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Chapter 1

Introduction

The evolution of the surface of the earth is a challengingfaascinating problem. Although the
basic physical processes eroding the surface and movingshéing sediment are understood,
modeling them is in general very difficult. Not only can thefaoe consist of different types
of material, rock, sand, soil and vegetation, most surfatesalso extremely complex both in
composition and topography and over geological time tectoplift and earthquakes can have
a profound effect on topography. Thus a basic problem in gephology is to model all of
these different effects and then put them together in a mahieal model that can produce
realistic landsurfaces. Such a model would give a valuatsigght into the various forces that
shape the surface and be a guide and a useful tool to gealsgislying complex formations in
geology.

The complexity of most landsurfaces and the instabilityarhe raises a fundamental mod-
eling question and a question of predictability. Should&mrfaces be modeled by physically
based deterministic models, expressed as partial difietesguations (PDES), or should they
by be modeled as stochastic particle systems (cellulamzatty) given the inherent influence
of noise in the environment on these system? That noise aitbus in landsurface evolution

is clear when variations in rainfall rate, rock composit@nd topography are considered. A
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4 CHAPTER 1. INTRODUCTION

related question is what features of topography are pradietgyiven some initial topography.
It is known that realistic landsurfaces can be created biyglmmodels using a random walk of
water and sediment if they are seeded by quenched noise.vdowlas leaves something to be
desired from a scientific perspective because one woulddikederstand the forces that play
a role in the creation of the surface and what features ofuhface are predictable and which

are not.

Research on the evolution of river networks since the workloifton [53] may be clas-
sified according to the class of model used. A first class ofefsodased omliscrete mod-
eling techniquesthese are analogous to models for phase transitions ist&tat mechanics,
has been remarkably successful in simulating the geomatdcopological characteristics of
stream networks [30, 31, 58, 2, 29, 32]. Many of these modheia/ever, such as those used
by Shreve [63, 64], illustrate how simple statistical agmtoes that essentially ignore physical
mechanisms can give rise to good descriptions of many fesfrriver networks. Such mod-
els typically provide little physical insight into the untieng phenomena. Researchers who
attempt to incorporate physically-based mechanisms iistrete models have typically found
it necessary to adopt strong assumptions concerning ttiation of channelized flows. The
well-known model of Willgoose et. al. [30, 31], for exampénploys two partial differential
equations to determine two states: the first being surfas@aebn and the second an indicator
variable of channelization. While the second variable asdjoverning equation lead to real-
istic simulations, it is difficult to relate either to welt&blished principles of fluid flow and

erosion and hence there is some mistrust of the results oftiuel.

Another class of models has focused on the searchdiational principleg[1, 57, 27, 12]
using both discrete and continuous modeling approachesh ®Bodels have led to simulation
results suggesting that fluvial networks may be governedrbgls optimality principles. Sin-

clair and Ball [12], for example, recently indicated howdberosion rules lead to an optimality
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principle. These approaches, however, do not provide adequodels of the emergence of
channelized flows while the variational principles evokee typically difficult to justify on

physical grounds.

A third class of models is based @ontinuous modeling techniques, conservation con-
ditions, and constitutive relationshipsxpressed in terms of PDEs. Such models have led
to (1) some understanding of early instabilities undedyihe initiation of channelized flow
[72, 37,23, 24, 2, 73, 36]; (2) a significant understandintpematurephases of drainage basin
evolution[7, 71, 74]; (3) a rigorous derivation of variatad principles governing drainage basin
evolution [71]; and, quite recently, to (4) valuable inggnto the emergence of channels and

related scaling laws (see [11, 21, 22, 10] and below).

Developments in nonlinear, deterministic and proballistathematics during the last two
decades are now ripe for a new and powerful synthesis. Thesei¢s raise the prospect for
advances in the geosciences that used to be out of reach bématical modeling and they
are also leading to significant advances in the theory ofineat stochastic partial differential

equations (SPDESs).

For a long time the unsurmountable problem in the theoryrddarface evolution was the
role of noise and instabilities. Erosion is driven by smalke because both the eroding surfaces
are unstable and small noise may trigger a large event. Thetsdilities will typically take the
small noise that always exists in nature and in numericalpegations and amplify it until it
become large enough to drive the system. The most challgpgablem is how highly colored
the noise is when it comes through the magnifying glass eddag the nonlinearities. The small
noise in the surroundings and in computations may be whitandormly distributed in time
and space, but the large noise that drives these systemariglgtcolored, or non-uniform, both
in space and time. In this paper we will investigate how n@s®ought into the third class of

models discussed above.
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1.1 The Noise Creation

The details of the noise creation can be understood in rgugklfollowing manner. The tiny
perturbations caused by the small noise in the environnremt gxponentially for a while be-
cause of the exponential growth created by the instalsliBait they do not grow exponentially
forever as they would do if the system was linear. Insteachtiheinearities will saturate the
exponential growth and instead one gets noisy terms thatalenger small. Moreover, since
different modes get saturated in different ways and at idiffetimes, the large noisy terms are
no longer white. They become colored in some way that is cleriatic to the system. In turn

this large colored noise will drive the system and createaaattteristic noise-driven state.

The first conclusion we can draw from this argument is thatvewg surfaces are not pre-
dictable. They are deterministic in the sense that the isoisitare determined by the initial
conditions and one can make infinite-dimensional mathealatnodels that describe them, but
we cannot predict where the mountain or valley will be lodade when the earthquake will
occur and how big it will be. However, these processes pesstasistical behaviors that are
predictable. For example how rough the surface will be asiBpé by the variogram can be
predicted. It is then appropriate to adopt the language abadvility theory when discussing
these system and think about their solutions as randomblasighat possess deterministic sta-

tistical properties.

The situation in geomorphology is in many respect analogoube situation in chaotic
dynamics some forty years ago. Then scientists were facédprnoblems that could be posed
as initial value problems for ordinary differential equets (ODES) but produced solutions that
are not predictable due to sensitive dependence on intiadliions, or instabilities magni-
fied so much by tiny random perturbations that predictabilias lost. This is referred to as
the Butterfly Effect The difference is that whereas the ODE systems were fiimtemsional,

landsurface erosion is an infinite-dimensional phenomgdescribed by partial differential
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equations (PDESs).

1.1.1 lll-posed Problems

The infinite-dimensionality made erosion mathematicatijouchable until recently. The rea-
son was that the PDE initial value problems that one coule poesnfinite-dimensions were
ill-posed and this led researchers to the conclusion tlestetiproblems could not be solved, or
at least not numerically. Indeed this is true for linear peafs that are ill-posed in the strongest
sense, because then the smallest modes will grow the fastdsafter a short time the in-
significant details represented by these modes will coralyisaturate any computation. More
recently it has been realized that this is not the case foymllgmosed nonlinear problems. The
reason is that although the smallest modes grow initiakyféistest they are also saturated the

fastest and simply end up contributing to the tail-end ohHrgquencies of the colored noise.

The numerical analysis of nonlinear SPDEs is still a forrhldachallenge and nonlinear
PDEs accompanied by ill-posed problems that turn themsehte nonlinear SPDEs are even
harder to solve. Not until recently has significant progiessn made on how to solve such
equations numerically. The first observation was that exptiethods that are the methods of
choice for most computationally intensive problems beeanfstheir speed, were completely
useless. These methods require a significant amount otettiflissipation to be put in by
hand. Whereas they can reproduce the large structures prabéems, they get the production
of the colored noise wrong every time. Its characteristiacdtire (the color) is simply de-
stroyed by the amount of artificial numerical viscosity. Thenerical methods that produce the
correct color aremplicit methodd47], because although these methods also create numerical
dissipation, it is much smaller and created in such a cdetitdashion that it does not signif-
icantly alter the coloring of the noise. Thus implicit medlsocreating very small numerical

dissipation capture the magnification of the noise by thtalrkties and produce numerically
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the stochastic processes with the correct statisticalgotigs. The price one pays is that the re-
sulting computations are very intensive, the implicit noetd are much slower than the explicit
ones, and to produce realistic landsurfaces and earthguaka fault system requires a large
computational facility dedicated to these computatioriss Was another reason why earth sci-
entists had not attempted such computations earlier; ndtranently with the emergence of

powerful Beowulf clusters of workstations have these lesgale parallel computations become

economically feasible.

1.2 SOC Systems

The stochastic processes describing landsurface evolat® characterized by the statistical
quantities associated to them. The evolution of the sieistjuantities can be described in
the following way. Initially they are not stationary but gran time as a polynomial with
a characteristic leading coefficient called the temporabhmess coefficierf. There is an
equivalence between the spatial and the temporal scala giyeanother coefficient called
the dynamic coefficient coefficient, b~ x*. Eventually the system reaches a critical size or
feels the influence of the boundaries and the temporal rauggesaturates into a statistically
stationary state where the statistical quantities do mmv@ny more, but the system fluctuates
about the statistically stationary state and the fluctuatiare correlated. In this stationary
state the statistical quantities are characterized by ynpatial scaling, given by the spatial
roughness exponegt Only two of those exponents are independent because ofjtinadence

of the space and time scales. Their relationships is givehégquation,

The statistically stationary state is determined by anriavé measure living on infinite-
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Figure 1.1: The scaling exponents of the variogram are shasva function of time, for an
initial landsurface with a slope of 8.5 degrees, on a logglog. The temporal evolution shows
four different exponents (slopes), along with their regras coefficients, and a statistically
stationary state (with slope zero) is emerging, furtheghéoright.

dimensional phase space. This invariant measure detesmipgobability density that per-
mits a computation of all the relevant statistical quaesitand it is invariant with respect to
the temporal evolution of the stochastic process. Typidhié invariant measure lives on an
infinite-dimensional subspace and the temporal roughgmiogess projects the dynamics onto
this infinite-dimensional subspace. If the invariant meass colored so that the different
directions, in the infinite-dimensional space occupiedh®y measure, have different weights
then we will call the systeran SOC systemMoreover, if the temporal roughening is charac-
terized by more than one temporal roughening coeffigggnk = 1,-- -, n, then the process is
calledmulti-fractal. This means that there are statistical quantities whosefagrowth during
the initial transient are not related. The multi-fractalg a signature of the complexity of the

process and such systems will be called an SOC systemsowitiplex transients

In the physics literature SOC systems have been studieddmgaime and go by the name
of self-organized-critical system. The (somewhat vagdegniwas that the system somehow

self-organized during the initial transient and formed ®GSattractor” in the stationary state.
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The mathematical theory developed for the landsurfaceuéweol showed that no attractor ex-
cept the trivial one exists but the system projects onto asate which is therefore attracting
during the transients. Instead of an attractor there is aarigint measure living on this sub-
space and this invariant measure completely determinest#tistically stationary state. The
stationary state is critical in the sense that the motiomgedic on the subspace and both large
and small events are possible. Moreover their distribusaetermined by the associated prob-
ability density.

The abundance of power laws in nature was noticed and stigiedany authors during
the 19th century, see for example Willis [80], Zipf [82] an&Ntelbrot [46]. Many time-series
including electrical noise and stock market price variatior example, show power-law tails
in their power spectra and this is called 1/f noise, see HE&&s In 1987, Bak, Tang and
Wiesenfeld [5, 6] proposed SOC as an explanation of the utgigfi 1/f noise in nature. The
book by Per Bak: How Nature Works : the science of self-omggohicriticality [3] contains

many applications of SOC to natural phenomena.

