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e Hermite integration At, = At /Qn_l

e Neighbour scheme F,=F;+cF;

e T'wo-body encounters u = lhu+ %RﬁT(u) o

e Compact subsystems ™ =tHQ,P)-E), N <10
e Hierarchical systems Aout (1 — €out) > V(m, €, 1) ain

e Stellar evolution m*, r*, L* as f(my, Z,t)

e Binary astrophysics agr x a” 1, r* > rpL

e Super-massive binary ~ GRAPE + TTL + GR

Seppo Mikkola KS, chain & TTL
Rosemary Mardling Circularization & stability

J. Hurley & C. Tout Stellar evolution

http://www.ast.cam.ac.uk/sverre  http://sverre.com



Hermite Integration

Taylor series for F and F(!)

1 1
F = Fy+F"t+ 5F((,2) 2 + EF((,?’) £3

1
FO = F" + FPt + §F§,3’ 2

Higher derivatives

6
F§) = (2Fo—F) + (F) +FV)e) 5

P = (-3(Fy-F) - 2F + FO)) 2

Corrector

Ar; = %%F((,”At‘ = 11_126F‘(’3) At

Av; = 6F§,2)At3 + é—iF((f") At*
Quantized time-steps

n-—1
s ()

Prediction

1
P = ((%F“) bt + 5F) bt + Vo) ] + 1o

J

;= (GFWGt, + F)ot; + vo; ot =t -

tj



Neighbour scheme

Total force

Prediction scheme

Time-scales

Individual time-steps

Neighbour sphere

Neighbour selection

Derivative corrections

Performance

Integration scheme

F(t) = F, + Fy(t — to) + Fy(to)
F = Fn + Fd

At, << Atg, n<< N

1/2
At; = (mﬂ) . n~0.02

g
R =R ()", mp
lr, —r;| < R;, Full N loop
sz, FZ(?), Explicit differentiation

Break-even for N ~ 50

Divided differences or Hermite
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Two-body motion R = —(my, +m)R/R® + (F; — F)

Time transformation dt = Rdr
d 1 d
dt  Rdr
d? 1 & Rd
de? R2dr2  R3dr

Motion in 1D 2" = 2"?/z — (m; + my)
Binding energy h = 12% — (my +my)/z
Substitution & =z'/x

Displaced harmonic oscillator z" = 2hz + (my + my)

Coordinate transformation u? =z; 2z’ =2uv'

Final equation of motion " = %hu



Hermite KS formulation

Equations of motion

1 1
F, = ;hu+ SRQ, Q=,"P
1
F, = S(hu+ '+ RQ+RQ)
= 2d-Q
B' = 2F,-Q+2u - Q
t = u-u

Low-order prediction r;, r; for perturbers and c.m.

Taylor series prediction u,u’ to order Fq(f)

KS transformation ry =rey + uR/myg, ;= rey — pR/my
Physical perturbation P, P; P’ = RP

Taylor series corrector u,u’ to order F®)

Physical time interval At = ¥}_; %t(()k) Ar®
tg = 2u'-u

t = oF,-u+2u -u

(k)

Inversion to regularized time &7 = $3_; %7‘0 otk

o = —ty R



Practical Aspects of KS

Regular equations

Constant time-step

Linearized equations

Faster force calculation

Unperturbed motion

Slow-down procedure

Energy rectification

C.m. approximation

Transformations

Two-body elements

Perturbed harmonic oscillator, v <1

1/2
AT =17 - / vs At x R3/?
2|h]

Higher accuracy per step

Tidal perturbation, P oc1/r3

v <1078, At >tk

Adiabatic invariance, P = kP
Improve u, u’ from integration of A’

d>100a(l+e)

R = Lu, r; =Ten + pR/m;
R =2Lu/R, i;=tum+pR/m;

a,J,e for averaging & circularization



N-body interface

Centre of mass acceleration

Fom = (mpFr + mF) /(mi + my)

Global coordinates

ry = Ten+ pR/my

Iy = Ten — pR/ny

Relative perturbation

¥ = |Fk — F5|R2/(mk =+ ml)

Tidal approximation

]1/3

ry = R2m/(mg + M) Ymin] 7, Yonin = 107°

Perturber selection

Vi € Py R=a(l+e)

Regularized time-step

AT = n,(1/2|h))?1/(1 + 10007)*/3

Physical time-step

n 1
A = Y —t(()k)ATk, n==6
k=1 k!

Time derivatives
ty = 2u'-u
t(()?’) = 2u”-u+2u -u

Unperturbed motion



KS Decision-Making

Close encounter

Time-step criterion
Neighbour list search

Two-body selection

Dominant motion

KS initialization

Initialization of c¢.m.

