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[Aizenman, Bak]’79 inhomogeneous
Continuous coagulation/fragmentation of polymers

atf — a(y)Aazf — Qcoag(fa f) + erag(f)

polymer density: f(t,x,y) >0

time ¢t > 0, space z € Q with || = 1, size/length y € [0, o)
Quont (f. ) = / Fy— ) F)dy — 25 (y) / () dy
0 0
Qprag(f) = 2 / F) dy' —y F(y)

homogeneous Neumann V. f(t, x,y) - v(x) = 0 on 0f2
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[Aizenman, Bak]’79 inhomogeneous
Macroscopic densities

amount of monomers N, number density M
N = / yIW)dy', M= / f(y) dy
0 0

conservation of the total mass

|
-

N — A, ( [ et sw) dy')

M — A, ( /0 ) 1) dy’) — N M
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[Aizenman, Bak]’79 inhomogeneous
Entropy (free energy functional)

entropy
H)to) = [ (g = 1) dy,

entropy dissipation

o -

—Dy(f
Dulh) = | / 'Vf "y dr

L gy




[Aizenman, Bak]’79 inhomogeneous
Inequality by [Aizenman, Bak]' 79

[ s - swsan ( jf((;’;é))) dydy' >

H(f|fywn) +2(M = VN)?

entropy dissipation
2
/ / \V /] dy dz

+MHf\ffN)+2(M VN)?




[Aizenman, Bak]’79 inhomogeneous
local and global equilibria

Intermediate equilibria with the very moments N and
M =+/N
f\/N,N p— e_ﬁy

global equilibrium

Y

fOO p— e_m

constant in z satisfying M2 = N

conservation of mass Ny, = [~ N(z)dzx
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[Aizenman, Bak]’79 inhomogeneous
relative entropy, additivity

relative entropy

H(flg)=H(f)— H(g)
additivity
H(f|fw) =H(ffyxn) + H(fyxnlfeo)

fyw.y @and f. do not need to have the same L;—norm, but
nevertheless

/QH(mefoo)dx2<\//QNdx/Q\/Ndx> > (
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[Aizenman, Bak]’79 inhomogeneous
Existence results

[Am, AW] global existence and uniqueness of classical
solutions (1D, not [Aizenman, Bak])

[LM] global existence of weak solutions satisfying the entropy
dissipation inequality

[ Htsande+ [ Datgends < [ B

Diffusivity a(y) € L>*([1/R, R]) forall R > 0
Without rate: Equilibrium states attract all global weak
solutions
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[Aizenman, Bak]’79 inhomogeneous
Theorems

Nonnegative initial data (1 + y + In fy) fo € L*((0,1) x (0, 00))
with positive initial mass fol No(x)dr = Ny > 0
ForQ=(0,1)and 0 < a, < a(y) < a*or Q € R and a = const

e A e I SE

/ L+ 9 [ f(tsery) = foo@)lle dy < Cre™t, g > 1
0

For 2 = (0,1)and a(y) € L>([1/R, R]) forall R > 0 with a(y) =
O(y~7) for v < 1: algebraic decay
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Entropy Entropy Dissipation Estimate
needs || M| 1, M., a.

Step 1) Additivity

[ HG1sdr= [ il fde 2 (VE - VR)
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Entropy Entropy Dissipation Estimate
needs || M| 1, M., a.

Step 2) "Reacting" Moments N and M

/0 U = [ Bl de 2 (VE - VR)

- VN < o 1 = VNI + 1M - T .

=
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Entropy Entropy Dissipation Estimate
needs || M| 1, M., a.

Step 2) "Reacting" Moments N and M > M, >0

1 1
[0 < [ [ ME ) do 2001 - muig]

4
+ —IIM M|z

o[ (o

\/—IIM M|z2
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Entropy Entropy Dissipation Estimate
needs || M| 1, M., a.

Step 3) Diffusion

| / |vﬂ2df"dx2||ﬂjﬁ@o/o[/ow |Vf|2dy]/ J dyd
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Entropy Entropy Dissipation Estimate
needs || M| 1, M., a.