We will now give a brief introduction to SOC from a physicalipioof view following
Sneppen [67] and Dhar [16], with references for readers wdnat ¥o read more of this literature.
Bak, Tang and Wiesenfeld [5] observed that mountain rangeey, networks and coastlines
have fractal structure, meaning that some correlationtiondas a power law behavior. For
mountain ranges the correlation is the variogram (widtrcfiom) that scales as a function of

the lag variable, or the distance between two locations,

V<X7y7t) ~ ‘X_y|x

with characteristic exponet in the statistically stationary phase. The characterestponent
takes the valueg = 0.5 for channelizing surfaceg,= 0.66 for young surfaces angd= 0.75

for mature surfaces, in the transport-limited situatiag ELO]. The width function played an
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important role in the analysis of surface growth, see Kardarisi and Zhang [38]. The shape
of a river basin is determined by both its young and matures@hand the first and the third
scaling laws above together produce Hack’s law [34]. Hatdis says that the length of the
main river in a river basin scales with the area of the rivesim#o the power %8, see [10].
Actually, the exponent in Hack’s law has a rangg&-00.7 depending on whether the river basin
is young our old, small or large, see [22, 18, 19, 20] for detalhe ranges in Hack’s law will
be important for us below and we will associate them withelrdgference processes shaping
landsurfaces, initial channelization, adolescent graavith maturation. Another example is the
well-known Gutenberg-Richter law [33] for earthquakese Tiiterpretation of the existence of
such a power law is that the system does not possess a chistacteale instead all scales are
connected. The absence of a characteristic scale meanbehdtails of the system behavior
are not important, instead statistical properties mustdeel to describe the system as a whole

and these statistical properties should be scale invariant

The SOC terminology originated in statistical mechanicemglsystems exhibiting correla-
tions with power law decay over a wide range of length scalesaid to have critical correla-
tions. This is because correlations much larger than thgthescale of interactions were first
studied in equilibrium statistical mechanics in the neigtiood of critical phase transitions.
One needs to fine-tune some physical parameters (for exaerplgerature and pressure) to
specific critical values. In nature this is rather unlikedynappen for example the growth of
a mountain range by uplift and its erosion is unlikely to be finned to any parameters. The
systems that we are interested in are not in equilibriunretievariation in time but average
properties are roughly constant in time. These system aqriéntly open and dissipative. We
can for example think about the influences of uplift and irdn a mountain range and the bal-
ancing dissipation of sediment by erosion. Thus we consitese states to beon-equilibrium

steady states
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Bak, Tang and Wiesenfeld argued that the dynamics whichrggeeo the robust power-law
correlations seen in the equilibrium steady states in patwrst not involve any fine-tuning of
parameters. It must be such that the systems under therahatolution are driven to a state at
the boundary between the stable and unstable states. Statk then shows long range spatio-
temporal fluctuations similar to those in equilibrium @@l phenomena. They also proposed a
system whose natural dynamics drives it toward and thentaiagit at the edge of stability: a
sandpile. Their model was actually not a very good modeldal sand, [35], however it was
solvable and generated a large number of papers, see [7$1ahfbr recent reviews. It also

inspired experiments on piles of long-grained rice [28] ttanstitute an SOC system.

The sandpile model proposed by Bak, Tang and Wiesenfeldeanlied explicitly. This is
of course very useful because it mean that various progestithe system can then be spelled
out in all details. In [16] a slight generalization callecttirected Abelian Sandpile Model
(ADM) is solved and it is shown that ADM is equivalent to Sategger’'s model of river basins
[62], Takayasu’'s aggregation model [68] and the voter masks [45] and [25]. This means
that all of these models occupy the same universality clé$stive same scaling exponents. In
arecent paper Dhar and Mohanty [17] showed that the diresztedpile models fall in the same

universality class as directed percolation; see [25].

We do something similar in this paper with the continuum nmgdeamely solve the linear
SPDEs driven by colored noise, see the next two sectionss@aitout all their scaling laws. It
will be clear that all scaling exponents in a reasonableeamgne-dimension are possible. This
means that there exist solvable SPDEs occupying all théaiiuniversality classes. Then
we will see in our applications to the nonlinear landsurfageations that three universality
classes are picked out by these nonlinear equations: omlef@hannelizing surfaces, another
for young surfaces and the third for the mature ones. In ahheidood of these surfaces

the nonlinear landsurface equations occupy the same gailitgrclass as the corresponding



1.2. SOC SYSTEMS 13

solvable linear SPDEs. It is obvious that our SOC systemga@ueévalent to the SOC systems

in the physics literature because both are completely cteraed by their scaling exponents.

1.2.1 Temporal scaling invariance

The statistical quantities characterizing the SOC systeswe scaling invariances initially as
functions of time and eventually as functions of space. uFeé 1.1 the temporal evolution
of the variogram is shown as a function of time on a log-logt.pldhe figure shows that
the temporal evolution grows polynomially and is charazest by several scaling exponents
Bk, k=1,---,4 which are shown as the slopes on the lines fitting the nualedieta. This
implies that there exist several cross-over regions wifierdint spatial scalings. The first char-
acteristic exponent for the maturation process, see [$03f the ordef3, = 0.127, which is

in agreement with the theory, and the higher order exporastsmaller; eventually the graph
levels off. This signifies that the system has enteredsthéstically stationary statéhat is
characterized by the exponddi = 0. The data is composed of an ensemble average over five
numerical runs with an initial condition consisting of a ssttosurface with a slope of. 8 de-
grees, where each run is done with a different random seediting initial data. For each run
the time evolution is averaged over the correlations okdéfiit spatial distances and a range of
upslope positions. It is clear from the plot that the maforaprocess in landsurface evolution
is multi-fractal in its temporal evolutions and eventudlgcomes stationary, different values of

the initial slope produce similar results.

1.2.2 Complexity in Geomorphology

The evolution of the surface of the earth under the influericeatonic uplift, weathering and
erosion is a multi-scale multi-fractal process. In a seviggapers Smith, Birnir and Merchant

[71, 74, 65] developed a family of landscape models, basetherSmith-Bretherton model
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[72], that capture the fundamental processes at work wiaeslurfaces are eroded by water.
They showed that in numerical simulations these landscagkels capture the emergence and
development of stable, dendritic patterns of valleys adges. In a subsequent paper [10] they
demonstrated the manner in which these models also capieieffects of random influences
in driving the processes of landscape evolution. In padictheir results provided a physical
basis for explaining various fundamental scaling relatiops [44, 70, 55, 42, 60, 61, 59, 48,
54, 69, 62, 58, 32, 56, 21, 22] that characterize fluvial landss and supply a bridge between

deterministic and stochastic theories of drainage basitugen.

Birnir, Smith and Merchant [10] employed several specifehteéques from the emerging
theory of complex surface evolution (for a review see [41 f8]) in investigating the models
discussedin [71, 74] as systems driven by noise or stoch@sitesses. First, they characterized
the statistical structure of eroding surfaces and flows iimseof variousstructure functions
(or variogram) that represent the statistical correlasivacture of complex surfaces. Second,
they applied known results from this theory concerning threnfof scalings that emerge from
appropriate universality classes of PDEs when subjecteahidom driving forces of a specific
form. The rationale for such application is that systemstging to the same universality class
manifest qualitatively similar behaviors. Birnir et al.salconnected part of the theory to the
concept of self-organized criticality (SOC) as proposedhbk et al. [5, 6, 4, 49, 3, 67, 15, 16,
17].

Careful studies of Hack’s exponent, see Dodds and Rothnigr22 18, 19, 20], show that
it has three ranges apart form very large and very small sché&re the exponent is close to
one. The three ranges seem to be shaped by a different typatef flow. The first range is
characterized by the roughness coefficief df the water flow and corresponds to Brownian
motion, see Edward and Wilkinson [26], of water over chaizivey slopes, we will associate

this range with theChannelization ProcessThe second range is associated with shock for-
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mation, bores and hydraulic jumps in the water flow. It cquoesls to quenched and pinned
Burger’s shocks, see Parisi [50] and Sneppen [66], and isctaized by the roughness coef-
ficient 2/3 of the water flow, see Welsh, Birnir and Bertozzi [78]. Welwdll this process of
landsurfaces growing and evolving from a convex to a concsivape thédolescence Process
The largest range by far in Hack’s exponent is associateu twibulent water flow, see Birnir
[9], and is characterized by the scaling exponeft.3We will associate this range with the

Maturation Process

1The use of these terms here and below follows their use in ggaimlogy which is opposite to the mathemat-
ical definition



16

CHAPTER 1.

INTRODUCTION



Chapter 2

A Family of Landscape Evolution Models

The scaling results presented in this paper are derived thensame family of models stud-
ied analytically and numerically by Smith, Birnir, and Mbeant [71, 74, 11]. These models
represent thadvective entrainment and transport of sediment in transiopoited conditions
[2]. Based on our previous analyses and on the results exgportthis paper, we believe that
they capture essential aspects of fluvial erosion at smatiédium scales of spatial resolu-
tion 1. While it is straightforward to extend these models to repne other processes that are
significant in the evolution of fluvial landscapes, such avigy-driven diffusion processes on
hillslopes, we believe that their effects would mask thdisgarelations associated with the

advective processes of sediment transport in channel arthod flows’.

We now provide a summary description of the family of modAlsiore detailed description
of their derivation is provided in [71]. We also provide adfriliscussion of those aspects of the
characteristic time scales of the models that are relewahit present context. The models are

based on conditions describing the conservation of watkésadiment fluxes over a continuous,

lWhether they capture essential aspects at large scaleataflspsolution is an open issue.
2We plan to explore the effects of such processes on scalilaggnpapers.

17
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erodible surface = z(x,y,t)

oh

(2.1) _R+E:D'(quw>7
0z

22) =0 ()

in which h = h(x,y,t) is the depth of water varying continuously over the landstef—u, =
—% IS a unit vector in the direction of both water and the adwtaediment flowsH =
H(x,y,t) = z(x,y,t) + h(x,y,t) is a free water surfacey, represents the flux of water per unit
width, andgs represents the advected flux of sediment per unit width.

There are three natural time scales that characterize thenuigs of equations (2.1), (2.2).
These time scales may be derived by transforming the vasabi equations (2.1), (2.2) to
dimensionless form, using relations= [v]v* in which [v] is a scale an#* a dimensionless vari-
able. Given values for the scaling paramefets [h], [aw], [as], [R] and[x] = [y] that are charac-
teristic of the variables in equations (2.1), (2. 2)ye may then define representative values of
the scaling parameter for the time variabje)(by setting the values of specific dimensionless
parameters of the problem to unity.

A short time scaldt] for t may be defined by the relatidti[gw|/[h][X] = 1, which may
be interpreted to imply thdt] is the time scale at which the volume of water flowing over
a lateral cross section of the ridge is approximately theesamthe volume of water on the
surface. Applying this scaling to dimensionless versidnsquations (2.1), (2.2) and dropping
the asterisks denoting dimensionless variables, we obtain

oh _ ¥R
ot = U (UW qW)+ [qw] R

3A useful set of such values characterize the representatiades when the basic model (2.1, 2.2) is used to
represent the erosion of a small, linear ridge.
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oH [hjoh _  [had

ot [HJot  [H][cw]

O (uw Qs) -

It is natural to choose a scaling that makes the dimensisplasametefx|[R]/[gw] = 1 in the
water flow equation and interpret all terms in this equat®he&ingO(1) (see, for example?]).
The significance of this fact, as we show in in Appendix in [i8]that the flows described by
this equation are characterized by shock waves that we ntenpnet as short term noise. The
order of the dimensionless parametfiliqs]/[H][aw] in the erosion equation is much smaller

than unity and smaller thgh]/[H]. Hence we obtain the (approximate) erosion equation
oH _ In oh
ot~ [H]at

which indicates that variations in the water surfataresmallat this time scale and driven by

short term variations in the flow depthdescribed by the water flow equation. This equation

also implies that erosion of the surface is negligible at time scale.

A time scalelt] that isintermediatebetween the previous short scale and longer scales
may be defined by the relatidti[qs|/[h][x] = 1, which implies that we may interpréf as a
time scale at which the volume of sediment flowing over a &teross section of the ridge is
approximately equal to the volume of water on the ridge attang. On applying this scaling

to equations (2.1), (2.2) we obtain

[gs] oh _ M.

