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1. The Koopman operator
2. Diffusion Maps
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1. RKHS
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3. Converge to the Koopman operator
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2. Pointwise convergence

4. Partial dynamics
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Mathematical Setting 

<latexit sha1_base64="hwF1kKnPfhxdEyuSUaPJR6rWRYA=">AAACCHicbVDLSsNAFJ3UV62vqksXDhbBVUlUsMuCG5dV7AOaWCbTm3boZBJmJkIJXbrxV9y4UMStn+DOv3HSRtDWAwOHc85l7j1+zJnStv1lFZaWV1bXiuuljc2t7Z3y7l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo+6PLzG/fg1QsErd6HIMXkoFgAaNEG6lXPnRDooe+n3Ym2FWJr0DjH+lmcmcSFbtqT4EXiZOTCsrR6JU/3X5EkxCEppwo1XXsWHspkZpRDpOSmyiICR2RAXQNFSQE5aXTQyb42Ch9HETSPKHxVP09kZJQqXHom2S2o5r3MvE/r5vooOalTMSJBkFnHwUJxzrCWSu4zyRQzceGECqZ2RXTIZGEatNdyZTgzJ+8SFqnVeesal+fV+q1vI4iOkBH6AQ56ALV0RVqoCai6AE9oRf0aj1az9ab9T6LFqx8Zh/9gfXxDSeCmgU=</latexit>

<latexit sha1_base64="1Qi5xo/yrNHT/po57xLTL+HqT9Y=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQqWFwV3LisYB/QhDKZTtqhk0mYmQgldOvGX3HjQhG3/oE7/8ZJm0VtPTBw5px7ufeeIOFMacf5sUpr6xubW+Xtys7u3v6BfXjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvs39ziOVisXiQU8S6kd4KFjICNZG6tvIa44YukFehPUoCLLuFHk6Xvj27apTc2ZAq8QtSBUKNPv2tzeISRpRoQnHSvVcJ9F+hqVmhNNpxUsVTTAZ4yHtGSpwRJWfzS6ZojOjDFAYS/OERjN1sSPDkVKTKDCV+YZq2cvF/7xeqsO6nzGRpJoKMh8UphyZW/NY0IBJSjSfGIKJZGZXREZYYqJNeBUTgrt88ippX9Tcy5pzf1Vt1Is4ynACp3AOLlxDA+6gCS0g8AQv8Abv1rP1an1Yn/PSklX0HMMfWF+/faWZjQ==</latexit>

<latexit sha1_base64="TLLr11TSKqwrMtvlnJvieBLiOWY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYI4BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSgQ31ve/vMLa+sbmVnG7tLO7t39QPjxqmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5mfvtR9SGx+rBThMMJR0pPuSMWifd92TaL1f8qr8A+UuCnFQgR6Nf/uwNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkTOnDMgw1q6UJQv150RGpTFTGblOSe3YrHpz8T+vm9phLcy4SlKLii0XDVNBbEzmf5MB18ismDpCmebuVsLGVFNmXTolF0Kw+vJf0rqoBpdV/+6qUq/lcRThBE7hHAK4hjrcQgOawGAET/ACr57wnr03733ZWvDymWP4Be/jG1sGjc4=</latexit>

Compact, connected

Discrete time map, invertible

Borel probability measure on X

<latexit sha1_base64="phUFxciWCKr3qnajzb66EgnxMBY="></latexit>



<latexit sha1_base64="hwF1kKnPfhxdEyuSUaPJR6rWRYA=">AAACCHicbVDLSsNAFJ3UV62vqksXDhbBVUlUsMuCG5dV7AOaWCbTm3boZBJmJkIJXbrxV9y4UMStn+DOv3HSRtDWAwOHc85l7j1+zJnStv1lFZaWV1bXiuuljc2t7Z3y7l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo+6PLzG/fg1QsErd6HIMXkoFgAaNEG6lXPnRDooe+n3Ym2FWJr0DjH+lmcmcSFbtqT4EXiZOTCsrR6JU/3X5EkxCEppwo1XXsWHspkZpRDpOSmyiICR2RAXQNFSQE5aXTQyb42Ch9HETSPKHxVP09kZJQqXHom2S2o5r3MvE/r5vooOalTMSJBkFnHwUJxzrCWSu4zyRQzceGECqZ2RXTIZGEatNdyZTgzJ+8SFqnVeesal+fV+q1vI4iOkBH6AQ56ALV0RVqoCai6AE9oRf0aj1az9ab9T6LFqx8Zh/9gfXxDSeCmgU=</latexit> Compact, connected

<latexit sha1_base64="1Qi5xo/yrNHT/po57xLTL+HqT9Y=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQqWFwV3LisYB/QhDKZTtqhk0mYmQgldOvGX3HjQhG3/oE7/8ZJm0VtPTBw5px7ufeeIOFMacf5sUpr6xubW+Xtys7u3v6BfXjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvs39ziOVisXiQU8S6kd4KFjICNZG6tvIa44YukFehPUoCLLuFHk6Xvj27apTc2ZAq8QtSBUKNPv2tzeISRpRoQnHSvVcJ9F+hqVmhNNpxUsVTTAZ4yHtGSpwRJWfzS6ZojOjDFAYS/OERjN1sSPDkVKTKDCV+YZq2cvF/7xeqsO6nzGRpJoKMh8UphyZW/NY0IBJSjSfGIKJZGZXREZYYqJNeBUTgrt88ippX9Tcy5pzf1Vt1Is4ynACp3AOLlxDA+6gCS0g8AQv8Abv1rP1an1Yn/PSklX0HMMfWF+/faWZjQ==</latexit> Discrete time map, invertible

<latexit sha1_base64="TLLr11TSKqwrMtvlnJvieBLiOWY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYI4BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSgQ31ve/vMLa+sbmVnG7tLO7t39QPjxqmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5mfvtR9SGx+rBThMMJR0pPuSMWifd92TaL1f8qr8A+UuCnFQgR6Nf/uwNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkTOnDMgw1q6UJQv150RGpTFTGblOSe3YrHpz8T+vm9phLcy4SlKLii0XDVNBbEzmf5MB18ismDpCmebuVsLGVFNmXTolF0Kw+vJf0rqoBpdV/+6qUq/lcRThBE7hHAK4hjrcQgOawGAET/ACr57wnr03733ZWvDymWP4Be/jG1sGjc4=</latexit>

Borel probability measure on X

Koopman (composition) operator

<latexit sha1_base64="a2Dps+ur6GzyABFhLZo94nUD9hU=">AAACGHicbVDLSsNAFJ34rPUVdelmsAjppiYq2I1Q6MZlBfuAJoTJdNIOnUzCzEQspZ/hxl9x40IRt935N07SLLT1wMC559zLnXuChFGpbPvbWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBa9AEnCKCdtRRUjvUQQFAWMdINxM/O7j0RIGvMHNUmIF6EhpyHFSGnJNy+spu+2RhSGVeupCm+hFbqYCgwzsZBCK6+youqbFbtm54 CrxClIBRRo+ebcHcQ4jQhXmCEp+46dKG+KhKKYkVnZTSVJEB6jIelrylFEpDfND5vBc60MYBgL/biCufp7YooiKSdRoDsjpEZy2cvE/7x+qsK6N6U8SRXheLEoTBlUMcxSggMqCFZsognCguq/QjxCAmGlsyzrEJzlk1dJ57LmXNXs++tKo17EUQKn4AxYwAE3oAHuQAu0AQbP4BW8gw/jxXgzPo2vReuaUcycgD8w5j9Ue5uJ</latexit>

<latexit sha1_base64="qtw+38iZ+08yjeNxxCChShJ7iB0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoYJcFQVxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+TdmprPQ1gOBwzn3knNPEHOmjet+O6W19Y3NrfJ2ZWd3b/+genjU0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3mR+94kqzSL5YGYx9QUeSxYygo2VHgcCm0kQoNthtebW3RxolXgFqUGB1rD6NRhFJBFUGsKx1n3PjY2fYmUY4XReGSSaxphM8Zj2LZVYUO2neeA5OrPKCIWRsk8alKu/N1IstJ6JwE5mAfWyl4n/ef3EhA0/ZTJODJVk8VGYcGQilF2PRkxRYvjMEkwUs1kRmWCFibEdVWwJ3vLJq6RzUfcu6+79Va3ZKOoowwmcwjl4cA1NuIMWtIGAgGd4hTdHOS/Ou/OxGC05xc4x/IHz+QM4go/8</latexit>

Function space invariant
under the dynamics

<latexit sha1_base64="l5SR8gkiQBQLKRfGMh3GdL7PAeI=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQqWFwVCuKygn1AE8JkOmmHTh7MTIQSunXjr7hxoYhb/8Cdf+OkDaitBwbOnHMv997jJ5xJZVlfRmlldW19o7xZ2dre2d0z9w86Mk4FoW0S81j0fCwpZxFtK6Y47SWC4tDntOuPm7nfvadCsji6U5OEuiEeRixgBCsteSZqek5rxNAVckKsRr6PrpGj4p+fZ1atmjUDWiZ2QapQoOWZn84gJmlII0U4lrJvW4lyMywUI5xOK04qaYLJGA9pX9MIh1S62eySKTrRygAFsdAvUmim/u7IcCjlJPR1Zb6gXPRy8T+vn6qg7mYsSlJFIzIfFKQc6VPzWNCACUoUn2iCiWB6V0RGWGCidHgVHYK9ePIy6ZzV7POadXtRbdSLOMpwBMdwCjZcQgNuoAVtIPAAT/ACr8aj8Wy8Ge/z0pJR9BzCHxgf36K7mFs=</latexit>

