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Conic Optimization

Intro to RO

G.C. Calafiore

Uncertain

Conic m A conic optimization (CO) problem (called also conic
Problems program) is of the form

min{c'x+d:Ax—be K}, (1)
X

where x € R” is the decision vector, K C R™ is a closed
pointed convex cone with a nonempty interior, and
x — Ax — b is a given affine mapping from R” to R™.

m an extremely wide variety of convex programs is covered by
just three types of cones:
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Conic Optimization

Intro to RO m Kis a non-negative orthant RT. These cones give rise to Linear Optimization problems

min{ch:aiTxfb,-ZOJSISm}.
X

Uncertain
Conic

Problems m Kis a direct product of Lorentz (or Second-order) cones LK = {x € R¥ : x, > /3>

These cones give rise to Conic Quadratic Optimization (called also Second Order Conic
Optimization). The Mathematical Programming form of a CQO problem is

min {ch: lAx = billz < ¢ x —di, 1< i < m}4

m Kiis a direct product of semidefinite cones Sﬁ. The family of semidefinite cones gives rise to
Semidefinite Optimization (SDO) — optimization programs of the form

min{ch+d:A,-x7.‘3,-§0,1g/gm},
X

where

n "
XHA,xfB,EZX/A”fB,-
Jj=1

is an affine mapping from R” to ski (so that A7 and B; are symmetric k; x k; matrices), and A > 0
means that A is a symmetric positive semidefinite matrix.
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Robust Conic Problems

Intro to RO

G.C. Calafiore

Uncertain

conie m Assume the data in the conic problem are uncertain.
Specifically, we let A = A(¢), b = b(¢) be affine functions of
¢ € Z, where Z is a convex uncertainty set.

m Then, the robust version of the generic conic program is:

mxin{ch+d:A(<)x—b(C)eK, V¢e Z}. 2)

m The objective is assumed to be certain, without loss of
generality.
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Uncertain
Conic
Problems

Robust Conic Problems

A general solvable case: polytopic uncertainty

m Assume Z = co{c(",..., ¢V}
m  Then the robust conic problem (2) is solvable exactly as:

min {cher CACNx — by ek, i = 1,...,N}.

Proof: Let x be feasible for the above problem, and write a generic point in Z as a convex combination
¢=3N,61¢0,6; >0, N, 6; = 1. Recall A(¢), b(¢) are affine in ¢:

L
(A(©), B(C)) = (Ao bo) + Y Ce(Ag, by).

£=1

Then,
A(¢)x = b(¢) = Ze (Acx = b(¢™)

from which the statement immediately follows.

Next discuss further solvable cases, for specific cones (Lorentz cones, semidefinite cones).
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Robust Second Order Cone (SOC)
Optimization

Intro to RO

G.C. Calafiore m Consider robust SOC problems of the form:

min ¢’ x
X

Robust A ()X — bi(¢)l2 < €i(¢) Tx — di(¢), VG € 2,1 <i<m

Second Order

o s where Ai(¢;) € RF*" bi(¢)) € RX, ¢i(¢;) € R”, di(¢) € R are
affine in ¢;.

m Without loss of generality, we may concentrate on a single
constraint:

IAC)x +b(C) [l2 < €7 (()x + d(C), ¢ € 2. (3)

=a(x)¢+B8(x) =0T (x)¢+4(x)

where a(x), 5(x), o(x), é(x) are affine in x.

8/46



Robust Second Order Cone (SOC)

Optimization

Intro to RO

G.C. Calafiore m Assume ¢ = (n,£), n € 2, ¢ € Zmeh so that constraint (3)
reads

IA(M)X 4+ b(n)|l2 < cT (€)X + d(€), Yy € Z* ¢ ¢ zZrieht

Robust
Second Order

o s m Assume the right hand side perturbation set is described by
a conic representation:

Zneht — feJu: PE+ Qu+peK),

where K is a closed convex pointed cone.

m We next discuss two cases where the robust SOC constraint
has an exact tractable representation. Namely, when Z'*ft js
either an hyperrectangle (interval uncertainty) or a
norm-bounded set.
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Robust SOC Problems with Interval Uncertainty

Intro to RO

G.C. Calafiore

m Assume Z"is an hyperrectangle:

i - Zeft = Ly =[5A,0b] : |(§A)] < 8,
Problem 1<i<k1<j<n,
e (5b)i] < 6,1 < i < k).