[Qw] 6t D (UW qw) + R
oH [h] [lh] h
ot ED'(UW%HHE

where we have once more used the scaling reldtpR] /[qy] = 1. We note that the dimen-
sionless parametéqs| /[qw| that multiplies the tern%? has a magnitude that is greater than its

magnitude at the short time scale. Since the evolution ofshier surfaceH is determined
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by two terms that we may assume to®§gL) and since both are multiplied by the same small
dimensionless parametfn} /[H], we may interpret this to mean that changes in the suiface
are determined to a significant degree by small fluctuatiotizsd depth of waten, indicated by
the water flow equation, as well as by the erosion ofzkerface.

A long time scaldt] may be defined by the relatidtj[qs] /[H][X] = 1 and we may interpret
[t] as the time scale at which the volume of sediment flowing oVetesal cross section of the
ridge represents a significant proportion of the volume efritige. On applying this scaling to

equations (2.1), (2.2) and again using the scaling relaxigR] /[ow| = 1, we obtain

g oh X/[R]
Hlguor (Ut TR
H Ih] ah
ot D'(Uqu)"‘ﬁg-

The small size of the dimensionless parameter on the LHSaféter flow equatiorih][as] /[H][0w] -
1, suggests that the basic flow is essentially an equilibfiamdown the surface gradient. It is

not unreasonable, therefore, to adopt the following apprakon to the water flow relation

2.3) 0 ~ O (uwaw) + JRR

as was done in the analyses in [72, 23, 71, 74]. While we maypret the dominant balance in
the erosion equation as being between the first two terms, ayeimterpret the relatively small

term|[h]/[H]oh/dt as representing random variations that drive the sedinmemt fl

2.1 Previous Results for Long Time Scale Approximations

Smith, Birnir, and Merchant [71, 74] analyzed a subfamilytteg models (2.1), (2.2) that was

obtained with the use of the following assumption. Firsg kbng time scale approximation
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(2.3) to the basic model was assumed, together with theiadditscaling relationshifh] /[H] =

[as]/[aw] = n. Second, a Manning-type constitutive relation
(2.4) Gw = nh3|OH |2

where n, the inverse of the channel roughness, is a constastadopted to represent the flux

of water. Third, a power law relation
S LB
(2.5) gs = kh3Y OH |2

was employed in representing the flux of sedingniThese assumptions lead to the following

dimensionless equations:

OH s 1
R =101/ h3 3
(2.6) R=10 [|DH‘h3|DH\ ]
oH oh OH s y
n=— =0 |—h3 719
(2.7) P I‘]at 0 [|DH|h3 |OH |2 ]

The initial and boundary conditions employed in these aedymodeled a linear ridge under-
going erosion as a result of a uniform rainfall (see equatidnl), (4.2) below.)

Applying the numerical methods described in [74] to equi(®?.6)-(2.7), it was shown
[74] that initially unstructured but randomly perturbedordimensional surfaces are unstable
when eroded by water. Channelized flows develop on the sgfatth a region of maximum
channelization first emerging towards the lower boundargursfaces with an initially planar

configuratior*. This process of channelization involves the merging ofuiéts” and the for-

4A variety of numerical experiments have shown that chamagtin occurs on surfaces with a large array of
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mation of larger “channels”. The longitudinal profiles oethdge simultaneously develop a
concavity that also emerges initially near the base of tihgeriunder the influence of the fixed
lower boundary. The region characterized by the maximum eathannelization and by the
emergence of the concavity gradually moves towards therupmendary of the ridge as the

surface erodes.

A pattern of dendritic valleys separated by ridges emergdames to dominate the erod-
ing surface. Such a pattern is illustrated in Figures 1 angi2ch represent the surface after
10% of an initially planar surface has been eroded. Afteraaatteristic period of erosion, the
surfaces evolve towards stable landscapes of concavevaltel ridges that decay slowly in a
self-similar manner. Such a pattern is illustrated in Fegu8 and 4, which represent the surface

after 60% of an initial planar surface has been ercted

The convergence to these forms occurs from initial surfticasare both planar and non-
planar. The characteristic period of erosion that precdussonvergence, which we measure
in terms of the percentage of the original surface erodepenigs on the nature of the initial
surface, the rainfall rate, and the parameterg asdd. These mature landscapes, consisting
of stable patterns of concavities, valleys, ridges, and@aated flows, are well-described by a
class of solutions to the nonlinear PDEs (2.6)-(2.7) foesda whichr]a—(';‘t may be ignored in
equation (2.7) relative t%% [71]. Such solutions depend on the characteristics of thiemwa
and sediment transport laws and on the boundary conditmrké PDESs; they are separable in

time and space

(28) H(X7y7t> = TH(t)HO(X7y>7 h(X,y,t) = Th(t>h0(x7y);

initial configurations.
5We note, in particular, the sharpness of the longitudimtges, or divides, separating the valleys.
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and they are stable [71]. They are also characterized instefra variational principle [71],
by which a simple function of the sediment transport oversilngace is minimized, subject to

constraints involving the conservation of water flow anddlevations of the initial surface.

2.2 The Models Underlying the Present Analysis

The analysis presented in the current paper is similarlgdbas the use of equations (2.1), (2.2),
the Manning-type constitutive relation (2.4) for the fluxvediter, a power law relation (2.5) for
the flux of sediment, and the initial and boundary conditimrescribed in equations (4.3), (4.4).
For reasons that we discuss below, howewerno longer assume that the te%fbnin equation
(2.1) is always negligibleAs we show this term leads to significant disturbances in tve @f
water at the short time scales discussed in Section 2. Wipietehese disturbances as noise,
whose cumulative effects, as we discuss below, are signifinaseeding the instabilities in the

flow of sediment at the longer time scales.

We therefore focus our attention on the model

oh OH . s 1
220 _ . 3 P
(2.9) n P O [\DH\hS‘DH‘ ] + R,
oH oh OH s y
A R o D et -1 719
(2.10) = —n% =0 thhs |OH | }

in which we have adopted the scaling relatjbjy[H] = [aw]/[0s] = n. In relation to the three
time scales discussed above, we note that there is no logmefality in this representation. In
particular, we may obtain the short time scale version ofettpgations by applying the trans-

formationt =t /n? and the intermediate time scale version by applying thertiresformation
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T=t/n.

We use the same boundary and initial conditions as [71, #pubel a linear ridge extending
uniformly in the lateral X)-direction and defined over a rectangular domain of leignd
width W,

D={(xy) eR}0<x<L,0<y<W}

with initial conditions

h(x,y,0) = d(y), d(0)=ho, d(W)=0,

(2.11) H(xy,0) = cy+hy, 0<y<W

and boundary conditions

h(x,W,t) = 0,

(2.12) H(x,0,t)= ho =h(x,0,t)

corresponding to a water depth of zero at the top of the richigleasn absorbing body of water
at the base of the ridge. While the water surface must be dered to be a free surface at
the top of the ridge, it may be viewed as consisting of finit@lgny smooth curves that are
solutions of a nonlinear ODE (the PDE restricted to the bany)d These curves are joined in a
continuous, but not smooth, moving boundary (see, for exarpgure 3.) The upper boundary

is characterized by the additional conditions

qW:qS:O7

indicating the absence of any flux of water or sediment ouvsritbundary. Since,, andgs are

expressed as powers lbfand[IH in the constitutive relations, these conditions imply ttest
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vanishing of the water depth dominates the blow-up of thdigra ofH (in g, andgs) and that

the normal derivative off may become infinite at the upper boundary

n-OH (X, w,t) = co.

The boundary conditions on the lateral boundaries of thger@tx = 0 andx = L are taken to

be periodic, modeling a linear ridge of infinite extent.
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Chapter 3

The Stochastic PDES

We write the generic linear Stochastic PDE for SOC systentisdriorm
(3.1) dU =AUdt+dW, xc Q, tcR"

whereU (x,t) is the solutionA denotes the Laplacian avd is a Wiener process. We assume
thatQ is either a box with periodic boundary conditions or a geldoanain with either Dirich-

let or Neumann boundary condition. The initial conditiomgigen by the formula
U <X7 O) = UO(X)

whereup(x) can either be a deterministic function or a stochastic E®aex.

Now suppose that the Wiener process can be expressed as

(3.2) W=$ Bfe(x)

were theBf's are standard independent Brownian motions andgiheee the eigenfunctions of

the negative LaplaciarA on Q with eigenvalued.,. Then the stochastic initial value problem

27
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can be solved in the following manner. We seek a solution@fdhm

Uxt) = 3 Aax)
k=1

where theA's are independent stochastic processes. A substitutiorttietstochastic PDE

gives the stochastic ODE initial value problems
dAS = — N At +dBY, t e RT

AS=10K, k=0,1,...

These problems are easily solved

Al e—)\ktAng/t e M99 Bk,
0

where the integral is the usual Ito’s integral and &fls are the so-called Ornstein-Uhlenbeck

processes.

Now consider the stochastic initial value problem,
dU = AUdt+dwW
with periodic boundary conditions
U(xt) =U(x+1L,t); Ux(xt) =Ux(x+iL,t), t>0,
where the T are unit vectors IR and initial conditions

uix0)=c, 0<x <L, i=1.,n
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W(dx,dt) now denotes a white noise process that is white in both spat¢ime and charac-

terized by its expectation
E(W(dx dt)W(dX,dt")) = d(x—X)d(t —t')dxdxdtdt’.
The solution of this initial value problem is

U(x,t)=c+ Z Aley(x)
k;éO
where

A= // W(dy,ds), keZ",

andg denotes the complex conjugate of the basis funaomhe basis functions are Fouries

components (exponentials) because of the periodic boymdaditions.
Lemma 3.0.1

Atk:/te)\k(ts)d k
0

where B are standardR-valued independent Brownian motions.

Proof:

ef) = [ [ [ amacy)e e I (widy dsw(ay. as)

_/w/ (y)dy M-I N -9gg

wheret At’ denotesnin(t,t’),

_ /t/\t ef)\k((tth/)fZS)dS if k= k/7
0



30 CHAPTER 3. THE STOCHASTIC PDES

and zero otherwise.

On the other hand,

E(/te_)\k(t—s)dBlé_/ e Mt-9) g Bk’) // e M9 g Ne -9 E(d B BK)
0 0

_ /t/\t ef)\k((H%/)fZS)dS if k= k/,
0

and zero otherwise. Hence both sides of the equality represeo mean Gaussian processes

with same covariance function. QED

Now let E denote the expectation and V the width function arogaam, which is the square

root of the second momep,

VA(xy.t) = E(U(y.t) —U(x,1)[?),

then, when the initial conditions are constant, we obtain

Lemma 3.0.2
_ 1 e*Z)\kt
E(AA) = —5—
and
© 1—e 2
V2(x,y,t) = S — (¥
y= 3~ &) &)

Proof: Lett =t’in the above proof to obtain

— t _ a2\t
E(AAY) = [ &Pt Ids— e —
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The width function is computed in the following manner,

00 00

EUD-UxDD= 5 5 EAN)ady) -adX)l?,

since E(A["E) =0, if k# j, and otherwise by the formula above, this is equal to

> 1-e 5
— oy I&LY) —&(X)]".
k:z_w o |ex(y) — &(X)]

QED

If the initial conditions are not constant they usually gaveontribution to V.

The above formula for the width function is perfectly gemdmat we will now specialize
to one dimension and a domain that is an interval with pecibdiundary conditions. In this
case the basis of eigenfunctions of the Laplacian are thedfmomponents with the following

eigenvalues

1 i 21k \ 2

The estimates can be carried out in higher dimensions batghkcations that we have in mind
are to a one-dimensional width function. This means thatavedentify the intervalO, L] with
periodic boundary conditions as the cirde We letaA b denote the minimum ad andb. The

following estimates are proven in Walsh [76]; see also Edveard Wilkinson [26].