Composition operator

Mathematical Setting 

<latexit sha1_base64="phUFxciWCKr3qnajzb66EgnxMBY="></latexit>



<latexit sha1_base64="C85083GYzBIQUsu1+4S+OwTQV5g=">AAACF3icbVDLSgMxFM3UV62vUZdugkWYggwzKtiNUNCFywr2AZ1SMplMG5rJDElGOgz9Czf+ihsXirjVnX9j+lho64Ekh3PuJfceP2FUKsf5Ngorq2vrG8XN0tb2zu6euX/QlHEqMGngmMWi7SNJGOWkoahipJ0IgiKfkZY/vJ74rQciJI35vcoS0o1Qn9OQYqS01DNt6yasWKMKvIIe5aqXexFSA9+H7TEMrNFpVoGhpa/Ai1 L99syyYztTwGXizkkZzFHvmV9eEOM0IlxhhqTsuE6iujkSimJGxiUvlSRBeIj6pKMpRxGR3Xy61xieaCWAYSz04QpO1d8dOYqkzCJfV06mloveRPzP66QqrHZzypNUEY5nH4UpgyqGk5BgQAXBimWaICyonhXiARIIKx1lSYfgLq68TJpntntuO3cX5Vp1HkcRHIFjYAEXXIIauAV10AAYPIJn8ArejCfjxXg3PmalBWPecwj+wPj8ARzfnL4=</latexit>

<latexit sha1_base64="qtw+38iZ+08yjeNxxCChShJ7iB0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoYJcFQVxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+TdmprPQ1gOBwzn3knNPEHOmjet+O6W19Y3NrfJ2ZWd3b/+genjU0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3mR+94kqzSL5YGYx9QUeSxYygo2VHgcCm0kQoNthtebW3RxolXgFqUGB1rD6NRhFJBFUGsKx1n3PjY 2fYmUY4XReGSSaxphM8Zj2LZVYUO2neeA5OrPKCIWRsk8alKu/N1IstJ6JwE5mAfWyl4n/ef3EhA0/ZTJODJVk8VGYcGQilF2PRkxRYvjMEkwUs1kRmWCFibEdVWwJ3vLJq6RzUfcu6+79Va3ZKOoowwmcwjl4cA1NuIMWtIGAgGd4hTdHOS/Ou/OxGC05xc4x/IHz+QM4go/8</latexit>

<latexit sha1_base64="kNp75+bx6nGj+6mXrZnQiy8UpVg=">AAACFnicbVDLSsNAFL3xWesr6tLNYBHcWBIVLK4KblxWsQ9oQplMJ+3QySTMTIQS+hVu/BU3LhRxK+78GydtBdt6YODMufdy7zlBwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5DxakktE5iHstWgBXlTNC6ZprTViIpjgJOm8HgOq83H6hULBb3ephQP8I9wUJGsDZSxz7F6Ap5Edb9IEAt5GkWUTUjxL+/7G7UsUtO2RkDLRJ3Sk owRa1jf3ndmKQRFZpwrFTbdRLtZ1hqRjgdFb1U0QSTAe7RtqECm+1+NrY1QsdG6aIwluYJjcbq34kMR0oNo8B05heq+Vou/ldrpzqs+BkTSaqpIJNFYcqR8ZpnhLpMUqL50BBMJDO3ItLHEhNtkiyaENx5y4ukcVZ2z8vO7UWpWpnGUYBDOIITcOESqnADNagDgUd4hld4s56sF+vd+pi0LlnTmQOYgfX5AxmenhU=</latexit> Similarity (affinity) kernel
(e.g.) a gaussian function

<latexit sha1_base64="aNgvVruwPa+RCSjs5y68j8IANVg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahBSmJCnYjFNy4rGAf0IYymUzaoZNJmJlIQ+jGjb/ixoUibv0Hd/6N0zQLbT1w4cw59zL3HjdiVCrL+jYKK6tr6xvFzdLW9s7unrl/0JZhLDBp4ZCFousiSRjlpKWoYqQbCYICl5GOO76Z+Z0HIiQN+b1KIuIEaMipTzFSWhqYx15lcpZU4TXs+wLhFGXPaRpUJtXpwCxbNSsDXCZ2Ts ogR3NgfvW9EMcB4QozJGXPtiLlpEgoihmZlvqxJBHCYzQkPU05Coh00uyKKTzVigf9UOjiCmbq74kUBVImgas7A6RGctGbif95vVj5dSelPIoV4Xj+kR8zqEI4iwR6VBCsWKIJwoLqXSEeIZ2G0sGVdAj24snLpH1esy9q1t1luVHP4yiCI3ACKsAGV6ABbkETtAAGj+AZvII348l4Md6Nj3lrwchnDsEfGJ8/BHSW9w==</latexit>

Diffusion Maps

<latexit sha1_base64="7EqVOwLDRQ2M4/c/qr4/KL0poWg=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAICYSwq4K5CAEvHiOYByRL6J3MJkNmH8zMStYlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3eVGnEllWd9GbmNza3snv1vY2z84LJpHx20ZxoLQFgl5KLouSMpZQFuKKU67kaDgu5x23Mnt3O88UiFZGDyoJKKOD6OAeYyA0tLALEJ5Wk0q+AZDOalOKwOzZNWsBfA6sTNSQhmaA/OrPwxJ7NNAEQ5S9mwrUk4KQjHC6azQjyWNgExgRHuaBuBT6aSLw2f4XCtD7IVCV6DwQv09kYIvZeK7utMHNZar3lz8z+vFyqs7KQuiWNGALBd5MccqxPMU8JAJShRPNAEimL4VkzEIIEpnVdAh2Ksvr5P2Rc2+rFn3V6VGPYsjj07RGSojG12jBrpDTdRCBMXoGb2iN+PJeDHejY9la87IZk7QHxifPwGHkVQ=</latexit>

<latexit sha1_base64="G0hueF/SKWZCb1lWsKHbwTRp5jU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiSNhVwRwDXjxGMA9IljA76SRDZh+ZmQ0uS77DiwdFvPox3vwbJ8keNLGgoajqprvLiwRX2ra/rbX1jc2t7dxOfndv/+CwcHTcUGEsGdZZKELZ8qhCwQOsa64FtiKJ1PcENr3R3cxvTlAqHgaPOonQ9ekg4H3OqDaSS0tPl8kF6QxwTOxuoWiX7TnIKnEyUoQMtW7hq9MLWexjoJmgSrUdO9JuSqXmTOA034kVRpSN6ADbhgbUR+Wm86On5NwoPdIPpalAk7n6eyKlvlKJ75lOn+qhWvZm4n9eO9b9ipvyIIo1BmyxqB8LokMyS4D0uESmRWIIZZKbWwkbUkmZNjnlTQjO8surpHFVdq7L9sNNsVrJ4sjBKZxBCRy4hSrcQw3qwGAMz/AKb9bEerHerY9F65qVzZzAH1ifP9S+kMw=</latexit>

<latexit sha1_base64="roNLMxuX4gL/H6jr+TvGpQQLJU4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZgpQZFexGKLhxWcE+oFOGTJq2oUlmSDLSMvQP3Pgrblwo4tatO//GTNuFth64cDjnXu69J4wZVdp1v63cyura+kZ+s7C1vbO7Z+8fNFSUSEzqOGKRbIVIEUYFqWuqGWnFkiAeMtIMhzeZ33wgUtFI3OtxTDoc9QXtUYy0kQL7lDujEryGPhU6SH2O9CAMYWsCkTM6G5dg1+eJk5QCu+ iW3SngMvHmpAjmqAX2l9+NcMKJ0JghpdqeG+tOiqSmmJFJwU8UiREeoj5pGyoQJ6qTTv+ZwBOjdGEvkqaEhlP190SKuFJjHprO7GC16GXif1470b1KJ6UiTjQReLaolzCoI5iFA7tUEqzZ2BCEJTW3QjxAEmFtIiyYELzFl5dJ47zsXZTdu8titTKPIw+OwDFwgAeuQBXcghqoAwwewTN4BW/Wk/VivVsfs9acNZ85BH9gff4Au4+aiQ==</latexit>

“mass” at x

Diffusion kernel

Diffusion operator

Function space invariant
under the diffusion below



Integral approximations of the Koopman Operator

• Goal: Approximate the Koopman operator with an integral operator
• Take inspiration from Diffusion Maps 

<latexit sha1_base64="dZtbA/lCx6AUIQ9qBDnYR8IFiN8=">AAACIHicbZDLSgMxFIYzXmu9VV26CRahBa0zVWg3QsGNywr2Ap1pyaSnbWjmQpKRDkMfxY2v4saFIrrTpzG9LLT1h8DHf87h5PxuyJlUpvllrKyurW9sprbS2zu7e/uZg8O6DCJBoUYDHoimSyRw5kNNMcWhGQognsuh4Q5vJvXGAwjJAv9exSE4Hun7rMcoUdrqZEr9ji1Z3yO50Vmcx9fYhlGYw+fYroNQeKQpnnG7iC/wrL ddzHcyWbNgToWXwZpDFs1V7WQ+7W5AIw98RTmRsmWZoXISIhSjHMZpO5IQEjokfWhp9IkH0kmmB47xqXa6uBcI/XyFp+7viYR4Usaeqzs9ogZysTYx/6u1ItUrOwnzw0iBT2eLehHHKsCTtHCXCaCKxxoIFUz/FdMBEYQqnWlah2AtnrwM9WLBuiyYd1fZSnkeRwodoxOUQxYqoQq6RVVUQxQ9omf0it6MJ+PFeDc+Zq0rxnzmCP2R8f0DQUWf4g==</latexit>

