GEOMETRIC AND FOURIER METHODS FOR NONLINEAR
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SERGIU KLAINERMAN

ABSTRACT. The subject of nonlinear wave equations has been transformed in
the last twenty years by three fundamental developments.
1. The emergence of sophisticated geometric techniques, i.e. techniques wich
involve only geometric constructions in the physical space.
2. Systematic application of Littlewood-Paley decompositions and introduc-
tion of paradifferential calculus.
3. The development of Fourier spacetime techniques such as Strichartz type
inequalities and Bilinear estimates.
The goal of these lectures is to discuss some of the technical issues concerning
these advancements and illustrate them through the main new results which
they led to. We also plan to discuss some recent developments which require a
highly nontrivial cooperation of the geometric and Fourier methods and hint
towards a future powerful fusion of these seemingly irreconcilable points of
view.

The subject of nonlinear wave equations has been transformed in the last twenty
years by three fundamental developments.

1. The emergence of sophisticated geometric techniques, i.e. techniques wich
involve only geometric constructions in the physical space.

2. Systematic application of Littlewood-Paley decompositions and introduction
of paradifferential calculus.

3. The development of Fourier spacetime techniques such as Strichartz type
inequalities and Bilinear estimates.

The goal of these lectures is to discuss some of the technical issues concerning
these advancements and illustrate them through the main new results which they
led to. We also plan to discuss some recent developments which require a highly
nontrivial cooperation of the geometric and Fourier methods and hint towards a
future powerful fusion of these seemingly irreconcilable points of view.

In the first lecture we shall review the basic estimates of solutions to the stan-
dard wave equation in Minkowski space and discuss various geometric and Fourier
methods to prove them. In the second lecture we shall discuss applications of these
techniques to semilinear equations such as Wave Maps, Maxwell-Klein -Gordon and
Yang Mills. Finally, in the last lecture, we shall discuss applications to quasilinear
equations related to the Einstein vacuum equations.
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1. LECTURE I: ESTIMATES FOR THE STANDARD WAVE EQUATION

Consider the standard wave equation in Minkowski space R?*!
¢ = 0. (1)

The canonical, inertial, coordinates in R**! are denoted by z*, = 0,1, ... ,n rela-

tive to which the Minkowski metric takes the diagonal form m,, = diag(-1,1,...,1).

We have 2° = ¢t and x = (2',... ,2") denote the spatial coordinates. We shall use

throughout the notes the usual summation convention over repetead indices and
the standard conventions concerning raising and lowering the indices of vectors and
tensors. In particular, if x, = my, 2", we have zo = —t and z; = 2, i=1,...,n.
We shall use the notation 9, = % and 0y = %. We denote by ¥, the spacelike
hyperplanes ¢t = t5. The wave operator is defined by O = m®?9,5 = —07 + 3, 07.

In what follows we recall the basic known estimates for solutions of (1) which verify
the initial value problem at t = 0,

QS(O,I‘) = f(l‘), at¢(07m) = g(l‘) (2)

For convenience we denote ¢[0] = (f, D~'g) with D~! the pseudodifferential oper-
ator with symbol |£] L.

Proposition 1.1 (Energy Identity, Inequality). The solutions (1), (2) verify,
E[09](t) = E[04](0) (3)

where
B061(0) = [ (0ol + ¥ 1016%)da @

As a consequence we have the energy inequalities, for all s > 0,

106()|| 1+ () < [106(0) [ 12 ()

Proof The energy identity can be proved both by geometric techniques, involving
only integration by parts, and by Fourier techniques, using Plancherel formula
together with the Fourier representation formula,

sint|¢] .
] 9(€))d¢ ()

The higher energy inequalities are based on the commutation between (0 and J,,. B

ot 2) = (2m)" / ¢ (costlE|f(€) +

Remark 1.2. The standard Sobolev embedding H*(R") C L*(R"), for s > &
allows us to get L bounds of solutions to (1) without using the explicit represen-
tation. This procedure generalizes to nonlinear equations in connection to the local

existence theorem.

Proposition 1.3 (Dispersive inequality). The solutions to (1), (2) verify,

()|~ < ct—*F |D*F 0] | 1 (6)
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Remark 1.4. In fact 6 is not quite right, the correct estimate holds if we replace
the L* norm on the left by the BMO-norm, or, the L' norm on the right by the
Hardy norm #H'. The inequality (6) is true however, as it stands, if the Fourier
transform of the data ¢(0) = f, 8;¢(0) = g have their Fourier transform supported
in a dyadic shell 3 < |¢| < 2) for some fixed A € 2N.

Proof Until very recently the only robust proof of (6) was based on the method of
stationary phase applied to the representation (5). In odd dimensions one can prove
a related form of the dispersive estimate using the spherical means representation of
solutions. We shall later discuss a derivation of (6) which avoids any representation
formulas. [ ]

Remark 1.5. The dispersive inequality provides two types of information. The first
concerns the precise decay rate of ||¢(t)||L~ as ¢ — oo while the second provides
information about the regularity properties of ||¢(t)||L- for ¢ > 0. As far as im-
proved regularity is concerned the estimate (6) gains, for ¢ > 0, "T_l derivatives
when compared to the Sobolev embedding L>(R") Cc Wb (R").

It is well known that as far as the asymptotic behavior is concerned (6) is not very
useful in applications to nonlinear wave equations. A more effective procedure to
derive the asymptotic properties of solutions of the wave equation is based on gener-
alized energy estimates, obtained by the commuting vectorfields method, together
with global Sobolev inequalities. In what follows we shall give a very fast presen-
tation of this point of view; we shall develop it in a more systematic manner in the
Complement to Lecture I. In what follows we review the commuting vectorfields
method for deriving the above decay rate estimate. The idea is to use the energy
identity (3) together with commuting vectorfields and a global form of the classical
Sobolev inequalities.

The Minkowski space-time R**! is equipped with a family of Killing and conformal
Killing vector fields, the translations T, = 0,,, Lorentz rotations O, = x,0, —,0,,
scaling S = td; + 2'0; and the inverted translations K, = —2z,S+ < z,z > 0.
Recall that z#, denote the standard variables 2° = ¢, z',... 2", and z, = m,, z".
The Killing vector fields T}, and O, commute with O while S preserves the space
of solutions in the sense that O¢ = 0 implies OS¢ = 0 as [0, 5] = 20. We split
the operators O, into the angular rotation operators ()0 = z;0; — x;0; and the
boosts WL = z;0, + td;, for i,j,k = 1,... ,n. Recall the energy expression in
(4), Based on the commutation properties described above we define the following
“generalized energies ”

Eiogl= > E’[0X;,Xi,... X, ¢] (7)

Xig e Xij

with the sum taken over 0 < j < k and over all Killing vector fields 7', L,,,, as well
as the scaling vector field S. The crucial point of the commuting vectorfield method
is that the quantities Ej, k > 1 are conserved by solutions to (1). Therefore, if for
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all 0 < k < s the data f, g verify,
[+ el (|vk+1f<w>|2 n |vkg<m>|2)dm <, <o ®)

then for all ¢, Es[0¢](t) < Cs. The desired decay estimates of solutions to (1) can
now be derived from the following global version of the Sobolev inequalities ( see
[27)):

Proposition 1.6 (Decay Estimates[27]). Let ¢ be an arbitrary function in R™*!
such that Eg[] is finite for some integer s > 3§ + 1. Then,

06(t,2) S (L+ ¢+ |2)) =" (1+ [t = |ol])~* Bylu] 9)

for all t > 0. Therefore if the data f,g in (1) satisfy 8 , for 0 < k < s with some
s> g, then for all t > 0,
1

L+t+]z)™ (1+ [t - |2]))3

06(t, )= S (10)

Remark 1.7. Clearly this estimate, whose proof is purely geometric!, implies the
decay properties given by the dispersive inequality (6). In fact it provides more
information outside the wave zone |z| ~ t which fit very well with the expected
propagation properties of the linear equation O¢ = 0. On the other hand, as (9) is
really a global version of the Sobolev inequality, it seems that the estimates of the
Proposition 1.6 have no bearing on the improved regularity features of (6). This is
however not true as we shall see in the next proposition.

Remark 1.8. The commuting vectorfields([27], see also [46]) method was first devel-
oped as an alternate, vastly simplified, proof for the almost global existence result of
[17]. The method is very versatile and applies to prove global existence in dimension
n > 3 and almost global existence in dimension n = 3 to large classes of nonlinear
wave equations, including fully nonlinear, for sufficiently small initial data. It also
combines with the null condition( see discussion below following proposition 1.22)
to prove global existence results in low dimensions n = 3,2. The vectorfield method
was further developed by many other authors, in particular H. Lindblad[48] and T.
Sideris[63, 64, 65], see also Hormander[16] and references therein. A major modifi-
cation of the vectorfields methods appears in [12], where the vectorfields had to be
modified. This will be discussed to some extent in Lecture III.

Proposition 1.9 ( see[30]). The commuting vectorfields method implies the dis-
persive inequality (6).

Proof Without loss of generality we may assume that d;¢p = g = 0 and that the
Fourier transform of f = ¢(0) is supported in the shell % < €] < 2\ for some

A € 2N, By a simple scaling argument we may in fact assume A = 1. Since ngS, the
Fourier transform of ¢ relative to the space variables z, is also supported in the
same shell it suffices to prove the estimates for V¢ or V¥¢. Next we cover R” by an
union of discs Dy centered at points I € Z™ with integer coordinates such that each
Dy intersects at most a finite number ¢, of discs D with ¢, depending only on the

Mn particular it does not require any explicit representation of solutions
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dimension n. Consider a smooth partition of unity (xs)rez~ with suppx; C Dy
and each yy positive. Clearly we can arrange to have, for all &,

> V()] < Cron (11)

IcZ»

uniformly in z € R”. Now set, f; = x5 - f, and ¢; the corresponding solution to

(1) with data ¢7(0) = fr,0:¢1(0) = 0. Clearly f = >, fr, ¢ = >, ¢r. It suffices
to prove that for all I,

n+k+1
IV*or(D) o= < Cog(L+8)" "2 > (1D frllpe (12)

j=0
with a constant Cj, ; depending only on n and k. Indeed if (12) holds true we
casily infer that, [|V*¢(t)||z~ < Crr(1+8)" " I, Vixgllp | fllz: and
therefore, in view of (11) ||[V*¢(t)||p~ < Chr(1+ t)*%1 I fllL:-

It therefore remains to check (12). Without loss of generality, by performing a space
translation, we may assume that I = 0. Applying the proposition 1.6 to ¢ = V¢q
we derive, for s, the first integer strictly larger than % + 1,

(@)l < e(l+8)~F B, [¢o](¢)
< (1467 By [60)(0).

Since the support of ¢q is included in in the ball of radius 1 centered at the origin
we have,
S«+1

E,.[60](0) < C Y 1D folra-

=0

Finally, according to the standard Sobolev inequality in R?, ||f||z2 < ¢[|VZ fl|11,
we conclude with,

n+241

@)l <e(@+H7F Y (1D folle

=0

as desired.

Intepolating between the energy and dispersive inequalities one derives the so called
Strichartz-Brenner result,

lollz- < elt| VNIV (0)]]

with y(r) = (n = 1)(3 — 2) , L + & =1, r > 2 and scaling condition 2 = —v(r) —
o — 1+ ;. This leads, by a standard TT* argument, Hardy -Littlewood-Sobolev
inequalities and an application of the Littlewood-Paley theory, to the generalized
Strichartz type inequalities.
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Definition 1.10. A pair of real positive numbers (g, r) is said to be wave admissible
if,

<N =(-DG- D, g2 (@rm)#(eL3)

SEE V)

Proposition 1.11 (Strichartz Type Inequalities). The solutions to the initial value
problem (1)-(2) verify,
1 2 1
19lleezorxeny < clo0flla, o =n(5—-)~~ (13)
r q
Remark 1.12. Strichartz himself has proved only estimates in the isotropic case
q = r. The other estimates are due to Pecher, Ginibre-Velo, Lindblad-Sogge and
Keel-Tao. For the final version of these estimates, and precise references, we refer
to Keel-Tao[20].

Remark 1.13. Strichartz type inequalities play a crucial role in many recent ad-
vances of the theory of nonlinear wave equations. Observe that the steps involved
in deriving (13), at fixed frequency, from the energy identity and dispersive in-
equality are quite soft, they can be traced back to the Duhamel’s principle and
uniqueness of the initial value problem?. Both apply to general linear wave equa-
tions with variable coefficients and require very little regularity of the coefficients.
Thus the main building blocks of the Strichartz type inequalities are (3) and (6).