Lemma 3.0.3 The following two estimates hold

00 _ a2\ 2
> tre < L AVE L+—2f2ﬂ :
2\ 21 \/QT[ L

k=—o0
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and

2 lady) —adX)?
>

<ty
_T[y .

Proof:

always holds. In particular if

On the other hand, if

then
> l1-e = 1 - 0
2y <Y —5AA<2 Tﬁttdu+/ —du
& =L 0 s
LVt 2/t ¢ o l(L 2
Nz L o2\ 2m
The proof of the second inequality is
eLy_eLX eLy_eLX :1(1_e2|_m(yx)_e"’{_"”(yX)+1>
vL VL vL VL L
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Therefore, ,
5 o -aP 3 2 (11 (Ey-0))
Pt 2 = Ak
22 1 (y—x)? 1/°° L (y—x)?
=— A <= du
L& (%)2 4  —2Jo T L
:}/nly % ( L 1 ly —X| \y—x|
2Jo 2 2 LIS LIS
:ﬁ|y—x|

QED

The width function characterizes both an initial transistate and a stationary state for the
stochastic procedd (x,t), these two different states are characterized by t (tenipana x

(spatial) scalings of the width function.

Theorem 3.0.1 The stochastic process defined by the equation (3.1) anddise 3.2) pos-

sesses both a transient and a stationary state. Initiallyirdy a transient growth,

V2 | (L 2v2n 1
V(X7y7t) < W [( ) (E’[—i— L ) t4:|

whereas in the stationary state

1 1
<1/ =ly—xz.
V(X,y,t)_\/;ly X2
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Proof: From Lemma 22,

4 © 1—_e 2 4 © 1_eg 2
sz, 1) =— S|n2< x)<— _—
(x.y,t) Lkzz_w e (y=x) ) < (2. 2,

The result follows from Lemma.2. The second estimates also follows from Lemntaghd

the trivial estimate

QED

Theorem 3.0.2 There exists a Gaussian invariant measure

00 0o —)\kxf
dxX) = expl— § Ao@+ 6, tdx = € d
H(dx) = exp{ Zoo KX + B rdx kl_lm< T/)\J X<

on the phase space H L?(S'), where x= S x«& is a general vector in H, wher@y =

—00

2I (Ak) is the normalization factor of the Gaussian.

The proof of Theorem 3.0.2 is a special case of the proof obiidma 3.1.2 and Corollary
3.1.2.

3.1 SOC Systems

We will now define processes that we call SOC systems or SOepses.

Definition 3.1.1 A stochastic process U is an SOC system if it possesses hatiséent growth

state and a statistically stationary state satisfying thiéofving four conditions:

1
1. The process possesses a scaling, so the width functierp¥ scales with a temporal
roughness exponeftduring the initial transients and the spatial roughnessagnty

in the statistically stationary state.
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2. There is an equivalence of time and spase|k|* given by the temporal coefficient z
X=2zp

and the systems possesses a spatial scale L (system siee,cupjoff, wavelength se-
lection) that is an upper limit for the spatial scaling. A lemlimit for the length of the

time-transients is given by~ L%

3. The process projects the dynamics to a subspdcef lthe original phase space H as

t — . H' = H is also permitted as a special case.

4. There exists an measure p on this subspacarid the process restricted to the subspace

is invariant with respect to this measure.

5. The invariant measure is colored; that is: the infinitelgmmg directions in Hare weighted

(colored), with weights different from a pure Gaussian oisBonian measure.

The point of Condition 5 is that the invariant measure catwead pure Gaussian as in Theorem
3.0.2. However, it can be a weighted Gaussian as in Cordldry with the weightsy provid-
ing the color. In general it will be a non-Gaussian or Poigsomeasure that is colored in the

above sense.

Definition 3.1.2 An SOC process hasomplex transientd the process is multi-fractal dur-
ing the initial transients, so that either the width functiscales with several different ra-
tionally independent exponents, or homogeneous lineabgwtons of the higher moments
(Sheq akpﬂ/k)%, n> 2, scale with exponenf,, which are rationally independent Bf B, # 5[3,

p,qeN.

Definition 3.1.3 An SOC process has@mplex stationary statié the stationary state of the

process is multi-fractal, so that homogeneous linear cowiins of the higher momertgy_, akpﬂ/k)%
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n > 2, scale with exponentg,, which are rationally independent gf x, # gx, p,q € N, in the

stationary state.

Example 3.1.1 We now solve the equation (3.1) with thelored noise

© 1
(3.3) dw = %clfe“ktd Bla(X).
k=

Here the coefficients give different weight to the differéiviectionse, and represergpatial
coloring whereas the exponential facta@s®« give (an exponentiaflemporalcoloring. Then

by a similar computation as in Lemma 3.0.2

—2aktl e 2(Ag—a)t

E(AA) = e M 5

and the width function becomes

2(x¥,) =2 cke‘z“kt%my) —a(X)%
The following estimates hold
vZ<Ct®,
wherep = supf’ such that
(3.4) 5 Ck‘lzﬁ’ <

k=0 G20 1Ak — Ok

C a constant and

V2 < C |y_ X‘2x7
wherex = supy’ such that
[) Ck
k:O,Zak:O ?\& X

The proofs are similar to the ones in Lemma 3.0.3.
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An example of a noise that gives a process with the abovengsais the noise (3.3) with

the coefficientsey = &, p=2x—1, and]A\c— x| =b K, g= Zﬁ’zé) , aandb being constants.

Colored Wiener processes with spatial coloring as in exar8dl have been widely studied
in the literature; see for example Dawson and Salehi [14]revltbey are used to describe
random environments, and [51]. Dawson [13] gives a goodwatcof linear PDEs driven by
both white and colored noise. In particular, it is shown ias references that colored noise
gives colored scalings for linear SPDEs.

We can now show that the stochastic process with the colayise im Example (3.1) is an
SOC process whereas the process defined by equation (3.Whatechoise (3.2) is not an SOC

process.

Lemma 3.1.1 The stochastic process in Example (3.1), defined by equgi@hwith the col-
ored noise (3.3), is an SOC process. Moreoveé i$ not a rational multiple of3 then the

stochastic process has complex transients.

Proof: Conditions 1 and 2 in Definition 3.1.1 are proven by Examplg B.can here be
taken to be the spatial period (system size). The third ¢mmdin Definition 3.1.1 is also
proven in Example 3.1 which shows thattas> « the variance ofJ vanished except on the
subspace whemy, = 0. Since the mean & also decays exponentially we see that the process
is projected onto this subspacg,= 0, where the statistically stationary state lives, see Eptam
3.1. Corollary 3.1.2 gives the existence of an invariantsueaon this subspace and satisfies
Condition 4 of Definition 3.1.1. Since this measure is a widhGaussian it also satisfies
Condition 5. We need to show that with the condition@mndq the process satisfies Definition

3.1.2. We will compute the fourth moment,

00

1—e
C2e74)\kt (
K= K 4N — Uk)z
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(Ak—ay)t

2
_akl e
+ 3(2‘3 ? t)\k—_ak)ﬁ(w—@()(ﬂz) :

The second part of this expression scaleg®by Equation 3.4 whehis small, the first part is

estimated as in Example 3.1. By the integral test

00 1— e—Z(Ak—ak)t 2 00 1
(e 4a ( d : ) < 2 . A2
k=0, ay#£0 4(Ak — Q) k=0, ay£0 4(Ag — 0)

(/tl/qt2 d+/ )

assuming thaty = k% and Ay —ag| = %, whereC’, a andb are constants. The last integral

IA

equals

2 -1
1 1 <p+q(4) _ Ct4B+% ,

=C t
(1—2p+2(p+q>—1)

where =1+ = 1 andC is another constant. This shows thips — 3p5 )1/4 scales with the

exponenp + = yrt which is rationally independent @ QED

It is clear that the stochastic process in Example (3.1) doésave a complex stationary
state, because its invariant measureHdnis a weighted Gaussian by Corollary 3.1.2. This
implies that its variance and all homogeneous linear coatluins of the higher moments scale

with the same exponent given by (3.5).

Corollary 3.1.1 The Edward-Wilkinson stochastic process defined by equédia), with white

noise (3.2), does not have complex transients, and is noC#&h Bocess.

Proof: The scaling3 = % corresponds to the long time asymptotics of Brownian moéind
it is well know that the moments scale pg ~ tX in that case. The Edward-Wilkinson process
is the transient toward a Brownian motion and then the sgaifrthe second moment 6% =

po ~ tY2. The same argument as in the proof of the Theorem 3.0.1 diedstmulapy, ~ t*/2
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for the initial transients. Thus no linear combination af thoments can scale with an exponent
rationally independent @@ = %1. It is also easy to check by carrying the computation in Lemma
3.0.3 out for the higher order termstinthat all the terms scale with the exponéntThus no
other exponents appear in the scalinyofThis violates Definition 3.1.2. Conditions 1 and 2 of
Definition 3.1.1 are satisfied by Theorem 3.0.1 and Theorén2 gjives an invariant measure
supported on the full spacél{ = H) and satisfies Conditions 3 and 4. However, it is a pure

unweighted Gaussian measure and thus fails Condition 5. QED

Polynomial Colored Noise

In this section we will consider processes that are coloyepdiynomially decaying noise
instead of exponentially decaying noise as in the last @ectiThis is the coloring that we
will encounter in the application to fluvial landscapes ia thllowing sections. As always we

consider a linear SPDE for a systems in the form
(3.6) dU =AUdt+dW, xcQ, tcR”"

whereU (x,t) is the solution, and\ denotes the Laplacian. We assume again @hi either a
box with periodic boundary conditions or a general domaithwither Dirichlet or Neumann

boundary condition. The initial condition is given by therfaila
U <X7 O) = UO(X)

whereup(x) can either be a deterministic function or a stochastic E®aex.
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We are now going to assume that the noise process is colotbdrbspace and time and

can be express as

(3.7) dw = % cé (t +tg) < dBrex(x),
k=0

were theB['s are standard independent Brownian motions ancethee the eigenfunctions of
the negative LaplaciarA on Q with eigenvalued,. Notice that this time-coloring of the noise
is different from (3.3). There the noise decayed exponbyiiatime whereas here the decay
is polynomial. Then the stochastic initial value problem b& solve in the following manner.

We seek a solution of the form

U(xt) = kiA‘ka‘“)

where theAfs are independent stochastic processes. A substitutiorttietstochastic PDE

gives the stochastic ODE initial value problems
K k 3 K
dA = —NAdt+ 2 (t +to) %dBf, te R"

AS=10K, k=0,1,...

These problems are easily solved
t
Al = eAktA5+Cé/ (s5-+to) ke M-S)gpk,
0

where the integral is the usual Ito’s integral but now s are no longer Ornstein-Uhlenbeck

processes.

Lemma 3.1.2 Let
t
Qk= Ck/o (s+1g) 2 2(9) gg
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then

V2(xy.t) = kiQ‘k‘e‘W) —aX)

The proof of the Lemma is similar to the proof of Lemma 3.0.2.