[A(C). b(O)] = [A,b] +[6A,b].

m In other words, every entry in the left hand side data [A, b],
independently of all other entries, runs through a given
segment centered at the nominal value of the entry.
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Robust
Second Order
Cone
Problems

Robust SOC Problems with Interval Uncertainty

Theorem

Under the previous hypotheses, the robust SOC constraint (3) is
equivalent to the following explicit system of conic quadratic and

linear constraints in variables x, z, 7, v:

(a) g p’ VOS J(X)k PTv =0(x),
v=0, vekK,

- - n
Zi > |[(Ax+b)i| +6i 4+ X |ox|, i=1,..,k
j=1

2]z <7

where K, is the cone dual to K.
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Robust SOC Problems with Interval Uncertainty

Intro to RO

Sketch of proof

G.C. Calafiore
m Due to the side-wise structure of the uncertainty, a given x is
robust feasible if and only if there exists T such that

Pl (8 7= min {o7(n)¢+00)
Cone
Problems —Tln{(f X)E : P£+Qu+p€K}+5

(b) 7> max [ A(n)x + b(n)lz
— ma {|[Ax + B+ [5Ax + able £ 54l < 3. 9] < 3}

m By , a given 7 satisfies (a) if and only if 7 can be
extended, by properly chosen v, to a solution of (4.a); by
evident reasons, 7 satisfies (b) if and only if there exists z
satisfying (4.b). O
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Robust SOC Problems with Norm-Bounded

Uncertainty

Intro to RO

m Assume Z'* is a norm ball:

G.C. Calafiore

Zet={n e RP*9: |Inll22 < 1} (5)
m And either
Robust _ _
Sane A(m)x +b(n) = Ax + b+ LT (x)nR (6)
Problems
with L(x) affine in x and R # 0, or
A(n)x + b(n) = Ax + b+ L nR(x) 7)
with R(x) affine in x and L # 0.

m Here
nll2.2 = max {[nullz - u € RY, [ull2 < 1}

is the usual matrix norm of a p x g matrix n (the maximal
singular value).
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Robust SOC Problems with Norm-Bounded

Uncertainty

Intro to RO

Theorem
fiore

Under the previous hypotheses, the robust SOC constraint (3) is equivalent to the following explicit system of
LMls in variables x, 7, u, A:

(i) In the case of left hand side perturbations (5), (6):

Robust T+p v<a(x), Plv=o(x),
gecond Order (a) QTv=0, veK,
one >
el he [ rTLT (%) X ®
(b) L(x)r YA = 0.
X! T —AR'R
(ii) In the case of left hand side perturbations (5), (7):
THpTv<S(x), Plv=o(x),
(a) T,
Q' v=0, veK,
Th —ALTL X )
(b) g R(x) = 0.
7 RT(x) | =

Here, K. is the cone dual to K, and X = Ax + b.
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Robust SOC Problems with Norm-Bounded

Uncertainty

The proof of the previous theorem (skipped) is based on three key facts:

Intro to RO

Schur Complement Lemma
Let R > 0. Then,

_[Plal
A [ o] A ] =0
ifandonlyif P — QT R~'Q = 0.
Robust Semidefinite Representation of Lorentz cone
Second Order A vector [y; f] € R¥ x R belongs to the Lorentz cone LX*1 = {[y; f] € R**' . ¢t > ||y|lo} if and

Cone only if the “arrow matrix”

-

Problems Arrow(y, t):[ tly ]
y | th

is positive semidefinite.