Entropy Entropy Dissipation Estimate

Let f := f(z,y) > 0 be a measurable function with moments
satisfying 0 < M, < M(z) < ||[M||r~ and 0 < N, = N.
Assume 0 < a, < a(y) < a*. Then,

[ HUR) de < CM. N P@) M 1D

Assume a(y) = O(y~7),v < 1. Then, forall A > 0

C
l/HfmmM<O A n/ ) dylliz D+ 75 N
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A-priori Estimates
L; + L> bounds

Lemma

Sup / aly) f(t, ) dy < Mmoo+ ma ()
O<z<1l J0o

1D: Vf(t z,y) = VF(t2,y) = [7 0V F(t,€,y) dE
/ooiliﬁla( )1 ay)dy < 2// 0; ﬁ(t,f,y))Qdfdy

+2// ) dT dy

if 0 < a. <a(y): |M|r= boundin L; + L
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A-priori Estimates
0 < a. < a(y): Moments M,(f)(t) == [ [y f dydz

Lemma: Forp > 1andfora.a. t > ¢, > 0

Mp(£)(8) < Mp(Mp(f)(te); Moo, M1, p)

ldea: fragmentation produces moments

[ veundy < 26-1) [ i)y tme +mio)

0 0
p—1 [~

—m ?JPH f(y) dy
0
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A-priori Estimates
0 < a. < a(y): Moments M,(f)(t) == [ [y f dydz

Interpolation

My(N() < 55 [ Nolt,)da + e Myua(£)(0

Thus

d

CME) < —5- My(f)(0) + 2(Cy — 1) mat) My(f)(0) + C.

Vallée-Poussin for (1 +y)fy € L'



A-priori Estimates
a(y) = O(y"), v < 1: Moments up to y?/a(y)

/ Qy” dy—// 2y’ f(y )dydy’—éfomy?’f(y)dy

and 2yy’ < sa(y') + 2a(y)

M2, < / / 1) 4, / a(y)f(y)dyde in L} + L

; R L) b dydz in L'+ L®
NI < [ [ SRSy [ aswydyde nLi+ L

Moreover [~ Q(1+y)*dy < N — M?* + 2N? is controlled
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A-priori Estimates
| M|z Via bootstrap

1-g 1—g
1 fllzrqo.mixey < Craly) 2 || finlly + Craly) > llgllzz

and while a(y) % < (1 4 y)V/ for y large

|M|lre < Cr
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Inhomogeneous Aizenman-Bak
Fast reaction limit

08" = ()" = = Quoag I 1) + Qprag (1)

formal limit: f¢ — e v~ satisfying
@NO — Axn(NO) =0
where n(N) := [~ a(y)ye_Vy_ﬁ dy with 0 < a, N <n(N) <a*N

Theorems:

convergence without rate using compactness

assuming lower bound: convergence with rate in ¢
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A nonlocal repulsion-aggregation model
Nonlocal Fokker-Planck type evolution equation

fR p = 1 conserved, measure valued solutions
Op = 0x(p0:la(p) — G x p+V])

Consider only a repulsion-aggregation potential
1D: u(z), z € |0, 1] pseudo-inverse of distribution function

Duu(z) = / Clu(z) —u(Q)dC, =€ 0,1].

smooth G(z) = G(—=x) even
local minimum z = 0, local maximum = = 2x,

G/(O) — O, G”(O) — 6 > O, G,(QQZ’O) — O, G”(QQZ’O) = —a <0.

IPAM 03.04.2008 — p.17/30



A nonlocal repulsion-aggregation model
conservation law, steady state

Conservation of (centre of) mass fol Uin(2) dz

1 1
/ u(z,t)dz:/ Uin(2) dz = 0 t>0,
0 0

One-parameter family of monotone increasing two-valued
steady states

( —2(1 — Zo)ZEO 2 < Z2p,

UOO(Z, ZO) — <

2200 2 > 2o .

Parameter z, € (0, 1)
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A nonlocal repulsion-aggregation model
Linear stability

Linearised nonlocal operator

/ Mo(z) = (a+8) [[Po(z)dz z < z,
F'(uoo(20))(v(2)) =
Mo(z)+ (a+0) [[Po(z)dz 2> 2.
where \; and )\, denote

)\1 = Zoﬁ — (1 — Zo)Of, )\2 = (1 — Zo)ﬁ — 20Cv .

