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SQP GS SQP-GS Numerical Results Future Work Summary
: :

Nonlinear optimization

Consider constrained optimization problems of the form:

mxin f(x) (smooth)
s.t. cg(x) =0 (smooth)
cr(x) <0 (smooth)

Decades worth of algorithmic development.
SQP, IPM, etc., with countless variations.

Strong global and local convergence guarantees.

v vV VvV VY

Multiple popular, successful software packages.

I
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: :

Nonlinear optimization with nonsmoothness

Consider constrained optimization problems of the form:

mxin f(x) ((non?)smooth)
s.t. ce(x) =0 (smooth)
cs(x)=0 (nonsmooth)
cr(x) <0 (smooth)
cz(x) <0 (nonsmooth)

Algorithms for smooth problems no longer effective (theoretically).
Algorithms for smooth problems no longer effective (practically).

However, so much of the structure is the same as before.

vV vV VvV VY

Can we adapt nonlinear optimization technology to handle nonsmoothness?
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Outline
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Outline

Sequential Quadratic Programming (SQP)
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: :

Constrained optimization with smooth functions

> Consider constrained optimization problems of the form:
mxin f(x) (smooth)
s.t. ¢(x) <0 (smooth)
> At xg, solve the SQP subproblem
min £ (xe) + Vf(x) d+ 2dT Hed
s.t. c(xk) + Ve(x)Td <0

to compute the search direction dj.
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SQP illustration

min f(x) = 10(x2 — x12)2 +(1- xl)2 s.t. c(x) = ||x||2 —1<0 atxx = (-1, %)
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: :

Inconsistent linearizations of the constraints

> The linearized constraints may be inconsistent, but we can relax the problem to
. T i 14T
min p(f(xk) + VFi(x)' d) + Zs’ + 5d" Hyd
st clx) + Vel )Td <s, s>0,

i.e., a Penalty-SQP (PSQP) subproblem, where p > 0 is a penalty parameter.

» We perform a line search on the exact penalty function
6(xi p) £ pf(x) + 3 max{ci(x), 0}

to promote global convergence.
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: :

Model function and line search

v

A model of the penalty function is given by

q(d: p,xic, Hi) 2 p(F(a)+VF(xi) Td)+Y max{c (xs)+ Ve () " d,0}+2dT Hyd.

v

Solving the PSQP subproblem is equivalent to minimizing q(d; p, xk, Hk).

v

The reduction in q(+; p, xk, Hk) yielded by dj is

Aq(dy; p, i, Hi) £ a(0; p, Xk, Hic) — a(dis ps Xk, Hi)-
> We impose the sufficient decrease condition

d(xk + akdi; p) < d(xx; p) — naAq(dy; p, Xk, Hi)-
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PSQP illustration

min ¢(x; p) = p(10(x2 — x7)* + (1 = x1)%) + max{>§ + 3 — 1,0} at xc = (~1, 7).
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: :

PSQP method

for k=0,1,2,...
> Solve the PSQP subproblem

: T i 14T
min p(f(xk) + VF(xk)' d) + Zs’ + 5d " Hyd
s.t. c(xk) + Vc(xk)Td <s, s>0

to compute dy.

» Backtrack from «ay < 1 to satisfy the sufficient decrease condition
B(xk + cudi; p) < d(xx; p) — nakAq(di; p, Xk, Hie)-

> Update xyq1 «— X + oyedy.
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Sketch of convergence theory for PSQP

Assume that the following conditions hold:

> {xx} is contained in a convex set over which f and c and their first derivatives
are bounded and Lipschitz continuous.

> {Hy} are symmetric positive definite, bounded above in norm, and bounded away
from singularity.

Then, {xx} converges to a stationary point of ¢(x; p).
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SQP illustration (nonsmooth)

min f(x) = 10|x — x| + (1 — x1)? s.t. c(x) =[x =1 <0 at x, = (-1, %)
X
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Outline

Gradient Sampling (GS)
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: :

Unconstrained optimization of nonsmooth functions

» Consider unconstrained optimization problems of the form:

min f(x) (nonsmooth, locally Lipschitz)
X
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: :

(e-)subdifferentials

» Suppose f is differentiable over an open dense set D C R".