All estimates discussed so far refer to individual solutions of the wave equation (1).
They turn out to be of limited value in application to wave equations which contain
derivatives in the nonlinear terms. A new point of view has developed in the last
ten years, according to which one obtains far more flexibility by estimating directly
bilinear or even multilinear expressions involving multiple solutions of (1).

Proposition 1.14 (Bilinear Strichartz[47]). Let ¢, be two solutions of (1). As-
sume n > 2 and that the pair (q,r) is wave admissible. Then,

D7 (GO L/ S NSI01 o IO e (14)

where o, s1, Sz verify,

Proof The proof is based on the following microlocal version of the dispersive
inequality,

2There exists a straightforward derivation of (13) from (3) and (6) without using explicit rep-
resentations, see [?]. The uniqueness of the I.V.P. is a consequence of the basic energy inequality.
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Proposition 1.15 (Improved Dispersive Inequality[47]). Consider a solution to (1),
(2) whose initial data have their Fourier transform supported in a ball of small ra-
dius p inluded in the unit dyadic ring 3 <|¢| < 2. Then

16(t) |1 < cut™ 5 || ¢[0] |1 (15)

The improved dispersive inequality follows easily from the standard stationary
phase method. We don’t have yet a satisfactory geometric derivation. [ ]

Now consider more general bilinear estimates, of the form
IDYDYF DI (¢) | parzprre S NSON gron (1901011 oo (16)

where ¢ and ¢ solve (1). Here D7, D}*, DI~ are multipler operators with symbols
&P, Il + |£||“r+ and ||7| — |f||%. In the case ¢,r = 4 all such estimates are
known. Special cases of the following theorem have appeared first in [31] and later

in [37, 44, 39]. The complete solution was carried out recently by Foschi-Klainerman
[14], see also [69].

Proposition 1.16 (Bilinear Estimates[14]). Let n > 2 and 7v,vy—, v+, $1,52 € R.
The estimate

IDTDF DT (p)lnzrz S 000 -,

91011 2

is satisfied by the solutions of (1) for all initial data iff the following conditions
hold:

n—1
TEY Y- =S5t 52 -,
n—3
> —
Y- 2 1
S n—1
Y 5
-1
si<y oS, =12
2
1
51+822§;
n+l n-3
1y [— y 9 :1)27
(s 7)#( 1 1 ) i
1 n-3
(Sl +327’Y—) 7é <§7_ 4 )

These estimates are intimately tied to null quadratic forms.

Definition 1.17. Let ¢, be two smooth functions on R**!. We define,
Qo(p, ) = m*P0u¢dsy
Qij (9, ) 001 — 9ip0;¢
Qoi(d, 7)) 0;p0p — 0ip0r g
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Definition 1.18. If ¢,¢ be distributions in S’(R"*!) whose spacetime Fourier
transform ¢, are functions. We write ¢ < 1 iff |¢| < C.

Lemma 1.19 (see [44] for references). The following hold true
Qo(¢,¥) I D+ D (¢¢) (17)

Qij(6,v) 3 D*D*(D¥¢D*y) (18)
Remark 1.20. Similar formulas can be derived for QQp;. One can use the Lemma

above together with the bilinear estimates of proposition 1.16 to derive nontrivial
L2- spacetime estimates for the null quadratic forms.

Remark 1.21. Though the gain of regularity manifest in the bilinear estimates of
proposition 1.16 is a development of the last ten years, the importance of null
quadratic forms, for applications to nonlinear equations, was known before in con-
nection with gain of decay. Here is a typical fact.

Proposition 1.22 (Decay for null forms[28]). Let ¢, be two solutions of (1) and
assume that their initial data verify the weighted Sobolev norm bounds (8), for
sufficiently large s. Then, for any of the null forms Qo,Qij, Qo; we have the decay
estimates,

1Q(®, L) D)lz>@m < CE" (19)

as t — o0.

The proof is an immediate consequence of the following refinement of the decay
estimates of Proposition 1.6.

Proposition 1.23 (Peeling Decay Properties). Let ¢ be an arbitrary function in
R such that E,[] is finite for some integer s > 2 + 2. Let Ex = 0, £ 0,, with
o=y, ﬁ—l(‘)l Consider also®, at every point of R*t! | vectors (EA)Z;II, such that
< EAEL >=0and < Ea,Eg >=dap. Set |Yo|> = E?;ll Ex(¢)?. We have,

1

1Bl S (7)°F

Vo)~ < (3)F

t
10+ D g~ S (57

Remark 1.24. The improved decay of null quadratic forms as appears in proposition
1.22 was used, see [28], to get a small data global existence, in R3*!, for a general
class of quasilinear wave equations verifying the null condition. These vectorfield
techniques used in the proof of the result in [28] have been extended by Sideris in
[63] and [64],[65] in applications to Wave Maps and nonlinear elasticity.

So far we have only considered general bilinear estimates of type (16) for ¢ = r = 4.
For the case of “wave admissible ” exponents ¢ and r and «v_ the estimates given
by proposition 1.14 are sharp, if s; = so. There exists a general bilinear conjecture

3E+, E forms the canonical null pair in R**1; together with the orthonormal vectors E4 they
form a null frame.
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which states that under suitable restrictions on the exponents =, vy, v, s1, s> the
estimates (16) are true. Some very important cases of this conjecture were proved
true by T. Tao [68] using ideas developed by T. Wolff[76] in connection to his recent
important work on the cone restriction conjecture. I want however to end this first
lecture with one important, very simple, ingredient in these recent developments.
This is the idea that a general wave can be decomposed into tubes.

Definition 1.25. We say that a wave ¢ is £wave if its initial data verify
9¢¢(0) = £iv—Agp(0)

or in Fourier representation 9;¢7(0, &) = +i|¢|$#7(0,&). Observe that any wave can
be decomposed between into +waves according to the formula

p=0¢" +¢”
where the initial data for ¢* is given by ¢*[0] = P*¢[0],

$(0) Fi(—A)"1/2¢,(0) ¢¢(0) + z‘(—A)”%(O))
2 ’ 2 '

P1g[0] := (

Remark 1.26. Observe that the solutions ¢™, ¢~ are uniquely defined by their data.
In other words we only had to decompose the data of ¢ to define them. They can
however be represented by Fourier transform as follows,

¢*(t,7) = / e+itlEl i € BT 510) € de. (20)

Proposition 1.27. Consider ¢ = ¢~ a minus wave with ¢~ [0] (essentially) sup-
ported in the ball B = B(0,Ag), Ao > 1 and its Fourier transform supported in the

region {€/ 3 < & < 2, [¢'] < ALO} where |&'| = /& + -+ &2. For any t > 0 we
consider the region T+ (t,A) = {z/ |z| <t + Ao; |21 — t|2 + |2'|? < A%}. Then, for
all t verifying Ao < A <t < A2 we have:

Ao

186~ ()l 2m\r+ e < On(FIVE(9)®

Proof The standard proof of the proposition is based on a simple integration
by parts in the integral representation formulas (20). One can also give a purely
geometric proof based on commuting vectorfields[43]. [

The proof by vectorfields methods of the preceding proposition combined with the
null estimates of proposition 1.22 and the important idea of “induction on scales”
pioneered by T. Wolff[76] and T. Tao[68] allows us* to give a purely geometric proof
of the following bilinear estimate,

Proposition 1.28. Let ¢,v be two solutions of (1) and @) one of the null forms
Qo, Qij or Qoi- Then,

1Q(®, )llz2@nsn | S I1DS0]| 2 D75 B10] |2 (e (21)

4This is work on progress in collaboration with I Rodnianski and T. Tao.
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This estimate, which is a particular case of Proposition 1.16, was first proved by
Machedon and I, see [31], by relying heavily on the spacetime Fourier transform of
Q(¢,).It has been used in the proof of finite energy global existence of solutions
to the Yang-Mills[34], Maxwell-Klein-Gordon[33] and critical power Yang- Mills-
Higgs[19].
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2. LECTURE II: APPLICATIONS TO SEMILINEAR WAVE EQUATIONS

We are interested in the Cauchy problem for important geometric systems such as
Wave Maps, Yang Mills and Maxwell Klein-Gordon equations. In a first approxi-
mation all these equations can be put in the form

O¢ = N (),

where 0 = —97 + A is the standard wave operator on R x R", A = Y77 97 is

the Laplacian on R?, ¢ = ¢(t,z) takes values in RV for some N > 1 and N is a
nonlinear operator which is local with respect to the time variable(i.e., N'(¢)(t,-)
only depends on ¢(¢,-) for ¢’ in any neighborhood of t).

We prescribe Cauchy data on the initial hypersurface ¢ = 0:

(¢,010)1=0 = (f,9) € H* x H*"
where H* = {f : (I — A)*/?f € L*?}. For simplicity we write ¢[0] € H°.

We shall in fact concentrate on systems of the following types:

1. Wave Maps :
O¢" + > Tk (®)Qo(¢”,6%) = 0. (WM)
JK

Here, ¢! denotes the I-th component function of ¢, the FgK are smooth
functions from RY into R and Qg is the null form

Qo(p,1) = Y 0,¢0"p = —01¢0pp + Y 0;¢0;¢.
n=0

j=1
2. Yang-Mills Type:
O¢ = D7'Q(¢, ) + Q(D™'¢,9), (“YM”)

where D* = (—A)*/? and @Q stands for any bilinear operator of the following
type: Given vector-valued functions ¢ and 1, the I-th component function of
Q(¢,7) is a linear combination, with constant, real coefficients, of Q;;(¢”7, %)
forall 1 <7 < j <nandall J, K, where @;; is the null form

Qi (0, ¥) = 0;p0;0) — 0;p0;.

(The two @’s on the right hand side of (“YM”) may represent two different
such operators.)
3. Mazwell-Klein-Gordon Type:

O¢ = D~'Q4,v),
Dy = Q(D™"¢,1)),

where ¢ = (¢',...,0N1), o = (',...,9N2), N = N; + N5 and @ has the
same meaning as before. Thus (“MKG”) is a special case of (“YM”).

( “MKG” )
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The following theorem summarizes the main well-posedness results known today.
Main Theorem

i. ([35,44].) If n > 2 and s > 5. = %, then (WM) is locally well-posed for initial
data in H*(R™).

ii. ([72],[73],) The system (WM) is locally well posed for small data in the Besov

space BE’I(R") for alln > 2.

iii. ([70],[41], [71], ) If n > 5 and the target manifold admits a bounded paral-
lelizable structure the wave map system is “weakly well posed” for small data in
H35(R"). The same result holds true for n > 2 if the target manifold is a standard
sphere S*.

iv. ([33], [34], [19]) If n = 3 the full MKG and YM systems are globally well
poesed for large data in the energy norm, H?(R™). The result is also true for the
Yang-Mills -Higgs system with critical power nonlinearities.

v. ([13], [21].) If n = 3 the full MKG system is locally well posed if s > %, and
globally well posed if s > %.

vi. ([39], 47))If n = 4 the reduced MKG and YM type systems are locally well
posed for s > s, = 1.

2.1. Motivation for the Main Theorem. Consider the system
Ou = F(u,0u), (22)

where u : R'"*? — RN, u = (Oyu,d1u,...,0,u) and F is a smooth RV -valued
function satisfying F'(0) = 0. For this equation one has the following standard
existence and uniqueness result:

Theorem 2.2 (Classical Local Existence). Equation (22) is locally well-posed for
initial data in H® x H*='(R™) for all s > % + 1. This means that for any initial
data u[0] € H°(R™), s > & + 1, there exists a T > 0 and unique solution

u € C°([0,T], H*(R")) N C*([0,T], H*H(R")).
Moreover the solution depends continuously(in fact analytically) on the data.

Remark 2.3. The proof of this very classical result is based only on simple energy
estimates, the L> C H?® Sobolev embedding, and some simple interpolation in-
equalities. Moreover the proof extends without major difficulties to very general
classes of evolution equations including quasilinear systems of wave equations.
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Remark 2.4. The result is far from being sharp insofar as the regularity assumption
on the initial data is concerned. The issue of optimal well posednes is of fundamental
importance and has generated a large amount of work in the last 10 years.

To understand better the issue of optimal local well-posedness, in the context of our
examples (wave maps, Maxwell-Klein-Gordon and Yang-Mills equations), we need
to define the critical well-posedness (henceforth abbreviated WP) exponent s.. All
our equations have a natural scaling associated to them, and s, is the unique value
of s for which the H* x H* -norm of the initial data is invariant under this scaling.
For example, if u solves (WM), then so does

ux(t, z) = u(At, \z),
for any A > 0. Since |Jux(t)||ms = A% %||u(\t)|| g, the critical WP exponent for

(WM) is 5, = 2.

