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Areas of Applications

Population dynamics: predator-prey systems
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Heterogeneous environments

"In the last two decades, it has become increasingly clear that the spatial
dimension and, in particular, the interplay between environmental
heterogeneity and individual movement, is an extremely important aspect

of ecological dynamics.” (P. Turchin)

P. Markowich (DAMTP, U. of Cambridge) Reaction-Diffusion Equations August 22, 2007 3/38



Pattern formation: Turing instability
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Chemotaxis: Keller-Segel system

P. Markowich (DAMTP, U. of Cambridge) Reaction-Diffusion Equations August 22, 2007 5 /38



Semiconductor modelling: drift-diffusion equations
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Mathematical Form of Reaction-Diffusion Equations

Particle ensembles undergo:
@ A Brownian motion leading to diffusion
@ Instantaneous reactions with each other and/or their environment

© Convection by force fields, either external or self-consistent.
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Mathematical Form of Reaction-Diffusion Equations

Particle ensembles undergo:
@ A Brownian motion leading to diffusion
@ Instantaneous reactions with each other and/or their environment

© Convection by force fields, either external or self-consistent.

up = —divJ(x, t) + div(Ei(x, t)u, ..., Em(x, t)u) + F(x, t,u) ,

xeG,t>0

Fick type law: J(x,t) = —D(x, t, u)Vu(x,t)

This parabolic system has to be supplemented by initial and boundary
conditions.
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Main topic of this talk: Large-time Asymptotics

@ Do equilibria exist? Uniqueness?
@ Convergence of solutions as t — oc.

© Rates of convergence! Exponential? Algebraic?
©Q Optimal Rates!
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Main topic of this talk: Large-time Asymptotics

@ Do equilibria exist? Uniqueness?
@ Convergence of solutions as t — oc.
© Rates of convergence! Exponential? Algebraic?
©Q Optimal Rates!
(Some) Issues:

o Nonlinearities
@ Boundary conditions

o Turing instability
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Heat Equation: Dirichlet Problem

ur=Au, xe G ..bounded domain in R?
u =0

oG
u(t=0)=uy
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Heat Equation: Dirichlet Problem

us=Au, xe€G..bounded domain in RY ‘ ‘u, /-dX

u =0
oG
u(t=0) =y

unique equilibrium: u = 0, no degree of freedom!

H3 (G) — Poincaré inequality: /u2 dx < C2 / IVu|?dx ¥ u e H(G)

2dt Jo ' /c| uf” d < Cé/cu *

2t
= / u?(x, t) dx < exp <—2> / u? dx
G C¢/) Je

Cg...Poincaré constant of G, sharp estimate, simple spectral theory, ...
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Heat Equation: Neumann Problem

uy=A0Au, xe€G, t>0

Vu-n =0, t>0
G

u(t=10)=u

Equilibria: u = const, 1 degree of freedom!

P. Markowich (DAMTP, U. of Cambridge) Reaction-Diffusion Equations August 22, 2007 10 / 38



Heat Equation: Neumann Problem

uy=A0Au, xe€G, t>0

Vu-n =0, t>0
0G

u(t=0)=uy

Equilibria: u = const, 1 degree of freedom!
H(G)-Poincaré inequality:

1
/(U—U)2 dXSD%/ |Vul?dx, VueHY(G), @&:= / u dx
G G G
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Heat Equation: Neumann Problem

uy=A0Au, xe€G, t>0

Vu-n =0, t>0
0G

u(t=0)=u

Equilibria: u = const, 1 degree of freedom!
H(G)-Poincaré inequality:

1
/(U—U)2 dXSD%/ |Vul® dx, Yue HY(G), @:= / u dx
G G G

2t
decay estimate: /(u(x, t) — ;)% dx < exp <—E> /(u, — 1y)? dx
G G G
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Neumann Problem with linear Reaction

uy=Au—Xu, xeG, t>0, A>0
Vu-n| =0, t>0

G
u(t=0)=u

unique equilibrium: u = 0, no degree of freedom!
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Neumann Problem with linear Reaction

uy=Au—Xu, xeG, t>0, A>0
Vu-n‘ —0, t>0

oG
u(t=0)=u

unique equilibrium: u = 0, no degree of freedom!

/ u(x, t)? dx < exp(—2)\t)/ u? dx sharp!
G G
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Neumann Problem with linear Reaction

uy=Au—Xu, xeG, t>0, A>0
Vu-n‘ —0, t>0

oG
u(t=0)=u

unique equilibrium: u = 0, no degree of freedom!