S Lemma
(i) [homogeneous version] Let A, B be symmetric matrices of the same size such that % T Ax > 0for
some X. Then the implication
x| Ax >0= x " Bx >0
holds true if and only if 3\ > 0: B > MA.
(ii) [inhomogeneous version] Let A, B be symmetric matrices of the same size, and let the quadratic
form x T Ax 4+ 2a" x + o be strictly positive at some point. Then the implication

XTAX+23TX+0¢20:>XTBX+2bTX+BZO

T T
holds true if and only if IA > 0 : [ B-M | b —2a ] = 0.

b—xa | B - ra
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Robust Semidefinite Optimization

Intro to RO

m A semidefinite program (SDP) is a conic optimization program
T n . k: .
minq ¢’ x+d:Ai(x) = Y xAl —Bes), i=1,...,m
j=

n "
mxin{cher;A,(x) =S xA -B =0,i= 1,...,m}
j=1

Robust
Semidefinite

Prabl where Al, B, are symmetric matrices of sizes k; x k;, Sﬁ is the cone of real symmetric positive
roblems

semidefinite k x k matrices, and A > B means that A, B are symmetric matrices of the same sizes
such that the matrix A — B is positive semidefinite.

m A constraint of the form )
Ax—B=> xA-B=0

J

with symmetric A, Bis called a Linear Matrix Inequality (LMI); thus, an SDP is the problem of
minimizing a linear objective under finitely many LMI constraints.
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Robust Semidefinite Optimization

Intro to RO

CINEEIE A robust SDP is an optimization problem of the form
min {cTx+d: A(x) =0,VC € pZ},

where

Ac(x) = A(x) + Z CoAu(x

Robust
Semidefinite

Problems and Where

m A(x), Ay(x) are symmetric matrices affinely depending on
the design vector x

m Z is the uncertainty set

m p > 0 is the uncertainty level.
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Robust Semidefinite Optimization

Intro to RO

G.C. Calafiore

Exact tractable representations of robust SDPs are known only in
two special cases:

m Polytopic uncertainty: Z = co{¢(V),..., ¢} (this is true for
general robust conic problems);

Robust .
Semidefinite m Norm-bounded unstructured uncertainty:

Problems
Z={C:|[Clle2 <1}

The latter case is discussed next in detail.
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Robust Semidefinite Problems with
Norm-Bounded Uncertainty

Intro to RO

G.C. Calafiore

m We consider a robust SDP
min {cTx+d: A(x) =0,V € pZ},

m We assume that
Robust

Probiems. Ac(x) = A(x) + [LT(x)¢R+RT¢TL(X)]
where L(-) is affine in x;

m The perturbation set Z is the set of all p x g matrices ¢ with
the usual matrix norm || - ||2,2 not exceeding 1.
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Robust Semidefinite Problems with

Norm-Bounded Uncertainty

Intro to RO

We have that:

_ X is robust feasible at uncertainty level p
& ETAX) +LT(X)CR+RTCTL(X)E >0 V& Y(C: [IKll22 < p)
& ETAX)E+26TLT (X)CRE >0 WE V(¢ - [[¢ll22 < p)
& ETAX)E+2 min €TLT(X)CRE >0 V¢

ICllz,2<p

Robust _ =—plIL(X)€l2 REll2
pernefinite _ ETAMX)E — 20 L(x)g 2/ Rel2 > 0 V¢
ETAMX)E+2om L(x)E>0 V(& n:n"n<E RTRE)
. pL(x) —Ip |
3A>°'[pLT<x>A<x>}”[ pRTR]
[S-Lemma]
My | pL(x) <o
pLT(x) | A(X)—=ARTR | =

re

= EI)\:[
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Robust Semidefinite Optimization

Intro to RO

G.C. Calafiore

Theorem

The robust LMI constraint

A(x)+ LT (x)CR+RT¢CTL(X) = 0 V(¢ € RP*T: ||¢[|2,2 < p)

Robust
Semidefinite
Problems

can be represented equivalently by the LMI

A pL(x)
ST [AX) - ATR | = (10)

in variables x, \.
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Robust Conic Optimization: Tight tractable

approximations

Intro to RO

We have seen that robust conic programs can be represented in a computationally tractable form only
in some very special cases (for example, in the semidefinite case, only for polytopic and unstructured
norm-bounded uncertainty);

G.C. Calafiore

m For more general uncertainty structures we need to resort to approximations;

m Approximation approaches aim at approximating the robust feasible set X either from outside (risky)
or from inside (safe);

m Here we discuss tight safe approximations of robust conic problems.

out

Xp
-
Xp
A
Safe Approxi- Xp

mations to
Robust Conic
Programs
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Robust Conic Optimization: Tight tractable
approximations

Intro to RO

Consider a robust conic constraint (RC)

AOx+b(¢) €@ V¢ € Z, an
N ——

=a(x)¢+8(x)

where A(¢) € RKX" p(¢) € R¥ are affine in ¢, so that a(x), B(x) are affine in x.

