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Optimal supply networks

What’s the best way to distribute stuff?

I Stuff = medical services, energy, nutrients, people, ...
I Some fundamental network problems:

1. Distribute stuff from single source to many sinks
2. Collect stuff coming from many sources at a single

sink
3. Distribute stuff from many sources to many sinks
4. Redistribute stuff between many nodes

I Focus on single source/sink problems.
I Q: How do optimal solutions scale with system size?
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Animal power

Fundamental biological and ecological constraint:

P = c M α

P = basal metabolic rate

M = organismal body mass
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P = c M α

Prefactor c depends on body plan and body temperature:
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P = c M α

Prefactor c depends on body plan and body temperature:

Birds 39–41 ◦C
Eutherian Mammals 36–38 ◦C

Marsupials 34–36 ◦C
Monotremes 30–31 ◦C
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What one might expect:

α = 2/3

because . . .

I Dimensional analysis suggests
an energy balance surface law:

P ∝ S ∝ V 2/3 ∝ M 2/3

I Lognormal fluctuations:
Gaussian fluctuations in log P around log cMα.

I Stefan-Boltzmann relation for radiated energy:

dE
dt

= σεST 4
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The prevailing belief of the church of
quarterology

α = 3/4

P ∝ M 3/4

Huh?
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Related putative scalings:

I number of capillaries ∝ M 3/4

I time to reproductive maturity ∝ M 1/4

I heart rate ∝ M −1/4

I cross-sectional area of aorta ∝ M 3/4

I population density ∝ M −3/4
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History

1840’s: Sarrus and Rameaux first suggested α = 2/3.
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History

1883: Rubner found α ' 2/3.
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History

1930’s: Brody, Benedict study mammals.
Found α ' 0.73 (standard).
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History

1932: Kleiber analyzed 13 mammals.
Found α = 0.76 and suggested α = 3/4.
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History

1950/1960: Hemmingsen
Extension to unicellular organisms.
α = 3/4 assumed true.



Optimal Supply
Networks

History: Metabolism

History: River networks

Earlier theories

Geometric argument

Blood networks

River networks

Conclusion

References

Frame 15/53

History

1964: Troon, Scotland:
3rd symposium on energy metabolism.
α = 3/4 made official . . .

. . . 29 to zip.
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Today

3/4 is held by many to be the one true exponent.

In the Beat of a Heart: Life, Energy, and
the Unity of Nature—by John Whitfield

But—much controversy...
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Some data on metabolic rates
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I Heusner’s
data (1991) [5]

I 391 Mammals
I blue line: 2/3
I red line: 3/4.
I (B = P)
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Basic basin quantities: a, l , L‖, L⊥:

a
L?0

L? Lk = L
a0 ll0Lk0 I a = drainage

basin area
I ` = length of

longest (main)
stream

I L = L‖ =
longitudinal length
of basin
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River networks

I 1957: J. T. Hack [4]

“Studies of Longitudinal Stream Profiles in Virginia
and Maryland”

` ∼ a h

h ∼ 0.6

I Anomalous scaling: we would expect h = 1/2...
I Subsequent studies: 0.5 . h . 0.6
I Another quest to find universality/god...
I A catch: studies done on small scales.
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Large-scale networks

(1992) Montgomery and Dietrich [7]:

Fig. 1. Without a scale bar it
is almost impossible to de-
termine even the approxi-
mate scale of a topographic
map. The upper two maps
show adjacent drainage ba-
sins in the Oregon Coast
Range and illustrate the ef-
fect of depicting an area of
similar topography at diffier-
ent scales. The map on the
right covers an area four
times as large as, and has
twice the contour interval
of, the map on the left. The
lower two maps depict very
different landscapes, and de-
tailed mapping was done to
resolve the finest scale val- - --
leys, which determine the -
extent, or scale, of landscape
dissection. The map on the
left shows a portion of a/
small badlands area at Perth
Amboy, New Jersey (28)
(scale bar represents 2 m;
contour interval is 0.3 in).
The map on the right shows
a portion of the San Gabriel
Mountains of southern Cal-
ifornia (20) (scale bar repre-
sents 100 m; contour inter-
val is 15 in). Dashed fines on
both lower maps represent
the limit of original map-
ping. The drainage basin outlet on each map is oriented toward the bottom of the page. All four maps
suggest a limit to landscape dissection, defined by the size of the hilislopes, separating valleys. This
apparent limit, however, only corresponds to the extent of valley dissection definable in the field for the
case of the lower two maps.