> Let
B(x',€) £ {x | |Ix = x| < e}.

> The (Clarke) subdifferential is

of(x") = ﬂ cl conv VF(B(x',e) N D).
e>0

> x' is stationary if 0 € 9f(x').
> The (Clarke) e-subdifferential is

9f(x', €) = cl conv Of(B(x',e) N D).

> x’ is e-stationary if 0 € Of(x', €).
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Gradient sampling (GS)

> At xy, suppose we approximate the e-subdifferential
Of (xk, €) = cl conv Of (B(xk,€) N D)
by sampling gradients in a finite set (with xxo := xx)
By := {Xk0, Xk1, - - - Xkp} C B(xi,€) N'D.
> An approximate steepest descent step is then obtained by solving
min
st d ==Y NVFf(x)

1=>"N

A > 0.

That is, d = —g, where g is the projection of 0 onto conv{Vf(xk)}.

I
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GS illustration

min f(x) = 10x2 — xZ| 4+ (1 — x1)? at x, = (1, %)
X
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GS illustration

min f(x) = 10|x2 — xZ| 4+ (1 — x1)? at x = (=1, 1).
X
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GS illustration

min f(x) = 10|x2 — xZ| 4+ (1 — x1)? at x = (=1, 1).
X
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GS illustration

min f(x) = 10x2 — xZ| 4+ (1 — x1)? at x, = (1, %)
X
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GS illustration

min f(x) = 10x2 — xZ| 4+ (1 — x1)? at x, = (1, %)
X
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GS method

for k=0,1,2,...

> Sample p = n+ 1 points {Xk1,...,Xkp} in B(xx,€) N D.
> Solve the GS subproblem

min 3d|?
st d ==Y NVFf(x)
1=>"N
A > o0.
to compute dy.

» Backtrack from «ay < 1 to satisfy the sufficient decrease condition
f (k4 andi) < Fxi) — noul |-
> Update xx41 = xx + akdk (to ensure x,11 € D).

> If ||di|> < €2, then reduce e.

I
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Sketch of convergence theory for GS

Assume that the following condition holds:

> f is locally Lipschitz, bounded below, and continuously differentiable in an open
set D of R".

Then, with probability 1, every cluster point of {xx} is stationary for f.

(See Burke, Lewis, and Overton (2005) and Kiwiel (2007).)
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Dual problem for search direction

The GS subproblem is equivalent to
max f(x¢) — Il
s.t.d=— Z)\in(Xk,')
1=>"N
AN >o0.
The dual of this QP reveals an alternative definition of dy:
. 1 2
=|ld
Ty2+2HH
st F(x) + VF(x)Td <z, Vx € By

Equivalently:
. T 1
min £(xi) + max{Vf(x)"d} + zlldI?
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: :

Dual problem for search direction (more general)

The GS subproblem is equivalent to (Hy > 0)
14T
m(?x f(Xk) - Ed de
st. Hed = — > NV (x)
1=>"N
A >o.
The dual of this QP reveals an alternative definition of dy:
; 14T
5d' Hed
min 2+ 3dTH,
sit. f(x) + VF(x)Td <z, Vxe€ B

Equivalently:
min f(x) + max{Vf(x)"d} + 1d" Hd
d xEBy
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Outline

SQP-GS
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: :

Constrained optimization of nonsmooth functions

» Consider constrained optimization problems of the form
min f(x) (nonsmooth, locally Lipschitz)
X
s.t. ¢(x) <0 (nonsmooth, locally Lipschitz)

» We may consider applying an unconstrained technique directly to
. X A i
min o(x; p) = pf(x) + Z max{c'(x), 0},

but can we do better by maintaining the framework of SQP?