The same principle works for (MKG), (YM). In fact, they both have critical WP

exponent s, = n74

With this definition we formulate the following, see [29]:

General WP Conjecture

1. For all basic field theories the initial value problem is locally well posed for
initial data in H®, s > s..

2. The basic field theories are weakly® globally well-posed for all initial data with
small H% x H?'-norm.

3. The basic field theories are ill posed for initial data in H® x H57!, s < s,.

To prove local posedness for s > s. one proceeds by Picard iteration in a suitable
Banach space. Consider the Cauchy problem

Ou = N(u), (u, Ou)i=0 = (f, 9)
The 0-th iterate ug is just the homogeneous part of the solution:
Ouo = 0, (u, Ou)i=0 = (f, 9)-
The subsequent iterates are given inductively by
ujr1 = uo + O "N (uy)
for j > 0, where 0! is the operator which to any sufficiently regular F assigns the

solution v of Ov = F with (v, 0;v)t=o = 0.

If we are to prove existence of a local solution of Ou = A(u) with initial data in
H?® x H*~! by iteration, we must be able to prove that the iterates remain in the
data space:

feH®, geH™' = u(t)e H, du,(t) € H (23)

5The solutions may fail to depend smoothly (analytically) on the data.
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for all j > 0 and all ¢ in some interval (0,7). For j = 0, (23) is trivial, but the case
j = 1 already offers valuable insights.

Definition 2.5. We will say that the first iterate is WP for initial data in H® if
(23) holds for j = 1 and all (f,g) € H®* x H1.

Example 1. Consider the model problem
Ou = (Gyu)?,

where v is real-valued. This equation has the same scaling properties as (WM),
hence the WP-exponent is s, = 5. We want to find the lower bound for the set of
s such that the first iterate uy; is WP for initial data in H®. A simple calculation
involving Duhamel’s principle, shows that this reduces to proving an estimate of
the type

[ KEmA©atn+mdsdn S I leslolllle (24
for all f,g,h € L?>(R"), where
_ <E4np>it
Ko = o5 (1+Ax(&m) 25)
Ay =le+lal—le+al A=+l il ] (26)

Here we use the notation < - >=1+-|.

One can prove the following result concerning integral estimates of the type

f©gmh(& +n)
Lo TEsr o Ay S S W laslglialilse, (27

where A are given by (26).

Proposition 2.6. Let a,b,c > 0. Then (27) holds if a +b+c> & and c < "T_l.

Remark 2.7. Tt should be remarked that the estimate fails if a + b +c < 3 or
c> "T_l, based on simple concentration type counterexamples.

Applying proposition 2.6 to the kernel (25) we need

-1
s—l+min<1,n—> >

IS

)

4

i.e., s > max (%, ”T*s)

Thus, for the model equation Ou = (J;u)? in dimension n = 3, the above example
shows that the first iterate is WP for initial data in H® if s > 2 = s. + %; in fact,
one can show that this fails to be true if s < 2. This should be compared to the
counterexamples of Lindblad [49] in dimension n = 3, which show that there are
equations of the type Ou = ¢(Ou), where ¢ is a quadratic form on R*, which are
ill posed for data in H2. However, if the quadratic form ¢ is of null form type, one
can go almost all the way to the critical WP-exponent s.. The next two examples

verify this at the level of the first iterate.
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Example 2. Consider the equation®
Ou = Qo(u,u),

where u is real-valued. Again the question of WP of the first iterate leads to the
problem of proving an estimate of the type (24), but because of the special null
structure of the operator (g, the singular factors AL cancel out completely from
the denominator of the kernel. In fact, K is given by

K(n)=<&>° +<np>7?,

so by Proposition 2.6, the first iterate is WP for data in H?®, s > s. = 3.

Example 3. Consider the equation
Uu = Q(uv ’LL),

where u is vector-valued and Q(u,u) is a vector whose I-th component is a linear
combination of Q;;(u”,u’) for all i, j, J and K. As in the preceding example, there
is a cancellation due to the null strucure of ();;, but in this case we only get rid of
half a power of AL. In fact, K is now given by

K(&n) = (<e>7 + <> ) (1+ As(en)

so the first iterate is WP for data in H®, s > max (%, ”TH)

[N

By an obvious modification, if we consider instead the equation
Uu = Q(Dilua ’LL),

we find that the first iterate is WP for data in H®, s > max ("772, ”T’l)

Higher Iterates Once the analysis of the first iterate is completed the really
hard work starts. In order to show that the iterate ugii verfies (23) it does not
suffice” to use (23) for all previous uj, j < k. We need a much stronger functional
space intimately tied to the Strichartz and bilinear estimates described in the first
lecture.

Notation The Fourier transform of a tempered distribution w in R**! is denoted
by Fu or @, in any space-dimension. In frequency space we use coordinates (7,¢§) =
E=(2%...,8!), where 7 € R and £ € R" correspond to the time variable ¢ and
the space variable z respectively. The Lorentzian inner product on R' 7" is

n n
_ = =p _ _ =020 ==V
>=Y E,Er =220+ ) =i,

=0 j=1

and the symbol of the wave operator O is — < Z; 2 >= 72 — |¢[2. By |Z| we always
mean the Euclidean norm |Z|? = 72 + [£]2.

1)
il

<

’

6The equation below can in fact be trivially solved and analyzed, see the first page in the
introduction of [31].
"TExcept in the proof of the classical local existence result for s > so + 1.
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Definition 2.8. Let A%, A% and A? be the multipliers given by

AF(€) = (L+]€P)

a/2 7

f(&),

We define the space H*?(R"*!), which is adapted to the wave operator on R*+"
in the same way that H*(R") is adapted to the Laplacian on R™.

Definition 2.9. For s,0 € R, define
H = {ueS'(R™): AAue L2(R)}

with norm ||u||sp = |A*A%ul|L: .

There is a remarkably simple connection between H*? and the space of solutions
of the homogeneous wave equation with data in H*. In effect, every u € H>? is of
the form

1 [SSIESRTN t
u(t) = o [m %d)\ (H?-valued integral) (28)
where {uy}rer is a one-parameter family of solutions of (1) with data in H?;
i.e., Ouyx = 0 and (ux, puyr)i=o = (fr,0), where X — f\ belongs to L?(R, H®).
Moreover, |[ull? , = [ [I£xll2 dA.

An important consequence of (28) is the following:

Principle A linear or multilinear space-time estimate for solutions of the ho-
mogeneous wave equation with data in H® implies a corresponding estimate for
elements of H*Y, 6 > %

The spaces H*? provide a rough framework for proving the Main Theorem. In
fact they are applicable only to prove part i) of the Main Theorem. All further
advancements have required the introduction of substantial refinements of these
spaces. We refer the interested reader to our survey [45] for how the H*? spaces,
and their modifications, together with the bilinear and Strichartz estimates of the
first lecture and the principle mentioned above are used to prove the well posedness
results with s > s. of the Main Theorem. The case s = s. was entirely open until
the recent work of T. Tao which will be described in the next section.

2.10. Wave Maps with critical regularity. In what follos T will discuss the
breakthrough results on wave maps with critical regularity obtained recently by
T.Tao. His results illustrate in a powerful way the the interaction between geomet-
ric ideas, in physical space, and Fourier analysis techniques such as paradifferential
calculus, Strichartz and bilinear estimates. It thus fits very well within the frame-
work of these lectures
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His results apply to wave maps ¢ : R*"*! — SV with SV the unit sphere in the
euclidian space RV*!, for any dimensions n > 2. The case of dimension n > 5 is
a lot easier, however, allowing one to concentrate on Tao’s main new idea of gauge
renormalization. I will present in fact an extension of Tao’s n > 5 result, due to
Rodnianski and I[41], to a general class of target manifolds.

Let ¢ : R*"*Y — (N, h) with (V,h) a Riemannian manifold of dimension N.
Here R**! denotes the standard Minkowski space endowed with the metric m =
diag(—1,1,...,1). We denote by V the Levi-Civitta connection on TN, the tangent
bundle of A. In local coordinates y’,I = 1,..., N on N the wave maps equation
takes the familiar form

%00t + T4 10507 0, K mPY = 0. (29)

where T ;- are the Christoffel coefficients of the Levi-Civitta connection V on N

and ¢',I = 1,... N the components of the map ¢ in local coordinates on N .
1.8

Let e, = €,5,7 be an orthonormal frame of vectorfields and w® = widy’ be the

corresponding dual basis of 1-forms w®(e) = 6. Since h(eq,es) = 045 we infer that
hry =73, wiw§. Define,

¢% = widad’ (30)
where ¢! are the components of the map ¢ relative to the local coordinates y’ on N
Clearly, 0,¢" = el 2. Given a function F on N we write 9, F(¢) = %F(cj))@a o! =
D F($)elhdl = Fa(¢)g! where Fq = eq(F).

We easily check that the functions ¢ =< 9,9, e, > associated to a wave map
¢ verify® the following divergence-curl system,

sy — Badl = Ci. dh 05 (31)

9% = —Tjedf¢sm™ (32)

where, C}, and I';, are respectively the structure and connection coefficients of the
frame,

les,ec] = Cheeq
Veec = TI'h.eq
In view of the formula [ep,e.] = V¢, e. — Ve ep we infer that,

a _ 1Ta a
Cbc_Fbc_ ch-

Since the frame e, is orthonormal, I'}, =< V¢,e.; e, >= — < e.;V,, e, > and
therefore

gc = ga' (33)
Also,

1
gc = 5 (Cgc + Cgc + Ogb) .

80ur description of wave maps expressed relative to an ortonormal frame follows closely that
of [11]. A similar formalism has been used earlier by Helein [15] in his well known work on
2-dimensional weak harmonic maps
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Definition 2.11. We say that a Riemannian manifold A has a “ bounded par-
allelizable” structure if there exists an orthonormal frame (e,)Y_, on N relative
to which the structure coefficients Cy, and their frame derivatives Cy. ; 4. 4 are
uniformly bounded on N

Remark 2.12. There are plenty of examples of bounded parallelizable manifolds.
To start with on any Lie group we can construct an orthonormal basis of left
invariant vectorfields e, relative to which the structure constants C'y., are constant®.
The constant negative curvature manifolds HY, N > 2 are bounded parallelizable.
Moreover H?, i.e. the hyperbolic plane, is a Lie group, see the relevant discussion in
section 3.1 of [11]. In addition any compact Riemannian manifold can be embedded
as a totally geodesic submanifold in a bounded parallelizable Riemannian manifold,
see [11].

Proposition 2.13. Let N be a Riemannian manifold and ¢ : R"*! — N a wave
map. The 1-forms ¢% =< 0y, e, > verify the equations, (31),(32) as well as the
system of wave equations,

0 =-2R, - 0"®+E (34)
with ® = (¢%), R, = (Rgu)fxb:l and Ry, = T'¢,¢;,. The components of E = (EY)
are homogeneous polynomial of degree three relative to the components of ® = (¢2)

with coefficients depending only on the structure functions Cy. and their derivatives
Che,q with respect to the frame.

Remark 2.14. It is essential to remark that the matrices R, are antisymmetric i.e.
b
(bl,u = _Ra,u (35)

This is an immediate consequence of (??). This shows that the well known “Helein
trick” of antisymmetrizing the form of the wave maps equations in the particu-
lar case when A is a standard sphere, a trick which plays a fundamental role in
Tao’s work for the standard sphere [70], [71], is due in fact to a general feature
of the connection coefficients on any Riemannian manifold, expressed relative to
orthonormal frames.

We study the evolution of wave maps subject to the initial value problem

$(0) = ¢, 9:9(0) = ¢ = Ygea (36)
¢ is an arbitrary smooth map defined from R™ with values in A" and ¢ = ¢ e, and
arbitrary smooth map from R"*! to TN. Let ¢ =< 9, €, >.

Definition 2.15. We shall say that the initial data ¢[0] = (¢,7)) belongs to the
Sobolev space H*(R™), resp. H*(R™), if all components ¢, ¥ belong to the space
H* Y(R"), resp. H*"1(R™). We write

1600015 = 5= (otllgems + 1 5 )

a,t

and similarly for ||¢[0]|| .

We are now ready to state our theorem, see[41].