= We say that a system S of convex constraints in variables x and, perhaps, additional variables v is a
safe approximation of the RC (11), if the projection of the feasible set of S on the space of x-variables
is contained in the feasible set of the RC:

Safe Approxi-

mations to vx : (Ju: (x, u) satisfies S) = x satisfies (11).
Robust Conic

Programs

m This approximation is called tractable, provided that S is so (e.g., S is an explicit system of
CQl's/LMIs or, more generally, the constraints in S are efficiently computable.
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Robust Conic Optimization: Tight tractable
approximations

Intro to RO

Quantifying the conservatism

m Assumethat 0 € Z, and consider a single-parametric family of perturbation sets
Zp=pZ,0< p < o0, (12)
thus giving rise to a single-parametric family

AX+b(¢) eQ V¢ € Z, (RCp)
N e’

Safe Approxi- =a(x)¢+B(x)

mations to

Robust Conic of robust conic constraints.
Programs

m pis the perturbation level; the original perturbation set Z corresponds to the perturbation level p = 1.
m The feasible set X, shrinks as p grows.
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Robust Conic Optimization: Tight tractable

approximations

Intro to RO Quantifying the conservatism

G.C. Calafiore m Assume that we are given an approximation scheme which puts into correspondence to Z,, a finite
system S, of efficiently computable convex constraints on variables x and, perhaps, additional
variables u, depending on p > 0, in such a way that for every p the system S, is a safe tractable

approximation of (RC,), and let )A(p be the projection of the feasible set of S, onto the space of
x-variables.

m The conservatism (or “tightness factor”) of the approximation scheme in question does not exceed
9 > 1, if, for every p > 0, we have

Xop C Xp C Xp.
Xop A

X
po

Safe Approxi-
mations to
Robust Conic
Programs
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Robust Conic Optimization: Tight tractable

approximations

Intro to RO Quantifying the conservatism

The fact that S, is a safe approximation of (RC,,) tight within factor ¥ is equivalent to the following pair of

G.C. Calafiore statements:

[safety] Whenever a vector x and p > 0 are such that x can be extended to a feasible solution of S,
x Is feasible for (RC);

[tightness] Whenever a vector x and p > 0 are such that x cannot be extended to a feasible solution
of Sp, x is not feasible for (RC.y ).

Clearly, tightness factor equal to 1 means that the approximation is precise: )?p = X, forall p. In many
applications, especially in those where the level of perturbations is known only “up to an order of magnitude”,
a safe approximation of the RC with moderate tightness factor is almost as useful, from a practical viewpoint,

as the RC itself.

Safe Approxi-
mations to
Robust Conic
Programs
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Tight Tractable Approximations of Robust SDP
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G.C. Calafiore

m The possibility to reformulate a robust semidefinite program
in a computationally tractable form is a “rare commodity”.
Essentially, only the polytopic case and the unstructured
norm-bounded case can be reformulated exactly.

m For other cases, we are thus interested in tight tractable
approximations.

m We next discuss a quite general case of structured
norm-bounded uncertainty.

Tight Tractable
Approximations of
Robust SDP
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Preliminaries: The Matrix Cube Theorem

Intro to RO Letm, py, Gy....pL, G, be positive integers, and A € 8™, L; € RFI™™, R, € RY™™ be given
matrices, L; # 0. Let also a partition {1,2, ..., L} = Is U I of the index set {1, ..., L} into two
non-overlapping sets be given.

m Associate a parametric family of “matrix boxes”

L . . . .
u[p]:{A+p2[L,Te'R,+R,T[@'1TL,]:@ezm SJ’SL} (13)
=
cs”,
where p > 0 is the parameter and
{0l : 0 €R, 0] <1} €L
: [“scalar perturbation blocks”]
z = ) a ' . (14)
(& e RGO <1} ik
[*“full perturbation blocks™]

m  Matrix Cube Problem: Given p > 0, check whether

Ufp] C 7 Alp)