I I
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: :

SQP and GS

> The SQP subproblem (for a smooth constrained problem) is

. i, 14T
min pz—l—Zs’ + 5d" Hid
st Fxi) + V() Td < z
c(xi) + Velxq)Td <s, s >0.
> The GS subproblem (for a nonsmooth objective) is
. 1T
mdm z+ 5d" Hyd

sit. f(x) + VF(x)Td < z, ¥x € By.
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SQP and GS
> The SQP subproblem (for a smooth constrained problem) is
. i 1
min pz + Zs’ + EdTde
st Fxi) + V() Td < z
c(xi) + Velxq)Td <s, s >0.
> The GS subproblem (for a nonsmooth objective) is
: 14T
mdm z+ 5d" Hyd

sit. f(x) + VF(x)Td < z, ¥x € By.

> The SQP-GS subproblem (for a nonsmooth constrained problem) is

- i 14T
E ~d" Hyd
g?zlgpz+ s+5 k

st F(x) +VF(x)Td <z, Vxe Bl

) +Vel(x)Td <, s >0, VxeB,ﬁi, i=1,...,m

I
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: :

SQP-GS in more detail

> The SQP-GS subproblem is

: i 14T
5d' Hid
min pz+3 s+ 5d T Hy
st Flx) + VF(x)Td <z Vxe B,C
() +Vei(x)Td <s', s >0, VxEB,i", i=1,...,m

where

BIC e {ng,Xkl,... ,ka} C IB(Xk,E) ﬂ’va
B§
k

{Xk,'o,Xk,'l,...,Xk,'p} C ]B(Xk,e)ﬁDCI fori=1,...,m.
> This is equivalent to
1 m
mdin q(d; p,xk,Hk,B,f,Bﬁ o, BE ) =

p max (f(x) + VF(x)Td) + ) max max{c’(xc) + Ve'(x)7d, 0} + 3d7 Hd.
xEB), xEBi'
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SQP-GS illustration

min f(x) = 10]xa—xZ|4+(1—x1)? s.t. c(x) = max{V2x1,2x0} =1 < 0 at x, = (%, %)
X
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SQP-GS illustration

min f(x) = 10]xa—xZ|+(1—x1)? s.t. c(x) = max{v/2x1,2x0}—1 < 0 at x, = (%, %)
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SQP-GS illustration

min f(x) = 10]xa—xZ|+(1—x1)? s.t. c(x) = max{v/2x1,2x0}—1 < 0 at x, = (%, %)
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SQP-GS method

for k=0,1,2,...
» Sample p = n+ 1 points for each function to generate By := {B,’:,B,fl, e ,Bim}.
> Solve the SQP-GS subproblem

. i 17
1dTHyd
min pz+ s+ 3d7He
st F(x) + VF(x)Td <z, Vxe B

) +Vel(x)Td <s', s >0, VxeB,ﬁi, i=1,...,m

to compute dy.

> Backtrack from oy < 1 to satisfy
S(xic + akdii p) < d(xki p) — naAq(di; p, Xk, Hic, Bi).-

» Update xx11 ~ X + aydy (to ensure x,;1 € DF N pin.on Dcm)
> If Aqg(dy; p, Xk, Hk, Bx) < €2, then reduce e.
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Convergence theory for SQP-GS

Assume that the following conditions hold:
» fand ¢/, i=1,...,m, are locally Lipschitz and continuously differentiable on
open dense subsets of R".
> {xk} and all generated sample points are contained in a convex set over which f
and ¢', i =1,..., m, and their first derivatives are bounded.
> {Hy} are symmetric positive definite, bounded above in norm, and bounded away
from singularity.

I
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Convergence theory for SQP-GS

Define the subproblem
mdin q(d; p,x', H' €) :=

p max  (f(x")+ Vf(x)Td)
xEB(x’,e)NDf

+ Z max  max{c'(x') + Vc'(x)"d,0} + 3dTH'd.
XEB(x )N DE’

x' is e-stationary if the solution d’ to the above yields
Ag(d" p, X', H' e) = 0.

x' is stationary if it is e-stationary for all € > 0.