Similarity (affinity) kernel



Integral approximations of the Koopman Operator

• Goal: Approximate the Koopman operator with an integral operator
• Take inspiration from Diffusion Maps 

<latexit sha1_base64="dZtbA/lCx6AUIQ9qBDnYR8IFiN8=">AAACIHicbZDLSgMxFIYzXmu9VV26CRahBa0zVWg3QsGNywr2Ap1pyaSnbWjmQpKRDkMfxY2v4saFIrrTpzG9LLT1h8DHf87h5PxuyJlUpvllrKyurW9sprbS2zu7e/uZg8O6DCJBoUYDHoimSyRw5kNNMcWhGQognsuh4Q5vJvXGAwjJAv9exSE4Hun7rMcoUdrqZEr9ji1Z3yO50Vmcx9fYhlGYw+fYroNQeKQpnnG7iC/wrL ddzHcyWbNgToWXwZpDFs1V7WQ+7W5AIw98RTmRsmWZoXISIhSjHMZpO5IQEjokfWhp9IkH0kmmB47xqXa6uBcI/XyFp+7viYR4Usaeqzs9ogZysTYx/6u1ItUrOwnzw0iBT2eLehHHKsCTtHCXCaCKxxoIFUz/FdMBEYQqnWlah2AtnrwM9WLBuiyYd1fZSnkeRwodoxOUQxYqoQq6RVVUQxQ9omf0it6MJ+PFeDc+Zq0rxnzmCP2R8f0DQUWf4g==</latexit>

<latexit sha1_base64="XqsQb2a+vYhkLc2Cbjxtki7q0pU=">AAACK3icbZDLSsNAFIYnXmu9RV26GSxCC6UkKtiNUHTjsoK9QBPKZDpph84kYWYiDaHv48ZXcaELL7j1PZy2KWjrDwM/3zmHM+f3IkalsqwPY2V1bX1jM7eV397Z3ds3Dw6bMowFJg0cslC0PSQJowFpKKoYaUeCIO4x0vKGN5N664EIScPgXiURcTnqB9SnGCmNuua1Ew1o15G0z1FxVE5K8Ao6vkA47c8pdOoDWhyVyjApjV M+xxktjbtmwapYU8FlY2emADLVu+aL0wtxzEmgMENSdmwrUm6KhKKYkXHeiSWJEB6iPuloGyBOpJtObx3DU0160A+FfoGCU/p7IkVcyoR7upMjNZCLtQn8r9aJlV91UxpEsSIBni3yYwZVCCfBwR4VBCuWaIOwoPqvEA+QTkrpePM6BHvx5GXTPKvY5xXr7qJQq2Zx5MAxOAFFYINLUAO3oA4aAINH8AzewLvxZLwan8bXrHXFyGaOwB8Z3z9+76Xy</latexit>

<latexit sha1_base64="zFgnyec32302dpYL94PvYudQK5w=">AAACKXicbVDLSgMxFM3UV62vUZdugkVoQcqMCnYjFNy4rGAf0ClDJk3b0CQzJBlxGPo7bvwVNwqKuvVHzLSz0NYDgcM555J7TxAxqrTjfFqFldW19Y3iZmlre2d3z94/aKswlpi0cMhC2Q2QIowK0tJUM9KNJEE8YKQTTK4zv3NPpKKhuNNJRPocjQQdUoy0kXy7wX1P0RFHFa85ppWHahVeQY8K7aceR3ocBLA7haOF0GlShQOPx5Wk6ttlp+bMAJeJm5MyyNH07VdvEOKYE6ExQ0r1XCfS/RRJTTEj05IXKxIhPEEj0jNUIE5UP51dOoUnRhnAYSjNExrO1N8TKeJKJTwwyWx7tehl4n9eL9bDej+lIoo1EXj+0TBmUIcwqw0OqCRYs8QQhCU1u0I8RhJhbcotmRLcxZOXSfus5p7XnNuLcqOe11EER+AYVIALLkED3IAmaAEMHsEzeAPv1pP1Yn1YX/NowcpnDsEfWN8/XICkyw==</latexit>

Similarity (affinity) kernel

Asymmetric gaussian



Integral approximations of the Koopman Operator

• Goal: Approximate the Koopman operator with an integral operator
• Take inspiration from Diffusion Maps  
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Similarity (affinity) kernel
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Integral Koopman

Aside:
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Is a Hilbert-Schmidt integral operator

Koopman kernel



Reproducing Kernel Hilbert Space

• Function space has been unspecified so far
• We care about pointwise evaluations of functions
• RKHS with gaussian kernel

• The Hilbert space is the closure of the vector space spanned by
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How do we tell if a function is in the RKHS?

Koopman Diffusion Maps 4

closure of the vector space spanned by the functions {gs (·,y) |y 2X} [2] under the inner product generated
by

hgs (x, ·) , gs (y, ·)i= gs (x,y). (3.9)

Then gs : X⇥X! [0,•) defines an reproducing kernel and an associated RKHS. Notationally, we write

kx(·) = gs (x, ·). (3.10)

We write the induced norm as k·k or as k·k
H(gs )

.

RKHS Invariance under CF. Let f = Ân
i=1 aikwi . Then

(CF f )(x) = ( f �F)(x) =
n

Â
i=1

aikwi(F(x)). (3.11)

We need to show that this is in H. However the only thing we know about H currently is that it is spanned
by the functions {kx |x 2 X}. It is not immediately clear that we can rewrite f �F in terms of kw’s. One
idea would be to evaluate f �F on a number of points w1, . . . ,wn, set up an interpolation process using
kw1 , . . . ,kwn , and then let the number of points grow to densely fill X. However, we have no guarantee that
this process would be stable and lead to a Cauchy sequence of functions in H.

We can validate this using a little more abstract theory and what is called the pullback theorem. First,
we need a result that characterizes the functions in H in terms of the reproducing kernel.

Theorem 3.1 ([2], Theorem 3.11). Let H be an RKHS with a kernel K. If f : X!C, then the following are
equivalent:

(i) f 2H;

(ii) there exists a constant c > 0 such that for every finite subset F = {w1, . . . ,wn} ⇢ X, there exists a
function h 2H with khk

H
 c and f (wi) = h(wi), i = 1, . . . ,n;

(iii) there exists a constant c > 0, such that the function M(x,y) = c2K(x,y)� f (x) f (y) is a kernel function.

Item (ii) basically says that the interpolation process is stable. Item (iii) is the result that is the most
useful. Another way of stating (iii) is that f (x) f (y)  c2K(x,y) in the positive definite order. Moreover, in
(ii) and (iii), k fk is the smallest constant c satisfying the property.

Define the kernel function (gs •F)(x,y) = gs (F(x),F(y)). The pullback theorem ([2] Theorem 5.7)
says in our setting that gs •F is a kernel function on X and

H(gs •F) = { f �F | f 2H(gs )} (3.12)

which would imply that CF(H(gs )) = H(gs • F). Furthermore, for any x 2 H(gs • F), kxk
H(gs•F) =

min{k fk
H(gs )

|x = f �F}. To see that f �F is in H(gs •F) we use (iii) from above. For any f 2H(gs )

f (x) f (y) c2gs (x,y) (3.13)

in the positive definite order. Since the positive definiteness is defined for any finite w1, . . . ,wn 2 X and
F : X! X, then it is also true that

f (F(x)) f (F(y)) c2gs (F(x),F(y)) (3.14)

which implies that f �F 2H(gs •F). Compare this with (3.11). In (3.11), we could have rewritten wi =
F(si) since we have assumed that F is a bijection and arrived at the same result. The pullback theorem
actually holds for more general sets S and maps y : S ! X. It also shows that CF : H(gs )!H(gs •F) is
a contraction. It is left to show that H(gs •F) ⇢H(gs ). But F(X) = X so that the spaces spanned by the
functions {hy(·) = gs (F(·),F(y)) |y 2 X} and {kx(·) = gs (·,x) |x 2 X} are the same.
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4.1.3. Convergence to As with increasing knowledge. Recall from (3.8), that for continuous functions

(As f )(x) =
Z

fs (x,y) f (y)dµ(y). (4.39)

Similarly, we define
(As ,d f )(x) =

Z
p(m)

s ,d (x,y|Xm) f (y)dµ(y). (4.40)

We would like to show that as Xm becomes dense in X, that As ,d converges to As in some sense. To this
end let {Xm}m�1 satisfy

1. Xm ⇢ Xm+1 for all m, and
2. the elements of each Xm are IID with respect to µ .

We will be appealing to lemma 4.2 in our proof. Note that in the proof of lemma 4.2, d was dependent on the
points in Xm; in particular, that it must be chosen in such a way the elements of Xm were nearly independent
as measured by the kernel gd (x,x0).

We first show that for any m, if the d is chosen appropriately, that (As ,d f )(·) is within order e to (As f )(·)
on Xm.