9We refer to these as “constant parallelizable”.
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Theorem 2.16. Let N be a Riemannian manifold endowed with a bounded paral-
lelizable structure. Assume n > 5 and that the initial data ¢[0] = (p, ¢ = Yie,) is
in H® for some § < s. We make also the critical smallness assumption:

16001l ;3 <e

Then the wave map ¢ with initial data @[0] can be uniquely continued in H® norm
globally in time.

Remark 2.17. The theorem provides an extension of the result in [70] from the case
when the target manifold is a standard sphere to that of bounded, parallelizable
manifolds. The restriction on the dimension, n > 5, is the same as in [70]; this
allows us to rely only on Strichartz estimates. The dimensional restriction, for the
case of the standard sphere, was removed in [71] with the additional help of bilinear
estimates'?, H*? spaces, and the refined methods of [73]. Even in light of [71] the
extension of our result to two dimensions does not seem to be straightforward!!.

The proof of the Main Theorem relies on a local well-posedness result in H*, s >
We state the precise result below:

S

Theorem 2.18. Assume that the initial data ¢[0] € H*(R™) for some s > so >
There exists a T > 0, depending only on the size of ||#[0]|| 50, and a unique soluti
¢ of the system (31) ,(32) defined on the slab [0,T] x R™ wverifying,

l¢[t]ll = < C14[0][| =
for all t € [0,T] and C' a constant depending only on T and s, so — 5§ and n.

(S

S

n

Proof We use the Littlewood-Paley notation of [70]. Thus, for a function ¢(¢, )
we denote the projections Pyo(t,z) = [e®Sx(27%¢)p(t, £)d¢ where ¢7¢, &) is the
space Fourier transform of ¢ and x(£) = n(£) —n(2¢) with n a non-negative smooth
bump function supported on |£| < 2 and equal to 1 on the ball || < 1. Therefore
x(€) is supported in {3 < [¢| < 2} and 3, o7 x(27%€) = 1 for all £ # 0. We also
define P<, = >, ;. Also for any interval I C Z we define Pr in an obvious
fashion. B

Notation:  We shall frequently use the notation A < B to denote A < c¢B for
some constant ¢ > 0 which does not depend on any of the important parameters
used in our estimates.

Following [70] we introduce the notation

(Ll n _
10ls, = sup 25EHED (||<I>||L3L;+2 ’“||at<1>||LgL;) (37)

q,TE

10These were used to take advantage of the presence of the special null quadratic form
Qo(u,v) = m*P 9, udpv in the special expression of wave maps to the standard sphere used
in [70], [71].

" This is due to the fact that one needs to treat other other types of null quadratic forms
than Qp. Also, the fact that we use a wave equation, see (34), in ® corresponding to the first
derivatives of the map rather than the map itself, adds additional complications.
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where A = {(¢,7)/2 < ¢, < o0, %%— n-l < 221} s the set of admissible Strichartz
exponents. Recall that,

Proposition 2.19 (Strichartz type estimates). For any fized integer k and ¢(t,x)

A

a function on RxR™ such that the support of ¢ (t,€) is included in the dyadic region
2k=1 < |¢] < 281 we have the estimate,

n—4
1¢lls. S NSO, 2zz + 10p(O)]  nse + 2= 0613 12

In what follows we recall the definition of frequency envelope given in [70].
Definition 2.20. A frequency envelope is an [? sequence ¢ = (¢ )rez verifying
e < 20\k—k’\ck, (38)

for all k, k' € Z. Here o is a fixed positive constant; as in [70] we take 0 < 0 < %
In addition we need 0 < o < 2% and 0 < 0 < 4(’;—7_31).

We say that the H* norm of a function f on R” lies underneath an envelope
cif, for all k € Z, ||Pef|lgs < cr. We shall write f <<, c or simply f << ¢ when
there is no danger of confusion. It is easy to check that if ||f]|;. < e then there
exists an envelope ¢ € [? such that ||c||;z < € and f <<; c. Indeed we can simply
take, ¢y = Z/yez 2_0‘k_kl‘||Pk||Hs-

Definition 2.21. Fix0< o < min(%, %4’ 4&—’_31)) and ¢ a frequency envelope. We

say that the initial data ¢[0] = (d)(O) =¢,00(0) = ¢ = ¢36a> lies underneath ¢
if, relative to our frame e,, we have for all k € Z,

1P:¢[0]]] 5 < e
We shall use the short hand notation ¢[0] << e.

The proof of our main theorem can be easily reduced to the following;:

Proposition 2.22. ( Main Proposition) Let ¢ be a frequency envelope'® with
llelliz <e,0<T < oo and ® = (¢%) verify the equations (31), (32), and therefore
also (34). Assume that, according to Definition 2.21, the initial data verifies the
smallness condition ¢[0] << c. Assume also the bootstrap assumption,

|1 Pe®|| s, (j0,77xR") < 2Ccy, (39)
for all k € Z. Then in fact, for sufficiently small €, and oll k € Z,
| Pe®|| 5, (j0,77xR") < Cck. (40)

Remark 2.23. In view of the scale invariance of both our equations and the small-
ness condition ¢[0] << ¢ it suffices to prove (40) for k¥ = 0. Let ¥ = Py®. We
need to prove that,

1%l s0(10,71xRm) < Ceo (41)

2verifying (38) with o < min(g, 27%, 75=%5).
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Remark 2.24. To prove (41) we would like to apply Theorem 2.19 to the equation
obtained by applying the projection FPy. to (34) i.e.,

Ov =Py (R, -0*® + E).
A straightforward application of the Strichartz inequalities will not work however.
Indeed according to Theorem 2.19

1¥llsy < co+[|Po(Ry - 0" ® + E)| 12

The cubic term E presents no difficulty, the problem comes up when we try
to estimate Py(R,, - 0*®) more precisely the part of it which corresponds to the
interaction between low frequencies of R and frequencies of ® comparable to those
of . More precisely the most dangerous terms are of the form R - ¥ with R =
P<_1oR. To estimate ||R - 0¥|| r1r2 relative to the available Strichartz norms we

are forced to take W in the energy norm L{°L2. This leaves us with R in the norm
L; L for which we don’t have any Strichartz estimates.

Definition 2.25. We shall use, in what follows, Tao’s convention to call an ac-
ceptable error any function, or matrix valued function, F on [0,7] x R such that

IF Iz £z (o,11xrm) < CPeco (42)
Proposition 2.26. The matriz valued function Py® = ¥ verifies the equation

O@ = —2R,, - 9" + error (43)

where R, = Pe_1oR, =T d, and ®, = Pc_10®,. Here “error” refers to an
acceptable error term in the sense of (42).

Proposition 2.27. The matriz valued function ¥ verifies an equation of the form,
0¥ = —29,A - 0"V + error (44)

where the potential A verifies the following properties:

i.) The N x N matriz A is antisymmetric i.e. A' = —A. The space Fourier
transform of each component of A is supported in |€| < 2710,

ii.) The following estimates hold for any A = PA:

1Aklls, S 27%Ce (45)

10Aklls, < Cer (46)
Also,

10AL]s, < 2%Cey, (47)

iii.) Set R, =R, —d,A. The following estimates hold for all PR,

||PkR||L}Lg°
|1 PRl 3oL

C%c; (48)
2kc?el (49)

IZANRZA
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Let M be a large integer, depending on T', which will be chosen below. Define the
real N x N matrix valued function U to be

U=I+ > U
—M<k<—10

with the U}, defined inductively as follows,

U, = 0 for all k< —M
Uy =1
Uy = Ap-Us, forall —M < k<-—10 (50)

with Ugy, = Ek,<k Uk. Due to the fact that the matrices Ay = P, A are antisym-
metric we find the identity

UktU<k+U<tkUk :0
whence,
ULy U —I=> U -Up (51)
k' <k
Using this identity we can prove inductively that

WU<kllLgere < 2

WUkllzeer S Cer for k > —-M (52)
as well as
1Ukllp2re S C27 %2, for k> —M. (53)
Also,
lOU<kllLeere S 28C%¢s
10Ulper= S 28C%e (54)
and
10U<kllzree S 2%2Ces
10Ukl 20 S 2k/2Cey, (55)
as well as,

||DU<k||LgL;—1 Qk(%—ﬁ)cck

10Ul pzpp—

IN N

283720 ey (56)

Proposition 2.28. Assume that ¢ is sufficiently small depending on C' and M
sufficiently large depending on T,C,c. Then the matrices U wverify the following
properties:

i.) Approzimate orthogonality:
U = Illgere, 10UV =D)|ppre S C% (57)
In particular, for small €, U is invertible and we have,

1Ullzgerz, U ooz S1 (58)
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ii.)  Approzimate gauge condition:

10,U = 8, A - Ullpp1e S C (59)

iii.) We also have,
10U Lzorges 10UNIpieee S C%e (60)
||DU||L§L;*1 < C% (61)

Following [70] we are now ready to perform the gauge transformation
v=U-W (62)
W verifies the equation
ow = —207'8,U —9,A-U)o*W (63)
2U 19, A - (o"U)U 1 — U~ HOU)U ¥ + error
In view of Proposition 2.28 we derive,

Proposition 2.29. The matriz valued function W verifies an equation of the form
OwW = error.

Therefore, if € is sufficiently small,
1%1lso S W llsy < 1T[0][] 252 + CC%eco < Co.
This is precisely (41) which ends the proof of the Main Proposition.

3. LECTURE III: GENERAL RELATIVITY AND QUASILINEAR WAVE EQUATIONS

We start with our primary motivation to study the issue of optimal well-posedness
for quasilinear wave equations.

3.1. Cauchy problem in General Relativity. The primary object of Einstein’s
general relativity is the space-time. This can be defined as a class of equivalence of
differentiable, oriented four dimensional Lorentz manifolds (M, g). We say that two
Lorentz manifolds (M, g), (M',g') are equivalent if there exists a diffeomophism
M — M’ such that ¢’ = ®,g. A space-time is simply a class of equivalence of
such Lorentz manifolds. The space-time metric g has to satisfy the Einstein Field
Equations,

1
Raﬁ - igaBR = Taﬁ

with R,g the Ricci curvature, R the scalar curvature of the metric and T,3 the
energy-momentum tensor of some matterfield defined on (M, g). We restrict our-
selves to the particular case of vacuum i.e. 7= 0 in which case the equations take
the form,
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Rap = 0.

The evolution character of the Einstein equations is much more subtle than for
other equations as there is no intrinsic definition of a time variable ¢. It may seem,
therefore, equally ambiguous to talk about the initial value problem. This can be
defined, however, as follows:

Definition 3.2. An initial data set is a triplet (X, g, k) consisting of a three dimen-
sional complete Riemannian manifold (X, §) and a 2-covariant symmetric tensor k
on ¥ verifying the constraint equations:

?j];?ij - ?z trl% =0
R— |k + (trk)> =0
where V is the covariant derivative, R the scalar curvature of (,g). The scalar
trk is the trace of k£ with respect to g.

Definition 3.3. An initial data set is said to be flat, or trivial, if it corresponds to
a complete space-like hypersurface in Minkowski space with its induced metric and
second fundamental form. An initial data set is said to be assymptotically flat(AF)
if there exists a system of coordinates (z!,z?,23) defined in a neighborhood of
infinity'® on ¥ relative to which the metric § approaches the euclidean metric and

k approaches zero'* as

r= V@ + @+ (@) - .

Definition 3.4. A Cauchy development of an initial data set (¥, g, k) is a space-
time manifold (M, g) verifying the Einstein equations together with an embedding!®
i: Y — M such that g, k are the induced first and second fundamental forms
of ¥ in M. A development is required to be also globally hyperbolic'® in order
to assure the unique dependence of solutions on the data. A future development
of (¥, g, k) consists of a globally hyperbolic manifold (M, g) with boundary, veri-
fying the Einstein equations, and embedding i as before which identifies ¥ to the

boundary of M.

The most primitive question asked about the initial value problem, solved satis-
factory for very large classes of evolution equations, is that of local existence and
uniqueness of solutions. For the Einstein equations this type of result was first
established by Y.Choquet-Bruhat [7] with the help of wave coordinates which al-
lowed her to cast the Einstein equations in the form of a system of nonlinear wave
equations, to which one can apply the standard local existence theory based only
on energy estimates and the L> C H® Sobolev inequality.

13We assume, for simplicity, that ¥ is diffeomorphic to R™. A neighborhood of infinity means
the complement of a sufficiently large compact set on X.