/ u(x, t)? dx < exp(—2)\t)/ u? dx sharp!
G G

but:

/G(u(x, t) — (£))? dx < exp <_2 (Di% + A) t) /c(”’ )2 dx
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Diffusion-Convection on R?: Entropies

vy = div(Vu+ uVA(x) , xeR?Y, t>0
u(t=0)=uy

Fokker-Planck equation: {
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Diffusion-Convection on R?: Entropies

vy = div(Vu+ uVA(x) , xeR?Y, t>0

Fokker-Planck equation:
u(t=0)=uy

Assumptions:
Q Ais w-convex: D?A(x) > wl on R?
Q w.log: fRd e Adv=1
Q u € LYRY), [pouidx =1.
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Diffusion-Convection on R?: Entropies

vy = div(Vu+ uVA(x) , xeR?Y, t>0

Fokker-Planck equation:
u(t=0)=uy

Assumptions:
Q Ais w-convex: D?A(x) > wl on R?
Q w.log: fRd e Adv=1
Q u € LYRY), [pouidx =1.

equilibria: u = const.e (¥ .one degree of freedom

mass conservation: expect u(x,t) — e A% =: u as t — oo.
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ur =div | UV | —
Uso
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up = div (uoov (i»‘ o’ (i) , /.dx -
Uso Uso
2
i/q)(u)d”“’:_/ ¢”<u)‘v(u>
dt Rd Uso Rd Uso Uso

dus

eo (u|uso)..relative entropy lo (u|uso)...Fisher information
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uy = div (uooV (u)) ‘ @’ <u> , / dx =
Uso Uoo
2
dt Rd Uso Rd Uso Uso

dus
eo(U|uso)..relative entropy Ip(u|uso)...Fisher information

Def: ®” >0, ®"(s) #0 Vs, (1) =0, (1) =0, (#”)? < Jo"0""
Then ® is called an admissible entropy generator.

note: [udx = [ us dx, ® admissible = eq(u|usc) > 0, lo(u|us) >0
(=0iff u = ux)
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uy = div (uooV (u)) ‘ @’ <u> , / dx =
Uso Uso
2
@ LoGn) == L (@) (@)
dt Rd Uso Rd Uso Uso

dus
eo(U|uso)..relative entropy Ip(u|uso)...Fisher information

Def: ®” >0, ®"(s) #0 Vs, (1) =0, (1) =0, (#”)? < Jo"0""
Then ® is called an admissible entropy generator.

note: [udx = [ us dx, ® admissible = eq(u|usc) > 0, lo(u|us) >0
(=0iff u = ux)

Sobolev inequality:

1
Lo () oo =5 Lo ()7 (G2)
Rd Uso 2w Rd Uso Uso
if ® admissible, [ dx = [usodX, u>0, Use > 0, Uss is
(—w)-log-concave.
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d 1
ae¢(u|uoo) = _I¢(U|Uoo) and e¢(u|uoo) < zld)(u'uoo)
=
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d 1

— p— < -

dte¢(u|uoo) lo(ulus) and  ep(U]us) < 2w/¢(U|Uoo)
=

d
ae¢(u|uoo) < —2wep(Uus) = ed(U]ux) < exp(—2wt)es(us|uso)
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d 1

— p— < -

dte¢(u|uoo) lo(ulus) and  ep(U]us) < 2W/<|>(u|uoo)
=

d
ae¢(u|uoo) < “2wep(ulus) = ep(U|us) < exp(—2wt)ee(ur|tso)

Csiszar-Kullback inequality: |[u — vH%l(Rd) < Cep(u|v) if u>0,v>0and

Ju=[v.
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1
%e¢(u|uoo) = —lp(Ulus) and ep(u|ts) < ka(u\uoo)
=

d

aeq;(u\uoo) < “2wep(ulus) = ep(U|us) < exp(—2wt)ee(ur|tso)
Csiszar-Kullback inequality: |[u — vHil(Rd) < Cep(u|v) if u>0,v>0and
Ju=[v.

Theorem

& admissible entropy generator, A w-convex, u > 0, f uydx = f e Adx,
eo(Ur|Uuss) < 00. Then

eo(u(t)|us) < exp(—2wt)es(ur|uso)
[u(t) = vl 1 (mey < Cexp(—wt).

References: D. Bakry + M. Emery 1984-1991,
A.Arnold+P.Markowich+G. Toscani+A.Unterreiter, 2001.

The entropy decay estimate is sharp.
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important examples of entropies:

@ Boltzmann entropy: ®(s) =slns—s+1

decay estimate: / u(t)In (u(t)) dx<e / uyln (ﬂ) dx
R4 Uso Rd Uso

special case: A(x) = ¥|x[*+c =
Al d/2 w
() = 40 = (£) 7 exp (=5 xP)

2
2 2 2 2 2

...1975 GROSS LOGARITHMIC SOBOLEV INEQUALITY
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important examples of entropies:

@ Boltzmann entropy: ®(s) =slns—s+1

t
decay estimate: / u(t)In (u( )> dx < _2‘*’t/ urln <”’> dx
Rd Uso Rd Uso

special case: A(x) = ¥|x[*+c =
oo () = €A0) = ()" exp (=5 Ix1?)