Proposition 4.5. Fix e > 0. For any Xm, there exists a d (e,Xm)> 0 such that for any continuous f and any
x 2 Xm, ��(As ,d f )(x)� (As f )(x)

��= O(e). (4.41)

Proof. As in the proof of lemma 4.2, choose d = d (e,Xm) such that gd (x,x0) < e for any pair of distinct
point in Xm. Then, by (4.32)

��(As ,d f )(x)� (As f )(x)
��=

����
Z ⇣

p(m)
s ,d (x,y|Xm)�fs (x,y)

⌘
f (y)dµ(y)

���� (4.42)



Z ���p(m)
s ,d (x,y|Xm)�fs (x,y)

���| f (y)|dµ(y) (4.43)

Cs ek fk1. (4.44)

Since f is continuous and X compact, k fk1 < •.

How does the integral operator behave in terms of dense Xm in terms of L2 norm?
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Def: A function K(x,y) is positive semidefinite if for any n and every choice of n distinct points 
x1, … , xn, the matrix (K(xi, xj)) is positive semidefinite.

<latexit sha1_base64="VkJd0kE8m8nPLgKeSl52COZbQ6s="></latexit>

70 Operations on kernels

When ϕ is one-to-one it is easily seen that K ◦ ϕ is a kernel function on
S. We will show below that K ◦ ϕ is also a kernel function on S for a general
function ϕ. Again, it is natural to ask about the relationship between the RKHS
H(K ) of functions on X and the RKHS H(K ◦ ϕ) of functions on S, and we
will answer this question in the pull-back theorem.

Proposition 5.6. Let ϕ : S → X and let K be a kernel function on X. Then
K ◦ ϕ is a kernel function on S.

Proof . Let s1, . . . , sn ∈ S, let α1, . . . ,αn ∈ C and let {x1, . . . , x p} =
{ϕ(s1), . . . ,ϕ(sn)}, so that p ≤ n. Set Ak = {i : ϕ(si ) = xk} and let
βk = ∑

i∈Ak
αi . Then

n∑

i, j=1

ᾱiα j K (ϕ(si ),ϕ(s j )) =
p∑

k,l=1

∑

i∈Ak

∑

j∈Al

ᾱiα j K (xk, xl)

=
p∑

k,l=1

β̄kβl K (xk, xl) ≥ 0 .

Hence, K ◦ ϕ is a kernel function on S.

Theorem 5.7 (Pull-back theorem). Let X and S be sets, let ϕ : S → X be a
function and let K : X × X → C be a kernel function. Then H(K ◦ ϕ) =
{ f ◦ ϕ : f ∈ H(K )}, and for u ∈ H(K ◦ ϕ) we have that ∥u∥H(K◦ϕ) =
min{∥ f ∥H(K ) : u = f ◦ ϕ}.

Proof . Let f ∈ H(K ), with ∥ f ∥H(K ) = c, then f (x) f (y) ≤ c2 K (x, y)

in the positive definite order. Since this is an inequality of matrices over all
finite sets, we see that f ◦ ϕ(s) f ◦ ϕ(t) ≤ c2 K (ϕ(s),ϕ(t)). Hence, by 3.11,
f ◦ ϕ ∈ H(K ◦ ϕ) with ∥ f ◦ ϕ∥H(K◦ϕ) ≤ c.

This calculation shows that there exists a contractive, linear map, Cϕ :
H(K ) → H(K ◦ ϕ) given by Cϕ( f ) = f ◦ ϕ.

Set ht (·) = K (ϕ(·),ϕ(t)), so that these are the kernel functions for
H(K ◦ ϕ). Note that for any finite set of points and scalars, if u = ∑

i αi hti ,
then ∥u∥H(K◦ϕ) =

∥∥∑
i αi kϕ(ti )

∥∥
H(K )

. It follows that there is a well-defined
isometry, $ : H(K ◦ ϕ) → H(K ), satisfying, $(ht ) = kϕ(t).

We have that Cϕ◦$ is the identity on H(K ◦ϕ). Hence, for any u ∈ H(K ◦ϕ)

the function f = $(u) satisfies u = f ◦ ϕ with ∥u∥ = ∥ f ∥ and the result
follows.
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RKHS invariance under Koopman

The idea is to let the dynamics induce a new kernel function and then show that this 
kernel function defines the same space as the original kernel function.
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Since is a bijection, the spaces spanned by the sets of functions

are the same.*
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*Needs a proof



RKHS invariance under integral Koopman

Idea: Show is in  , then use the same equivalence argument.
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RKHS invariance under As . We also need to show that As leaves the RKHS invariant.

Lemma 3.2. As (H(gs ))⇢H(gs ).

Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)

in the positive definite order on matrices. Let {z1, . . . ,zn}⇢ C and {u1, . . . ,un}⇢ X. Then we must show

n

Â
i, j=1

ziz j

h
c2J(xi,x j)�h(xi)h(x j)

i
� 0. (3.16)

First, using the fact that J(xi,x j) = hkF(xi) , kF(x j)i, we have

n

Â
i, j=1

ziz jc2J(xi,x j) = c2
D n

Â
i=1

zikF(xi) ,
n

Â
j=1

z jkF(x j)

E
= c2

���
n

Â
i=1

zikF(xi)

���
2
. (3.17)

Now, consider

n

Â
i, j=1

ziz jh(xi)h(x j) =

�����

n

Â
i=1

zih(xi)

�����

2

=

�����

n

Â
i=1

zi

Z gs (F(xi),y)
ms (F(xi))

f (y)dµ(y)

�����

2

.

It follows from (2.1) that sup
n

1
ms (F(x)) : x 2 X

o
= b < •. Then since gs (F(xi),y) = hkF(xi) , kyi,

n

Â
i, j=1

aia jh(xi)h(x j) b 2

�����

n

Â
i=1

zi

Z
hkF(xi) , kyi f (y)dµ(y)

�����

2

.

Defining y(y) :=
D

Ân
i=1 zikF(xi) , ky

E
, we get

n

Â
i, j=1

aia jh(xi)h(x j) b 2
����
Z

y(y) f (y)dµ(y)
����
2

 k fk2
•

✓Z
|y(y)|dµ(y)

◆2

.

Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=

�����

D n

Â
i=1

zikF(xi) , ky

E����� kkyk

�����

n

Â
i=1

aikF(xi)

�����=

�����

n

Â
i=1

aikF(xi)

�����. (3.18)

It follows that
n

Â
i, j=1

ziz jh(xi)h(x j) (bk fk•µ(X))2

�����

n

Â
i=1

aikF(xi)

�����

2

. (3.19)

By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)
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Furthermore, since kkyk
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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RKHS invariance under As . We also need to show that As leaves the RKHS invariant.

Lemma 3.2. As (H(gs ))⇢H(gs ).

Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)

in the positive definite order on matrices. Let {z1, . . . ,zn}⇢ C and {u1, . . . ,un}⇢ X. Then we must show
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It follows from (2.1) that sup
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Defining y(y) :=
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Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)

in the positive definite order on matrices. Let {z1, . . . ,zn}⇢ C and {u1, . . . ,un}⇢ X. Then we must show
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n

1
ms (F(x)) : x 2 X

o
= b < •. Then since gs (F(xi),y) = hkF(xi) , kyi,

n

Â
i, j=1

aia jh(xi)h(x j) b 2

�����

n

Â
i=1

zi

Z
hkF(xi) , kyi f (y)dµ(y)

�����

2

.

Defining y(y) :=
D

Ân
i=1 zikF(xi) , ky

E
, we get

n

Â
i, j=1

aia jh(xi)h(x j) b 2
����
Z

y(y) f (y)dµ(y)
����
2

 k fk2
•

✓Z
|y(y)|dµ(y)

◆2

.

Furthermore, since kkyk
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)

in the positive definite order on matrices. Let {z1, . . . ,zn}⇢ C and {u1, . . . ,un}⇢ X. Then we must show
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Furthermore, since kkyk
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that
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Furthermore, since kkyk
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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Defining y(y) :=
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Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=

�����

D n
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zikF(xi) , ky

E����� kkyk
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n
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It follows that
n

Â
i, j=1

ziz jh(xi)h(x j) (bk fk•µ(X))2
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n
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2

. (3.19)

By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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Koopman Diffusion Maps 5

RKHS invariance under As . We also need to show that As leaves the RKHS invariant.

Lemma 3.2. As (H(gs ))⇢H(gs ).

Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)

in the positive definite order on matrices. Let {z1, . . . ,zn}⇢ C and {u1, . . . ,un}⇢ X. Then we must show

n
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ziz j

h
c2J(xi,x j)�h(xi)h(x j)

i
� 0. (3.16)

First, using the fact that J(xi,x j) = hkF(xi) , kF(x j)i, we have
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E
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���
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���
2
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�����
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�����
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�����
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Z gs (F(xi),y)
ms (F(xi))

f (y)dµ(y)

�����

2

.

It follows from (2.1) that sup
n

1
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o
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Defining y(y) :=
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.

Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=
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. (3.19)

By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)
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Defining y(y) :=
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Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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RKHS invariance under As . We also need to show that As leaves the RKHS invariant.

Lemma 3.2. As (H(gs ))⇢H(gs ).

Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that
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It follows from (2.1) that sup
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1
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Defining y(y) :=
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, we get
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Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=
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D n
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zikF(xi) , ky
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. (3.19)

By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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RKHS invariance under As . We also need to show that As leaves the RKHS invariant.