Lemma 3.1.3 If ak #£ 0, then

lim Q¥ =0.
t—oo

Proof:

t
t||m Q{(: th“m / (S_i_to)*zake*Z)\k(th)dS
—0 —0 /0o

The last integral is of the form

t efb(tfs) t g bz
[ s [
0 (S+tp)? 0 (t+tg—2)2
by the change of variables=t —s. The integral on the right hand side of the last equation can

be split

1 e bz t—T e bx
———————dz+e4ﬂ/" d
(A (t+to—2)2 o (T+lo—x—T@ *

making the change of variables= x+ 1 in the latter integral. Now the first integral converges
uniformly and we can take the limit— o inside the integral. The second integral converges
and we can let =t/2, then the second expression vanishes-aso because of the decay of
the exponentiaé /2 in front of the integral. Now lety = tx/2 andt > ty — oo, then both

expressions converge to zero. QED

Lemma 3.1.4 The following two estimates hold

[ee]

Q <Ct#,
k=0, 0ix£0
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where

B = mlrh,k(g - ak)+7 ne Z+7 K € Z+7

where(-). denotes the positive part, and

Ck
| (&) —a|* < Cly—x,
k=0, ay=0 <*k
wherex = supy’ such that
() Ck
1-x <
k=0] Gix=0 Ay
Proof: We integrate by parts to get
- (2)\k)n_1ck (n—20y)
(3.8) Qk= e k
k_OZak;AO n; k=050 M=1(] — 201

up to terms of higher order in Fort small the fastest growing terms has the coeffic[ert
min, k(n— 20). If only finitely manyays satisfyay # 0, the sum converges. If infinitely many

ak # 0 we can only integrate by parts as long as

(2)\k) nfle < 00,
k=0- G0

The proof of the second estimate is the same as in Exampledsing that ling . Q=0
for ag # 0 by Lemma 3.1.3. QED

Theorem 3.1.1 The stochastic process defined by Equation (3.6) and theemblwise (3.7)

possesses both a transient and a stationary state. Injtidliring the transient growth,

V(x,y,t) <CtP,
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C a constant, whereas in the stationary state
V(vaat) S C |y_X|X7

where the coefficienfandy are defined in Lemma 3.1.4.

The following theorem is stated and proven as Theorem 6n31i].

Theorem 3.1.2 Consider the stochastic PDE (SPDE)
dU = AU(t)dt+ B(t)dW(t), U(0)=x,

and suppose that A is the generator of a strongly continuems-group $t) on a Hilbert space

H, and B-) a linear operator B H — H. Forany t> 0 and x< H let

Q= /t S(s)B(s)B*(s)S'(s)x ds
0

be atrace class operator. Then for ang ¥ the solution Ut) is a stochastic process(S(t)x, Q),

with mean &)x and variance Qand the SPDE possesses an invariant measure, given by

Vv *N <07 Q°°)

where
Qu = / S(9)B(S)B*(5)S (s)x ds
0
andv is the invariant measure of the deterministic PDE=UAU.

Proof: The assumption oA andB imply that

U(t) = S(t)x-i—/ot S(t — )B(s)dW(s)



44 CHAPTER 3. THE STOCHASTIC PDES
is a mild solution of the SPDE.

The transition semi-group on H corresponding to the SPDE is

ROM = [ 6()7(SOX Q)@Y
A probability measur@ e a1 (H), ¢ (H) is the set of all probability measures Hnisinvariant
if
[ ROCIdN) = [ d00dp
for all boundedp onH.

Now the simplest way to proceed is to consider the charatiefunctionaliof the measure
P,

Rtei<h7x> _ e<h7S(t)x>e—%<ch7h>7 xcH

b

for a fixedh € H. We have letp(x) = €<"*> and the computation is standard. Clearly this

implies thatu is invariant if and only if
(3.9) i(h) = & 2<M> (s ()h).

It is this condition that we now prove. We define the measuteeto

1/2

W(dx) = e_%<Qo;l/2X7Q; x>y

so that

i:l(h) _ ef%<Qooh,h>‘

Thus
[(S (t)h) = e 3<QuS (NS (Hh> _ o= 3<S1)QwWS' (t)hh>
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whereh € H and

S()QuS' (t)h = —%ch+ %th

and substituting this expression in f(t)Q..S"(t) in the exponential

e—%<S(t)Qoo (Hhh> _ ez<ch h>g — 3 <Qwh,h>

gives

(S (Hh)e 25> — ()

which is Condition (3.9).

QED

Corollary 3.1.2 Let H' denote the subspade’ = Sy_q q0X&}. There exists a weighted

Gaussian invariant measure

AkXE

)\k 2 e %
u(dx) = exp{— =X+ 0 dX = ——
k:O,Zak:O Ck k_O!_alk_O /T« / Ak

[oe]

dx¢

on H', whereby = %In( is the normalization factor of the Gaussian.

)
Proof: LetH’ be the subspace &f, H' = {X' = Sy_¢ q0%&}. We need to proof Condition

(3.9). In the proof of Theorem 3.1.2 we defined the measureto b

=1/2,

HX) = exp— Y Neergy — Qa5 gy

k=0T, =0 Ok

so that

ﬁ(h/) —e 2<Qooh/ >
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and Condition (3.9) becomes
A(h) = e 2= s (n)h).

Here the operatd®. is defined by

Ck

QoeoX = Xk€;

k=0, =0 2\

thex,s being the Fourier coefficients af= 5’ o xe € H. Thus

ﬁ(sk(t)h/) _ e—%<QwS*(t)h’,S*(t)h’> _ ef%<5(t)QmS*(t)h’,h’>

whereh’ € H” and

&(e*”\kt —1hee+ Sk

hkao
2k k:O,Zak:O 2k

SHQSMHN = T e PMhg=

k=0, k=0 2Nk k=0, k=0

whereh = S ,hgex is the Fourier expansion ¢f The last expression above is nothing but
1 1
- h/ - 00h/
SQ+5Q
and substituting this expression in f(t) Q.S (t) in the exponential

ef%<S(t)QwS*(t)h’,h’> _ e%<ch’,h’>e—%<th’,h’>

gives

(S (t)h)e 2> — )

which is Condition (3.9). QED
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The corollary is nothing but the classical computation @f fveighted) invariant measure for

an Ornstein-Uhlenbeck process.

Theorem 3.1.3 The stochastic process defined by equation (3.6) and theecblwise (3.7)
is an SOC process. It has complex transients if the differeafcsome of the coefficients

01— gak, k> 2, p,q€ Z", that determine the t scaling of V, is not a rational number.

Proof: The proof of the five conditions in Definition 3.1.1 is simikarthe proof of Lemma

3.1.1. We need to prove the condition in Definition 3.1.2. By Equation (3.8)

< (ZAk)n_lck (n—2a1)
(3.10) Q{( = =% K
k_O,Zak;éO n;k_O, Oy £0 |_|T:1(J — 201

Y

it is clear that som@{‘1 will dominate initially with thet exponentn; — 2a41, wheren; is a
positive integer or zero. Later on during the initial traamgs, otheiQ¥s may dominate with a
smaller exponemty, — 205, etc. If the differencer; — gaz is not a rational number, then these

exponents are rationally independent. QED

Remark 3.1.1 In practice it may be impossible to check the conditions iffifid&on 3.1.2 or
Definition 3.1.3, because any irrational number can be amieted arbitrarily closely by a
rational one. Thus in real application we interpret theseddens to say that no low order

rational dependence can be found, or one withvery largeintegersp,q € N.

Remark 3.1.2 We have presented a one-dimensional existence theory dd8RDES in this
section but all the statements apply and are similar in lligmeensions. The only difference is
that in order for the stochastic processes solving the SR®Es continuous, the spatial color-
ing coefficienty, in Equations (3.3) and (3.7), must decay faster With higher dimensions;
see Walsh [76]. Moreover, it turns out that it is the one-disienal theory that applies to the

fluvial landsurfaces discussed below although these sgfare themselves two-dimensional.
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The reasons are that there is a strong bias initially, intced by the initial slope of the surface
and the numerical scaling results, see [10], apply to oneedsional cross-sections, perpendic-
ular to the down-slope direction of the surface. Later orfhastosion process approaches more
mature landscapes, there is an interplay between thel iclit@anelization that is still active in
the bottom of the valleys along the main rivers, and the atelece and maturation processes
that act on the slopes of the mountains, perpendicular toriiml) down-slope direction. Thus
the adolescence and maturation processes must also belgagemhe-dimensional scaling in

the direction perpendicular to the (initial) down-slopeediion; see [10] and below.



Chapter 4

Fluvial Landsurfaces

Fluvial landsurfaces are described by two coupled nontifR2Es, see [10].H denotes the
height of the water surface arddenotes the water depth. This implies that H — h is the
height of the landsurfaces, but it is easier to describe WoéuBon in terms of the first two

variables. We therefore focus our attention on the model

oh OH s 1
2771 — . 2 5
(4.2) n P O L Th |h3 |OH \2] + R,
oH oh OH s y
20 O [ 2L py 3+0
(4.2) P r]at O h _ |h3 |OH |2 }

in which we have adopted the scaling relatibjy[H] = [gw]/[as] = n, n being a small parameter

andR being the rainfall rate.

We use the same boundary and initial conditions as [71, #piel a linear ridge extending

uniformly in the lateral X)-direction and defined over a rectangular domain of leigénd

49
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width K,
D={(xy) €eR?)0<x<L,0<y<K},

with initial conditions corresponding to a ridge of height uniform in the x-direction and with

slopec in the y-direction,

h(xy.0) = dy). diy) = ho 0<y<K e
(4.3) d(y) =ho

H(x,y,0) = cy+d(y), 0<y<K,

and boundary conditions

h(x,K,t) = 0,

4.4) H(x,0,t)= hg =h(x,0,t)

corresponding to a water depth of zero at the top of the ridigeaa absorbing body of water at
the base of the ridge. While the water surface must be carglde be a free surface at the top
of the ridge, it may be viewed as consisting of finitely manysih curves that are solutions of
a nonlinear ODE (the PDE restricted to the boundary). Thesees are joined in a continuous,
but not smooth, moving boundary (see, for example, Figu2etat is borrowed from [10]).

The upper boundary is characterized by the additional ¢immdi

where

] - 1 UH
— h3 |OH |2 —
| | Y qS |:|H|

h3Y|OH 210
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are the water and sediment flux respectively, see [71], atiig the absence of any flux of water
or sediment over this boundary. Singg andgs are expressed as powerstodndH in the
constitutive relations, these conditions imply that thaishing of the water depth dominates
the blow-up of the gradient ¢4 (in gy andgs) and that the normal derivative bf may become
infinite at the upper boundary

n-OH(x K, t) = oo.

We will choose the values of the sediment transport paraswete 2,6 = 2, which are realistic
values for a range of landsurfaces. We note that there isgmifisant variation of our results
in a whole neighborhood of such valuesyoédndd. The boundary conditions on the lateral
boundaries of the ridge at= 0 andx = L are taken to be periodic, modeling a linear ridge of

infinite extent.

Water flowing down a uniform erodible sediment surface fosmsll channels that quickly
cover the whole surface, see [71] and [10]. We will first exaanivhat happens following this
initial channelization process. In particular, we assuh@ pur perturbed solutions take the

form

h(X,y,t) = h]_(X,y,t) +V(X7y7t>7 H (X7y7t> = H]_(X,y,t> + U(X,y,t)

whereH;(x,y,t) represents a convéyportion of an interfluvial ridge, see Figure 4.2 at 10%
of the sediment eroded. The functibf(x,y,t) is the depth of water flow over this portion,
andv(x,y,t),u(x,y,t) are respectively the small perturbations to these questifihe equations

linearized about the convex profiles are

2
(4.5) 2 D-F’ i v}

"t 3 1| OHy /2

'Here and below the meaning of convex and concave is oppostteir mathematical definition in accordance
with the use of these terms in geomorphology
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s [Ou 15 OH,
R — _ Th3(OH{-Ou)———

1‘DH1‘1/2 2 l( 1 U)‘DH1‘5/2}7
9 h3
u 1 s 52 0OHy 1 2
— = O |—L _(=Z+h30H¥?)0u D-[—he’i— 2h3|0H 5/2v]
ot A i N B E R ATl L N

5 1 5 OH
4. 0. |h3(== + 2h3|0H4/%?) (OH; - Ou) ———~

The first equation is a hyperbolic equation¥airiven by(Ju. The second equation is a parabolic
equation foru driven byv and[v.