A1 and )\, are convex combinations of 5 and —«a.
Consider mass preserving perturbations v(z): fol v(z)dz =
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A nonlocal repulsion-aggregation model

Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0

M =N pz)=4+(a+0) [[*e(z)dz 2z <z,
A2 =N p(z) =—(a+0) [[°p(z)dz 2> 2.
1) A1 # X # Xo: Then ¢ Is plecewise constant and

1—2p
<0

vy 2 < Zp,
A=—a <0, v(z) =
Ve 2> 2.

for all constants v, # 0.
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ao = F”(un(2)) () With [/ (z) dz

|
-

v;(z) and v,.(z) such that f1/2vl dz =0 = fl/erdz
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0

(M =N p(z) =+(a+0) ;" e(z)dz 2z < 2,
A2 =N p(z) =—(a+0) [[°p(z)dz 2> 2.

3) M =A# Ao, 29 F %: Then fozovdz:():fztvdz
vi(2) 2z < 2,
A=A = 20— (1-2)a, v(z) =
0 zZ > 2.

u(z) such that [ v;dz = 0.
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ay = F'(us(20))(p) with fol p(z)dz =0

(M =N p(2) = +Ha+ ) [P p(2)dz 2 < 2,
A2 =N p(2) = —(a+8) [P p(z)dz 2> 2.
4) Ny = X # Ay, 2 # 3: Like 3) after mirroring zp — (1 — ).

Summary: Given g — a < 0 there exists an open interval of
parameters z, with linearly stable steady states u..(z) :

Q >1
a+068" 2

max{A(zp)} <0 Vzg € (1 — 25, 25), 25 =
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A nonlocal repulsion-aggregation model
local asymptotic stability for § < «

Assume for a constant A and a ¢ small enough.

|G"(x) — B| < Ad for |x| < 20,
G"(x) + a] < Ad for |x — 2xq] < 26,

w(t,z) = e’ (u((t, 2) — uso(2)), /0 w(z)dz =0,

rate 11 > 0, Denote Ats = oo (2) — oo (C), Aw := w(z) — w(¢)

1
Oyw = pw + e“t/ G'(Aug + e *Aw) dC .
0
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A nonlocal repulsion-aggregation model
local asymptotic stability for § < «

For a B small enough

5 = {w<z> () ooy < 6,

Denote S := sign( [,° w(z) dz)

20 <0
/ wdz / wdz
0 0

zo rl
— e“t/ / S G'(—2x9 + e M Aw) dzd( .
0 20

= [ +e“’t// S G (e " Aw) dzd(¢
0 Jo

a
dt

Taylor expansion G'(e " Aw) = G"(&1(z,()) e " Aw
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A nonlocal repulsion-aggregation model
local asymptotic stability for § < «

For a B small enough

5 = {w<z> ()=o) < 6,

Denote S := sign( [,° w(z) dz)

20
/ wdz
0

-+ A2Z()52

< (,u—cu)/ w dz
0

229 A
< B5(,u—oz+ 0 5).

a
dt

B
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A nonlocal repulsion-aggregation model
local asymptotic stability for § < «

For a B small enough

5 = {w<z> () ooy < 6,

Denote s := sign(w(z)
O¢|w|(to, 20) =p|w| + e“t/ sG' 2z + e M Aw(z, ()) dC
0

1
+e“t/ sG' (e ™ Aw(z, () dC

<0

<O (p+M+ A0+ (a+B)B) ,

Choose ;1 < %52 < a, B, § small
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A nonlocal repulsion-aggregation model
Bifurcation for z, # %

Formal expansion ife := \; < 1

u(2) = Uso(2, 20 + €a) + €v(2), /0 v(z)dz =0.

Denote G"'(0) = 0, G"(2xg) = 7, 2§ := 20 + €a

/

e |—(a+0) [ vdz] + O(e?) z < 2§
el(B—a)v+(a+p) [Pvdz] +O(e?) z> =

\

O(e) : / vdz =€V and v(z) =¢€v(z), 2 > 25,
0
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A nonlocal repulsion-aggregation model
Bifurcation for z, # %

Integrating over (0, z5) and (z5, 1)

1— 2z [
V=2 ZO/ v?dz + O(e).