Tight Tractable . . § .
Approximations of m Consider, along with predicate A(p), the predicate
Robust SDP

Y, e8™, j=1,..,L:
To TroilT j j i
@ Y= LToR+RT O] L,v(@ezMg,gL) 50)

L
() A-pX Y=o
j=1
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The Matrix Cube Theorem

Intro to RO m Predicate B(p) is stronger than A(p) — the validity of the former predicate implies the latter.
m B(p) is computationally tractable — the validity of the predicate is equivalent to the solvability of the
system of LMIs

T T ;
(s) Y+ [TR+RTL] = ojet,
Y, —A\LTL o RT 15
0 R = 0 jek (19)
R; Ajlo; f
i
(%) A-p3> Y, = O
=
in matrix variables Y; € S™,j =1, ..., L, and real variables X}, j € /. aaaa

m “The gap” between A(p) and B(p) can be bounded solely in terms of the maximal rank

OO T T
P 7;n€alz<rank(Lj R+ R L)
s

of the scalar perturbations. Specifically, there exists a universal function ¥ (-) satisfying the relations

Tight Tractable T
Approximations of IR(2) = = Ir(4) =2, Ip(p) < wy/p/2Vu > 1
Robust SDP 2

such that with . = max[2, p] one has
if B(p) is not valid, then A(9r(1)p) is not valid. (16)
m Finally, in the case L = 1 of single perturbation block A(p) is equivalent to B(p).
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Robust LMI with structured norm-bounded
uncertainty

Intro to RO

m Consider an uncertain LMI
Acly) =0 a7)
where the "body” A (y) is bi-linear in the design vector y and the perturbation vector ¢.

m  We say that the uncertain constraint (17) is affected by structured norm-bounded uncertainty with
uncertainty level p, if

1. The perturbation set Z, is of the form

I PR L. Cterct<p, LT
Zp*{(*(c e ) ¢t € RPN - (hlpp < py £ E T, } (18)

2. The body A (y) of the constraint can be represented as

Acy) = AW+ X Ay
(ET

(19)
Tott Tta + 3 [L 0t Re+ AT L]

Approximations of LZ L

Robust SDP ‘

where Ay (y), £ € Zs,and Ly(y), £ & I, are affine in y, and Ry, £ ¢ s, are nonzero.
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Robust LMI with structured norm-bounded

uncertainty

Intro to RO Theorem

m  Given an uncertain LMI with structured norm-bounded uncertainty (18), (19), let us associate with it
the following system of LMIs in variables Y,, £ =1, ..., L, Ay, £ € I, y:

(@) Yo = £Au(y), L €L

Aelp, Le(y)
b) =0, £ & I
®) LEW) | Ye— XeRS Re ' (20)
L
()  A'y) - p; Ye =0
m Then system (20) is a safe tractable approximation of the robust constraint
Ac(y) Z0VC e 2, (21)

and the tightness factor of this approximation does not exceed ¥(1.), where p is the smallest integer
> 2such that p > m}gx rank(Ag(y)) forall £ € Zs, and 9(-) is a universal function of . such that

Tight Tractable
Approximations of
Robust SDP

(@)= 2, 9(4) =2, 0(w) < myfu/2, n> 2

m The approximation is exact, if either L = 1, or all perturbations are scalar (i.e., Zs = {1, ..., L}) and
all Ay (y) are of ranks not exceeding 1.
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Robust LMI with structured norm-bounded
uncertainty

Intro to RO

Let us fix y and observe that a collection y, Yy, ..
and only if

., Y, can be extended to a feasible solution of (20) if

CtAy), L€ I,

—pY,
4 Z, PYe
ez { Ly (¢ R + R ICT Le(y), € & T

—pYe

IAIA

(see the unstructured case).

m [t follows that if, in addition, Y, satisfy (20.c), then y is feasible for (21), so that (20) is a safe tractable
approximation of (21).

m The fact that this approximation is tight within the factor () is readily given by the Real case Matrix
Cube Theorem.

m The fact that the approximation is exact when L = 1 is evident when Z; = {1} and is readily given by
the unstructured result when Zg = 0.

m The fact that the approximation is exact when all perturbations are scalar and all matrices A, (y) are