Because water flows down the gradient of the surfidgéx,y,t), we may view the first
equation as a hyperbolic PDE in one space dimension. Narhelg, letu = % denote the
unit vector in the direction of the gradient of the water aod, we can write the first equation
in the form
(4.7) n%’ = gh§|DH1|1/2‘;—‘s’ + g(x,y,t)v + F(x,y,t).
where the scalas parametrize the direction of the gradiegﬁ,: u-[v. This equation is ana-
lyzed in the Appendices in [10], where it is shown titadevelops shocks if the profiles about
which we linearize are convext have knick-point singularities.

The original nonlinear system (4.1,4.2) can be completebfyeed in the direction of the
maximal (negative) gradient éf because then it becomes one-dimensional. This is donejin [7&
and to some extent in [79]. It is shown that an initially lingaofile develops a shock in the
water flow, when a small perturbation is inserted at the tdps $hock is a bore that propagates
downstream; in the wake of the shock is another shock in thengarface, a hydraulic jump
that digs up sediment. In the increased water volume bettneestationary hydraulic jump and

the traveling bore sediment is deposited. If this processpeated in several storms it results
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in a convex hillslope as in Figure 4.2 at 10% eroded.

The typical profile of the water surface is illustrated in Uiig 4.1 borrowed from [78]. It
shows a propagating bore in front and stationary hydrauhay in the back; the origin is the
top of the slope, with increased water height in between.driggnal height of the landsurface

isy = 0. The upshot of all of this is that since the water is rathdfoumly distributed over the

x107™

change in H

. . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 4.1: The profile of the water surface with a bore anddrdylic jump

whole surface, up to the formation bif;, the small white noise is magnified intarge colored
noise Namely, the statistics of bores and hydraulic jumps arsdtud pinned Burger’s shocks,
see [50] and [66]. In this phase the surface is evolving ratq@dly and it seems appropriate to
call this theadolescencef the surface. We will see below that the adolescence phassepses
its own characteristic scaling.

After the initial channelization some channels grow inteerivalleys separated by ridges
and this landscape evolves through adolescence, see [@11@J) toward a mature landscape
that persists for a long time. The water flow down the slope ofadure landscape and the
resulting scaling of the water (and land) surface is difiefeom the scaling of channelization
or the adolescence. To find and analyze this other scalingwarlze equations (4.1) and (4.2)

about the separable solutions, see [71] and [65], repriesgetiite mature landscapes of valleys
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and ridges
H= HZ(X7 y7t) + 8U<X,y,t), h= h2<X,y.t) + 8V<X7y7t)7

whereHz = Ho(X,y)T(t), hz = ho(X, y)T*Tgo(t), are the separable solutions of the equations
(4.1, 4.2). The form of the equations that we obtaindgx,y,t), v(x,y,t) by this linearizion
process is the same as that characterizing the early pefiodamnel emergence discussed
above, namely (4.5) and (4.6), but with the teif$x, y,t), hi(x,y,t) replaced by the separable

solutionsHy, ho.

Again, the first equation is a hyperbolic equation Yodriven by [Ju and the second is a
parabolic equation fou driven byv and[v. Since the first equation is really a hyperbolic PDE
in one space dimension, exactly as in equation (4.7), waéettalas parametrize the direction

of the gradient to obtain

22V

(4.8) n o

_ 93 1/29V
- BhZ‘DH2| ds + g(X,y,t)V + f(U,t)

A straight-forward analysis of this equation, presentednmppendix in [10], shows that its
solutions develop shocks, for separable surfaces withé3lsingularities, since concave slopes
with knick-points are the dominant feature of the matureasaiple landscape, as illustrated
in Figure 4.2, at 60% of the sediment eroded. More imporgdiotl the mature surfaces the
nonlinear water equations (4.1) have turbulent solutises [9]. This turbulent water flow feeds

sediment divergences and generates colored noise in dailied equations, see [10].

However, analogous to the adolescent phase, the lineasedichent equation is simply a
reflection of what happens in the full nonlinear equationg)(4These nonlinear PDEs can be

analyzed, as above, in the direction of the maximal gradiéttie separable surfaces and this

2As in our previous analysis, we employ sediment transpawrpater valuey = & = 2, noting that similar
results hold for parameter values in a neighborhood of these
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9.5

8.5

[oe]

Z(m)

6.5

5.5

7.5

~

6.5

Z(m)

5.5

10% Eroded Land Surface Cross—Sections 10,20,30,40,50,60,70,80,90m Upslope

60% Eroded Land Surface Cross—Sections 10,20,30,40,50,60,70,80,90m Upslope
I

Figure 4.2: Transverse Sections at 10m separation on thdirfgr&Ridges at 10% and 60%

Eroded
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is done in [78] and [79]. Now the noise is also colored and ti®ring process is analyzed
in great detail in [78]. Once the convexity, created betwemnbore and the hydraulic jump
discussed above, meets the lower boundary a small congsigitgated. This produces a shock
in the gradient of the sediment flow; its profile in the rivetlie called a knick-point. The
shock travels upstream; once it get all the way to the top@hilislope a concave profile has
been carved out; see Figure 4.2 at 60% eroded. The arrivideokriick-point at the upper
ridge completes the evolution of the tranport limited rigeofile but a similar evolution is also
taking place on all the hillsides of all mature landsurfadsres and hydrolic jumps are widely
observed and it is well known that knick-points (rapidsyélaupstream in time.

The coloring process described in [78] proceeds as follovsmall perturbation at the
lower boundary is turned into small cavity in the hillslop&ieh then travels upstream. In
Figure 4.3 borrowed from [78] we see the slopkly of the water surface as the knick-point

approaches the upper boundary. Now the small perturbagtsrgagnified into a singularity

1 T T T T T T T T T

0.5 .

0 Il Il Il Il Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.3: The slope of the water surface as a function ofltdvenslope direction, showing a
knick-point approaching the upper boundaryxat 0.

in the derivative of the slope, that is highly colored in spaad represented by a Holder con-
tinuous function; see [78] for more details. Moreover, sititere is very little water on top of
the mature ridges, the distribution of the shocks is no longgform in space. We conclude
that the equations linearized about the separable surtaeedriven by large noise which is

highly colored in space and polynomially colored in time tlméhe decay of the separable sur-
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faces in time. This flow over a knick-point seems to be a pynexample of one-dimensional

turbulence, see [9] for further analysis.
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Chapter 5

The Channelization, Adolescence and

Maturation Processes

Channelization and Adolescence

In this section we will discuss the three stochastic praeesietermined by the equations
(4.1) and (4.2) linearized about the initial channelizingace (g, Ho), and the convex;, Hj)

and concavelb, Ho) surfaces respectively.

Consider the linearized equation describing the Charetéiz Process

5
ou 1.3 5/2
. {DHol/Z(nMSDHO e
e 1 s OH
i3 s 5/2 M) =10
(5.1) + D {ho<—2n +205[Ho™ %) (OHo D“>|DH0|5/2}

52 OHo 1 2 . o5
- |=hd = 4 2h3|OHo[
{30|DH0|1/2(H+ o/HHol >V}’

59
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Initially the channels are very small, and the slofklp| is going to be very small. We will
5
3
make the assumption th%ﬁ < constant, except on a set of measure zero. Then ignorin

terms that are small the equation (5.1) becomes

0 0
u —aAu+c—V

(5:2) ot F)%

5
wherea andc are constants. The reason for this is that the rﬁﬁéw is approximately a
constant and all the terms multiplied hyHy| are small and can be ignored. Thus the equation
(5.1) reduces to the equation considered in Section Byifs white noise. To verify this we
solve the equation

ov e

0
(5.3) NS = ba—§+k;dakq<x>

obtained from Equation (4.7), witH; replaced byHo, by ignoring terms that are small and
adding the noise in the initial water flow. We have also caetehe power o] by a small term
(|CHo|) on the right hand side of the equation dnid a constant. Now setting= 0 it becomes
clear that}¥ = u- Ov is white noise.

Next we solve the SPDE

(5.4) dU = AUdt+dW

where

(5.5) W= S Bfe(x)
k=0

is our model for the (white) noise term in equation (5.1) vehitreegs are the one-dimensional
eigenfunctions of~A and B[ks are independent and Brownian. Then an analogous proof t
that of Theorem 3.0.1, recalling that the initial water agg isHp(0), proves the following

theorems.

Theorem 5.0.4 Assume that the last term in equation (5.1) can be modeledhltg noise, then
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the Channelization process u defined by equation (5.1) isvealatt\Wilkinson process and
H = Ho(0,,Yo) +k§OAEa<(X)
constitutes Brownian motion of the channelizing surfageeVery fixed y, where the

are independent Orstein-Uhlenbeck processes.

Theorem 5.0.5 The Channelization Process possesses a transient groatthvghere the width

function, of the slop&H, grows with a temporal roughness expor]-eﬂift%1

Bl

V((x,y),(zy),t) <ta.

The process eventually gets into a statistically statigretate, where the width function has a

spatial roughness coefficient éf
1
V((xy),(zy),t) <Clz—x2.

There exists an invariant measure residing on the wholeepac
Corollary 5.0.3 The Channelization Process is not an SOC process.
Proof: The proof is the same as the proof of Theorem 3.0.2 and Coy@la.1 QED

The numerical simulations in [10] are done by consideringgavariablez— x in thex direction

for a fixedy (upslope direction)x is called a scaling exponent\f scales with the exponent

1The notation(x,y), (zy) indicates that the lag variabte- x is in the direction of thes axis.
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X over a range of upslope valugsall the way from the lower to the upper boundary. The
scaling brakes down close to the boundaries because ofriflagnce. The theorem proves the
numerical observations in [10], see also [11]. Because @bihs caused by the initial slope
Ho = cy+d(y), OH, but notH, scales initially and the bias causes the scaling expoment t
appear a¥/2, see the appendix in [10] for the details. Moreover, iflitidhe water depthh
scales as Brownian motion, in the computations, lendingsugo our modeling of the noise

(5.5).

We consider the equations (4.1) and (4.2) linearized alwautite convex surfacéq, Hq),

5

ou o h% 1 % 5/2

e I I
5 —1 5 H
. |h3 3 5/2 ) -

(5.6) + O _h1(2n +2h3 |OH, [5/2) (OH, Du)\DHl\E’/Z}
5.2 OHy 1 2
0 §hfIDH1|1/2<ﬁ+2hf|DHl|5/2)v}’

We have linearized the equations (4.1) and (4.2) about a fixeflle H(x,y,to) = Hi(x,y),
h(x,y,to) = h1(X,y). The variables describes perturbations of the water depth; it solves arhype
bolic equation and will develop shocks but more importatitly/solutiondH; (andh;) contain
the bores and the hydraulic jumps as described in the pregection. Thus the last two terms
in the equation (5.1) contalarge colored noise where the colog = 2/3 is similar to that of
shock solutions of Burger’s equation with multiplicativeise and a pinning force, see [78] and

Parisi [50] and Sneppen [66].
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5
3
Lemma 5.0.51f 0 < ||DSW|00 < o0 in Q except on a set of measure zero, then the operator

5
h3 1 5
Au = O W(ﬁmmmﬁﬂ)mu

is dissipative and generates a continuous contraction ggoup.

Proof: The operatoi is clearly symmetric on the Hilbert spaté(Q) with boundary con-
ditions that vanish on half ddQ and are periodic on the other half @0, see the equations
(4.1) and (4.2)Ais defined on the subset of smooth functi@¥ Q) c L?(Q), soAis a closed

operator. To show that A is dissipative if suffices to showvt tha
< U,AuU><0,

for all u € L?(Q), where<, > denotes the inner product irf(Q), but

5
hs 2
|OH1 |42 n

5
<UuAuU> = <ul +h3|0H|%?)0u]| >

5 1 5 H
0. |h3 (== 4+ 2h3|0H4|%?)(OHy - Ou)———= | >=
+ < U, 1(2r] + l| 1| )( 1 U)||:|H]_|5/2 >
5
h3 (1
‘DHl‘l/z n

5 5 __ 5
T+ hd|OHL52)|Tuf + b3 (ZF 1 2nd|0Hy 2) (OH; - Cu?) 2|

-l -

‘DHl‘S/Z
h3

1

1 (_

5
OH 72\ 20 hi +3|0H4(%2)|0u®) Y2

< =

by Schwartz’s inequality applied to the vector prod(idH; - Ou), where|| - || denotes thé.?
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norm. Now since the last expression is negative, we conchate
<u,Au><0.