2
2 2 2 : L
/Rd £2 In £2 dugo < w/Rd VI duo + 1112 dune) 0 1112 e

...1975 GROSS LOGARITHMIC SOBOLEV INEQUALITY
@ quadratic entropy generator ®(s) = %(s —1)? = Poincaré inequality.

decay estimate: / (u(t)—uoo)22 < exp(2wt)/ (U/*Uoo)22
Rd Rd

Uso

Uso
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important examples of entropies:

@ Boltzmann entropy: ®(s) =slns—s+1

t
decay estimate: / u(t)In (u( )> dx < _2‘*’t/ urln <”’> dx
Rd Uso Rd Uso

special case: A(x) = ¥|x[*+c =
oo () = €A0) = ()" exp (=5 Ix1?)

2
2 2 2 : L
/Rd £2 In £2 dugo < w/Rd VI duo + 1112 dune) 0 1112 e

...1975 GROSS LOGARITHMIC SOBOLEV INEQUALITY
@ quadratic entropy generator ®(s) = %(s —1)? = Poincaré inequality.

decay estimate: / (u(t)—uoo)22 < exp(2wt)/ (U/*Uoo)22
Rd Rd

Uso Uso

o "intermediate” entropies: ®(s) ~sP, 1 < p < 2!
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Extensions of the Theorem

@ linear scalar Fokker-Planck equations:

up = div( a(jg (Vu+ uV(A(x) + E(,)-(l )

unif. pos. def. €L (RY)
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Extensions of the Theorem

@ linear scalar Fokker-Planck equations:

w=dv( D) (Vut uV(AK)+ B(x))))
unif. pos. def. €L>(R9)

@ nonlinear diffusion
up = div(VF(u) + uVA(x)), eg. f(u)=u"

fast diffusion, porous media flows, ...
F.Otto 1999: gradient flow w.r.t. Wasserstein metric
J.Carillo+A.Jiingel+P.Markowich-+G.Toscani+A.Unterreiter 2001
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@ nonlinear convection
Desai-Zwanzig model: thermodynamic limit of interacting oszillators
in collective physics and biology
example: synchronisation of chirping crickets
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@ nonlinear convection
Desai-Zwanzig model: thermodynamic limit of interacting oszillators
in collective physics and biology
example: synchronisation of chirping crickets

ur = div(Vu + uVAKX; &u))on R, t>0;  u(t=0) = u(x,€)

u = u(x;&; t)...oscillator density, £ € RM .. _parameter representing
interaction noise.
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[x|?

C) u 1 <
A(X;g; U) = W7+§|ZU—X|2—X- Z su,mEl,mgl_’_E Z El,msu,l'su,m

2
I, m=1 I, m=1

WT ..single oscillator potential
© ... interaction strength > 0
E= (E/ m)---positive definite symmetric matrix

dP(£): probability distribution of the noise vector £ € RM

z, ::/ / xu(x, &) dx dP(§)
RY JRY averages, source of the

Su. :_/ / x€u(x, £) dx dP(€) nonlinear convection
RY JRY
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uo(x; & u(t)) == c(§) exp(—A(x; & u(t))-.-

...intermediate asymptotic state (candidate)

up = div (ro (i)) ‘ “In (%) : / -dx dP(€)

attention: ug depends on t!!
u
Uo

%/Rg/muln(u—i)dde(f):—/Rg/Rgu

e(u|uo) 1(u]uo)

2
dx dP (&)
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uo(x; & u(t)) == c(§) exp(—A(x; & u(t))-.-

...intermediate asymptotic state (candidate)

ut:div<uov<:;))‘ -In(LLI;), /~dde(€)

attention: wuy depends on t!!
u
to

jt/Ry /R;’ o (:;) o= _/R%” /Rg u

e(ulug) I(u|uo)

2
dx dP (&)

Theorem

(Arnold+Markowich+Toscani+Unterreiter, 2001): Let E < e,
v = [em €] dP(§) and assume that A := w — eyy > 0. Define
Uso(x,€) 1= Nexp(—(% + 9)[x[2) Jam ui(x, &) dx. Then

lu(t) = tool| 1(ax ap(ey) = O(e™) -
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Degenerate Quasilinear Diffusive Systems

A. Jingel+P. Markowich+G. Toscani, 2001
u=u(x,t):RY x R} — RN vector of unknowns

%b(u) —diva(u,Vu) = f(u) in RI xRS

b(u(x,t = 0)) = b(uyy(x)) in RY
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Degenerate Quasilinear Diffusive Systems

A. Jingel+P. Markowich+G. Toscani, 2001
u=u(x,t):RY x R} — RN vector of unknowns

O b(u) —di =f(u) in RYxRS
pn (u) —diva(u,Vu) = f(u) in R xRy
b(u(x,t = 0)) = b(uyy(x)) in RY

o b:RN = RN b= Vy with x(0) =0 and 3 is strictly monotone:
38,B,m > 0: Blu—v|*m < (b(u) — b(v)) - (u—v) < Blu—v|*tm
Yu,v e RN,
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Degenerate Quasilinear Diffusive Systems

