " (|0QF| —26s72QT|)

- 2\ln5\_2/ / G(e'?|Ine|~3(z — 7)) dz dy
Qt JO+

a priori estimates:

Q"] < C(Cl|lne
00| < Cllne
diam(2]) < C|In¢]
allows to expand the kernel insensitive to shape!
1 1 In|lne] 1

In(&|z — g[) + o('/?)

Q 1/31 —1/3/= = _ .
[ In € (&7 Ine] (& =9)) 6w  6m|lne| 27|Ine]
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Key points of proofs (cont.)

lower bound = isoperimetric inequality + expansion of the kernel
26 1 -
E°[uf] > I3 § | VATAs — | 5 A5 + —|A5)°
[ def—|_‘1n€‘ ( n (li2+5) z+3ﬂ_‘ z’)

+2 [[ Gy — @)

As = {00 it A5 < 823yt T \mgy (P VAT AT )
P (3%3ay1)U/2| 45|12 if A5 > 323y -_M 1
fz) == + —x
VT o 3w

optimization over droplet areas:

A 4 — | A5 — (25 +5) A° = A° (i Ll ® 5)

o 3rnt K2 JAE 3w K2
: 26
= A; (f(Ai)_?_(;)

20 1
> (32/3 -5 - 5) A7 + S A; £ (32/3m—1) (A — 3%2/37)2,

K

pass to the limit ¢ — 0,then p — 0,then 0 — 0.
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Key points of proofs (cont.)

upper bound: use construction for the magnetic GL vortices

(Sandier and Serfaty’00)
approximate: du(x) = g(x)dx, c<g<C

place N(¢) = : Hng‘u

= o7 (T?) + o(|Ine|) droplets of optimal radius

— 31/381/3‘ lng‘—l/S Satisfying d(e) := min |a; — a;| > N

’—1/2

into disjoint squares {K;} of side length [Ine|”/* < < 1.

1 |lne
NKz(g) — \‘32/3 ‘ |

C
M(Ki)J dist (@, 0K) 2~ N(e)i= 3 N

74
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Open problems
back to:

Eu] = / (—\vu|2+W( )) da
TN B

main difficulty for & > 0 is to minimize:

FElu] = V| dm—k/ / u@)uly) dx dy, u € BV(R%,{0,1}) : / u dr = m.
Rd R Jre [T —y|® Rd

isoperimetric problem with a competing non-local term

solutions exist and are balls for m <« 1
. . . (Knupfer and M’1 1)
solutions fail to exist for m > 1
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