Perturber search

Slow-down adjustment
Termination test
Delayed termination

Final iteration

Polynomial initialization

4 R3 1/2
Rcl n )

L _ =8| - Zl
=T N01/37 Atcl ﬁ(’ﬁ’b
At < Aty

list all 75, At; < 2Aty

Ry < Ry, By <0

my + my mg + m;

— >
Rj, Ry;
Fy, Fl;, At &t = At

mgTr + myIy

r =
o mg + my
2 1/3
e < ( T ) a(l+e)
MbYmin

¥ < 19, AT = kAL
R >Ry, v>7"
Tolock — t > Al;

AT from 7, 7, ... and ot

F;, F;, At;, =k,



Three-Body Regularization

Initial conditions ri, Piy, P3s = —(p1+ P2)

. . m m
Basic Hamiltonian Lig = k7723
myg + ms
=1 1 mims Moms Mim
B 2:“’]63 . ms Rl RQ R

KS coordinate transformation Q2 = Ry, (k=1,2)

Time transformation dt = RiRydr
Regularized Hamiltonian I = RiRy (H — Ey)
s 1 1
=% —RP + —PJA;- AP
;8%3 l k+16m3 141 - Ak
mimeR1 R
— mimsRy — mamgR) — Iflh . 11{2|2 — EoRi Ry
Equations of motion
dQ; _ o dPy _ o
dr B aPk’ dr N an

Regular solutions: R; — 0 or Ry — 0

Singular term < regular terms: |R; — Ra| > max (R;, R»)



Three-Body Transformations

Coordinates & momenta A =qr — 43, Pr = Pk

Regularized coordinates (g; > 0)

Q1 = [3(|a] +g)]?

Q2 = ig2/Q1
Q3 = ig3/Q1
Qs =0
Regularized momenta P, = A;p:
Basic matrix
Q1 Q2 Q3 Qq
A—g| @ @ Qi Qs
Q3 —Q4s Q1 Q2
@ -Qs @ Q|
KS transformations qr = %A;;F Qx
Physical momenta pPr = %{A;;r P/ Ry
Coordinates & momenta
2
qs = —kaQk/M
k=1
qQr = Q3+ q
Pr = Dk

Ps = —(p1+p2) (kE=1,2)



Wheel-Spoke Regularization

Initial conditions mi, Q;, Pi, ¢=0,...,N, n <N

N N
Generating function W(q;, p;) = Z P;-q; + (Z f)z') o

i=1 i=
N o | N N oo
Hamiltonian H= E = — E p;r - Ppj —my E Ez
e o Bl Jrw i=1
N
%+
i<j Y
N
Canonical variables W(p;, Qi) = E p; - £i(Q))
| i=1
Regularized momenta, P,=Ap;, (i=1,...,n)
S L A .
soordinates and momenta 94G=9%— 9, Pi=Di
[nverse transformations q; = %A;-FQZ-, P = %A;FPZ- /R;

Local coordinates & momenta

Q= - mag/y m
i=1 i=0

QG = Qo+ Q
Pi = Di, (i=1,...,n)

n

pPo = ‘“ZP@

=1



Wheel-Spoke Implementation

Select members
Initialize in local c¢.m.
Chain indices & vectors
Define useful quantities

Softening of singularities

Form perturber list

Check time-step

B-S integration step

Physical variables

Addition of member

Termination test

sontinue N-body integration

Atem < Atg, R =a(l+e)
> myr;, =0, Y mr; =0
Q, P, Ny =8(N-1)
Ty Bosans LT

€ = fRgay, = E = const

2m e
d < R av
(Mch’YO) i

Ar=[Ldt, L=T-9

1 1 A, Py
= — A = _
Ry - £k Qr, Dk 1 Q

v > 0.05, r, <Y R
R?>2M/R, R> Ry

I > tmax = Tokk



Chain Regularization




Chain Regularization

Chain vectors Ry=ri1—11;, k=1,...,.N—-1
Physical momenta Py =mivy, k=1,..,.N

Relative momenta W.=W;_1—ps;, k=2,....N=2

Hamiltonian
N-11 /1
H= 3 - ( ) Z Wk1 Wi —
=1 2 \my k=2 My
Ngl MEMg41 % m;m;

Ry, 1<i<j-2  Rij

Equations of motion

dQx _ or- dPj, _ or-

dr oP;’ dr 0Qy
KS relations Ry =L, Qr, Wi=LyP/2Q2
Time transformation dt =gdr; g=1/L
Regularized Hamiltonian ™ =g(H—-FE)

Regular solutions Ry — 0; k=1,...,N—1



Time-transformed leapfrog

Standard leapfrog By = By + —gv()
vi=vo+h F(r%)
h
ry = I‘% ¥ "2“V1
t1=ty+h
Time transformation ds=Q(r)dt; W =Q
Equations of motion r'=v/W, t'=1/W, v =F/Q
= . . ol K
Auxiliary function W=v or’ W' = o
h v
New leapfrog ry =ro+ —Q—W%
t1 =ty + .
T I W,
b F(r%)
Vi = Vo + Q(I‘%)

B Vo + Vi aQ(r%)
= QQ(r%) ar%

Fi =7 +hv1
L= " ow,

ho1l
ti=1t1 + -

b 9 TA/.