Lemma 3.2. As (H(gs ))⇢H(gs ).

Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that

h(x)h(y) c2J(x,y). (3.15)

in the positive definite order on matrices. Let {z1, . . . ,zn}⇢ C and {u1, . . . ,un}⇢ X. Then we must show
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Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,
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It follows that
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By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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RKHS invariance under As . We also need to show that As leaves the RKHS invariant.
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Proof. Fix f 2H=H(gs ). Since H⇢C(X) and X is compact, then k fk• < •.
For notational convenience we write h(·) = (A f )(·), kx(·) = gs (x, ·), and J(x,y) = gs (F(x),F(y)). To

show that h 2H(gs ), we will show that h 2H(gs •F) by exhibiting that there is a c > 0 such that
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Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=

�����

D n

Â
i=1

zikF(xi) , ky

E����� kkyk

�����

n

Â
i=1

aikF(xi)

�����=

�����

n

Â
i=1

aikF(xi)

�����. (3.18)

It follows that
n

Â
i, j=1

ziz jh(xi)h(x j) (bk fk•µ(X))2

�����

n

Â
i=1

aikF(xi)

�����

2

. (3.19)

By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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It follows from (2.1) that sup
n

1
ms (F(x)) : x 2 X

o
= b < •. Then since gs (F(xi),y) = hkF(xi) , kyi,

n

Â
i, j=1

aia jh(xi)h(x j) b 2

�����

n

Â
i=1

zi

Z
hkF(xi) , kyi f (y)dµ(y)

�����

2

.

Defining y(y) :=
D

Ân
i=1 zikF(xi) , ky

E
, we get

n

Â
i, j=1

aia jh(xi)h(x j) b 2
����
Z

y(y) f (y)dµ(y)
����
2

 k fk2
•

✓Z
|y(y)|dµ(y)

◆2

.

Furthermore, since kkyk
2 = hky , kyi= gs (y,y) = 1,

|y(y)|=

�����

D n

Â
i=1

zikF(xi) , ky

E����� kkyk

�����

n

Â
i=1

zikF(xi)

�����=

�����

n

Â
i=1

zikF(xi)

�����. (3.18)

It follows that
n

Â
i, j=1

ziz jh(xi)h(x j) (bk fk•µ(X))2

�����

n

Â
i=1

zikF(xi)

�����

2

. (3.19)

By choosing c2
� (bk fk•µ(X))2 and using (3.17) and (3.19) in (3.16), we get that As f = h 2H(gs •F).

Since H(gs •F) =H(gs ), the result is proved.
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3.1.2. Convergence of As to the Koopman operator. A family of maps on X⇥X is said to be a summa-
bility kernel in the following sense.

Definition 3.3. A family of maps {ss : X⇥X! R |s > 0} is called a summability kernel if for all x 2 X

(1) 8s > 0,
R
X ss (x,y)dµ(y) = 1, and

(2) 9K > 0,8s > 0,
R
X|ss (x,y)|dµ(y) K.

(3) 8d > 0,
lim
s!0

Z

X�Bd (F(x))
ss (x,y)dµ(y) = 0. (3.20)

where Bd (x) = {y 2 X |kx� yk2 < d}.

Lemma 3.4. If µ satisfies (2.1), then {fs |s > 0}, where fs is given by (3.7), is a summability kernel.
Furthermore, the convergence

lim
s!0

Z

X�Bd (F(x))
fs (x,y)dµ(y) = 0 (3.21)

is uniform in x.

Proof. The first two properties of summability kernels are trivially satisfied by the definition of fs . To see
(3.21), fix d > 0 and x 2 X and let y 2 X be any point satisfying kF(x)� yk2 � d . Recall that (2.1) implies
that inf{as (x) : x 2 X}> 0. This implies that

fs (x,y) cexp

 
�
kF(x)� yk2

2
s2

!
 cexp

✓
�

d 2

s2

◆
(3.22)

for some c > 0. Finally, for any e > 0, we can choose a ŝ > 0, depending only on d and c, such that s  ŝ
implies that fs (x,y) e . Thus for all s  ŝ

Z

X�Bd (F(x))
fs (x,y)dµ(y) e. (3.23)

3.1.3. Pointwise convergence of operator actions on continuous functions. The first result is a direct
consequence of the properties of fs (x, ·). It says that As converges pointwise to CF on continuous functions.

Lemma 3.5 (Pointwise convergence). For any continuous f : X! C

lim
s!0

���(As f )(x)� (CF f )(x)
���= 0 (3.24)

uniformly in x 2 X.

Proof. Fix e > 0. Since f is continuous and X compact, f is uniformly continuous and bounded. Let
d > 0 be such that ky� xk< d implies | f (y)� f (x)|< e

2 . Furthermore, by lemma 3.4 there exists a ŝ > 0
independent of x such that 0 < s  ŝ implies that for any

Z

X�Bd (F(x))
fs (x,y)dµ(y)< e

4k fk•
(3.25)

for all x 2 X. We have for all positive s  ŝ ,
����
Z

fs (x,y) f (y)dl (y)� f (F(x))
����=
����
Z

fs (x,y)[ f (y)� f (F(x))]dµ(y)
����
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◆
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for some c > 0. Finally, for any e > 0, we can choose a ŝ > 0, depending only on d and c, such that s  ŝ
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3.1.3. Pointwise convergence of operator actions on continuous functions. The first result is a direct
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for some c > 0. Finally, for any e > 0, we can choose a ŝ > 0, depending only on d and c, such that s  ŝ
implies that fs (x,y) e . Thus for all s  ŝ

Z

X�Bd (F(x))
fs (x,y)dµ(y) e. (3.23)

3.1.3. Pointwise convergence of operator actions on continuous functions. The first result is a direct
consequence of the properties of fs (x, ·). It says that As converges pointwise to CF on continuous functions.

Lemma 3.5 (Pointwise convergence). For any continuous f : X! C
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���(As f )(x)� (CF f )(x)
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uniformly in x 2 X.
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independent of x such that 0 < s  ŝ implies that for any
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(3.25)

for all x 2 X. We have for all positive s  ŝ ,
����
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fs (x,y) f (y)dµ(y)� f (F(x))
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fs (x,y)[ f (y)� f (F(x))]dµ(y)
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 2k fk•

Z

X�Bd (F(x))
fs (x,y)dµ(y)+

Z

Bd (F(x))
fs (x,y)| f (y)� f (F(x))|dµ(y)

<
e
2
+

e
2

Z

Bd (F(x))
fs (x,y)dµ(y)

< e.

This completes the proof.

Lemma 3.6. For every s > 0, As : L2(X,µ)! L2(X,µ) is a compact operator. Furthermore, it is a Hilbert-
Schmidt operator.

Proof. By (2.1), there is a constant c > 0, such that 0 < fs (x,y)  c for all x,y 2 X. Then As is a Hilbert-
Schmidt operator since

RR
|fs (x,y)|2dµ(y)dµ(y) c2 < •.

3.1.4. Convergence in L2. To be completed

4. Partial dynamics and integral operator approximations of the dynamics

We now move to the situation where the dynamics are only known on a finite number of points. For
each m � 1, let Xm = {w1, . . . ,wm} ⇢ X and assume that Xm ⇢ Xm+1 and that their union is dense in
X. We also take the convention that X0 = /0. The sets Xm encode our knowledge of the dynamics, that
is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
p(m)

s ,d : X⇥X! [0,1]. This kernel will be continuous and have the following properties:

(1) if w 2X is such that F(w) is known, then limu!w p(m)
s ,d (u,y)⇡ fs (w,y), the Koopman kernel from (3.7),

(2) if there is no w 2 X for which F(w) is known, then p(m)
s ,d ⇡ ds , the pure diffusion kernel from (2.5),

(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
and one for the dynamics that we have no knowledge of. We will then combine them to get a global kernel
with the above properties. For each y 2 X, we have the two cases

(1) if u 2 Xm, choose the kernel as the Koopman kernel, fs (u,y), defined by (3.7),

(2) if u 62 Xm, choose the kernel as the pure diffusion kernel, ds (u,y), defined by (2.5).

We now need to combine these in order to obtain the desired properties. For d > 0 and m � 0, define for
x,y 2 X,

p(m)
s ,d (u,y|Xm) = Â

x2Xm

ad (u,x)p(m)
s ,d (u,y|x) (4.26)

where

p(m)
s ,d (u,y|x) =

(
ds (u,y) ,m = 0
(1�gd (u,x))ds (u,y)+gd (u,x)fs (x,y) ,m > 0.

(4.27)
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This completes the proof.

Lemma 3.6. For every s > 0, As : L2(X,µ)! L2(X,µ) is a compact operator. Furthermore, it is a Hilbert-
Schmidt operator.

Proof. By (2.1), there is a constant c > 0, such that 0 < fs (x,y)  c for all x,y 2 X. Then As is a Hilbert-
Schmidt operator since

RR
|fs (x,y)|2dµ(y)dµ(y) c2 < •.