14Because of the constraint equations the assymptotic behavior cannot be arbitrarily pre-
scribed. A precise definition of asymptotic flatness has to involve the ADM mass of (X, g). Taking
the mass into account we write g;; = (1 + %)51-]- + o(r™1). According to the positive mass
theorem M > 0 and M = 0 implies that the initial data set is flat.

15The constraint equations correspond to the contracted Codazzi and twice contracted Gauss
equations of the embedding.

16Bach causal curve in M intersects X at precisely one point.
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Definition 3.5. A system of coordinates z® are called wave coordinates if O z* =
0. Given such a system the Einstein vacuum equations take the following form,

gaﬁaaaﬁguu = Nul/(gaﬁa 69&6) (64)

In the case of nonlinear systems of differential equations the local existence and
uniquenes result leads, through a straigtforward extension argument, to a global
result. The formulation of the same type of result for the Einstein equations is a
little more subtle; it was done by Y. Choque-Bruhat and R.P. Geroch in [8]. The
result asserts that for each initial data set there exists a unique maximal future
development. Thus any construction, obtained by an evolutionary approach from
a specific initial data set, must be necessarily contained in its maximal develop-
ment. This may be said to solve the problem of global'” existence and uniqueness
in General Relativity; all further questions may be said to concern the qualitative
properties of the maximal development. The central issue is that of existence and
character of singularities. First we can define a regular maximal development as one
which is complete in the sense that all future time-like and null geodesics are com-
plete. A well known theorem of Penrose asserts that, under certain quite extreme
conditions'® on an initial data set the corresponding future maximal development is
necessarily incomplete. In addition, with the exception of the flat Minkowski space
itself, all explicit AF solutions of the Einstein Vacuum equations, such as the Kerr
family, have turned out to be singular. At the opposite end of Penrose’s theorem
we have the following completeness result, see [12].

Theorem 3.6 ( Global Stability of Minkowski). Any assymptotically flat initial data
set which is sufficiently close'® to the trivial one has a complete mazimal future de-
velopment (M, g). Moreover the spacetime M is close to the Minkowski space in
the sense that its curvature tensor tends to zero along any timelike or null geodesics.
Its causal structure, however, is asymptotically nontrivial.

Problem (Strong stability of the Minkowski space) Does there exists a scale
invariant smallness condition®® such that all developments, whose initial data sets
(2,9, k) verify it, have complete mazimal future developments.

Remark 3.7. The relationship between the old stability result of theorem 3.6 and
strong stability may be compared with the situation for Wave Maps in the wake of
Tao’s result [71]. Indeed an older result due to Sideris[63], provides global existence
for sufficiently small data in a weighted Sobolev norm containing a large number of
derivatives. Tao’s new result requires only the smallnes of a scale invariant norm
containing the minimum number of derivatives of the initial map.

Remark 3.8. The strong stability of the Minkowski spacetime should be viewed
itself as an intermediate step towards the even loftier goal of proving the well known

T This is of course misleading, for equations defined in a fixed background global is a solution
which exists for all time. In general relativity however we have no such background as the space-
time itself is the unknown. The connection with the classical meaning of a global solution requires
a special discussion concerning the proper time of timelike geodesics.

181f (3, g) is a noncomapct Riemannian manifold containing a closed trapped surface.

19The precise condition requires weighted H*- Sobolev norms involving 4 derivatives of the
metric § and 3 derivatives of the second fundamental form k.

20involving, locally, the L2 norm of % derivatives of g and % derivatives of k.
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Penrose’s Cosmic Censorship conjectures. We state these in the Complements to
Lecture III.

A proof of the strong stability of the Minkowski space is a long term goal. We
present below a far simpler, yet still very challenging, intermediate, conjecture,
which motivates the subject matter of the next section.

Conjecture (Finite L? - Curvature Conjecture) The Bruhat-Geroch result can be
extended to initial data sets (¥, g, k) with,

R(g) € L?loc)(z) and ke H}loc)(z)'

The L2- Boundedness Conjecture is the most reasonable goal we can aspire to
at this moment in connection with the strong stability of the Minkowski space
conjecture. One might compare it with the proof of local(and global in this case !)
well posedness for the YM equations in R'*3, see [34]. It is however going to be a
lot more complicated to resolve. We might first want to settle for a simpler goal;
to prove well posedness for the system (64) in H2T¢(R®). To simplify a little bit
consider wave equations of the form

G (¢)0a030 = N(o,09), (65)

subject to initial conditions ¢[0] € H?®. Here G*?(¢) is a family of Lorentz metrics
in R'*3 depending smoothly on ¢ in a small neighborhood of the origin and N is
quadratic in d¢. We want to show that the IVP is well posed for s > 2 + €. The
result analogous to this for semilinear wave equations of the form

O¢ = N(¢,09¢)
is very easy to prove?!, it depends only on the Strichartz type estimates of the form:
10| 2o (10,77 xR7) S [1G0]]] 1o () (66)

for any s > 3 + %, n = 3. In particular it does not require that the nonlinear terms

satisfy any special structure such as the null condition.

3.9. Optimal well posedness for quasilinear wave equations. I plan to re-
port here on my recent results obtained in collaboration with I. Rodnianski[42]
concerning the issue of optimal well posedness for quasilinear wave equations. Mo-
tivated by quasilinear wave equations of the form (64) and (67), we consider the
simplified model equation in R**', n > 3 of the form,

8¢ — 9" ($)9:0;¢6 = N(¢,00) (67)
with NV a smooth function quadratic in ¢. The classical local existence and unique-
ness results, based on H?®- energy estimates and the Sobolev embedding theorem,
show that (67) is locally well posed in the Sobolev space H® for any s > & + 1. The

H? energy estimates, obtained by standard integration by parts and commutator
lemmas, take the form

@)l e < M(llgollers + ll¢1llr=-1)

21This result turns out to be optimal, in general, according to the well-known counterexample
of H. Lindblad, [49]. His results shows that local well posedness fails for H*® data, s < 2, in
dimension n = 3.
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with M depending continuously on the integral fot |0¢||Ls. The Sobolev estimate
109]|L>~ < c||¢l|gs for s > % + 1 allows one to conclude that for sufficiently small
time ¢ we can bound the right hand side of the above inequality purely in terms
of ||o||zrs + [|¢1||rs—1. These local apriori estimates, for s > % + 1, can easily be
turned into a local existence and uniqueness result.

The crucial quantity fot |0¢| 1z could be better controlled with the aid of Strichartz
estimates (66). This leads to the gain of § derivatives mentioned above.

In the quasilinear case the metric g”/ depends on the solution ¢ and can therefore
have only as much regularity as ¢ has. Thus one needs to address the problem of
proving the Strichartz estimates for linear wave equations Oy¢ = 97 — ¢0,0;¢ =
0 with rough coefficients. The conditions needed for the coefficients g of the
linearized wave operator O, have to be consistent with the dependence on ¢ of
the nonlinear coefficients g%/ (¢) in (67). In view of the expected boundedness of
the Sobolev norms ||¢||gs we may assume?? that the norms ||g||y- are bounded.
Moreover, as the H® norm of a solution of the quasilinear problem (67) at time ¢
is controlled by the H® norm of the initial data as long as fot |09z is bounded,
we can inductively assume that the metric g% = g% (¢) satisfies also the condition
fot 10gllr= < Bo. In view of our experience with Strichartz estimates in flat space
we do not expect have direct access to the norm of [[0¢||L11e but, locally in time
this can be controlled by the ||0@|| 2. Thus, to close the argument and derive
an improved local existence and uniqueness result for (67), we need to prove the
boundedness of H® norms as well as a local L7 LS° - Strichartz estimate for solutions
¢ to the linearized wave equation Oy¢ = 0.

Historical remarks: The first important work concerning Strichartz type estimates
for solutions to Oy¢ = 0 with rough ?* coefficients is due to H. Smith [60]. He
showed that the standard Strichartz estimates hold for equations with C*! coef-
ficients. However the C''!' condition is too strong for applications to quasilinear
equations. Moreover some important counterexamples of H. Smith and C. Sogge[61]

showed that the standard Strichartz estimates fail if the coefficients are rougher than
chHL.

This was the situation before the important breakthrough of H. Bahouri and J.-Y.
Chemin. In [1] they showed that some weaker form of the Strichartz estimates still
survive for equations with coefficients rougher than C'', compatible with appli-
cations to quasilinear equations. Namely, they were able to establish a Strichartz
estimate with a loss

10¢ll 20 S YOI, 54140 (68)
for solutions to the variable coefficient wave equation Ogt) = 0, with coefficients
verifying assumptions of the type discussed above. As long as the loss o < % such
an estimate can be applied to prove a local well posedness result for the quasilinear
problem considered here, stronger than the classical one. The results of H. Bahouri

22These are typical bootstrap assumptions.
23For C'*® metrics the Strichartz estimates were proved by Kapitanski[25] and by Mockenhaupt-
Seeger-Sogge [52].
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and J.-Y. Chemin are based on Strichartz estimates with a loss of o > i for the
linearized problem Oy = 0 where the metric ¢ satisfying conditions of the type
discussed above. Later, D. Tataru[72] showed that the loss?* in the Strichartz
estimate can be improved o > &. In fact [72] provides the precise relationship
between the smoothness of the metric, below C'!, and the corresponding loss in
the Strichartz estimates. Recently H. Smith and D. Tataru[62] have shown that
these results are also sharp and therefore there is no hope of improving Tataru’s

results based purely on linear theory.

Both the results of Bahouri-Chemin and those of Tataru are based on two major
ingredients.

a) Paradifferential Calculus: Consider the dyadic projection operator Py, corre-

sponding to a cut-off relative to the spatial frequencies 3 < [¢] < 2\, A € 2N, Let
¢ = ¢ = Pyx¢. We have ¢ = Yoy Ox. If ¢ satisfies the quasilinear wave equation

(67) then ¢* verifies the equation
Ogere 0™ = =070 + 92,.0:0;¢* = RY, (69)

with g<ie = Eu<>\a P,g, 0 < a <1 and Ry an easy to control error term. The

original idea of Bahouri-Chemin, later refined by Tataru, was to prove a Strichartz
estimate, without losses, for (69) in a frequency dependent time interval I of size
|In| < AL72. It is this loss in the control of the size of the time interval I which is
respounsible for the loss of differentiability of (71).

b) Parametriz based proof of the Dispersive inequality: As we know the major
hard ingredients in the proof of Strichartz inequalities are the energy and dispersive
inequalities. Both Bahouri-Chemin and Tataru use a parametrix construction?® for
solutions to the approximate linearized equation (69). They derive the disper-
sive inequality for the explicit form of the approximate solutions, provided by the
parametrix construction, using the method of stationary phase.

c) Fikonal equation: A major ingredient in both methods is the construction of
solutions to the eikonal equation,

uj — ggmaiuaju =0, u(0,z,8) =x - & (70)

as well as associated transport equations.

In [30] T have developed a different, more geometric approach, to the proof of
the dispersive inequality for the equations (69) based on a modification of the
vectorfields method discussed in Lecture I. Recall indeed, see proposition (1.9), that
we were able to prove the dispersive inequality without any explicit representation

24The immediate consequence of these results is local well posedness for the quasilinear problem
(67) in the space H® with s > %+%+%,ifn23,ands> %Jrgforn:Z.

25Bahouri-Chemin use a standard progressing wave approximation while Tataru uses a
parametrix based on the FBI transform.
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of solutions, just the commutation properties of the standard wave equation with
the scaling, boosts and angular momentum vectorfields. To implement such a
strategy for quasilinear equations of the type (69) we would like a similar family
of Killing and conformal Killing vectorfields for the metric g<x= This is, of course,
not possible; a general metric does not possess any symmetries. The best we can
do is to construct vectorfields whose deformation tensors are as small as possible.
In [30] I have outlined how to make such a construction based on the same eikonal
equation (79) but with different initial conditions, corresponding not to a family
of null hyperplanes as before but on a family of outgoing characteristic cones with
vertices on the time axis. This direct geometric approach had allowed me to recover
the Tataru’s results for quasilinear wave equations in dimension three.

By using a similar geometric approach as in [30], recently Rodnianski and I, [42],
were able to improve the well posedness results of Bahouri-Chemin and Tataru by
taking into account the nonlinear character of the equation (67). We do not simply
prove a Strichartz estimates for solutions of O,¢ = 0 with bounds on ||g||#- and
109l i .5, we make use in an essential way of the fact that the coefficients g/ (¢)
of the equation (67) verify themselves an equation of the type Ogg;; = N with N
depending only on ¢ and 0¢.

Our main result is included in the following theorem.