2 2/,

Reinsert

(52 (1—|—"’O‘)v——(1—z v +71 Zofo } O(e?) 2z <z
<\52 _%av — %% v dz} + O(e?) z > 28
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A nonlocal repulsion-aggregation model
Bifurcation for z, # %

v can assume at most two different values for z < z.

( _
v = —ZOZ1Z1U2 0< 2z < 21

v(z) = <

\ Vo 21 < 2<%

for a constant v, # 0 and [ vdz = 0.

2 zZotaa zg— 2 2o+ ax 21
V4 = —— Vo = — .
! v (1 — 20)20221 — 2o ? v (1 — 29)20 221 — 20
_ 1 — _
5 v 2o(20 21)037 v 7 20)20( 20 Zl)vg.

200 21 200 21
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A nonlocal repulsion-aggregation model
Three-valued steady states

Take 0 < ug,us < 229 and u; + ug > 22
Denote G’(ul) = (3, G’(u1 -+ UQ) = —(2, and G/(UQ) = (1
Then, there are values 0 < z1,23 < 1 and z; + z, < 1 and

/
U,l O<Z<Zl,

uoo(zaulau2>:< U + U 21 < 2 < 21+ 29,

Uy U 21+ 2 <z<1,

are steady states with zero mass.

uy = 2xg OF uy = 2xq yields the two-valued steady states
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A nonlocal repulsion-aggregation model
Linear stability

Denote G”(O) = hl, G”(ul) — hg, G”(u1 -+ UQ) — hg, G”(Ug) — hy
Linearised operator F'(us,)(v)

A v(z) — hy Ozlv—h2f21+22v—h3lel v 2 €(0,2)

21 +z
Ao ”U(Z) — h, Oz1 v — hy fzzl1‘|‘z2 v — hy lel+z2 v oz E (Zl, Z1 + 22)
)\3 U(Z) — h3 OZ1 U — h4 f:;l_i_ZQ UV — hl lel+z2 (VNVARS (Zl -+ 2Dy 1)
where

R RN AT

— hg hl h4 ) Z9

Ao .
\ A ) N\ by by ) \ 1=z —2
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0

(M =N o(z) = (b — ha) [ vdz — (hy — hs) [Z* vdz =0
§ (A2 = A)v(2) = (ha — ha) [ vdz — (hy — ha) ([P vdz =0

(A3 = N v(2) = (hs — h1) [ vdz = (hg — 1) [P 0dz =0

N
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem \p = F'(us(20)) () with fo z)dz =0
1) A#£ N, 1=1,2 3: vis piecewise constant. Elgenvalues

AN oy

T = (hy 4+ h3)z1 + (ho + ha)2zo + (hs + hy) 23,
A = h2h321 + h2h422 + h3h423

ps = hzzy + hazo + hizs,

(In)stability of 1, /5 IS not obvious.
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)

eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0
DAF£N,1=1,2,3:

Relating back to two-valued steady states

Uy = 2xg SUch that g; =0 = 2

pr = —a, p2 = B(1 — 22) — azg,

with only p satisfying voz + v3(1 — 25) =0
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0
2))\:)\1and)\7é)\j,j:2,3

Z1 21122
(hl — hg) / vdz = (hg — hg) / vdz
0 21

while v is piecewise constant on (zq, z; + 22) and (z; + 29, 1).

( vi(z) z€(0,z)

V= 9q U z € (21,21 + 22)

| V3 2 € (21 + 29, 1)
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)

eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0

Signs of the eigenvalues \; not obvious.

Relating back: uy = 229 with z; = 0and h; = fand hy = —«

A = h222+h3(1—22) , Ag = 522—04(1—22) , Az = @22—5(1—22) ;

A1 IS spurious since z; = 0.
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A nonlocal repulsion-aggregation model
Linear stability

Ansatz v(z) = eMop(z2)
eigenproblem Ap = F'(u.(2)) () with [ o(2)dz = 0
For small perturbations uy — 229 = -0 < 0

2

Ao = B2n — a1 — 29) + (ha s — G"(20) (1 — 29) + )5 + O(6?) .

g 9
At bifurcation z, = 35
Q " o

g a+05 g

has sign depending on G.
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A nonlocal repulsion-aggregation model
To Dos and open problems

rigorous bifurcation analysis
G with cascades of pitchfork bifurcations?

continuous steady states?

© o o o

more well, other bifurcation? Hopf?
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