I I
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Future Work Summary
:

SQP-GS Numerical Results

SQP GS
:

Convergence theory for SQP-GS

Lemma 1:
> If Aq(dk; p, xk, Hi, Bk) = %dkTdek =0, then x is e-stationary.

Lemma 2:
> The directional derivative of the penalty function satisfies

& (di: p, k) < —d] Hidy < 0,

and so d is a descent direction for ¢(x; p) at x.

I
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Convergence theory for SQP-GS

Let
P P L P .
S(xk,€) = (HB(Xk,e)ﬂDf,H]B(Xk,e)ﬂ'DC ,...,H]B(xk,e)ﬂ’DC )
1 1 1

and
T(pv Xk, €, lew) = {Bk € S(sze) | Aq(dk;p7xk7 Hk7Bk) < Aa(dlvpi le Hk76) +w}

Lemma 3:

» For any w > 0, there exists ( > 0 and a nonempty set 7 such that for all
xx € B(x',¢) we have T C T (p, xk, €, X', w).

That is, in a sufficiently small neighborhood of x’, there exists a set of sample sets
revealing Ag(d’; p,x’, Hk, €) to an arbitrary accuracy.
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Convergence theory for SQP-GS

Theorem:

» With probability 1, every cluster point of {x} is stationary for ¢(x; p).
Sketch of proof:

> If € » 0, then for all large k

Aq(dk; P, Xk, Hk,Bk) > €.

However, with probability 1, this will not occur.
> e - 0 implies x4 — x’. If x” is e-stationary, then w.p.1 we will obtain a sample set
yielding Aq(dk; p, xk, Hi, Bx) < 62/2, contradicting the above.
> ¢ - 0 also implies ax — 0. If x’ is not e-stationary, then w.p.1 we will obtain a
subsequence of iterations yielding o, bounded away from zero, contradicting acy — 0.

Thus, with probability 1, ¢ — 0 and any cluster point x’ is stationary for ¢(x; p).
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Outline

Numerical Results
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: :

Implementation

Prototype implementation in MATLAB.
QP subproblems solved with MOSEK.
BFGS approximations of Hessian of ¢(x; p). (See Lewis and Overton (2009).)

p decreased only when € decreased.
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Example 1: Nonsmooth Rosenbrock

min 10|x2 — xa| + (1 — x1)? s.t. max{V2x1,2x2} < 1.
X

2
15\
0.5

.

2 -

(2
=
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: :

Example 1: Nonsmooth Rosenbrock

min 10|x2 — xa| + (1 — x1)? s.t. max{V2x1,2x2} < 1.
X
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: :

Example 2: Entropy minimization

Find a N x N matrix X that solves
K
min In ,1:[1 Aj(Ao XTX)
st IXll=1, j=1,...,N

where \;(M) denotes the jth largest eigenvalue of M, Ais a real symmetric N x N
matrix, o denotes the Hadamard matrix product, and X; denotes the jth column of X.
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: :

Example 2: Entropy minimization

N n | K] f(5QP-GS) 7 (GS)

2 | 4 | 1 | 1.00000e+00 || 1.00000e+00
4 | 16 | 2 | 7.46296e-01 || 7.46286e-01
6 | 36 | 3 | 6.33580e-01 || 6.33477e-01
8 | 64 | 4 | 5.60165e-01 || 5.58820e-01
10 | 100 | 5 | 2.20724e01 || 2.17193e-01
12 | 144 | 6 | 1.24820e01 || 1.22226e-01
14 | 196 | 7 | 8.21835¢-02 || 8.01010e-02
16 | 256 | 8 | 5.73762e-02 || 5.57912e-02
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Example 3(a): ¢1 norm minimization

Recover a sparse signal by solving
min ||x||1
X
st. Ax=0>b

where A is a 64 x 256 submatrix of a discrete cosine transform (DCT) matrix.

o 50 100 150 200 250

I
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Example 3(a): ¢1 norm minimization

2 2
15 15
1 1
05 os
o N W .
\I i
-0.5 -0.8
-1 -1
-1.5 15
-2 -2
0 50 100 150 200 250 0 a0 100 150 200 250
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Example 3(b): ¢p5 norm minimization

Recover a sparse signal by solving
min ||x||o.5
X
st. Ax=0>b

where A is a 64 x 256 submatrix of a discrete cosine transform (DCT) matrix.