Tight Tractable of ranks not exceeding 1 is evident. O
Approximations of

Robust SDP
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Example: Lyapunov Stability Analysis

Intro to RO

Consider a time-varying linear dynamical system “closed” by a linear output-based feedback:

(a) [ x(t) = Ax(t) + Biu(t) + R:d; [open loop system, or plani]

(b) | y(t) = Cix(t) + Did; [output]

(¢) [ u(®) = Ky(t) [output-based feedback] (22)
U

(d) [ x(t = t + BtKiCi]x(f) + [Ry + BiK;D;]d; [closed Toop system

m x(t) € R™, u(t) € R™, d; € RP, y(t) € RY are, respectively, the state, the control, the external
disturbance and the output at time t, A, By, Ry, Ct, Dy are matrices of appropriate sizes specifying
the dynamics of the system, and K; is the feedback matrix.

m  We assume that the dynamical system in question is uncertain, meaning that we do not know the
dependencies of the matrices Ay,...,K; on t; all we know is that the collection
My = (A¢, By, Ct, Dy, Ry, Kt) of all these matrices stays all the time within a given compact
uncertainty set M.

m We let A",...,K" represent an underlying time-invariant “nominal” system, while the actual dynamics
corresponds to the case when the matrices drift (perhaps, in a time-dependent fashion) around their
nominal values.

Example:
Lyapunov
Stability
Analysis
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Example: Lyapunov Stability Analysis

Intro to RO

An important desired property of a linear dynamical system is its stability — the fact that every state
trajectory x(t) of (every realization of) the closed loop system converges to 0 as t — oo, provided
that the external disturbances d; are identically zero.

m For a time-invariant linear system
x=Q"x,
the necessary and sufficient stability condition is that all eigenvalues of A have negative real parts or,
equivalently, that there exists a Lyapunov Stability Certificate (LSC) — a positive definite symmetric
matrix X such that
@17 X+ xaQ" < o0.

m For uncertain system (22), a sufficient stability condition is that all matrices
Qe o={Q=A"+BMkMcM . M e My
have a common LSC X, that is, there exists X >~ 0 such that

(a) Q'X+XxQ" <0 vaeo
i3 (29)
(b) [AM £ BMKMCMIT x 1 x[AM + BMKMCcM) <0 wM € M;

Example:

Lyapunov

Stability here AM ... kM are the components of a collection M € M.
Analysis
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Example: Lyapunov Stability Analysis

Intro to RO

The set Q is compact along with M. It follows that X is a LSC if and only if X > 0 and

38>0:QTX+XQ< -8l vQe Q
o 3B>0:Q'X+XQ = —Bl VQ € co(Q).

m  Multiplying such an X by an appropriate positive real, we can ensure that
X=1&Q"X+XQ =< —| VQ € co(Q). (24)

Thus, we lose nothing when requiring from LSC to satisfy the latter system of (semi-infinite) LMlIs.
m Observe that (24) is nothing but the RC of the uncertain system of LMIs

X=1&Q  X+XQ = —I, (25)

the uncertain data being Q and the uncertainty set being co(Q). Thus, RC’s arise naturally in the
context of Robust Control.

m  We next study the question of existence of a LSC in two cases: polytopic and unstructured
norm-bounded uncertainty.

Example:
Lyapunov
Stability
Analysis
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Example: Lyapunov Stability Analysis

Intro to RO

Polytopic uncertainty
m Polytopic uncertainty means that the set co(Q) is given as a convex hull of an explicit list of
“scenarios” Q’, i=1,..,N:
co(Q) = CU{Q1 ey QN}4

m This situation occurs when the components AM, BM_ ¢M kM of M € M run, independently of each
other, through convex hulls of respective scenarios

Sp = cofA', ..., ANA}, Sg = co{B', ..., BNB},
Sc =co{C,...,cNc}, 5 = co{K', ..., KNk };

m In this case, the set co(Q) is nothing but the convex hull of N = NqgNgNg Nk “scenarios”
Qi — AT 4 BIKECK, 1 < i < Ny,...1 < €< Ng.

m Inthe case in question we are in the situation of scenario perturbations, so that (25) is equivalent to
the explicit system of LMIs

X»= LIQ1TX+XQ < —1,i=1,..N.