A. Jingel+P. Markowich+G. Toscani, 2001
u=u(x,t):RY x R} — RN vector of unknowns

0 : , d . ot
ab(u) —diva(u,Vu) =f(u) in RE xR}
b(u(x,t = 0)) = b(uyy(x)) in RY

o b:RN = RN b= Vy with x(0) =0 and 3 is strictly monotone:
38,B,m > 0: fBlu— v|'*n < (b(u) — b(v)) - (u—v) < Blu—v|'*m
Yu,v e RN,

0 a: RN x RV*d , RNXd (4 0) =0 Vu € RN and ais elliptic:
da>0,p>2: (a(u,z1) — a(u, 2)) : (z1 — 22) > |z — zo|P
Yu e RN: 21,20 € RVX9,
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Degenerate Quasilinear Diffusive Systems

A. Jingel+P. Markowich+G. Toscani, 2001
u=u(x,t):RY x R} — RN vector of unknowns

0 : , d . ot
ab(u) —diva(u,Vu) =f(u) in RE xR}
b(u(x,t = 0)) = b(uyy(x)) in RY

o b:RN = RN b= Vy with x(0) =0 and 3 is strictly monotone:
38,B,m > 0: fBlu— v|'*n < (b(u) — b(v)) - (u—v) < Blu—v|'*m
Yu,v e RN,

0 a: RN x RV*d , RNXd (4 0) =0 Vu € RN and ais elliptic:
da>0,p>2: (a(u,z1) — a(u, 2)) : (z1 — 22) > |z — zo|P
Yu e RN: 21,2 € RNxd,

o f: RV — RN f(u)-u<0,VueRN
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0 <e(u):=b(u)-u—x(u) ..Legendre transform of x
E(u) ::/ e(u) dx ...entropy functional, H. Alt+S.Luckhaus, 1989
Rd
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E(u) = e(u) dx ...entropy functional, H. Alt+S.Luckhaus, 1989
Rd
ll d ll
—E(u) = b(u)t-udxz—/ a(u,Vu):Vu dx+/ f(u) - udx
dt Rd Rd Rd
<0 <0
<

—a/ |V ulP dx
Rd
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E(u) := e(u) dx ...entropy functional, H. Alt+S.Luckhaus, 1989
Rd
l[ d l[
E(u) = b(u)t-udxz—/ a(u,Vu):Vudx—i—/ f(u) - udx
dt Rd Rd Rd
<0 <o
< —a/ VulP dx < —cl|ul "7 if b(u) € L(LL)
Rd Ym

generalized Nash inequality: ||w/| 1;:"% < Tjw¥mgm |[Vw| » for m > 1,
p>1p> ﬂf;ri)l o=o(d,m,p)>0.
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E(u) := e(u) dx ...entropy functional, H. Alt+S.Luckhaus, 1989
Rd
ll d ll
—E(u) = b(u)t-udxz—/ a(u,Vu):Vu dx+/ f(u) - udx
dt Rd Rd Rd
20 <0
< —a/ [VulPdx < c||qu1Jlﬁa) if b(u) € L2°(L})
Rd
generalized Nash inequality: ||w| 1:"1 < Tl lwHmem [V wll e for m > 3,

p=1lp> dn(fnﬂ)l, o(d,m,p) > 0.
1
also: E(u) < c1||u|| %E < —E? ¢ >0,d>0.

1+1

P. Markowich (DAMTP, U. of Cambridge) Reaction-Diffusion Equations August 22, 2007 21/ 38




Theorem
(Jiingel+Markowich+Toscani, 2001): Let b(u) € L?O(L}() m > % and
p > d(sr':—jj). Then

m

E(u(t)) < (E(u)™® +8Ct) ™5
35>0,C>0: (())—((I) ) e
Ju(E)]l 12 < C(E(uy)™° + 5Ct) ™ 3meD

and, if m>1: |u(t)|n < C(E(u)™®+6Ct)" 5
dm(p—1)+p—d S

dm o

where 6 =

Note: There is -so far- no general existence-uniqueness result.
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Examples: N =1 (scalar case), b(u) = |u| Yu, a(u,z) = |z|P~2z
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Examples: N =1 (scalar case), b(u) = |u | Yu, a(u, z) = |z|P72z

Q heat equation: m=1, p=2: ||u(t)||2 ~ t~9* as t — oc.
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Examples: N =1 (scalar case), b(u) = |u| Yu, a(u, z) = |z|P72z
Q heat equation: m=1, p=2: ||u(t)||2 ~ t~9* as t — oc.
@ porous medium equation: m > 1, p=2: (u*/™); = Au if u >0,

d(m—1)
lu(t)]|pr ~ ¢ dmiz=a

as t — oo. This rate is sharp in the sense that the Barenblatt-Prattle
fundamental solution has precisely the same decay rate!
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Examples: N =1 (scalar case), b(u) = |u| Yu, a(u,z) = |z|P~%z
Q heat equation: m=1, p=2: ||u(t)||2 ~ t~9* as t — oc.
@ porous medium equation: m > 1, p=2: (u*/™); = Au if u >0,

_ d(m—1)
[u(t)[|z ~ ¢ dmF2=d

as t — oo. This rate is sharp in the sense that the Barenblatt-Prattle
fundamental solution has precisely the same decay rate!