1.5
1 0.5
A L
o V | VA h ] ”V 0
-0.5
1 -0.5
-1.5
720 50 100 150 z00 250 7"1 -0.5 0 25 1
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Example 3(b): ¢p5 norm minimization

0 50 100 150 200 250

Figure: k =1
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: :

Example 3(b): ¢p5 norm minimization

0 50 100 150 200 250

Figure: k = 10
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: :

Example 3(b): ¢p5 norm minimization

0 50 100 150 200 250

Figure: k = 25
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Example 3(b): ¢p5 norm minimization

0 50 100 150 200 250

Figure: k = 50
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Example 3(b): ¢p5 norm minimization

0 50 100 150 200 250

Figure: k = 200
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Outline

Future Work
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: :

Implementation details

v

Already includes option for sampling only for nonsmooth functions.
SQP-GS, SLP-GS, and trust regions:

v

d{ Hedy and/or |ldill < A

> Quasi-Newton Hessian approximations, penalty function or Lagrangian.
SQP-IQP vs. SQP-EQP vs. SQP-IQP-EQP.

Special handling of convex/linear functions.

v

v

v

Tuned updates for the sampling radius e.
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Penalty parameter updates

Conservative update:

> For fixed p, update ¢ — 0 to find a stationary point for ¢(x; p). Decrease p if
infeasible, and resolve.

Moderate update (current implementation):

> Define a forcing sequence § — 0 for monitoring feasibility violations. Whenever ¢
is decreased, decrease p if violation exceeds current 6.

Aggressive update:

> (Steering rules). During every iteration, decrease p until the computed search
direction yields sufficient progress toward linearized feasibility.
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IP-GS

> “Redundant” constraints with unique slacks produce the log-barrier subproblem

i _ ij
min f(x) pZZIns
st. cl(x)+sT=0,ieZ, j=0,...,p.

> Newton step corresponds to solving the linear system

He 0 JI7 [df ViE(xk)+ I Ak
0 Qk I di = - )\k — ,uSk_ e 5
Ji I 0 Ok C(Xk) RKe+s

where o
Je = [V ()]
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Bundle methods vs. GS

(BM) min z + 1{|d|? (GS) min z+ 3||d||2
st F(x) + VF(x)Td < 2z, ¥x; € By st FOx) + VI(x)Td < z, Vx; € By
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SQP GS SQP-GS Numerical Results Future Work Summary

Bundle methods vs. GS

(BM) min z + 1[|d|?
st F(x;) + VF(x)Td < z, ¥x; € Bk

(GS) min z + %||d||2
st Fx) + VF(x)Td < z, Vx; € By
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: :

Bundle methods merged with gradient “sampling”

Define the subproblem to be
min z + %||d||2
st FOx) + VI(x)Td < z, Vx; € By

with By defined at previous iterates. We essentially have:

> a bundle method for nonconvex problems that replaces
() + VF(x)Td < z, Vx; € By

with
f(xk) + VF(x)Td < z, Vx; € By;

> a cheaper GS method that replaces sampled gradients with historical info.
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Outline

Summary
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: :
: :
Summary
> Globally convergent method for nonconvex nonsmooth constrained optimization.
> Penalty-SQP with Gradient Sampling to capture information of nonsmoothness.
> Preliminary numerical results are encouraging.
» Extensions can carry nonlinear optimization technology to nonsmooth problems.
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