Now it is easy to show that 1 lies in the resolvent seAaind this implies that generates &°

semi-group, see Yosida [81], page 250. QED

The operator-A is in fact essentially self-adjoint d?(Q) with the hypothesis in Lemma
5.0.5 and has a sequence of eigenvahs(@s—> o and associated eigenfunctioagx, y).

We now solve the SPDE

(5.7) dU = AUdt+dwW

where

(5.8) W=S aBfex(®)
k=0

where thecy have the spatial coloring = 2/3 of the the KPZ (Burger’s) equation with multi-

plicative noise and pinning force, see Parisi [50] and Seagf6].

Theorem 5.0.6 Assume that the equation (5.6) is driven by the noise (5l/&nThe adolescent
surfaces are described a stochastic Adolescence ProchesAdolescence Process possesses ¢
transient growth state where width function, of the slajp¢, grows with a temporal roughness

exponertt of §

V((xY), (zy),t) <t5.

The process eventually gets into a statistically statigretate, where the width function has a

spatial roughness coefficient éf

V((x.Y), (zY),t) < Clz—x|3.

2The notationx,y), (zy) indicates that the lag variabte- x is in the direction of thex axis.
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There exists an invariant measure residing on the wholeespac

Corollary 5.0.4 The Adolescence Process is an SOC process.

Proof: The proof is the same as the proof of Lemma 3.1.1, with= 0, 0 < k < . This
restricts the dynamical exponent to be- 1, corresponding to turbulent solutions of Burger’s

equation. The existence of a colored invariant measurevisifrom Corollary 3.1.2. QED

We will now explain why the one-dimensional examples in Bect 3-3.1 apply to the
two-dimensional linearized equations in this Section. Téwson is that both the evolution of
the convex and the concave profiles in Figure 4.2 takes piateei direction of the maximal
gradient of the water surfa¢e/H| and can be restricted to an evolution with a one-dimensional
spatial variable. This direction is of course never a shrilige but it is mostly directed in the
x direction. In they (upslope) direction the initial surface dominates and gjiaebias to the
numerically computed scaling. Thus the scaling laws in |Hr@] obtained by cross-sections of
the surfaces (convex and concave) in xhdirections at fixed values of Statistically this is

identical to the information gained by taking cross-sedialong the directions of mdxH

see [10] for more information on this issue.

The operatorA has the same properties as above when restricted to onesionahcross-
sections. Namely;-A is essentially self-adjoint oi?([0, L]) with periodic boundary conditions

and has a sequence of eigenvalhg%e o and associated eigenfunctioggx).
Maturation

We now linearized the equations (4.1) and (4.2) about a abfmsolutiorH, = Hy (X, y) T (1),

hy, = ho(x,y)T*%(t), describing a mature decaying landscape, see [71, 74, 1@ rédulting
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equations are

5
ou hg T1 % 5/2
at - W(T+ho|DHo| T)DU

s -1
0. |hd
+ _ 0( 2N

5
+ 2h3|OHo|¥T)(OHo - Du) HHo ]

|OH,[5/2

OH, T35 2 9
|OH ‘i/z(T+2hg‘DHO‘5/2T21°)V]
(0]

"
(5.9) + O-|3hd

and a hyperbolic equation for the watedepth as described in the previous section. The watel
depth can develop shock that are sources of noise, howedestinction to equation (5.1) this
noise is highly colored in space due to the fact that the wdapth goes to zero on top of the
separable ridges, see [10], and the solutidpéandh,) contain the colored knick-point shocks,
described in previous section. In addition the noise tewoliing Ov andv is colored in time
due to the factor33/3, T andT21. We conclude that Equation (5.9) is driven layge noise
that is highly colored both in space and timé he remainingl factor T is removed in the

following manner.

It is shown in [71] that the time decaly satisfies the ODE,

T ,
o _ a1
a2

where—a = \FTg is the ratio of the sediment fluk, to the volumeV, = [ Ho(X,y)dxdy. This

ODE is easily solved to give
1

T = (1+at)

assuming thal (0) = 1. Substituting this expression in férin the equation (5.9) and making
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the change of variables= (1+2§t)2 give the equation

5
ou h 1 s 1
— = O | —2 (= +h3|OH¥?=)O
ds T2 n T MelDHe” 55tu
(s -1 _ 8 1 OH
0. |hd (== + 2h3 |OHo|¥2=—)(OHo - Ou) ——>—
+ I O(Zn + 0| 0| ZaS)( [0} U)‘DHO|S/2
(5 2 OH, 1 2 |OH,|%/2
5.10 0 [=hd 2hd — 2% v
(510) T 3 0|DH0|1/2((2a)4/5s,4/5Jr O(Za)l%sll_g

This equation is also driven by large noise, in the last twim$g colored by a quenched (by the
absence of water on top of mountains) knick-point noise actemnd polynomially colored in

the times.

5
h3 .
Lemma5.0.61If 0 < |W|00 < o in Q, except on a set of measure zero, the operator

5
hi 1

-0.|l—° =
Aou OHy /2T

5 _
u +D-{h8(2—nl)(DHo-Du) UHo }

|OH,|5/2
is dissipative and generates a continuous contraction ggoup whereas the operator

5
_ hg 1 .3 52 1
Asiu = 0O- {DHol/Z(ﬂthODHO Z—CS)DU

5 _ 5
Lo {hg(—l+2h8|DH0|5/2%%)(DHO-Du)

OH,
2n

|0H,[5/2

generates a solution operatof$s,) for the equation (5.10), fot/n large.

Proof: The proof of the dissipativeness Afis the same as in Lemma 5.0.5 but simpler. For
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1/n large the quadratic forre u, Au > bounds the form

< Ou, (hO|DH |5/2 —|—2h3|DH0|5/2 —<(OHo- Ou)———25)0u >

\DHO|5/2

uniformly in s. This implies that the formc u, A(S)u > generates a solution operator; see Kato

[39]. QED
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Figure 5.1: The scaling exponents of the variogram are shasva function of time, for an

initial surface with a slope of 6.5 degrees, on a log-log.plbhe temporal evolution shows
four different exponents (slopes), along with their regra@s coefficients, and a statistically
stationary state (with slope zero) is emerging, furtheshéaright.

The operator-A, is also essentially self-adjoint drf(Q) with the hypothesis in Lemma
5.0.6 and once we restrict it to a one-dimensional crosSeseas discussed above, it retains
these properties ol?([0,L]) and has a sequence of eigenvalhgs- « and associated eigen-
functionse(X).

We now write the equation (5.9) restricted to a one-dimaraioross-section as a SPDE,

(5.11) dU = AqUds+ dW,
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Width Function for Slope = 10 degrees
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Figure 5.2: The scaling exponents of the variogram are shasva function of time, for an

initial surface with a slope of 10 degrees, on a log-log pldhe temporal evolution shows
four different exponents (slopes), along with their regras coefficients, and a statistically
stationary state (with slope zero) is emerging, furtheghéoright.

where the noise

[o0]
Ck
Wm — k_ @

BXex (%)
is colored both in space (thgs) and time (thes%s) and some (infinitely many) of thwg, are
zero. TheBK are independent Brownian motions and we have ignored tieerditistic part of
the operatoA(s),

5

3

_ hs 3 52 1
A(s) — Ao = W(hom"'d Z—CS)DU

If n is small this part is going to be very small compared tq and can be added by regular

perturbation theory. The same proof as that of Theorem 8itek the following theorem.

Theorem 5.0.7 Assume that the noise for mature landscapes has the color

[ee]

Bla)+ ¥ adBed),
k=0 Gy=0

Ck

(5.12) W = % S

k=0, 00
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then the mature landscapes are described by a stochastigritain Process

Ho(X, l
Hcyo.t) = DoY) 5

(1+at) k:OA<1+23t>2 & ()

where the
(1+at)2

1 t
Al§1+at)2 e
2a

1
_)\k( (1+at)

e [ e s
0

are independent. For k such thag = 0, the A{ 2s are Ornstein-Uhlenbeck processes.

Theorem 5.0.8 Suppose that

i.e. az =112 and that

for x < 0.75, then the Maturation Process possesses a transient graate where its width

function, of the water surface H, grows with a temporal rongss exponefibf 0.10

V((xY). (zy),t) <>,

and the process eventually gets into a statistically stetry state, where the width function has

a spatial roughness coefficient@f75

V((xy),(zy),t) < Clz—x*™.

Proof: We apply Lemma 3.1.4 to the Equation (5.11), that models &qu#5.10), with the

noise (5.12). Then the Theorem follows from Theorem 3.14eoking that ifV2 scales by

s10 then (s10)Y/2 = 52 = (c(tp+1) ™) ~ Ct®1 for to small. This means that scales as®10,

3The notation'x,y), (z y) indicates that the lag variabte- x is in the direction of thex axis.
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QED

Theorem 5.0.9 The Maturation Process projects, as t becomes large, ontabamace, H=

{X = 3 xc&/ak = 0}, of the phase space’{0,L]), where there exists an invariant measure.
Proof: This is a direct consequence of Theorem 3.1.2. QED
Corollary 5.0.5 The Maturation Process is an SOC process.

Proof: By Corollary 3.1.2 the invariant measure is a weighted GanssThus the process

satisfies Conditions 1-5 of Definition 3.1.1. QED

Remark 5.0.3 The verification of the fact that the Maturation Process lmaspex transients is
so far numerical. There are two exponents in Equation (54&931—90 =0.1and 2- 1% =04.1In
the roughening of the surface, the latter exponent is daieiHay the first (which is smaller) and
does not show up. Numerically, two smaller coefficients dwte later during the transients,
see Figure 1.1 and Figures 5.1 and 5.2. Thus numerically tarifstion Process satisfies
Definition 3.1.2 and this is presumably due to the small tesm®mitted, that give corrections

with t exponents smaller thanlD

Numerically there is a trade off between the length of thematations and the instabilities
that set in with larger slope. In Figure 1.1 we strike a baganith slope & degrees and get an
initial coefficient of 0127 that persists. This is in rough agreement with the thdorfigure
5.1, with a slope of & degrees, we are not quit far enough into the maturationephidisough
the computing time is already extremely long and get a sléfe0®6. In Figure 5.2 the slope

of 10 degrees is rather unstable and we get the sldB90

Remark 5.0.4 The upper-cutoff for the spatial scaling of the landsur$aisenot the system
size L but the half-width of the valleyg. Hack’s law implies that for young channelizing
landsurfaces, 10% eroded,

0.1cK ~ (Y2, ¢~ 0.01(cK)?
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wherecK is the height of the mountain rang&(is the width in they direction anct the slope),
whereas

0.5cK ~ (3/4 ¢ ~ 0.40(cK)*3

for a mature landsurface, 50% eroded. This means that madlleys typically (unlessK is

large) are wider than young ones and the nunibef valleys is,

L

N
0.02(cK)?’

for young surfaced, being the length (in th& direction) of the mountain range, whereas

N &
0.80(cK)#/3’

for the mature landsurfaces. This says that mature surfgpeslly (unlesscK is large) have

fewer valleys than the young surfaces.

Discussion:We showed that the three processes Channelization, Adwies@and Maturation
are driven by large noise terms, white for the first and caldreth in space and time for the
latter two processes. These noise terms are created bysshmeks and hydraulic jumps in the
second case and turbulent flow and knick-points in the secasel, see [78] and [9]. In addition
the noise in the Maturation case is colored in time by the tfa&t the separable surfaces have
a distinct polynomial decay in time. This analysis allowgasssociate these three processes
with solution of one-dimensional linear SPDEs driven by theee different types of noise
above.