Theorem 3.10. The quasilinear initial value problem (67) in R3*L is locally well
posed in H** for s, > so =2+ 2_2—‘/3 Namely, for any initial data ¢[0] € H** there
exists a sufficiently small interval [0,T] with T = T(||¢[0]||mr=~) such that problem
(67) has a unique solution ¢ € C([0,T], H®) N C([0,T], H**~1). In addition, ¢
satisfies a Strichartz type estimate

109112

[0,7]

re ST 7|9[0] are- - (71)

Moreover we believe that, with a relatively small modification of the proofs in [42],
we now have all the tools needed to show that the Einstein equations?® are locally
well posed in H2T¢,

3.11. Sketch of the proof of Theorem 3.10. After a series of reductions, which
are now canonical(see the complements to this lecture), we can reduce the proof of
the Theorem to the following situation:

Assume given a family?"the of Riemannian metrics hf‘j (t,x)dz'dr’ defined on a
time slab I, x R® with Iy = [0, %], t. < A® verifying the following conditions

26in a specific gauge such as wave coordinates.

27The metrics hy are in fact the rescales of g<xe appearing in (?7), more precisely we have
h,)\(t, .Z') = g<ia ()\_lt, A_ll').
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||81+mh>\||L}ALg° <A raimiy, (72)
1 ™Al pe S A2, (73)
”a1+mh)\”L?§L? < )\—1+%—(1—a)m, (74)
|I8§+m(32h>\)IIL;-;L§ < )\—1+%—(1—a)m, (75)
||am|jh>\h)\||L}AL;° SATBro=lmam, (76)

Here Oy, = 87 —h% 9;0; We need to prove the following decay estimates for solutions
to the covariant wave equation

Op, v =0 (77)
where Oy, ¢ — ﬁaﬂ/det hy O + ﬁ@i(h?\/det hx 0j)

Theorem 3.12. Assume 1) is a solution of (77) in [0,t.] x R, t.A* with initial

data [0] supported in a ball of radius % centered at the origin in physical space.

Assume that the metrics hy verify (138)—(142) with a < —1 4 /3. Then, for all
t € [0,t.],

10¢ ()l < (14 )7 [0l e (78)

The proof is based on a curved spacetime analogue of Proposition 4.11 discussed in
the Complements to Lecture I. Before stating it we need to make some definitions:

Definition 3.13. A null pair consists of two vectorfields L, L, verifying
H(L,L)=H(L,L)=0, H(L,L)=-2.

A null frame, associated to the null pair L, L, consists of 4 linearly independent
vectors ey, es,es = L,es = L verifying

H(ea,L)=H(ea,L) =0, H(ea,ep)=0ap, for A=1,2

Definition 3.14. The optical function®® u is defined to be the unique forward
solution to the eikonal equation

H%9,udsu=0, or Owu=|Vul, (79)

with the boundary condition u = ¢ on the time axis. The 2-surfaces of intersection
between the level hypersurfaces ¥; of the time function ¢ and the level hypersurfaces
Cy, of u are denoted by S; .

Definition 3.15. Given such u we define a canonical null pair as follows:

L=T+N L=T-N (80)

281n what follows we drop the labels A from hy. We denote by H the spacetime metric
—dt® + h;jdrid’ .
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where,

hij 8]' u
[Vl
Observe that T+ N are the generating normals of the null cones C,. We can
complement L, L to create a null frame spanning the whole tangent space. This
can be done by choosing an arbitrary orthonormal frame e4 on St ,, = C,, N X;. We
rewrite the full null frame e;,ey,e3 = L,eq = L.

T:@t, N =—

0;.

We also introduce the following:

i) Energy-momentum tensor: Qas = 0031 — £ Hog(H" 8,000,¢)

ii) Modified energy-momentum tensor: Qu.z = Qas + (n — 1)t1pds9) — nT—1¢2
iii) Modified Morawetz vectorfield: We set K = 1(u?L + u?L) with u = 2t — u.
iv) Modified deformation tensor: 7= g —4tH

v) Conformal Energy:  Qo[v](t) fz Q(K, o))

vi) Full Conformal Energy: Q[v](t) = Qo[¥](t) + Qo[0i](t) + Qol024](t)

vii) Null components of @: The components of @) relative to a null frame are
given by:
Qaa = (Dat))?, Q34 = |VVI?, (81)
Qss = (D3y)?, Q34 = D3V 40, (82)

Qua=Dab¥yt,  Qup = V40Vt + 5(DstDaty — [VoP)oan.  (83)

viii) Conformal energy density Using vii) we easily calculate:

QUE, O] = § (4 (Dab)? +w?(Ds)? + (” + ) VYP)

The proof of theorem 3.12 can be reduced to the following;:

Theorem 3.16 (Boundedness Theorem). Under the same assumptions as in the-
orem 3.12 we have,

Q(t) S 2(0).

We sketch below some of the main ideas in the proof of the boundedness theorem.
We restrict ourselves to a discussion of the boundedness of Q.



32 SERGIU KLAINERMAN

Step 1. Introduce the quantity

Eoly](t) = /Z (w*(Dayp)” + u* (Ds)* + |V * + %) < Qo[ (D). i)

By a simple comparison theorem, similar to part iii) of proposition 4.11, we show
that

EW](1) S Qolv](2) (85)

Step 2. The key ingredient in the proof theorem 3.16 is the following curved
spacetime version of the generalized conformal identity of proposition 4.11 discussed
in the complement to Lecture 1.

Proposition 3.17 (Generalized conformal identity). Let 1) be a solution to Opt) =

0. Then,
1
/ P*O,(t).
[to,t] xR3 (86)

QI = Qi) ~5 [ @

n—1

Step 3. To prove the boundedness theorem we need to control f[to f xRS Qaﬁﬁ'ag.
Expanding relative to a null frame, we have

1 1 1
Q%P 7s = ZQ4477'33 + ZQ3377'44 + 5@3477'34
— Q34744 — QuaT3a + QaBTaB

We need an estimate of the form,

/[t . RSQaﬁfraﬁ S A sup/ (u?(Dg1h)? + u*(Ds)? + u? |V |? + ?)

[to,t] /3,
= X €sup 80[1/1](7') 5 A™¢ sup QUWJ](T)
[to,t] [to.t]

with an arbitrary € > 0. Consider in particular the term,

/ (33744 2/ | D3t)|* Taa
[to,t] xR3 [to,t] xR3

To obtain the desired estimate we need,
|Taa(T, )] < wrTIATe
In other words 744 must be very small in the wave zone |u| << ¢. In fact, to

estimate most of the terms in f[to f xR Q8 Tap We need the following estimates for
the modified deformation tensor 7 of K:

Proposition 3.18. The null components of the modified deformation tensor of K
verifies the estimates:
|[Taal S w771 |Taa| SWPATTH,

|Tas] < u?AT T |Raal < uPATTT
|Taa] Suud™ 7', |7ap| <WPATTT
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Step 4. The estimates above would take care of all but the term

1
— / #Dsp Dy, with 7 =0Pa4p
[tg,t]XRs

2
To estimate this term we have to use an integration by parts argument which would
bring in D47 and Y7 for which we need similar estimates as those in proposition
3.18.

Step 5. We need to prove the asymptotic estimates of proposition 3.18, as well
as similar ones for D47 and Y7. This relies on tke analysis of the eikonal equation
(79). Indeed it is easy to see, by a straightforward calculation that 7@ depends on
the second fundamental form & of the time foliation ¥; and, more importantly, on
the Hessian D?u. Since kij = —%athij we have a very good control on k. The
hessian of u, on the other hand, verifies a Ricatti type equation of the form,

Dr(D?u) + D*u - D*u = R(L, L)
with R(L, L) represents the components of the curvature tensor Rng,s twice con-
tracted with L. At a first glance it looks as if D?u has the same differentiability
properties as those of the curvature tensor R. Moreover to estimate D?u at some
time ¢ we need to integrate R(L, L) on a geodesic generator of the null cones C,.

Thus, in view of the assumption (138), since R depends on two derivatives of h, it
seems that the best estimate we can hope to get is

t
ID%u(®) |1~ < / 0%h(r, )| dr
0

< )\—2(1—&)

~

Arguments along this line would only give the optimal result obtained by Tataru.
To do better we have to make use of the nonlinear assumption (142). The ability
to make use of that assumption is the crucial advantage of our geometric method.

To do this we need to decompose D?u relative to our canonical null frame. This
can be done by introducing the quantities:

1
xaB =< Dgjeq,ep >, na = 3 < Dgeq,eq > (87)

Also, set,

bt =0 = |Vul
We also split xap into try = 5ABXAB and traceless part xap. They satisfy the
following equations:

L(b) = —bknn, (88)
L(try) + %(trx)2 = —|X|? — knntrx — Rua, (89)
Daxas + %(trX)XAB = —kNNXAB — QAB, (90)
Pana + %(trx)m = —(kBn +nB)XaB — %(trx)kAN - %BA,- (91)

where aap = Rasps, & = 6*Baap and f4 = Rausp. If we try to estimate try,
X, n from their corresponding transport equations (89), (90) and respectively (91)
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we run into precisely the same difficutlies mentioned above. We circumvent these
difficulties using the following two ideas:

Idea 1 Observe that the curvature term R4y appearing in the transport equation
for try has a special structure. In fact we have,

Lemma 3.19 (Remarkable decomposition). The R4y = eferR,“, component of the
Ricci curvature admits the following decomposition:

1
Ry = L(2) — EeZ es0,H,, + Error, (92)

with the functions z and Error obeying pointwise estimates |z| < |0H| and |Error| <

(OH)?.

In view of the Lemma we can rewrite the transport equation for try as follows:

Proposition 3.20. Let y = try — % with s = t — u and the functions z and error
as in the Lemma above. Then,

1 2 1 )
Liy+2)+trx(y+2) = S+2)°+22-52" =[x

1
— knntry + geZefthHW — Error,

Idea 2: The equation for y + z seems substantially better then the one for try.
Unfortunately one can not do the same trick for y and n. Moreover the equation for
y + z is itself coupled with the transport equation for x. To solve this problem we
appeal to an entirely different geometric equation, namely the Codazzi equations
for x. This has the form,

. . 1
(divx)a + XaBkBN = §(Y7AU“X + kantrx) — Rpaan (93)

Observe that the equation divx4 = Fa is an elliptic Hodge system on the surfaces
St u- Using the coupled system between the above transport equation for y + z and
(93) we derive estimates of the type:

2
[try — =] < A°°
s
x| SA®
with

(L2

a=1——.
2
This is a lot better then the estimates by A~2(1=%) obtained before.
Remark 3.21. We have a similar approach to treat n. The idea is to obtain a
divergence -curl system for i coupled with a transport equation which is similar to
the one for try.



NONLINEAR WAVE EQUATIONS 35

Remark 3.22. The idea of using coupled elliptic Hodge systems with favorable
transport equations appears, in a very different context in [12], in connection with
the global stabilty of the Minkowski space.
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4. COMPLEMENTS TO LECTURE I

The important nonlinear wave equations such as Yang -Mills, Wave Maps and
the Einstein equations have fundamental symmetries intimately connected to their
geometric character. An in depth knowledge of Differential Geometry, in particular
Lorentzian Geometry, is as at least as important in the study of these equations as
Harmonic Analysis. In what follows we shall investigate the relationship between
the conformal structure of Minkowski spacetime and estimates for the wave equation
(1). In particular we shall use the generalized energy estimates discussed below in
Lecture III. I assume some familiarity with basic notion of differential geometry,
such as Lie and covariant differentiation as well as the curvature tensor.

4.1. Conformal structure of Minkowski spacetime.

Definition 4.2. Consider a spacetime (M, g), i.e.a Lorentzian manifolds with g
a Lorentz metric of signature (—1,1...,1).

A diffeomorphism ® : i/ C M — M is said to be a conformal isometry if, at every
point p, ®.g = A2g, i.e.,

(@*9)(X,Y)]p = 9(B: X, @.Y)|a(p) = A2g(X, V)],
with A #0. If A =1, & is called an isometry of M.

Definition 4.3. A vector field K which generates a one parameter group of isome-
tries, respectively, conformal isometries is called a Killing, respectively, conformal
Killing vector field.

Let K be such a vector field and ®; the corresponding 1-parameter group. Since
the (®;). are conformal isometries, we infer that £xg must be proportional to the
metric g. Moreover Lxg = 0 if K is a Killing vector field.

Observe that C' has the important property of being conformal invariant with re-
spect to a conformal isometry.