3.1.4. Convergence in L2. To be completed

4. Partial dynamics and integral operator approximations of the dynamics

We now move to the situation where the dynamics are only known on a finite number of points. For
each m � 1, let Xm = {w1, . . . ,wm} ⇢ X and assume that Xm ⇢ Xm+1 and that their union is dense in
X. We also take the convention that X0 = /0. The sets Xm encode our knowledge of the dynamics, that
is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
p(m)

s ,d : X⇥X! [0,•). This kernel will be continuous and have the following properties:

(1) if w 2X is such that F(w) is known, then limu!w p(m)
s ,d (u,y)⇡ fs (w,y), the Koopman kernel from (3.7),

(2) if there is no w 2 X for which F(w) is known, then p(m)
s ,d ⇡ ds , the pure diffusion kernel from (2.5),

(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
and one for the dynamics that we have no knowledge of. We will then combine them to get a global kernel
with the above properties. For each y 2 X, we have the two cases

(1) if u 2 Xm, choose the kernel as the Koopman kernel, fs (u,y), defined by (3.7),

(2) if u 62 Xm, choose the kernel as the pure diffusion kernel, ds (u,y), defined by (2.5).

We now need to combine these in order to obtain the desired properties. For d > 0 and m � 0, define for
x,y 2 X,

p(m)
s ,d (u,y|Xm) = Â

x2Xm

ad (u,x)p(m)
s ,d (u,y|x) (4.26)

where

p(m)
s ,d (u,y|x) =

(
ds (u,y) ,m = 0
(1�gd (u,x))ds (u,y)+gd (u,x)fs (x,y) ,m > 0.

(4.27)
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This completes the proof.

Lemma 3.6. For every s > 0, As : L2(X,µ)! L2(X,µ) is a compact operator. Furthermore, it is a Hilbert-
Schmidt operator.

Proof. By (2.1), there is a constant c > 0, such that 0 < fs (x,y)  c for all x,y 2 X. Then As is a Hilbert-
Schmidt operator since
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|fs (x,y)|2dµ(y)dµ(y) c2 < •.

3.1.4. Convergence in L2. To be completed

4. Partial dynamics and integral operator approximations of the dynamics

We now move to the situation where the dynamics are only known on a finite number of points. For
each m � 1, let Xm = {w1, . . . ,wm} ⇢ X and assume that Xm ⇢ Xm+1 and that their union is dense in
X. We also take the convention that X0 = /0. The sets Xm encode our knowledge of the dynamics, that
is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
p(m)

s ,d : X⇥X! [0,•). This kernel will be continuous and have the following properties:

(1) if w 2X is such that F(w) is known, then limu!w p(m)
s ,d (u,y)⇡ fs (w,y), the Koopman kernel from (3.7),

(2) if there is no w 2 X for which F(w) is known, then p(m)
s ,d ⇡ ds , the pure diffusion kernel from (2.5),

(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
and one for the dynamics that we have no knowledge of. We will then combine them to get a global kernel
with the above properties. For each y 2 X, we have the two cases

(1) if u 2 Xm, choose the kernel as the Koopman kernel, fs (u,y), defined by (3.7),

(2) if u 62 Xm, choose the kernel as the pure diffusion kernel, ds (u,y), defined by (2.5).

We now need to combine these in order to obtain the desired properties. For d > 0 and m � 0, define for
x,y 2 X,

p(m)
s ,d (u,y|Xm) = Â

x2Xm

ad (u,x)p(m)
s ,d (u,y|x) (4.26)

where

p(m)
s ,d (u,y|x) =

(
ds (u,y) ,m = 0
(1�gd (u,x))ds (u,y)+gd (u,x)fs (x,y) ,m > 0.

(4.27)
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Lemma 3.6. For every s > 0, As : L2(X,µ)! L2(X,µ) is a compact operator. Furthermore, it is a Hilbert-
Schmidt operator.

Proof. By (2.1), there is a constant c > 0, such that 0 < fs (x,y)  c for all x,y 2 X. Then As is a Hilbert-
Schmidt operator since

RR
|fs (x,y)|2dµ(y)dµ(y) c2 < •.

3.1.4. Convergence in L2. To be completed

4. Partial dynamics and integral operator approximations of the dynamics

We now move to the situation where the dynamics are only known on a finite number of points. For
each m � 1, let Xm = {w1, . . . ,wm} ⇢ X and assume that Xm ⇢ Xm+1 and that their union is dense in
X. We also take the convention that X0 = /0. The sets Xm encode our knowledge of the dynamics, that
is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
p(m)

s ,d : X⇥X! [0,•). This kernel will be continuous and have the following properties:

(1) if w 2X is such that F(w) is known, then limu!w p(m)
s ,d (u,y)⇡ fs (w,y), the Koopman kernel from (3.7),

(2) if there is no w 2 X for which F(w) is known, then p(m)
s ,d ⇡ ds , the pure diffusion kernel from (2.5),

(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
and one for the dynamics that we have no knowledge of. We will then combine them to get a global kernel
with the above properties. For each y 2 X, we have the two cases

(1) if u 2 Xm, choose the kernel as the Koopman kernel, fs (u,y), defined by (3.7),

(2) if u 62 Xm, choose the kernel as the pure diffusion kernel, ds (u,y), defined by (2.5).

We now need to combine these in order to obtain the desired properties. For d > 0 and m � 0, define for
x,y 2 X,

p(m)
s ,d (u,y|Xm) = Â

x2Xm

ad (u,x)p(m)
s ,d (u,y|x) (4.26)

where

p(m)
s ,d (u,y|x) =

(
ds (u,y) ,m = 0
(1�gd (u,x))ds (u,y)+gd (u,x)fs (x,y) ,m > 0.

(4.27)
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gd (u,x) = exp

 
�
ku� xk2

d 2

!
, (4.28)

and
ad (u,x) =

gd (u,x)
Âx02Xm gd (u,x0)

. (4.29)

Let us parse (4.27). Fix u 62 Xm and x 2 Xm. We need to define a transition probability from u to y.
We choose it as a convex combination of the known dynamics fs (x, ·) and the pure diffusion ds (u, ·). The
closer that u is to x, the more closely should its dynamics mimic the known dynamics at x. Far away from x,
the dynamics at u should be pure diffusion, exhibiting our lack of knowledge far from known points. This
is controlled by the Gaussian similarity kernel (4.28). The parameter d encodes our belief on how far away
from the known points we can extend our knowledge of the dynamics. Ideally, this is determined by the
modulus of continuity of F, but this is unknown information. One can interpret (4.27) as flipping a biased
coin to choose whether to use the known dynamics fs (x,y) for u or use pure diffusion ds (u,y). This choice
is for one x 2Xm. We then take a weighted average over all x 2Xm, with weights proportional to the relative
distance u is from each x, to arrive at (4.26).

As stated, d > 0 encodes our belief on how far away from Xm we can extend our knowledge of the
dynamics. This is related to the modulus of continuity of F, but this is unavailable information. However,
we can choose it based only on the data Xm so that the resulting kernel p(m)

s ,d (u,y) has desirable properties.
We will be more precise later, but let us argue heuristically for a moment. Take a sequence of un’s that
converge to some x 2 Xm. We want the transition kernel p(m)

s ,d (un,y) to better and better approximate the
Koopman kernel fs (x,y). This means that the contribution of the dynamics from the other points in Xm to
un must become negligible. An easy way to accomplish this is to choose d such that for every xi,x j 2 Xm
such that xi 6= x j, we have gd (xi,x j) ⇡ 0‡. Then limn gd (un,x) ⇡ 1 and limn gd (un,x0) ⇡ 0 for any x0 6= x.
This implies that p(m)

s ,d (u,y|x)⇡ fs (x,y) and

ad (u,x)⇡ 1
ad (u,x0)⇡ 0, (x0 6= x).

Together, these imply that limn p(m)
s ,d (un,y)⇡ fs (x,y). As will be seen later, choosing a sequence of dm’s so

that gdm(xi,x j) = o(1/m), we can make the above approximations exact in the limit.
Before proving our results, we remark that it follows from (4.27) that

sup
u,y2X,x2Xm

p(m)
s ,d (u,y|x) = max

⇢
sup
u,y

{ds (u,y)},sup
x,y

{fs (x,y)}
�
= sup

u,y
{ds (u,y)}=Cs < •. (4.30)

4.1.1. Arbitrary approximation of known dynamics.

Lemma 4.1. For any m > 0, d > 0, and x 2 Xm,

lim
u!x

p(m)
s ,d (u,y|x) = fs (x,y). (4.31)

‡Here we are using a Gaussian function and choosing d so that every pair of distinct points xi and x j in Xm have negligible affinity.
This can be made exact by an application of Urysohn’s lemma to construct m = |Xm| functions hx : X! [0,1] such that hx(x0) = 0
for all Xm 3 x0 6= x and hx(x) = 1. Then instead of using gd (u,x) we would use hx(u). The “belief region” d can also be encoded
into hx. The approximate limits would become exact. However, numerically, it is cheaper and easier to use the Gaussian than to
construct the Urysohn functions.
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This completes the proof.

Lemma 3.6. For every s > 0, As : L2(X,µ)! L2(X,µ) is a compact operator. Furthermore, it is a Hilbert-
Schmidt operator.

Proof. By (2.1), there is a constant c > 0, such that 0 < fs (x,y)  c for all x,y 2 X. Then As is a Hilbert-
Schmidt operator since

RR
|fs (x,y)|2dµ(y)dµ(y) c2 < •.