It would be more desirable to solve the nonlinear PDEs dyeutd read of all the above
information. This may be doable in the case of the Chann@iz&rocess where channelization

is working on the whole two-dimensional surface. Numehgcaéhe bias of the initial surface is
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removed by consideringH that scales over the whole surface. But this is more contglica
in the adolescence and maturation cases where the Adotesard Maturation Processes are
working on the slopes of the separable mountains but the righiaation Process still works
on the bottom of the valleys. In fact for the mature landsdéygescaling properties of the
river basin, such as Hack’s law, may be understood by puttiogof those processes together;
see [10]. It may be that one-dimensional theory analogotiseémumerical results in [78] is
the ultimate result for the Adolescence and Maturation &ses. In any case it remains to
show that the full transport limited landsurface evolutisra Markovian Stochastic Process
determined by the solutions of the full nonlinear PDESs, antng large noise; and that these
solutions reduce to the three processes above, close toitiaedhannelizing surfackp(x, y,t),
the convex surfaceld(x,y,t) and separable surfaceél = Hy(X,y)T (t) respectively. This is

what the numerical and analytical results indicate.

5.1 Applications and Limitations of the Theory

The theory presented here captures well the evolution afslarfaces for transport-limited sit-
uations, such as one would typically find in desert enviromieThe scaling exponents are in
good agreement with the numerical simulations [10] bothtfier channelization process, that
channelizes the initial surface, the adolescence probasgvolves it from a convex to a con-
cave surface, and the maturation process that does theatdtsoulpting of the mature surface.
The agreement is good for the scaling exponents in the staiicstates; see [10], and reason-
ably good during the initial transients of the maturatioragd, as shown in Figures 5.1, 1.1
and 5.2. In these figures the scaling exponent of the initial tramsieto the maturation phase
32 ranges from M66 for slope &, 0.127 for slope &, to 0189 for slope 10. The time-scale

for these transients is geological time and they take a \@rg time to compute and are very

4These computations were done by Kirsten Meeker using aysisgrogram developed by Russell Schwab.
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sensitive to the value of the slope. However, the averageaisonably close to the theoretical

value of Q1 for 3, in Theorem 5.0.8.

The picture is obviously more complicated for real landsces. Erosion takes place on
a surface that may already have a complicated form and sivec&dnsients take place on a
geological time-scale it is not clear how the temporal sgpéxponents can be measured. The
spatial exponents can on the other hand be measured from Qigka( elevation model) data
and in [10] the numerically computed exponents were congparexponents froma DEM [77],
with satellite data from Ethiopia, Somalia and Saudi-Asabihe exponents measured in this
DEM fall in the range spanned by the spatial exponents of la@icelization, the adolescence

and the maturation phases.

The magnification of the noise by the nonlinearities (theahsurface is seeded by tiny ran-
dom perturbations) is understood, see [10], [78] and [78E feason is that both the water and
sediment flow down the gradient of the water surface and tlgnifieation can be understood
as shock formation in one dimension. This was pointed oul®}, [and worked out in [78] ,
[79]. The details, presented in [78] , confirm the predicfi@nthe mechanism of the formation
of transport-limited surfaces in [71]. The shocks that easut the concave mature slopes are
traveling knick-points. Thus the theory is completed byemisg the bores and hydraulic jumps
and the traveling knick-points into the noise in the adaese phase. Inthe maturation phase
the color of the noise stems form turbulent water flow, segif@Juding flow over these same
knick points (rapids) as the surfaces mature. In additidhése results one would like to prove
the existence of an invariant measure for the full nonlifREs (4.1) and 4.2) with these noise

inputs. For now, however, this is beyond our mathematicathe
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5.1.1 The SOC Theory

The theory presented is essentially the mathematicalorers the theory of Self-organized-
critical systems in the physics literature. The system®taw phases a transient and a sta-
tionary phase characterized by the scaling of the variograhe idea of an SOC attractor is
replaced by an infinite-dimensional subspace that attthetdynamics. On this subspace there
exists an invariant measure that contains all the inforomedbout the stationary state. The sys-
tem is seen to temporarily self-organize during the transien a rather trivial way. Either it
approaches the stationary state in the subspace whereatlonaty state lives or the motion is
in the orthogonal complement of this subspace and is evifnfurajected out. However, the
structure or scaling of the stationary state is gradualisnéd during the transients. It is explic-
itly expressed in how the different directions are weightealored) in the invariant measure.

This is how the stationary statesslf-organizedluring the transients.

The mathematical model clarifies the role of instabilitiasl @onlinearities. The instabil-
ities make small perturbation grow and these dynamics & ¢blored by the nonlinearities.
Whether and how this coloring takes place plays an importaatin the structure of the sta-
tionary state. The color produces long range spatial correlations in tagostary phase and
long range temporal correlations in the transient phasesTths clear by examining the con-
ditions in Example 3.1.1 and 3.1.4, that any temporal expts@< 3 < 1/4 is possible in one
dimension and any spatial exponenl x < 1. The long range correlations are given by
0<B<1l/4and Y2 < x < 1respectively, iz=2. The Edward-Wilkinson process ( Channel-
ization and Brownian motion ) sits at the boundary of theseruals, withB =1/4 andy =1/2.
The Adolescence Process is short-range fr= 2/3, and long-range fax, x = 2/3, because
in this casez # 2, in factz= 1. The Maturation Process is long-range wjtk- 3/4 and here

againz= 2.

5 One might therefore be tempted to interpret SOC to meané&rysbf color”.



76CHAPTER 5. THE CHANNELIZATION, ADOLESCENCE AND MATURATIONPROCESSE

The transport-limited erosion model gives us three praed9ne, the channelization where
the white noise in the environment is magnified but not calpresulting in channelization that
is an Edward-Wilkinson process driven by white noise. THeptwo processes are driven by
highly colored noise because of the non-uniform distritnutof water over the adolescent and
mature surface and the coloring of the system by bores ancilyc shocks and knick-points
in the adolescent phase. The noise on the mature surfagesisa by turbulent water flow over
knick point and these concave mature surfaces. The Adaleand Mature Processes are SOC
processes with long range correlations. In addition theukéditon Process possesses complex

transients that scale with several temporal exponents.

The above theory is not restricted to linear equationsatizeng about known profiles as in
the landsurface case, the modification for nonlinear SPBEsaightforward, see [51]. Suppose

we start with a nonlinear SPDEs,

(5.13) dU = (AU +F (U))dt+ BdWw,

whereF (U) is a mildly nonlinear functions, for example LipschitZin andBdW noise similar

to the examples above. We assume Bas a linear operator on the Hilbert spaldewhere

U lives, andA generates a strongly continuous semi-grougHonrhen there exists a solution
operatorS(t) of the deterministic nonlinear equation and given some itimms of S(t) we can
prove the existence of an invariant measure, see [51], sabine results apply to the nonlinear
equation. Thus the SOC theory exists and is similar for mesali equations with mild nonlin-
earities. (Unfortunately, the nonlinearities in the lamdisce equations (4.1) and (4.2) are not
mild.) However, we expect more complicated SOC systemsitd.ekhe stationary states that
we get are not complex, see Definitions 3.1.1 and 3.1.3. Tlesunes on the infinite dimen-
sional spaces that we are getting are all (colored) Gaussidrare completely determined by

their mean and variance (the variogram). There must be nmaatialy complex SOC systems
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with more complicated invariant measures, or in other wevil rainbow-colored stationary

states, so that the higher moments exhibit different sitalings.

5.1.2 More General Landsurfaces

In this paper we use the one-dimensional analysis of therilate over evolving landsurfaces
in [78] and [9], based on [26], [50], [66] and [9], to find thelaonng of the nonlinear sediment
flow, linearized about three stages of evolving landsugad@ese are the channelizing surface,
the adolescent surface and the mature surface. We condludethe color of the water deter-
mines the color of the surfaces. This was done for one péaticnodel of water and sediment
flow describing a transport limited situation found in désswvironments. For this model we

can completely describe the ranges, see [22, 18, 19, 20]ck’slkaw, see [10] and [9].

The detachment-limited case must be included to get a monplete stochastic theory of
landsurface evolution. Here one waits for the rock to wealiedore the sediment is carried
away. It is probable that the chemical composition of th&nedl play a role in the statistical
characterization of the system and some results indicatiettiis is the case at least in the
characterization of the temporal evolution. Vegetatiomectand soil must also be taken into
account, tectonic uplift and diffusion and at high altitad®nd in cold climate, the action of
glaciers. It is probable that the inclusion of these phenmanill lead to stationary states
characterized by more a complex invariant measure thare thibsve, thus producing a more
complete stochastic theory of complex SOC systems, withpbexrstationary states. Indeed
studies of DEMs show that topography exhibits fractal; séekénberg and Goodchild [40],

and multi-fractal; see Lavallée, Lovejoy and Schertz&j,[4tructure.
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5.2 Conclusions

The stochastic theory of transport-limited landsurfackEntiifies three processes that shape
eroding surfaces consisting of loose sediment. The firstgg® called the Channelization Pro-
cess is an infinite-dimensional Brownian motion driven bysadhat is white both in time and
in its spatial distribution. This process consists of tlasient of a random walk biased in the
downslope direction. It then saturates in a stationarg staéracterized by the spatial scaling of
Brownian motion. The process is completely characterizeitishmean and variance that allow
us to compute the variogram of topography. This processraiemes the originally smooth
surface and lays down the basic network of streams and riltggessess an invariant measure

living on the whole of infinite dimensional phase space anbisa SOC system.

The second process is called the Adolescence Process arattehnizes the evolution of
young surfaces from a convex to a concave shape. This prexessen by colored noise
created by shocks, bores and hydraulic jumps, in the wateaihal knick points in the sediment
flow. The noise is quenched by absence of water a variousdosabn the surface and pinned
by the vanishing of the slope of the water surface. The Adelese Process is characterized by
its mean and variance. It has a stationary state with a $patighness coefficient = 0.66. It
also possesses a colored invariant measure charactettigrggationary state. This makes the

Adolescence Process an SOC process.

The third process called the Maturation Process is drivemidpyly colored noise. It is also
characterized by its mean and variance and the variogralessicetially with several charac-
teristic temporal exponents. Eventually it reaches a gtetate where the spatial scaling has a
large exponent d5, indicating a long range correlation. The Maturationd@ss possesses an
invariant measure living on an infinite-dimensional sulegpaf the original phase space. This
measure completely characterizes the stationary stateseTproperties make the Maturation

Process a SOC process with complex temporal transients.
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Together these two processes produce the observable fespefr transport-limited sur-
faces, such as Horton’s relations and Hack’s law, see [b@}y possess the numerically ob-

served scaling laws [10] and agree with values obtained s [77].

SOC systems in Definition 3.1.1 capture the basic propesfieslf-organized-critical sys-
tem. The idea of temporal self-organization during thedramts is manifested in the magnifi-
cation of the initially white noise, during a very short ialtperiod of exponential growth and
then saturation and coloring by nonlinearities. This isdeé&ning property of these systems.
Thus the self-organization is expressed in the spatiatttre of the stationary state that is
formed by magnification and coloring of small white noiseidgrthe transients. The motion
is simply projected onto an infinite-dimensional subspaagnd the transients and the invari-
ant measure living on this subspace determines all the grep®f the stationary state. The
invariant measure seems the capture the idea of an SOCctattravhereas the real attractor
of at least the transport-limited landsurfaces is trivaaflat plateau). Thus SOC systems are
defined as systems that color themselves using the white mothe environment as a source,
can show multi-fractal transients and then project ontanéinite-dimensional subspace where
they possess an invariant measure completely determin@ig’tritical” stationary state. It is
likely that more complex landsurfaces will in addition beaim to have stationary states that

themselves are multi-fractal.
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