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The Hénon approach: Fast The Hénon approach: Fast 
simulations of simulations of 
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The stage: collisional stellar clusters

Galactic nucleus

 Galaxy Massive Black Hole

Stellar cluster
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The physics of dense clusters
 “Collisional” = 2-body relaxation
E, J drift and diffusion due to graininess of potential
 Core collapse
 Mass segregation

 Collisional = Direct collisions between stars

 Binary interactions
 Heat source stopping collapse (Hard gets harder)
 Ejections

 Interactions with a central (I)MBH
 Tidal disruptions UV/X Flares
 Plunges through horizon
 Captures by emission of gravitational waves (LISA)

 Stellar evolution
fewbody simulation 
by J. Fregeau
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WANTED: Million-star cluster dynamics method
How to follow the evolution of systems containing 106 to 
108 stars over millions to billions of years, when collision-
al effects are important?

 Direct approach: N-body
 Newtonian gravity without approximation. “Just” solve Newton 

equations for N particles

 No spatial symmetry or dynamical equilibrium assumed
 Very time consuming 

 Continuum approaches: Fokker-Planck & Gas codes
 Follow evolution of DF or “fluid” of stars
 Very fast
 Very approximate (difficulties with mass spectrum, stellar 

evolution, collisions...)
 The best of both worlds? 

The Hénon Monte Carlo scheme...
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The Monte Carlo stellar dynamics method

 Follow evolution of orbits not evolution on orbits
 Uses 3 assumptions:

 Spherical symmetry
 Dynamical equilibrium
 Diffusive 2-body relaxation (Chandrasekhar; Fokker-Planck)

 Represents the cluster with particles
 1 particle = 1 spherical shell (given orbital and stellar prop.)
 1 particle = many stars (possibly) ⇒ No limit on N

*
 Local time steps

 Allows rich physics
 Cluster (+central object) self-gravity; V-anisotropy; Any M-spectrum
 2-body relaxation; Stellar collisions (use SPH data); Stellar evolution
 “Loss-cone processes”: Tidal disruptions; Plunges; GW-captures

 Fast

Hénon 71a,b, 73, 75; Stodołkiewicz 82, 85, 86; Giersz 98, 01
Joshi et al. 00, 01;  Fregeau et al. 03; Gürkan et al. 04; Freitag & Benz 01, 02
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How does the MC code work?
 Initialization

 Realization of cluster with N particles according to DF F(E)  
Ei, Ji, Ri

 Attribution of masses Mi  according to IMF 

 Main loop (modifies 2 or all particles per step)
1) Selection of pair of neighboring particles
2) Test for collisions: rand() < Pcoll; modify M1,2 & V1,2 if needed

3) Relaxation simulated by “Super-encounter” 

4) New orbital parameters E1,2 & J1,2 computed 
5) For each particle, new position Ri picked at random on (Ei,Ji)-orbit
      Cluster's potential updated

Go back to 1

And add many complications!...

Similarly: Test for binary interaction; Test for interaction with central BH
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Selection of particle position in MC code

Rosette orbits

Orbital density

in potential of other particles
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Testing the MC code...

Gravothermal collapse 
of single-mass Plummer model

Comparison with direct N-body 
(Baumgardt)
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Testing the MC code...

Gravothermal expansion and collapse 
of single-mass Dehnen models

Comparison with Quinlan 96 (FP code)
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Testing the MC code...

Core collapse driven by mass segregation (Plummer, Salpeter IMF 0.2-10 Msun)

Comparison with direct N-body (Baumgardt)

First binary formed 
in the N-body simulation
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Testing the MC code...

Core collapse driven by mass segregation (Plummer, Salpeter IMF 0.2-100 Msun)

Comparison with direct N-body (Baumgardt)...              Some issues! 

Full collapse in less than 200 dynamical times (N-body)!
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Application: Collisional runaway

Long initial collision time

Short initial collision time

Gürkan, Freitag & Rasio 2004; Freitag, Rasio & Baumgardt 2005; Freitag, Gürkan & Rasio 2005



Marc Freitag, Northwestern University
m-freitag@northwestern.edu

IPAM Workshop N-body Problems in Astrophysics, UCLA
April 18-22, 2005

13

Application: Dynamical role of binaries
Fregeau et al. 03

 Some particles represent 
binaries

 Binary interactions through 
“recipes” or explicit 3/4-body 
integrations

 Complication: evolution of 
binary stars...

 See also hybrid MC-Gas 
code by Giersz & Spurzem

Plummer model with 20% binaries at t=0
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Application: Simulation of SgrA*-type nucleus
Overall structure evolution

Segregation of stellar BHs to the center

Freitag 2003
Freitag & Kalogera, in progress
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Simulation of SgrA*-type nucleus
Formation of extreme-mass ratio binaries

GW sources for LISA

Rates Orbital parameters
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The future of MC cluster dynamics codes
 Non-spherical geometries

 Thin disks (Nyffenegger & Benz for planetesimal disks, in progress)
 Hybrid N-body – MC approach

 “Collisionless” N-body to compute orbits
 MC to introduce collisional effects in well controlled fashion

 Specialized implementations
 Dynamics of cusp stars around MBH

 Fixed potential 
 Individual time steps to resolve “loss-cone” processes (tidal in-

teractions, captures and orbit evolution by GW emission...)
 Better understanding of the algorithm? :-]

Implemented by Spitzer for spherical systems. 
Already suggested by Hénon for non-spherical case!
Similar to SCF+FP relaxation by Sigurdsson et al. 
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Back to the future...
From Hénon 1971, Ap&SS 13, 284:
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Hénon-type Monte Carlo on the web
 “MODEST” page

 Start at http://www.manybody.org/modest/
 Goto “Working Groups”, select “WG3; Stellar Dynamics”
 Look for “Monte Carlo” in “Methods”
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The End

Thank you.
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General motivations
 Massive black holes are present at the center of 

dense stellar clusters
 SMBH in galactic nuclei (certainly!)
 IMBH in smaller nuclei (maybe...)

 How do these (I)MBHs (or their seeds) form?
 Gaseous processes?
 Stellar dynamical processes?

 How do they grow?
 Gaseous processes?
 Stellar dynamical processes?

 How do they reveal themselves?
 Direct gas accretion
 Structure of cluster (velocity, photometric profiles; peculiar 

stars...) 
 Accretion of stellar gas

 Stellar winds, Stellar collisions, Tidal disruptions
 Emission of GWs by “captured” stars
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How fast is core collapse?
MC runs with various cluster structures

0.2-120 M⊙ Salpeter

Gürkan, Freitag & Rasio 2004

King models
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Runaway merger trees
Long initial 
collision time

Short initial 
collision time

Most mass from
60-120 M⊙ 
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Cluster structure  during runaway
Density of stars

Velocity dispersions

Energy 
equipartition

Mass
segregation