@ fast diffusion equation: 0 < m< 1, p=2: (™), = Au if u > 0.

_ —dm®
u(©),113 ~ CFFHET a5 ¢ o0, sharp!
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Examples: N =1 (scalar case), b(u) = |u| Yu, a(u,z) = |z|P~%z
Q heat equation: m=1, p=2: ||u(t)||2 ~ t~9* as t — oc.
@ porous medium equation: m > 1, p=2: (u*/™); = Au if u >0,

_ d(m-1)
[u(t)[|z ~ ¢ dmF2=d

as t — oo. This rate is sharp in the sense that the Barenblatt-Prattle
fundamental solution has precisely the same decay rate!

@ fast diffusion equation: 0 < m< 1, p=2: (™), = Au if u > 0.

_ —dm®
u(©),113 ~ CFFHET a5 ¢ o0, sharp!

Q p-Laplace equation: m=1, p > 2: u; = div(|Vul[P~2Vu)

Ju(t)] sy, ~ 7557 a5 00, sharpl
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Confined vs. unconfined Diffusion

1
vy = div(V(u™)+xu) in RIxR}S confinement potential: V(x) = §|x|2
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Confined vs. unconfined Diffusion

1
up = div(V(u")+xu) in ]R)‘ZXR,}" confinement potential: V(x) = §|x|2
spatio-temporal rescaling: (x,t) < (y,7)
= 2—d+dm)t) -1 B
! 2—d-l-dm(exp(( + dm)t) ) m>d—d2!!!
y=R(T)x, R(r):=((2~d+dm)r +1)=arm
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Confined vs. unconfined Diffusion

1
up = div(V(u")+xu) in Rgx]R,‘_f confinement potential: V(x) = §|x|2
spatio-temporal rescaling: (x,t) < (y,7)
= 2—d+dm)t) -1 B
! 2—C/-I-dm(e>(p(( + dm)t) ) m>d—d2!!!
y=R(T)x, R(r):=((2~d+dm)r +1)=arm

define v(y,7) = R(7)? u(x,t) =

v, = Ay (v") in RY xRI  No confinement!!
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Confined vs. unconfined Diffusion

1
up = div(V(u™)+xu) in ]R)‘fx]Rj' confinement potential: V(x) = E|X|2
spatio-temporal rescaling: (x,t) < (y,7)
= 2—d+dm)t) -1 B
TS g am OP(2 - d - dm)t) — 1) o d
y=R(T)x, R(r):=((2~d+dm)r +1)=arm

an

define v(y,7) = R(7)? u(x,t) =

v, = Ay (v") in RY xRI  No confinement!!

exponential convergence as t — oo} { algebraic convergence as t — oo

to v = 0 for unconfined solutions

to u = 0 for confined solutions
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Reaction-Diffusion Systems: Turing Instability

Scalar case:

us = Au+ f(u) subject to hom. Neumann b.cs.

Assume: £(0) =0, f/(0) < 0 = Lu = f(u) is linearly stable at u = 0.

= The linearized problem v; = Av + f/(0)v is also stable!
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Reaction-Diffusion Systems: Turing Instability

Scalar case:

us = Au+ f(u) subject to hom. Neumann b.cs.

Assume: £(0) =0, f/(0) < 0 = Lu = f(u) is linearly stable at u = 0.
= The linearized problem v; = Av + f/(0)v is also stable!

"morally”: in the scalar case diffusion does not change (linearized)
stability!

and - at least locally close to the steady state us, = 0 - linearized stability
implies nonlinear stability.
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Systems of 2 Reaction-Diffusion Equations

<u1) = ( Au > + (f(ul’ u2)> subject to hom. Neumann b.cs.
uo ¢ DAUQ g(ULUZ)

assume: f(0,0) = g(0,0) = 0 and the homogeneous system
- ()
dt uz g(ul7 U2)

. ) fu,(0,0) f(00)>. ) -
is linearly stable, i.e. B=( "\ 2= is negativ definit, but not
y (gul(o, 0) £,(0,0)) ° "%

symmetric.
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Systems of 2 Reaction-Diffusion Equations

<u1) = ( Ay > + (f(ul’ u2)> subject to hom. Neumann b.cs.
uo ¢ DAU2 g(U1>U2)

assume: f(0,0) = g(0,0) = 0 and the homogeneous system

i () = ()
fu (0,0)  £,(0,

0)) . . .
is negativ definit, but not
£:,(0,0) g4, (0, 0)> &

is linearly stable, i.e. B = <

symmetric.