3.1.4. Convergence in L2. To be completed

4. Partial dynamics and integral operator approximations of the dynamics

We now move to the situation where the dynamics are only known on a finite number of points. For
each m � 1, let Xm = {w1, . . . ,wm} ⇢ X and assume that Xm ⇢ Xm+1 and that their union is dense in
X. We also take the convention that X0 = /0. The sets Xm encode our knowledge of the dynamics, that
is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
p(m)

s ,d : X⇥X! [0,•). This kernel will be continuous and have the following properties:

(1) if w 2X is such that F(w) is known, then limu!w p(m)
s ,d (u,y)⇡ fs (w,y), the Koopman kernel from (3.7),

(2) if there is no w 2 X for which F(w) is known, then p(m)
s ,d ⇡ ds , the pure diffusion kernel from (2.5),

(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
and one for the dynamics that we have no knowledge of. We will then combine them to get a global kernel
with the above properties. For each y 2 X, we have the two cases

(1) if u 2 Xm, choose the kernel as the Koopman kernel, fs (u,y), defined by (3.7),

(2) if u 62 Xm, choose the kernel as the pure diffusion kernel, ds (u,y), defined by (2.5).

We now need to combine these in order to obtain the desired properties. For d > 0 and m � 0, define for
x,y 2 X,

p(m)
s ,d (u,y|Xm) = Â

x2Xm

ad (u,x)p(m)
s ,d (u,y|x) (4.26)

where

p(m)
s ,d (u,y|x) =

(
ds (u,y) ,m = 0
(1�gd (u,x))ds (u,y)+gd (u,x)fs (x,y) ,m > 0.

(4.27)
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and
ad (u,x) =

gd (u,x)
Âx02Xm gd (u,x0)

. (4.29)

Let us parse (4.27). Fix u 62 Xm and x 2 Xm. We need to define a transition probability from u to y.
We choose it as a convex combination of the known dynamics fs (x, ·) and the pure diffusion ds (u, ·). The
closer that u is to x, the more closely should its dynamics mimic the known dynamics at x. Far away from x,
the dynamics at u should be pure diffusion, exhibiting our lack of knowledge far from known points. This
is controlled by the Gaussian similarity kernel (4.28). The parameter d encodes our belief on how far away
from the known points we can extend our knowledge of the dynamics. Ideally, this is determined by the
modulus of continuity of F, but this is unknown information. One can interpret (4.27) as flipping a biased
coin to choose whether to use the known dynamics fs (x,y) for u or use pure diffusion ds (u,y). This choice
is for one x 2Xm. We then take a weighted average over all x 2Xm, with weights proportional to the relative
distance u is from each x, to arrive at (4.26).

As stated, d > 0 encodes our belief on how far away from Xm we can extend our knowledge of the
dynamics. This is related to the modulus of continuity of F, but this is unavailable information. However,
we can choose it based only on the data Xm so that the resulting kernel p(m)

s ,d (u,y) has desirable properties.
We will be more precise later, but let us argue heuristically for a moment. Take a sequence of un’s that
converge to some x 2 Xm. We want the transition kernel p(m)

s ,d (un,y) to better and better approximate the
Koopman kernel fs (x,y). This means that the contribution of the dynamics from the other points in Xm to
un must become negligible. An easy way to accomplish this is to choose d such that for every xi,x j 2 Xm
such that xi 6= x j, we have gd (xi,x j) ⇡ 0‡. Then limn gd (un,x) ⇡ 1 and limn gd (un,x0) ⇡ 0 for any x0 6= x.
This implies that p(m)

s ,d (u,y|x)⇡ fs (x,y) and

ad (u,x)⇡ 1
ad (u,x0)⇡ 0, (x0 6= x).

Together, these imply that limn p(m)
s ,d (un,y)⇡ fs (x,y). As will be seen later, choosing a sequence of dm’s so

that gdm(xi,x j) = o(1/m), we can make the above approximations exact in the limit.
Before proving our results, we remark that it follows from (4.27) that

sup
u,y2X,x2Xm

p(m)
s ,d (u,y|x) = max

⇢
sup
u,y

{ds (u,y)},sup
x,y

{fs (x,y)}
�
= sup

u,y
{ds (u,y)}=Cs < •. (4.30)

4.1.1. Arbitrary approximation of known dynamics.

Lemma 4.1. For any m > 0, d > 0, and x 2 Xm,

lim
u!x

p(m)
s ,d (u,y|x) = fs (x,y). (4.31)

‡Here we are using a Gaussian function and choosing d so that every pair of distinct points xi and x j in Xm have negligible affinity.
This can be made exact by an application of Urysohn’s lemma to construct m = |Xm| functions hx : X! [0,1] such that hx(x0) = 0
for all Xm 3 x0 6= x and hx(x) = 1. Then instead of using gd (u,x) we would use hx(u). The “belief region” d can also be encoded
into hx. The approximate limits would become exact. However, numerically, it is cheaper and easier to use the Gaussian than to
construct the Urysohn functions.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Arbitrary approximation of known dynamics

<latexit sha1_base64="AY/fHysRFWyMlbnmXXT+UKRjxcc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lUsMeCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++5FrI2L1gJOE+xEdKhEKRtFK7V5jJCpPF/1S2a26c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMaz5mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1WfWuqu79dbley+MowCmcQQU8uIE63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx+FJo7+</latexit>

<latexit sha1_base64="YnoSqMlD2662l+PhB6umrw98s6c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokK9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVcVtXJdr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB4+GM9A==</latexit>

<latexit sha1_base64="BnuTavyvUzvSS/5ROHNJZ4PTdy0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUqiBV0W3LisYB/QhDCZTNuhkwczN2II9VfcuFDErR/izr9x2mahrQcuHM65l3vv8RPBFVjWt1FaW9/Y3CpvV3Z29/YPzMOjropTSVmHxiKWfZ8oJnjEOsBBsH4iGQl9wXr+5Gbm9x6YVDyO7iFLmBuSUcSHnBLQkmdWR54TMAGk7tAgBnyOH888s2Y1rDnwKrELUkMF2p755QQxTUMWARVEqYFtJeDmRAKngk0rTqpYQuiEjNhA04iETLn5/PgpPtVKgIex1BUBnqu/J3ISKpWFvu4MCYzVsjcT//MGKQyv3ZxHSQosootFw1RgiPEsCRxwySiITBNCJde3YjomklDQeVV0CPbyy6uke9GwLxvWXbPWahZxlNExOkF1ZKMr1EK3qI06iKIMPaNX9GY8GS/Gu/GxaC0ZxUwV/YHx+QMyF5PE</latexit>

<latexit sha1_base64="BLfpRH/nF2wbaqWNrxAqFpUTXZo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W966rbrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A3iGM7Q==</latexit>

<latexit sha1_base64="Zg7xepj2nqo2kqDiJrivCkv9VaI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5DGM8Q==</latexit>

<latexit sha1_base64="Bza/CHzOkJ0ocnBV3lh1j3FG6aI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpREC7osuHFZwT6gCWEymbRD5xFmJmINxV9x40IRt/6HO//GaZuFVg9cOJxzL/feE6WUKO26X1ZpaXllda28XtnY3NresXf3OkpkEuE2ElTIXgQVpoTjtiaa4l4qMWQRxd1odDX1u3dYKiL4rR6nOGBwwElCENRGCu0DPx2S0FdkwGDt/tRHsdAnoV116+4Mzl/iFaQKCrRC+9OPBcoY5hpRqFTfc1Md5FBqgiieVPxM4RSiERzgvqEcMqyCfHb9xDk2SuwkQpri2pmpPydyyJQas8h0MqiHatGbiv95/Uwnl0FOeJppzNF8UZJRRwtnGoUTE4mRpmNDIJLE3OqgIZQQaRNYxYTgLb78l3TO6t553b1pVJuNIo4yOARHoAY8cAGa4Bq0QBsg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDeDHlMs=</latexit>

<latexit sha1_base64="QDykydQfhwmjl5ZCuAX1iuiwci8=">AAACDXicbVDLSgNBEJz1GeNr1aOXwSgkEMKuBvQY8OIxgnlANobZ2UkyZGZ3mekVw5of8OKvePGgiFfv3vwbJ4+DJhY0FFXddHf5seAaHOfbWlpeWV1bz2xkN7e2d3btvf26jhJFWY1GIlJNn2gmeMhqwEGwZqwYkb5gDX9wOfYbd0xpHoU3MIxZW5JeyLucEjBSxz6OO6mneU+SohcwAWR0m+ZlYZRPih4NIsAP+L7QsXNOyZkALxJ3RnJohmrH/vKCiCaShUAF0brlOjG0U6KAU8FGWS/RLCZ0QHqsZWhIJNPtdPLNCJ8YJcDdSJkKAU/U3xMpkVoPpW86JYG+nvfG4n9eK4HuRTvlYZwAC+l0UTcRGCI8jgYHXDEKYmgIoYqbWzHtE0UomACzJgR3/uVFUj8tuWcl57qcq5RncWTQITpCeeSic1RBV6iKaoiiR/SMXtGb9WS9WO/Wx7R1yZrNHKA/sD5/AGXbmw0=</latexit>
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â
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=

✓
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1+Âx0 6=x gd (x,x0)
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p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
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◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x
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gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that
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���= O(e). (4.32)
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4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
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p(m)
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Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).
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lim
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s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
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if d < d̄ . It follows that if d < d̄���p(m)
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s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
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lim
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���= O(e). (4.32)
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u!x
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s ,d (x,y|x) = fs (x,y) so that

lim
u!x
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s ,d (u,y|Xm)�fs (x,y) =
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�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)
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✓
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◆
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Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
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0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)
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����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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 2k fk•

Z

X�Bd (F(x))
fs (x,y)dµ(y)+

Z

Bd (F(x))
fs (x,y)| f (y)� f (F(x))|dµ(y)

<
e
2
+

e
2

Z

Bd (F(x))
fs (x,y)dµ(y)

< e.