Definition 4.4. Given an arbitrary vector field X we denote (X)7 the deformation
tensor of X defined by the formula

(X)Wag = (ﬁxg)aﬁ = DQXB + DBXQ .

The tensor (X)7 measures, in a precise sense, how much the diffeomorphism gener-
ated by X differs from an isometry or a conformal isometry.

Proposition 4.5. The vector field X is Killing if and only if X7 = 0. It is
conformal Killing if and only if ) is proportional to g.

To prove the “if” part we can choose local coordinates %, 2!, ..., 2" such that X =

8%0. It then immediately follows that, relative to these coordinates, the metric g is

independent of z°.
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Proposition 4.6.  On any spacetime M there can be no more than %(n+1)(n+2)
linearly independent Killing vector fields.

The spacetime which possesses the maximum number of Killing and conformal
Killing vector fields is the Minkowski spacetime. Let us review its associated isome-
tries and conformal isometries.

Let x* be an inertial coordinate system, positively oriented, we have:

1. Translations: for any given vector a = (a°,al, ....,a") € M,

* — " + a*

2. Lorentz rotations: Given any A = A? € O(1,n),

t — Abz”

3. Scalings: Given any real number A\ # 0,

" — Azt

4. Inversion: Consider the transformation z# — I(z*), where
M
(z,2)

defined for all points € M such that (z,x) # 0.

I(z") =

The first two transformations are isometries of M, the group generated by them
is called the Poincare group. The last two type of transformations are conformal
isometries. the group generated by all the above transformations is called the
Conformal group. Let us list the Killing and conformal Killing vector fields which
generate the above transformations.

i. The generators of translations in the z* directions, u =0, 1,...,n:
0
o e
ii. The generators of the Lorentz rotations in the (u,v) plane:
Ly, =2,0, — 7,0,

iii. The generators of the scaling transformations:

S =2"0,
iv. The generators of the inverted translations:
0 0
Ky = 2%(#@ - (mp%)@
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Theorem 4.7. Any conformal Killing vector field in M"1, for n > 1 is a linear
combination, with real constant coefficients, of the vector fields T,L,S and K. If
n =1 all conformal vector fields are given by the formula

f+2x)(0r + 0z) + g(t — ) (O — Ox)

where f,g are arbitrary smooth, functions of one variable.

4.8. Generalized energy estimates. Consider the wave equation O¢ = 0 in the
flat Minkowski space R**! and its associated energy meomentum tensor,

Qus = Qusld] = 0adDs6 — Smas(m™ 0,60,0).

Proposition 4.9. The energy momentum tensor is symmetric and divergenceless
i.€.,

9°Qap = 0.
Also, for any future, timelike, vectorfields X,Y we have Q(X,Y) > 0.

Proof The first two statements are obvious. To check the third consider, at any
point, a null pair?® L, L spaning a plane containing X and Y. Thus X,Y are linear
combinations of L, L with positive coefficents. The positivity is then an immediate
consequence of the following simple but important calculation,

Q(L,L) = L(¢)* (94)
Q(L,L) = [Vof (95)
QL) = L(¢)? (96)
where |Yo| =3 4 lea (#)|? with (e4)a=1,.. n—1 an orthonormal frame spanning the
orthogonal complement of L, L. [ |

Let X be an arbitrary vectorfield and consider the spacetime momentum vector-
field associated to it P, = QQBXB. Using the symmetry and the divergenceless
properties of @ along with the definition of the deformation tensor 7 = (X7 we
infer that,

1
0. P% = §Q“B7ra5.
Thus, if X is a Killing vectorfield, we have d,P® = 0 which leads by integration to

the familiar conservation laws. Thus, in particular, if we integrate in the spacetime
slab [to,t] x R" we derive,

PN Yto
with 0; playing here the role of future oriented unit normal to the spacelike hyper-

surfaces Y;. Taking X to be also the Killing vectorfield d; we derive the familiar

29two future directed linearly independent null vectors L, L verifying < L, L >=< L, L >=
0 and the normalization condition < L,L >= —2.
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law of conservation of energy

Q(atyat)dl' = Q(E)t,c‘)t)da:

Xt Yto

with Q(0;,0;) = %(|8t¢|2 + >, |8i¢|2> the usual energy density. The laws of

conservation of linear and angular momentum are also included in (97) by choosing
X:@i OI'X:LZ'J'.

If instead of integrating the identity 0*P, over the slab [0,7] x R" we integrate
over the future domain?°,

D={t)/|lt—y|<T—t, to<t<t1 <T},

we derive the conservation law,

Q(X,0,)de + / Qx.L)= [ QX 0)de (98)

Y4 C(to,t1) PP

where C(to, t1) is the exterior boundary of D, L = 8;— ), (lg; 7; | 0; the null vector-

field normal®! to the incoming null hypersurface C and the flux fC(to t) Q(X,L) =

f:ol dt fSu,i Q(X, L), with S, + the sphere of intersection between C, and ¥;. In the
particular case of X = 9; both the energy integrals on ¥; and the flux are positive
which leads to a simple proof of the domain of dependence properties of the wave
equation.

The procedure outlined above, leading to (97), can be extended to conformal Killing
vectorfields.

Proposition 4.10. Let Qqp = Qap[d] the corresponding energy momentum tensor
to a solution of d¢ = 0. Let X be a conformal Killing vectorfield, i.e. 7 = (X)g =
Lxm = Qm, and trr = m*Pr,5. It is easy to check that OQ = 0; in fact, in the
particular case of X = Kg, ) = 4(n + 1)t. Let

n—1

Py =QupX’ + —— St D)

trrpOn ¢ — Ou (trm) 2.

4( + )
We have,
0P, =0.

Applying the proposition to the conformal Killing vectorfield X = K := K, and
integrating the corresponding divergence free equation on a time slab [to,t] x R"
we infer the following?>2

30or domain of dependence
3lin the sense of the spacetime Minkowski metric
32Part i and ii of the proposition are due to C. Morawetz [?]. For part iii see [?], pages 310-313.
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Proposition 4.11. Let Q(Ky,To) = Q(Ko,Tp) + (n — 1)t — 25>

0; the unit normal to Xy and ¢ a solution to O¢ = 0.
i.) The following conformal conservation law holds true,

Q(Ko,To) = Q(Ko,To)
P PP

ii.) Moreover we have,

2, with TO =

(99)

[ Quo,m) = : (/E (L9 + /z AR /E UQMV) (100)

where L=0,+0,, L=0;—0,,u=t—7r,u=t+r and uL'(¢) = uL(¢p)

ul'(¢) = uL(¢) + (n — 1)¢.

iii.) Also, if n > 3, there exists a constant ¢ > 0 such that,

zta(’“’TO)Zc(/zt *(Lg)? / 262 + 1) Vol + /zt“z@‘f’)”‘f)

Definition 4.12. We introduce the following norms:

E[g)(t) = |6(t)[?

P

Q[8](Ko, Tp)

P

Qlel()

+ (TL— ]‘)st

101)

o = [ (u2|L¢|2+2(t2+r2>|w|2+u2|L¢|2+|¢|2)

We introduce also the higher order norms:

El(t) = Z Z [y, Ti 0] (2)
j=0 T

Qs[¢](t) = Z Z Q Q10 l]¢]()
j=0 Ty

with I" any of the vectorfields

S =t0; + Zmﬁ,, L; =x;0: + t6i, Qij = l‘iaj — T

Remark 4.13. Observe that
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4.14. Decay Estimates. It is well known that solutions of the free wave equation
O¢ = 0, in R**!, decay in the uniform norm like t="2" as t — oo. Moreover
the decay is faster away from the outgoing characteristic directions. This type
of information can be derived from explicit representation of solutions in physical
or Fourier space. The goal of this section is to show how such information can be
obtained without using explicit representation, just the generalized energy estimates
discussed in the previous section.

Consider the canonical null pair F+ = 0; £ 0, as well as the angular vectorfields,
A; = 0; — £0,. Clearly,

D 14idl SIV9l S D1 4idl
. Also,
0,61 + > 40| S D] S 10,0+ |Aigl

We can also easily check the following simple algebraic identities,

1
5((t +r)E +(t-r)E-) = S
1 ZT;
€T Zj
tA; = Li— =Y ZLIL;
2 Z af
tQij = xiLj — iji

From the first two identities we easily derive,

1B,6(t, ) £ 1 T9(t,)

|E—¢(t, z)| S ITo(t, z)| (102)
|t = J=l|
with |Dg| = |S6| + Lo
1
Vet 2)| S 7ITe(t2)]. (103)
Clearly, we also have,
1
0¢(t, z)| < ITo(t, z)|
|t = I=l]
or, more generally,
OV o(t, )| < Ww%(t,xn (104)
— |z

where [TV @| = Y |Ty ...Tn¢| with Iy, ..., Ty any of the vectorfields S, L1, .. . L.

Combining the above inequalities with the definition of our norms we derive
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HE oz S Ei(e)?
VoDl < Ei)*
luB_¢(t)llr= < Ei(e)*

We are now ready to prove the following:

Proposition 4.15. Let O¢ = 0 with initial data verifying the assumptions above.
Then, for all t > Ao, s > 3,

Iz~ $ (5)°F B0 (105
10+ Do 6Dl S (3) T Farlol(t)® (106
Also,
1B 6@ S (5)F Euralol(o)?
1760z~ S (5)F Eenlolo)}
10+ BB gl < ()7 Bannlpl)}

The proof is based on the following Lemma,

Lemma 4.16. Let u(x) be a smooth, compactly supported function on R*, n > 2.
We have,
1
lu(z)] < C—e <||87"U||L1 + II(rV)"_I(?TUIILl) (107)

— |x|n71

As an immediate corrolary to the Lemma we deduce the following:
1 n—1
k
u(@)| < O k; 16- 2"l (108)

with QFu representing all derivatives of the form Q... Qgu, with Q; the angular
momentum vectorfields ; =€;;i ;0,. We now apply the inequality (108) to the
function u(z) = ¢?(t, x), for some fixed ¢.

1 n—1 ) )
6(t,2))* < WZ ST I e 1097 6(t)]| 2

k=0 i+j=k

L5,

|m|n—1 n

N
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from where we infer that, for [z| > £,

t

.15 (7) " b (109)

Consider now the region |z| <
|z| <1 with x(z) =1if |z| <
Sobolev inequality,

. Let x be a test function supported in the region
. Apply to the function u(z) = x(z/t)¢*(t,z) the

VNI

u(2)] S [|D™ul|L1-
Thus, for |z| < £, taking into account (104) and then (31),

ot 2)* S D IDX@/D)llew 1D SO L2 (i<t - ID OO L2 (pai< )

it+j+k=n
S tIIIe)e - ¢ FITR Sl
it+jt+k=n
S tTEnd]
Therefore,

1\2 1
sup lo(t, )| S (7)) BA
lz|<3

which together with (109) proves that
n—1
1\ 2 1
le@liz= < { 7 E>[¢]

as desired.
To prove Lemma 4.16 we write, in polar coordinates = r¢ with ¢ € R* !,

w(ré) = — / ¥ ou(0E)d

Hence,

1
u(ré)|do oru(y)|dy.
[ oot < 2 [ ol

On the other hand, using the Sobolev inequality on the unit sphere ™71,

@) < e (It lusisn sy + 10T ur s ) )
which combined with the inequality above proves the desired result.
Definition 4.17. Let ¢, be two smooth functions on R**!. We define,

Qo(9,v) m®? 9,01
Qa5(¢a¢) = 805(]586'4[}_8&'9[}85(]5
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In what follows we will estimate the null quadratic forms Qo(¢, ) and Q;;(¢, )
by using the decay estimates established before and appropriate decompositions of
the null forms in the spirit of [28]. Assume that O¢ = Oty = 0. Consider the null
form Qo(¢, ) and write it in the form,

Qol6,0) = ~5(Bs- B+ Eop E9) + V6 T

Now, in view of the results of Propositions 4.15,

1Qo(®, ) )ll> < % <||E+(¢)(t)||Lw 1E-()(®)] >

AN

+

IIE(¢)(t)||Loo||E+(1/J)(t)||Lz> + 1Yo @) Lo IV ()]l 22

n+1

S (%)TEnHW]%ElW]%

Similarly, to estimate Q;;(#,v) we write 0; = A; + %Br. Therefore,
x; xj
Qij (9, ¥) = AipAjb — AjpAip + ar(z)(?ZAjd) - TJAi)ff?
Thus taking into account the third formula in (32) as well as (31) we deduce the
same type of estimate for Q;;.