A. Turing 1952: There are systems with the properties stated above such
that if D is sufficiently different from 1, the linearized problem

i\ _ [ Avn vi\ . .
<V2>t = (DAV2) + B <v2> is unstable!!
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"morally”: large differences in the diffusivities may lead to departure from
the equilibrium state
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"morally”: large differences in the diffusivities may lead to departure from
the equilibrium state
= pattern formation for activator-inhibitor reaction-diffusion systems.
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Stable Linear Diffusion-Reaction Systems: Entropy

U = div(D(x)VU(x)) + R(x)U(x), x€ Gbdd. inRY, t>0
D(x)VU(x)n(x)=0 on dG, t>0
U(x,t =0) = Ui(x)

Uy, UeRN; D,R...real N x N-matrices.
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Stable Linear Diffusion-Reaction Systems: Entropy

U = div(D(x)VU(x)) + R(x)U(x), x€ Gbdd. inRY, t>0

D(X)VU(x)n(x) =0 on dG, t>0
U(x,t =0) = U(x)

Uy, UeRN; D,R...real N x N-matrices.
structure assumptions

Q@ 3 S € RV*N constant, symmetric, pos. definite s.t.:

D(x) = SD(x) , R(x)= SR(x)

sym., unif. pos. def. sym., nonpos. def.
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Stable Linear Diffusion-Reaction Systems: Entropy

Uy = div(D(x)VU(x)) + R(x)U(x), xe€ Gbdd. inRY, t>0
D(x)VU(x)n(x)=0 on dG, t>0
U(x,t =0) = U(x)

Uy, U eRN; D,R...real N x N-matrices.
structure assumptions

@ 3 S € RV*N constant, symmetric, pos. definite s.t.:

D(x) = SD(x) , R(x)= SR(x)

sym., unif. pos. def. sym., nonpos. def.

@ 3E € RVXN constant, orthogonal, E/: j-th row-vector of E:

ER(x)ET = diag(0, ..., 0, Apr1(x), ..., An(x)) ,  Xi(x) < =A< 0

n
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The zero eigenvalues of R correspond to conservation laws:

Lemma

For j =1,..,n the quantitiy I; := [ E/SU(x, t) dx is time-conserved.
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The zero eigenvalues of R correspond to conservation laws:

Lemma

For j =1, ..,n the quantitiy |; := fG EISU(x, t) dx is time-conserved. J

symmetrized form of the equation:

/ cdx, UT ‘ (SU); = div(D(x)VU) + R(x)U
G
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The zero eigenvalues of R correspond to conservation laws:

Lemma
For j =1, ..,n the quantitiy |; := fG EISU(x, t) dx is time-conserved. J

symmetrized form of the equation:

/ e, UT | (SU)e = DRV V) + R(x)U
G

1 . N
d/ uTsu dx:/ VU :D(x)VU dx+/ UTR(x)U dx
E[U] <o <0

Lemma
For given (1, ..., 1,) € R™ 3! equilibrium state U, s.t. U is a constant

vector and I; = vol(G)EISU>, j =1,...,n (effect of diffusion)
(EU>*); =0, j=n+1,...,N (effect of reaction).
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"morally”: both diffusion and reaction dissipate the energy E[U].

BUT: diffusion drives U towards its mean-value ﬁ Jo U dxast — oo,
while reaction drives U towards the linear space R(x)U =0 as t — oo.

Thus: there is no full 'cooperation’ between diffusion and reaction in the
long-time asymptotics.

Theorem
(Di Francesco+Fellner+Markowich 2007) Define:

I —/ E'SUI(x)dx, j=1,...,n
Then 3 K > 0:
E[U(t) — Uso] = O(e™K).

Remark: the rate K is generally smaller than the sum of the individual
diffusion and reaction dissipation rates!!

v
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Stable Nonlinear Reaction-Diffusion Systems: Entropy

o A. Glitzky+K. Groger+R.Hiinlich 1995: semiconductor drift-diffusion
model on bdd. domain, t — oo asymptotics.

@ A. Arnold+4P.Markowich-+G.Toscani, 2001: semiconductor drift
diffusion model, log-Sobolev inequality.

@ H.Wu+P.Markowich+S.Zeng 2007: semiconductor drift-diffusion
model: existence, t — oo asymptotics

@ M. Di Francesco+K.Fellner+P.Markowich: semiconductor drift
diffusion model: exponential convergence as t — oo (work in
progress!)

@ B. Perthame, J. Dolbeault 2005: entropy techniques for various PDEs
in cell and population biology.