TTL treatment

Auxiliary function

Gradient

Equations of motion

External forces

Velocity jump

Midpoint rule

Energy equation

Conservation

GR

Q:ZZ—], Qz-jzmimj or 1

i<j Tij
g_i e = j;k Q]krjr';;krk
r, = YW]E’ t = %
V;cz%, W' = é%vk(}k
v EI
o Vo + h(]i;;— f(v,))
Vg = b ; Vl, 2 1terations

f
B (Ve) = X myvy, - kg(zv)
k
Etot = Eext + Einta AEint = h E/

F=F0+C_2F2+C~4F4+C_5F5

nt

(Va)



T'T'L implementation

Coordinate system

Perturbing force

Particle force

Energy check

Membership change

Updating

CPU cost

GR terms

Accuracy

Early stages

Switch to TTL

Final stages

chain vectors or binary c.m.

th Npert ma.ilr: —r;
Pi:Fz‘_ J( J l)

> @y Y
Mcm i=1 j=1 7“%

GRAPE & AF, AF
AE'bh e Eint 53 EGR 53 Epert = Ecalc
d <25aph, Fioy = Fext + Fing

AEcoy = ATy + A — ATy

N
Tcomp = %(A + BNpert)

Qph

F not needed, cf. @, é with KS
exact two-body motion
KS and chain regularization

aph ~ Ruose, BS integrator

host is bottleneck with GR
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Hierarchical Systems

Hierarchical formation
Dynamical molecules
Formation rate
Stability

Chaos boundary
Inclination effect

Kozai cycles
Eccentricity modulation
Instability

Superfast particles

B+B=T+SorB+B, ey <1
B.S], [B,B], [[B,5],S], [[B,B].S]
binary fraction
aout(1 — €out) > W(m, €in, %) Gin
fuzzy region & holes

prograde vs retrograde stability

2
in

cos? i (1 —e) = const
orbit averaging
éout > 0 = slingshot

time-step reduction



Hierarchical Stability

Chaos theory: ' binary tides problem
Correspondence: inner binary acts as oscillator

Stability criterion: planar prograde motion

a,,.,t(l - e,,,,t) > R:ut

(1+ e,mt) .
(1 - eout)l/2 >

2/5

Rt = c[(1+qo.,t)

No secular effects and neglect of short-term fluctuations
Temporary merger of inner binary: KS of outer component

Heuristic inclination effect

Rt = (- 35)

Higher-order systems: [B-B] & [[B-B]-B]
C = C(1+0.1ax/ay)

Zare (1976) exchange criterion
G’ f(p)gtlp)

_2(m1 + mq + m3)

(C2 E)crit -

Boundary of exchange versus escape: Gous 2~ 5
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Stellar HR types

Fast look-up (Pop I & II)
Wind mass loss

Single stars

Updating times
Stellar rotation

White dwarfs
Supernova outburst
NS velocity kick
Binary mass loss
Synthetic HR diagram

Energy conservation

K*=0,.,,15

r*(t), me(t), L*(t), K*(t)
m = —2x10"8r*L*/m
Am/m >2%, new r*
T = t 4+ min(Atyy, Atye)
Adpin = 28mr700/3
cooling curves

Me > Mchandra = SN

V >> Uy ~ 2km/s

ma = const

binaries and single stars

AE = Am(50° + )



log(R/Rg)

M = 2.50
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Binary Processes

Tidal circularization
Roche-lobe mass transfer
Common envelope evolution
Magnetic braking
Gravitational radiation
Spin-orbit coupling
Stellar collisions

Blue stragglers
Cataclysmic variables
X-ray objects

Doubly degenerates

Type Ia supernova,

a(l —e*)=const = a <0
r* > rpL, Amg = —fAmy

me, > 0, MS + giant

amp o< a2
acr x a3

Jiot = Jorb + Jspin

a(l —e) < 0.75(rf + r3)
mass transfer or MS collisions
WD + giant

WD + MS, NS + MS

WD + WD, P ~ 10 mins

WD - WD collision or inspiral
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Direct N-Body Codes

NBODY1

NBODY?2

NBODY3

NBODY4

NBODY5

NBODY®6

NBODY7

MREG: Three-body, four-body & chain regularization

ITS

ACS

ACS

HITS

ACS

HACS

HACS

KS & MREG

KS & MREG

KS & MREG

KS & MREG

KS & BH

3 — 100

50 — 10*

3 — 100

10 — 10°

50 — 104

50 — 10*

50 — 10*

htff \ /f Svevre. COM
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