This completes the proof.

Lemma 3.6. For every s > 0, As : L2(X,µ)! L2(X,µ) is a compact operator. Furthermore, it is a Hilbert-
Schmidt operator.

Proof. By (2.1), there is a constant c > 0, such that 0 < fs (x,y)  c for all x,y 2 X. Then As is a Hilbert-
Schmidt operator since

RR
|fs (x,y)|2dµ(y)dµ(y) c2 < •.

3.1.4. Convergence in L2. To be completed

4. Partial dynamics and integral operator approximations of the dynamics

We now move to the situation where the dynamics are only known on a finite number of points. For
each m � 1, let Xm = {w1, . . . ,wm} ⇢ X and assume that Xm ⇢ Xm+1 and that their union is dense in
X. We also take the convention that X0 = /0. The sets Xm encode our knowledge of the dynamics, that
is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
p(m)

s ,d : X⇥X! [0,•). This kernel will be continuous and have the following properties:

(1) if w 2X is such that F(w) is known, then limu!w p(m)
s ,d (u,y)⇡ fs (w,y), the Koopman kernel from (3.7),

(2) if there is no w 2 X for which F(w) is known, then p(m)
s ,d ⇡ ds , the pure diffusion kernel from (2.5),

(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
and one for the dynamics that we have no knowledge of. We will then combine them to get a global kernel
with the above properties. For each y 2 X, we have the two cases

(1) if u 2 Xm, choose the kernel as the Koopman kernel, fs (u,y), defined by (3.7),

(2) if u 62 Xm, choose the kernel as the pure diffusion kernel, ds (u,y), defined by (2.5).

We now need to combine these in order to obtain the desired properties. For d > 0 and m � 0, define for
x,y 2 X,

p(m)
s ,d (u,y|Xm) = Â

x2Xm

ad (u,x)p(m)
s ,d (u,y|x) (4.26)

where

p(m)
s ,d (u,y|x) =

(
ds (u,y) ,m = 0
(1�gd (u,x))ds (u,y)+gd (u,x)fs (x,y) ,m > 0.

(4.27)
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is, for each w 2 Xm, we know its image F(w). We will use this knowledge to define a diffusion kernel
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(1) if w 2X is such that F(w) is known, then limu!w p(m)
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(3) as the set of w’s for which F(w) is known becomes dense in X, the operator defined via p(m)
s ,d will

converge to As for any appropriately chosen decreasing sequence of d ’s.

4.1. Continuous extension of known dynamics to unknown points.
Our goal is to now define a continuous kernel that respects our knowledge of the dynamics and has the

above specified properties. First, we use define two different kernels, one for the dynamics that we do know
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where
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Proof. From (4.27), we have
���p(m)

s ,d (u,y|x)�fs (x,y)
���= |(1�gd (u,x))(ds (u,y)�fs (x,y))| 2|(1�gd (u,x))|

since both ds (u,y) and fs (x,y)) take values in [0,1]. Since gd (x,x) = 1, u ! x, and gd is continuous, the
result follows.

Lemma 4.2. Fix x 2 Xm. For any m > 0 and e > 0, there exists a d > 0 such that

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���= O(e). (4.32)

Proof. Choose d so that for all x0 in Xm not equal to x, gd (x,x0)< e/m. Since p(m)
s ,d (u,y|Xm) is a continuous

function in u,

lim
u!x

p(m)
s ,d (u,y|Xm) = p(m)

s ,d (x,y|Xm) = ad (x,x)p(m)
s ,d (x,y|x)+ Â

x0 6=x
ad (x,x0)p(m)

s ,d (x,y|x
0)

=

✓
1

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.33)

By lemma 4.1, p(m)
s ,d (x,y|x) = fs (x,y) so that

lim
u!x

p(m)
s ,d (u,y|Xm)�fs (x,y) =

✓
�Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

◆
p(m)

s ,d (x,y|x)+ Â
x0 6=x

✓
gd (x,x0)

1+Âx00 6=x gd (x,x00)

◆
p(m)

s ,d (x,y|x
0)

(4.34)
Using (4.30) to bound p(m)

s ,d (x,y|x) and p(m)
s ,d (x,y|x

0), we have

lim
u!x

���p(m)
s ,d (u,y|Xm)�fs (x,y)

���Cs

����
Âx0 6=x gd (x,x0)

1+Âx0 6=x gd (x,x0)

����+Cs Â
x0 6=x

����
gd (x,x0)

1+Âx00 6=x gd (x,x00)

����

< 2Cs

✓
m�1

m

◆
e

= O(e).

(4.35)

4.1.2. The pure diffusion limit.
Lemma 4.3. Fix u 62 Xm and x 2 X. Then

lim
d!0

p(m)
s ,d (u,y|x) = ds (u,y). (4.36)

Proof. We have ku� xk2 > 0. Then limd!0 gs (u,x) = 0 and the result follows from (4.27).

Lemma 4.4. Fix u 62 Xm. Then
lim
d!0

p(m)
s ,d (u,y|Xm) = ds (u,y) (4.37)

Proof. Fix e > 0. Since Xm is a finite set, by lemma 4.3, there exists a d̄ such that for all x 2 Xm,
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e (4.38)

if d < d̄ . It follows that if d < d̄���p(m)
s ,d (u,y|Xm)�ds (u,y)

��� Â
x2Xm

ad (u,x)
���p(m)

s ,d (u,y|x)�ds (u,y)
���< e Â

x2Xm

ad (u,x) = e.

Since e was arbitrary, the result follows.
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4.1.3. Convergence to As with increasing knowledge. Recall from (3.8), that for continuous functions

(As f )(x) =
Z

fs (x,y) f (y)dµ(y). (4.39)

Similarly, we define
(As ,d f )(x) =

Z
p(m)

s ,d (x,y|Xm) f (y)dµ(y). (4.40)

We would like to show that as Xm becomes dense in X, that As ,d converges to As in some sense. To this
end let {Xm}m�1 satisfy

1. Xm ⇢ Xm+1 for all m, and
2. the elements of each Xm are IID with respect to µ .

We will be appealing to lemma 4.2 in our proof. Note that in the proof of lemma 4.2, d was dependent on the
points in Xm; in particular, that it must be chosen in such a way the elements of Xm were nearly independent
as measured by the kernel gd (x,x0).

We first show that for any m, if the d is chosen appropriately, that (As ,d f )(·) is within order e to (As f )(·)
on Xm.

Proposition 4.5. Fix e > 0. For any Xm, there exists a d (e,Xm)> 0 such that for any continuous f and any
x 2 Xm, ��(As ,d f )(x)� (As f )(x)

��= O(e). (4.41)

Proof. As in the proof of lemma 4.2, choose d = d (e,Xm) such that gd (x,x0) < e for any pair of distinct
point in Xm. Then, by (4.32)

��(As ,d f )(x)� (As f )(x)
��=

����
Z ⇣

p(m)
s ,d (x,y|Xm)�fs (x,y)

⌘
f (y)dµ(y)

���� (4.42)



Z ���p(m)
s ,d (x,y|Xm)�fs (x,y)

���| f (y)|dµ(y) (4.43)

Cs ek fk1. (4.44)

Since f is continuous and X compact, k fk1 < •.

How does the integral operator behave in terms of dense Xm in terms of L2 norm?
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Unscrambling Time

Given: TBI Study
• Control patients

• 1 visit, 2 sampling protocols
• HFWB : blood drawn ever 2h over 28h
• LFWB : blood draw ever 4h over 12h

• TBI patients
• 3 visits (0, 2, 6 months)
• LFWB protocol

• Gene expression levels (RNAseq) in each blood 
sample supplied

Problem
• The time stamps of the blood samples were not 

given
• Each patients’ blood samples were permuted 

differently

Goal
• Find the true time stamp on a 24h clock of each 

blood sample

Assumptions
• The circadian rhythm is the dominant driving 

force of the gene expression levels
• HFWB and LFWB samples for control patients 

treated as separate data sets
• Note: this is different to how the NU team treated 

them. We are losing information with this assumption.



Unscrambling Time

Time manifold
(interval or circle)

Gene expression time
series for circadian genes

Map from time manifold
to gene expression levels

(higher dimensional space)

Gene expression levels 
for circadian genes

Time 
blind
data

x1, x2, . . .

Use Diffusion Maps to find
coordinates        (time stamp or phase)

(1 eigenfunction to time interval)
(2 eigenfunctions to compute 

a phase for circular time manifold)

✓i

. . . , wi, wj , . . .

. . . , wi, wj , . . .

. . . , ✓i, ✓j , . . .

. . . , wi, wj , . . .
. . . , ti, tj , . . .

Map diffusion coordinate
to time of day

Data given



Unscrambling Time



Summary

• We introduced an integral approximation of the Koopman operator in 
terms of asymmetric similarity kernels

• We constructed a “homotopy” between the Diffusion Maps operator 
and the integral Koopman operator, where the homotopy was 
parameterized by the amount of knowledge we had about the 
dynamics
• No knowledge = Diffusion Maps
• Full knowledge = Integral Koopman operator

• We presented results on the “unscrambling problem” of time series of 
blood samples where the goal was to correctly order time-blinded and 
shuffled time series data



Thank you!