@ L. Desvillettes + K.Fellner 2006, L.Desvillettes + K.Fellner +
M.Pierre + J.Vovelle 2006: chemical kinetics RD-systems, bounded
domain: logarithmic Boltzmann entropy, existence+exponential
convergence
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The Drift-Diffusion Semiconductor Model

ne = div(Vn+ nV (¢ + A(x))) — R(n, p, x)
pr =div(Vp + pV(—9Y + A(x))) — R(n,p,x) p x € G, t>0
—AYp=n—p—D(x)

n...electron position density, > 0
p...hole position density, > 0 unknowns
1)...electric potential

D(x)... doping profile (determining the device)

for simplicity: G = R3, A = A(x)...confining potential

R(n,p,x) = F(n, p,x)(np — e=2A()).. recombination-generation rate.
———

>0
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van Roosbrook ~50: derivation of the PDE system

M. Sever ~70-80: existence, uniqueness issues

P.Markowich ~80: qualitative +-quantitative analysis, Springer book, 1986
P.Markowich+C.Ringhofer+C.Schmeiser: Springer book, 1993
A Jiingel 2001: monograph on modeling hierarchies
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van Roosbrook ~50: derivation of the PDE system

M. Sever ~70-80: existence, uniqueness issues

P.Markowich ~80: qualitative +quantitative analysis, Springer book, 1986
P.Markowich+4C.Ringhofer+C.Schmeiser: Springer book, 1993

A Jiingel 2001: monograph on modeling hierarchies

Remarks

@ the DD semiconductor model has been the basis for industrial
semiconductor design since 1970 ...and it still is...

@ system of two diffusion-convection-reaction equations, nonlinearly
coupled by the reaction term and by the nonlocally defined Coulomb
potential

eset p=0, R=0, D=0, replace Ay by —Ar = Keller-Segel system
for chemotaxis!!!
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Assumptions:
O A(x) is o—convex, i.e. D?A(x) > ol ¥V x € R3, AA € L°(R3),
pi=eA fpapdx=1
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Assumptions:
O A(x) is o—convex, i.e. D?A(x) > ol ¥V x € R3, AA € L°(R3),
pi=eA fpapdx=1
Q@ D c LN L>®(R3)
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Assumptions:

O A(x) is o—convex, i.e. D?A(x) > ol ¥V x € R3, AA € L°(R3),
pi=eA fpapdx=1

Q@ D e [N L®(R3)

© R is smooth, |R(n,p,x)| < C(a(x)+ |n| +|p
a/p € L2(R3)
typical form: R = (np — 12)/(r1(x) + ra(x)n + r3(x)p) with r; > 0.
Shockley-Read-Hall recombination-generation rate

), a € L1 NL®(R3),
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Assumptions:

O A(x) is o—convex, i.e. D?A(x) > ol ¥ x € R3, AA € L*®(R3),
pi=eA [apdx=1

Q@ D e [N L®(R3)

© R is smooth, |R(n,p,x)| < C(a(x) + |n| + |p
a/p € L2(R3)
typical form: R = (np — p?)/(r1(x) + ra(x)n + r3(x)p) with r; > 0.
Shockley-Read-Hall recombination-generation rate

Q n(t=0)=ny, p(t=0)=py; n,p € L% (R®) N L?(e"dx)

), a € L1 NL®(R3),
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Assumptions:
O A(x) is o—convex, i.e. D?A(x) > ol ¥ x € R3, AA € L*®(R3),
pi=eA [apdx=1
Q@ D e [N L®(R3)
© R is smooth, |R(n, p,x)| < C(a(x) + |n| + |p]), a € L1 N L=(R3),
a/p € L2(R3)
typical form: R = (np — p?)/(r1(x) + ra(x)n + r3(x)p) with r; > 0.
Shockley-Read-Hall recombination-generation rate
Q n(t=0)=ny, p(t=0)=py; n,p € L% (R®) N L?(e"dx)
charge conservation:

/ (n(x,t) — p(x,t) — D(x)) dx = / (nf—pr—D)dx=:aVt>0
R3 R3
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Assumptions:
O A(x) is o—convex, i.e. D?A(x) > ol ¥ x € R3, AA € L*®(R3),
pi=eA [apdx=1
Q@ D e [N L®(R3)
© R is smooth, |R(n, p,x)| < C(a(x) + |n| + |p]), a € L1 N L=(R3),
a/p € L2(R3)
typical form: R = (np — p?)/(r1(x) + ra(x)n + r3(x)p) with r; > 0.
Shockley-Read-Hall recombination-generation rate
Q n(t=0)=ny, p(t=0)=p;; n,p € L4(R3) N L%(e”dx)
charge conservation:

/ (n(x,t) — p(x,t) — D(x)) dx = / (nf—pr—D)dx=:aVt>0
R3 R3

Theorem

(H.Wu, P.Markowich, S.Zheng 2007): the DD system admits a unique
global smooth solution (n, p) € C([0,00); L?(e”dx))? if (1)-(4) hold.
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Equilibrium States

0 = div(Vn + nV( + A(x))) = F(n, p,x)(np — 1°)

0 =div(Vp + pV (=t + A(x))) = F(n, p,x)(np — 11°)
— Ay =n—p—D(x)