We collected data from small drainage
basins in a variety of geologic settings that
represent a range in climate and vegetation
(4, 5). We measured the drainage area (A),
basin length (L), and local slope (S) for
locations in convergent topography along
low-order channel networks, at channel
heads, and along unchanneled valleys in
drainage basins where we had mapped the
channel networks in the field (4, 5). Drain-
age area was defined as the area upslope of
the measurement location, basin length was
defined as the length along the main valley
axis to the drainage divide, and local slope
was measured in the field. The structural
relation ofdrainage area to basin length (10)
for our composite data set is

L = 1.78 A49 (1)

E

5
c
U

Drainage area (m2)

where L and A are expressed in meters. This
relation is well approximated by the simple,
isometric relation

L (3 A)05 (2)
Inclusion of reported drainage area and
mainstream length data from larger net-
works (11-15) provides a composite data
set that also is reasonably fit (5) by this
relation. The data span a range of more
than 11 orders of magnitude in basin area,
from unchanneled hillside depressions to
the world's largest rivers (Fig. 2). This
relation suggests that there is a basic geo-
metric similarity between drainage basins
and the smaller basins contained within
them that holds down to the finest scale to
which the landscape is dissected (Fig. 3).
In the field this scale is easily recognized as

Fig. 2. Basin length versus drainage
area for unchanneled valleys, source
areas, and low-order channels mapped
in this study (0) and mainstream
length versus drainage area data report-
ed for large channel networks (0).
Sources of mainstream length data are
given in (5).

Fig. 3. The coherence of the data in Fig. 2 across
11 orders of magnitude indicates a geometric
similarity between small drainage basins and the
larger drainage basins that contain them. Al-
though the variance about the trend in Fig. 2
indicates a range in individual basin shapes, this
general relation apparently characterizes the land-
scape down to the finest scale of convergent
topography.

that ofthe topographically divergent ridges
that separate these fine-scale valleys.
Equation 1 differs, however, from the

relation between the mainstream length
and drainage area first reported by Hack
(11), in which basin area increases as L`.
Many subsequent workers interpreted sim-
ilar relations as indicating that drainage
network planform geometry changes with
increasing scale. Relations between main-
stream length and drainage area also have
been used to infer the fractal dimension of
individual channels and channel networks
(1, 16). Mueller (15), however, reported
that the exponent in the relation of main-
stream length to drainage area is not con-
stant, but decreases from 0.6 to -0.5 with
increasing network size, and Hack (11)
noted that the exponent in this relation
varies for individual drainage networks.
We cannot compare our data more quanti-
tatively with those reported by others be-
cause the mainstream length will diverge
from the basin length in proportion to the
area upslope of the stream head. We sus-
pect that the difference in the relations
derived from our data and those reported
previously reflects variation in the head-
ward extent ofthe stream network depicted
on maps of varying scale (17) as well as
downstream variations in both channel sin-
uosity (14) and drainage density (18). The
general scale independence indicated in
Fig. 2 suggests that landscape dissection
results in an integrated network of valleys
that capture geometrically similar drainage
basins at scales ranging from the largest
rivers to the finest scale valleys. Within this
scale range there appears to be little inher-
ent to the channel network and to the
corresponding shape ofthe drainage area it
captures that provides reference to an ab-
solute scale.

Nonetheless, field studies in semiarid to
humid regions demonstrate that there is a
finite extent to the branching channel net-
work (4, 5, 19-22). Channels do not occupy
the entire landscape; rather, they typically
begin at the foot of an unchanneled valley,
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I Composite data set: includes everything from
unchanneled valleys up to world’s largest rivers.

I Estimated fit:
L ' 1.78a 0.49

I Mixture of basin and main stream lengths.
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World’s largest rivers only:
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I Data from Leopold (1994) [6, 2]

I Estimate of Hack exponent: h = 0.50± 0.06
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Earlier theories

Building on the surface area idea...

I Blum (1977) speculates on four-dimensional biology:

P ∝ M (d−1)/d

I d = 3 gives α = 2/3
I d = 4 gives α = 3/4
I So we need another dimension...
I Obviously, a bit silly.
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Earlier theories

Building on the surface area idea:

I McMahon (70’s, 80’s): Elastic Similarity
I Idea is that organismal shapes scale allometrically

with 1/4 powers (like nails and trees...)

I Appears to be true for ungulate legs.
I Metabolism and shape never properly connected.
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Nutrient delivering networks:
I 1960’s: Rashevsky considers blood networks and

finds a 2/3 scaling.