Example:
Lyapunov
Stability
Analysis
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Example: Lyapunov Stability Analysis

Intro to RO .
Unstructured norm-bounded uncertainty

m Here
c0(Q) ={Q= Q"+ U¢V: ¢ e RP*9,|[¢|l2,2 < )

m In our context this situation occurs, e.g., when 3 of the four matrices AM, BM, CM, KM, M e M, are
in fact certain, and the remaining matrix, say, AM runs through a set of the form
{A" + G¢H : ¢ € RPX9,ICll2,2 < o}

m In the case of unstructured norm-bounded uncertainty, the semi-infinite LMI in (25) is of the form

QTX+XQ < —1 VQ € co(Q)
¢

1= [@1TX = XQ"+[-XU ¢ V +VT¢TLX)] =0
—_——— N~ =~
AN(X) T A
V(¢ € RPX9,|[¢ll2,2 < p)

m  The robust LMI (25) is equivalent to the explicit system of LMIs

-
p_| —pU X =0 (26)

X = I,
- —pXU | =1 —[@QTX —XQ" = AVTV

Example:
Lyapunov
Stability
Analysis

in variables X, \.
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Lyapunov Stability Synthesis

Intro to RO

A more challenging problem is Stability Synthesis: given an uncertain open loop system (22.a-b)
along with the associated compact uncertainty set M in the space of collections
M = (A, B, C, D, R), find a linear output-based feedback

u(t) = Ky()
and a LSC for the resulting closed loop system.
m The Synthesis problem has a nice solution in the state-feedback case (that is, C; = /), so that the
state dynamics of the closed loop system is given by

x(t) = [At + BiK]x(t) + [Rt + BtKDy]0}. (27)

m The pairs (K, X) of “feedback—LSC” we are looking for are exactly the feasible solutions to the
system of semi-infinite matrix inequalities in variables X, K:

X = 0&[A+ BK]" X+ X[A+ BK] < 0 V[A, B] € AB; (28)

Example: here AR is the projection of M on the space of [A, B]-data.
Lyapunov

Stability

Analysis
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Lyapunov Stability Synthesis

Intro to RO

The difficulty is that the system is nonlinear in the variables. As a remedy, let us carry out the
nonlinear substitution of variables X = Y~', K = Zy . With this substitution, (28) becomes a
system in the new variables Y, Z:

Y= 0&[A+BZYy 1Ty '+ Yy A+ B2y~ <0 VIA B] € AB;

m  Multiplying both sides of the second matrix inequality from the left and from the right by Y, we convert
the system to the equivalent form

Y =0, &QAY+ YA +BZ+2"B" <0 V[A B € AB;

m Since AB is compact along with M, the solutions to the latter system are exactly the pairs (Y, Z)
which can be obtained by scaling (Y, Z) — (MY, AZ), A > 0, from the solutions to the system of
semi-infinite LMIs

Y= I&AY+ YA +BZ+2"B" < —I VA B] € AB. (29)
in variables Y, Z.

m When the uncertainty .AB can be represented either as a polytopic, or as an unstructured
norm-bounded one, the system (29) of semi-infinite LMIs admits an equivalent tractable reformulation.

Example:
Lyapunov
Stability
Analysis
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Conclusions

Intro to RO

G.C. Calafiore

Robust Optimization offers a series of techniques for dealing
with uncertainty in the data of an optimization problem;

m For some simple uncertainty structures, robust conic
problems can be converted exactly into standard conic
problems (in lifted space), and therefore solved efficiently;

m More complex uncertainty structures (such as structured
norm-bounded uncertainty) can be dealt with via safe (inner)
approximations of the feasible set:

m General uncertainty can be dealt with via risky
approximations, such as sample-based scenario
counterparts.

Conclusions
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That’s all

Intro to RO

Thanks for your attention!

Conclusions
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Recall: Conic duality

Intro to RO

G.C. Calafiore

m Primal conic problem:
—mi . AX — Db
Opt(P) = min {(c, X)E Ax — b

m Dual problem:

e K1 <i<m,
Opt(D) = max{ z,b)F + Z Vb fo S Ay~ o
=7

(D)

Conclusions
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