P. Markowich (DAMTP, U. of Cambridge)

=
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Equilibrium States

Jr=Vn+nV(p+A) =0
0 = div(Vn+ nV (¢ 4+ A(x))) — F(n, p,x)(np — 1i°) Jo=Vp+pV(-p+A)=0
0 =div(Vp + pV (=t + A(x))) = F(n, p,x)(np — 11°) 4
—AYp=n—p—D(x) Noo = Coexp(—too )t

Poo = Cpexp(¥hoo )1t
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Equilibrium States

Jr=Vn+nV(p+A) =0
0 = div(Vn+ nV (¢ 4+ A(x))) — F(n, p,x)(np — 1i°) Jo=Vp+pV(-p+A)=0
0 =div(Vp + pV (=t + A(x))) = F(n, p,x)(np — 11°) 4
—AYp=n—p—D(x) Noo = Coexp(—too )t

Poo = Cpexp(¥hoo )1t

REOjnoopoo:NQjC,,szl.
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Equilibrium States

Jh=Vn+nV(yp+A)=0
0 = div(Vn+ nV (¢ 4+ A(x))) — F(n, p,x)(np — 1i°) Jo=Vp+pV(-p+A)=0
0 =div(Vp + pV (=t + A(x))) = F(n, p,x)(np — 11°) 4
—AYp=n—p—D(x) Noo = Coexp(—too )t

Poo = Cpexp(oo )t

R=0 = Noopoo = pi? = .G =1.
charge conservation: a = [;3(Noc — poc — D(x)) dx =
I J s

ozcn/ e*%odp—c,,/ e¥ee du—<a+/ Ddx)
R3 R3 R3

> _ 2
Compe ¢ _ OHPAAD _ o o SBEVERAD

o 21

T 2/
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Equilibrium States

Jh=Vn+nV(p+A)=0
0 = div(Vn+ nV (¢ 4+ A(x))) — F(n, p,x)(np — 1i°) Jp=Vp+pV(-p+A)=0
0 = div(Vp + pV (=9 + A(x))) = F(n, p.x)(np — u*) Y
—AYp=n—p—D(x) Noo = Coexp(—too )t
Poo = Cpexp(Yoo )t
R=0= nope =p> = C,C =1

charge conservation: & = [i3(Nee — Poo — D(x)) dx =
I J B

ozcn/ e*%odp—cp/ e¥ee du—<a+/ Ddx)
R3 R3 R3

Compyte - _ %\/ﬁ = Glv]: G = _g+2—\/lgz+—4u =: Gp[thoo]

Poisson equation: —Atn, = Co[theo]e ¥ 1 — Co[thoo]e?>u — D(x)
...mean field equation
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Theorem

(Wu+Markowich+Zheng 2007): There is a unique solution 1, € L°(R3),
Vipso € L2(R3) of the mean-field equation.

Proof: 1, = argmin H[¢], H is strictly convex, lower semicont. and
coercive.
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Theorem

(Wu+Markowich+Zheng 2007): There is a unique solution 1, € L°(R3),
Vipso € L2(R3) of the mean-field equation.

Proof: 1, = argmin H[¢], H is strictly convex, lower semicont. and
coercive.

Definition of the relative entropy:

oge(r):/Ra(n(lné—l)Jrnm) S /((ln——l)+poo>dx+

7/ [Vep — Vipoo |2dx
2 ]R3
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Theorem

(Wu+Markowich+Zheng 2007): There is a unique solution 1, € L8(R3),
Vipso € L2(R3) of the mean-field equation.

Proof: 1, = argmin H[¢], H is strictly convex, lower semicont. and
coercive.

Definition of the relative entropy:

0§e(t):=/ﬂ{3(n(lnéfl)+nm) S /((n—fl)eroo)der

7/ [V — Vipoo |2dx
2 ]R3

>0

%e(t):—/R3n‘V(%))2dx—/RBp‘V(%)’2dx—/RBF(n,p,x)(np—u2)|n2—§dx§0

i

N = Cn[wm]eiwt)ﬂ , P= Cp[¢w]e¢(t)ﬂ
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Convergence to Equilibrium

Theorem

(Wu+Markowich+Zheng) The global transient solution converges (in an
appropriate sense) to the corresponding equilibrium.

Proof: e(t) < e(0) = n(t)| Inn(t)| + n(t)(A(x) + 1) € LL(R3) unif. in

t > 0 = (Dunford-Pettis) n(., tx + .) is weak-L1(R3 x [0, S]) compact for
every sequence ty — co. Compactness for the identification of the weak
limit of the time-shifted solutions is obtained from the bound of the
entropy dissipation:

oo t+S S oo
/ l(s)ds<oo:>/ I(s)ds:/ I(tx +s)ds = 0.
0 ty 0
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Exponential Convergence

. under construction .....
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Exponential Convergence

. under construction .....

Thank you for your
attention!
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