I 1997: West et al. [11] use a network story to find 3/4
scaling.
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Nutrient delivering networks:
I 1960’s: Rashevsky considers blood networks and

finds a 2/3 scaling.
I 1997: West et al. [11] use a network story to find 3/4

scaling.
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Nutrient delivering networks:

West et al.’s assumptions:

I hierarchical network
I capillaries (delivery units) invariant
I network impedance is minimized via evolution

Claims:
I P ∝ M 3/4

I networks are fractal
I quarter powers everywhere
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Impedance measures:

Poiseuille flow (outer branches):

Z =
8µ

π

N∑
k=0

`k

r4
k Nk

Pulsatile flow (main branches):

Z ∝
N∑

k=0

h1/2
k

r5/2
k Nk
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Not so fast . . .

Actually, model shows:

I P ∝ M 3/4 does not follow for pulsatile flow
I networks are not necessarily fractal.

Do find:

I Murray’s cube law (1927) for outer branches:

r3
0 = r3

1 + r3
2

I Impedance is distributed evenly.
I Can still assume networks are fractal.
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Connecting network structure to α

1. Ratios of network parameters:

Rn =
nk+1

nk
, R` =

`k+1

`k
, Rr =

rk+1

rk

2. Number of capillaries ∝ P ∝ Mα.

⇒ α = − ln Rn

ln R2
r R`

(also problematic due to prefactor issues)

Soldiering on, assert:

I area-preservingness: Rr = R−1/2
n

I space-fillingness: R` = R−1/3
n

I

⇒ α = 3/4
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Data from real networks

Network Rn R−1
r R−1

` − ln Rr
ln Rn

− ln R`

ln Rn
α

West et al. – – – 1/2 1/3 3/4

rat (PAT) 2.76 1.58 1.60 0.45 0.46 0.73

cat (PAT) 3.67 1.71 1.78 0.41 0.44 0.79
(Turcotte et al. [10])

dog (PAT) 3.69 1.67 1.52 0.39 0.32 0.90

pig (LCX) 3.57 1.89 2.20 0.50 0.62 0.62
pig (RCA) 3.50 1.81 2.12 0.47 0.60 0.65
pig (LAD) 3.51 1.84 2.02 0.49 0.56 0.65

human (PAT) 3.03 1.60 1.49 0.42 0.36 0.83
human (PAT) 3.36 1.56 1.49 0.37 0.33 0.94
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Simple supply networks

I Banavar et al.,
Nature,
(1999) [1]

I Flow rate
argument

I Ignore
impedance

I Very general
attempt to find
most efficient
transportation
networks
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Simple supply networks

I Banavar et al. find ‘most efficient’ networks with

P ∝ M d/(d+1)

I ... but also find

Vnetwork ∝ M (d+1)/d

I d = 3:
Vblood ∝ M 4/3

I Consider a 3 g shrew with Vblood = 0.1Vbody

I ⇒ 3000 kg elephant with Vblood = 10Vbody

I Such a pachyderm would be rather miserable.
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Geometric argument

I Consider one source supplying many sinks in a
d-dim. volume in a D-dim. ambient space.

I Assume sinks are invariant.
I Assume ρ = ρ(V ).
I Assume some cap on flow speed of material.

I See network as a bundle of virtual vessels:

I Q: how does the number of sustainable sinks Nsinks
scale with volume V for the most efficient network
design?

I Or: what is the highest α for Nsinks ∝ V α?
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Geometric argument

I Allometrically growing regions:

Ω Ω L’2

L 1 L’

2L

1

(V)
(V’)

I Have d length scales which scale as

Li ∝ V γi where γ1 + γ2 + . . . + γd = 1.

I For isometric growth, γi = 1/d .
I For allometric growth, we must have at least two of

the {γi} being different
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Geometric argument

I Best and worst configurations (Banavar et al.)

a b

I Rather obviously:
min Vnet ∝

∑
distances from source to sinks.



Optimal Supply
Networks

History: Metabolism

History: River networks

Earlier theories

Geometric argument

Blood networks

River networks

Conclusion

References

Frame 37/53

Geometric argument

I Best and worst configurations (Banavar et al.)

a b

I Rather obviously:
min Vnet ∝

∑
distances from source to sinks.



Optimal Supply
Networks

History: Metabolism

History: River networks

Earlier theories

Geometric argument

Blood networks

River networks

Conclusion

References

Frame 38/53

Minimal network volume:

Real supply networks are close to optimal:
J.S

tat.M
ech.

(2006)
P

01015
Shape and efficiency in spatial distribution networks

(a) (b) (c) (d)

Figure 1. (a) Commuter rail network in the Boston area. The arrow marks
the assumed root of the network. (b) Star graph. (c) Minimum spanning tree.
(d) The model of equation (3) applied to the same set of stations.

Table 1. Number of vertices n, route factor q, and total edge length for each of
the networks described in the text, along with the equivalent results for the star
graphs and minimum spanning trees on the same vertices. (Note that the route
factor for the star graph is always 1 and so has been omitted from the table.)

Route factor Edge length (km)

Network n Actual MST Actual MST Star

Sewer system 23 922 1.59 2.93 498 421 102 998
Gas (WA) 226 1.13 1.82 5578 4374 245 034
Gas (IL) 490 1.48 2.42 6547 4009 59 595
Rail 126 1.14 1.61 559 499 3 272

set of n − 1 edges joining them such that all vertices belong to a single component and
the sum of the lengths of the edges is minimized4.)

To make the comparison with the star graph, we consider the distance from each non-
root vertex to the root, first along the edges of the network and second along a simple
Euclidean straight line, and calculate the mean ratio of these two distances over all such
vertices. Following [18], we refer to this quantity as the network’s route factor, and denote
it q:

q =
1

n− 1

n−1∑

i=1

li0
di0

, (1)

where li0 is the distance along the edges of the network from vertex i to the root (which
has label 0), and di0 is the direct Euclidean distance. If there is more than one path
through the network to the root, we take the shortest one. Thus, for example, q = 2
would imply that on average the shortest path from a vertex to the root through the
network is twice as long as a direct straight-line connection. The smallest possible value
of the route factor is 1, which is achieved by the star graph.

The route factors for our four networks are shown in table 1. As we can see, the
networks are remarkably efficient in this sense, with route factors quite close to 1. Values

4 If we are not restricted to the specified vertex set but are allowed to add vertices freely, then the optimal solution
is the Steiner tree; in practice we find that there is little difference between results for minimum spanning and
Steiner trees in the present context.

doi:10.1088/1742-5468/2006/01/P01015 4

(2006) Gastner and Newman [3]: “Shape and efficiency in
spatial distribution networks”
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Minimal network volume:

Approximate network volume by integral over region:

min Vnet ∝ min Vnet ∝
∫

Ωd,D(V )
ρ ||~x || d~x

→ ρV 1+γmax

∫
Ωd,D(c)

(c2
1u2

1 + . . . + c2
k u2

k )1/2d~u

∝ ρV 1+γmax
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Geometric argument

I General result:

min Vnet ∝ ρV 1+γmax

I If scaling is isometric, we have γmax = 1/d :

min Vnet/iso ∝ ρV 1+1/d = ρV (d+1)/d

I If scaling is allometric, we have γmax = γallo > 1/d :
and

min Vnet/allo ∝ ρV 1+γallo

I Isometrically growing volumes require less network
volume than allometrically growing volumes:

min Vnet/iso

min Vnet/allo
→ 0 as V →∞
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Blood networks

I Material costly ⇒ expect lower optimal bound of
Vnet ∝ ρV (d+1)/d to be followed closely.

I For cardiovascular networks, d = D = 3.
I Know that volume of blood scales linearly with blood

volume [9], Vnet ∝ V .
I Sink density must ∴ decrease as volume increases:

ρ ∝ V−1/d .

I Density of suppliable sinks decreases with organism
size.
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Blood networks

I Then P, the rate of overall energy use in Ω, can at
most scale with volume as

P ∝ ρV

∝ ρ M ∝ M (d−1)/d

I For d = 3 dimensional organisms, we have

P ∝ M 2/3
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River networks

I View river networks as collection networks.
I Many sources and one sink.
I Assume ρ is constant over time:

Vnet ∝ ρV (d+1)/d = constant× V 3/2

I Network volume grows faster than basin ‘volume’
(really area).

I It’s all okay:
Landscapes are d=2 surfaces living in D=3
dimension.

I Streams can grow not just in width but in depth...
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Hack’s law
I Volume of water in river network can be calculated by

adding up basin areas
I Flows sum in such a way that

Vnet =
∑

all pixels

apixel i

I Hack’s law again:
` ∼ a h

I Can argue
Vnet ∝ V 1+h

basin = a1+h
basin

where h is Hack’s exponent.
I ∴ minimal volume calculations gives

h = 1/2
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Geometric argument

I Banavar et al.’s
approach [1] is
okay because ρ
really is constant.

I The irony: shows
optimal basins are
isometric

I Optimal Hack’s
law: a ∼ `h with
h = 1/2

I (Zzzzz)
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Conclusion

I Supply network story consistent with dimensional
analysis.

I Isometrically growing regions can be more efficiently
supplied than allometrically growing ones.

I Ambient and region dimensions matter
(D = d versus D > d).

I Deviations from optimal scaling suggest inefficiency
(e.g., gravity for organisms, geological boundaries).

I Actual details of branching networks not that
important.

I Exact nature of self-similarity varies.
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