5. COMPLEMENTS TO LECTURE II

5.0.1. Wave Maps. A wave map from the Minkowski space-time into a Riemannian
manifold (M, g) is a map ¢ : RI™" — M which is a critical point with respect to
compactly supported variations of the Lagrangian

Llu] = 1/ < du,du > dtdz,
2 R1l4n
where < du, du >= EZ:O dab 9ab0,u0"u’ in local coordinates on M. The Euler-
Lagrange equation for this variational problem is exactly of the form (WM), in
local coordinates on M, with ['[ . the Christoffel symbols of M in the local chart
and N = dim M (see, e.g., Shatah-Struwe [58]).

5.0.2. Mazwell-Klein-Gordon Equations. In the following discussion, the summa-
tion convention is in effect. Greek indices are summed from 0 to n, roman indices
from 1 to n. Recall that indices are raised and lowered relative to the Minkowski
metric m,, = diag(—1,1,...,1). For example, O = 9#9, and A = 979;. We
denote by ¢ the imaginary unit.

The unknowns of the equations are a one-form A, dz* (the gauge potential) and a
scalar ¢, both defined on the Minkowski space-time:
Ay R SR,
é: R - C.
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The electromagnetic field is the two-form F,, = 0,4, — 0,A,. The covariant
derivative relative to the gauge potential is

D,p=0,0+iA,0.

We are looking for critical points of the Lagrangian

L[A,, 9] = /RH" <—3F,WF‘“’ - %Dmp—mz)) dt d.
The corresponding Euler-Lagrange equations are
" Fu = —S(oDy), (MKGa)
D*Dyu¢ =0, (MKGb)

where 3z denotes the imaginary part of z.

Let x be a real-valued function on R"*", and consider the transformation (4, ¢) —
(A, ¢) given by

Ay =A, —0ux,

b = eXg.

Clearly, the electromagnetic field is left unchanged by the gauge transformation
A, = A,, and a simple calculation reveals that if (4, ¢) verifies (MKG), then so
does (A, ¢) (keep in mind that D, depends on A,). This gives an equivalence
relation on the set of pairs (4, ¢) verifying (MKG), and by a solution of the latter,
we understand an equivalence class of such pairs.

Thus, we have gauge freedom; i.e., we are free to choose any representative of a
given solution (equivalence class), and we may stipulate a condition that the gauge
potential should satisfy. The traditional gauge conditions are:

e Lorentz: O"*A, =0,
e Coulomb: &7 4; =0,
e Temporal: Ay = 0.

(MKG) in Lorentz gauge. Coupling the Lorentz condition with (MKG) yields the
system

OA, = —S(¢0,0) + 9> Ay, (110a)
O¢ = —2iA*0, ¢ + A A, ¢, (110Db)
0"A, =0. (110c)
Now observe that if (A,,¢) satisfies (110a) and (110b) with initial data
Ayli=o0 = ay, Ot Aylt=0 = by, (111a)
Plt=0 = oo, B Pli—o = 1 (111b)

satisfying the constraints

bo = 6j(lj, Aao — |¢0|2(I0 = 87bJ — %(gboal), (].].2)
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then (110c) is automatically satisfied. For by (110a) and (110b), u = 9*A,, solves
Du = [¢[*u,

and by (111a) and (112), u|t=o = O:u|t=0 = 0. By uniqueness of solutions, u = 0.

Thus, (110c) is equivalent to the constraint (112) on the initial data, so we are

left with (110a) and (110b). Therefore, (MKG) in Lorentz gauge is schematically

of the form Ou = udu + u®. Unfortunately, generic equations of this type do not

have good local regularity properties, so the Lorentz gauge is not very useful for
our purposes.

(MKG) in Coulomb gauge. Coupling the Coulomb condition with (MKG) gives

AAy = =S (¢0:d) + |8]* Ao, (113a)
04; = —S(¢9;0) + |¢|* A — 9;0: Ao, (113b)

O¢ = —2iA70;¢ + 2iAg0p + i(0pAo)p + A" A, b, (113c)
0IA; =0. (113d)

Here we have split the gauge potential into its time component Ay and its spatial
component A = A;dz7. We prescribe initial data at time ¢ = 0:

Ajli=o = aj, OrAjli=0 = by, (114a)

Bli=0 = ¢o, Orpli=0 = ¢1- (114b)

No initial condition is imposed on Ap; if we set ag = Aplt—o, then by (113a),
Aap — |¢0|2ao = —%(¢0¢1)-

Equation (113d) is automatically satisfied if the data are divergence-free:
da; =0b; = 0. (115)

For if (Ao, A, ¢) satisfies (113a)-(113c), then u = 87 A; solves Ou = |¢|*u, and if
(114) and (115) are satisfied, then u|t=o = Oru|t=0 = 0.

We are then left with the equations (113a)-(113c). The first of these, being an
elliptic equation, is relatively easy to handle, so we leave it out of our model equa-
tions. The two remaining equations have terms of three types on the right hand
side:

e “Elliptic terms” involving Ag; these are collectively denoted by £.
e Cubic terms in A; and ¢; these are collectively denoted by C.
e Quadratic terms with a null-form structure.

The terms falling into the latter category are —S(40;¢) and —2iA79;¢. We now
uncover the null-form structure inherent in these expressions (due to the Coulomb
condition).

Split ¢ into its real and imaginary parts: ¢ = u + iv. Then
—~3(¢0;¢) = udjv — vdju,
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so (113b) reads, as an equation of (time-dependent) one-forms on R™:
0A = udv — vdu + C — [(OuA)).
Apply d to both sides:
O(dA) = 2du A dv + dC.
But
du A dv = %ij(u, v)da? A dx®,
whence
OFj, = Qj(u,v) + 0C.
The Coulomb gauge condition implies that O Fj;, = —A A}, so we have
—AOA; = 0*Qjx,(u,v) + 0°C.
Thus, modulo Riesz operators,
OA =D 'Q(Re,I¢) +C, (116)
where () is some linear combination of the null forms®? @ ;5. Since the cubic term

C is easier to estimate, we leave it out of our model problem.

Now consider equation (113c). Separating real and imaginary parts, we have

Ou=24-Vuv+C+E,
Ov=-24-Vu+C+E.

(Here we consider A as a vector field by raising its indices; V denotes the gradient
in the space variables.) We claim that the terms A-Vu and A- Vv have a null-form
structure, due to the fact that A is divergence-free (by the Coulomb condition).
Let Bjj, be the unique solution of

ABji, = 0; A, — OrA; (117)
(with appropriate regularity assumptions). By the Coulomb condition,
A Bjr = AAj, which implies 87 Bjj, = Ag. (118)
Thus,
A-Vu=0Byo"u = %ij(u,Bjk).
The above equations for u = R¢ and v = J¢ can therefore be rewritten
OR¢ = Qx(S¢, B*) +C + &,
03¢ = Qjk(B™*,Re) +C + E.

But in view of (117), B is of the form D' A modulo Riesz operators. Combining
this with (116) and discarding the terms C and £ throughout, we obtain a system
of the form (“MKG”), which is our model for (MKG).

33T0 be precise, the j-th component of Q is > RiQjk, where R = D~19*% is the k-th Riesz
operator. Since we work with norms which only depend on the size of the Fourier transform, we
ignore the Riesz operators.
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5.0.3. Yang-Mills Equations. Let G be one of the classical, compact Lie groups of

matrices (such as SO(k, R) or SU(k, C)), and let g be its Lie algebra. The unknown

is a g-valued one-form A,dz" on R'*™. The corresponding covariant derivative is
DyH = 0,H + [Ay, H],

where H is any g-valued tensor field on R'™" and [+, ] is the matrix commutator.

The curvature is the g-valued two-form
Fu = 0,A, — 0, A, +[Au, AV

The Lagrangian is
1
L[A,] = ~1 / < Fyp, F* > dtdz,
where < -,- > is the inner product on g inherited from the ambient space (e.g.,
SO(k,R) embeds in ]Rk2, so its Lie algebra can be viewed as a subspace of the
latter). The Euler-Lagrange equations are

D" F,, =0. (YM)

Let O be a G-valued function on R'*". Consider the gauge transformation 4, —
A,, given by
A, =0A,07" -9,007".
A calculation shows that the curvature then transforms into
F,, = OF,,07",
Denoting by 5u the covariant derivative corresponding to fTu, we then have
DF,, = OD"F,, 0!,
so (119) is invariant under gauge transformations. We therefore have gauge freedom,
and may impose a gauge condition on A,.

(YM) in Coulomb gauge. Relative to the Coulomb condition 87 A; = 0, (119) takes
the form (see [34])

AAO = 2[8j140, AJ] + [Aj, 8tAj] + [Aj, [Ao, Aj]], (1193,)
DA]' + 8t6jA0 = —2[Ak,8kAj] + [A’“,(?]Ak] + [atAo, AJ] + 2[A0,8tAj]
(119b)
- [A[): 6jAU] - [Akv [Ak)Aj]] + [AU> [AO)AJ]];
0IA; =0. (119¢)
Unfortunately, assuming the existence of a global Coulomb gauge forces a restrictive
smallness assumption on the initial data. In [34] this difficulty was resolved by using

local arguments. Following [47], we ignore this complication, and derive our model
equation from the system (119).

As in the discussion of (MKG), (119c¢) reduces to a constraint on the initial data.
The equation for Ay is elliptic, so we ignore it. As for (119b), we only retain the
first two terms on the right, since the other terms either involve Ay (for which we
expect to have better estimates than for A;), or are cubic.
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Now write (119b) as an equation of time-dependent, g-valued one-forms on R™
(ignoring all but the first two terms on the right):
OA +d(0:40) =S+ T,

where A = A;dx?, S = —2[A*, 0, Aj]dz? and T = [A*,0; A)dz?. Apply the exterior
derivative d to both sides:
OdA =dS +dT.

Let B be the two-form (in this case g-valued) determined by equation (117). Thus
OABj, = 0;Sk — OrS; + 0;Ty, — Ok Tj.
By (118), it follows that
~OAA; = 0% (8;Sk — Ok S;j + 0; Tk — WTy),
so for the purposes of estimates in frequency space, we may replace (119b) by

OA =S+ D™ 'dT. (120)

It remains to identify the null form structure hidden in S and dT'. To begin with,
we have

S; = [onBM, 0, A;]) = %[8kBk’ — 9 B™,9,4)]

(OrB™,8,A;] — (8B, 8, A;])

— N =

5 (0xB¥0,A; — 0,BM 0, Aj + 0rA;0,BF — 9,A;0,B*) ,

so each entry of the matrix S; is a linear combination of terms of the form Q4 (A, B),
where A and B stand for any two entries of A; and By;. But by (118), we may
replace B by D~'A. Schematically,

S~Q(A,D'A). (121)

Now consider the one-form T'. We calculate:
(dT)jx = aj[Al,E)kAl] — Gk[Al,ajAl]
= [0, A", 0, A)] — [0 AL, 0, Ay

Thus, each entry of the matrix (dT');; is a linear combination of terms of the
form Q;x(A,A"), where A and A’ stand for any two entries of 4;, 1 < | < n.
Combining this with (121) and (120), we arrive at the model (“YM”) for the Yang-
Mills equations.

6. COMPLEMENTS TO LECTURE III

An important corollary of this result is the following3*:

34This was recently given a direct proof in [40]
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Theorem 6.1. For any assymptotically flat initial data set (X, g, k) with mazimal
future development (M, g) one can find a suitable domain Qo with compact closure
in ¥ such that the boundary D of its domain of influence®® CT(Qg) in M has

complete null geodesic generators>S.

The above Corollary can be used to introduce the concept of complete future null
infinity>7:

Definition 6.2. We say that the maximal future development (M, g) of an AF
initial data set (X, g, k) possesses as complete future null infinity if, for any positive
real number A, we can find a domain Q containing the set {2y of Theorem 1.2 such
that the boundary D~ of the domain of dependence of 2 in M has the property
that each of its null geodesic generators has a total affine length, measured from

D~ N Dy, of at least A.

The unavoidable presence of singularities, for sufficiently large initial data sets, has
led Penrose to formulate two conjectures which go under the name of the weak and
strong cosmic censorhip conjectures.

Conjecture 1 [Weak Cosmic Censorship Conjecture(WCC)] Generic asymptoti-
cally flat initial data have mazimal future developments possesing a complete future
null infinity.

The WCC conjecture does not preclude the possibility that singularities may be
visible by local observers. This could lead to the paradoxical situation of lack of
unique predictability of outcomes of observations made by such observers. The
strong cosmic censorship was designed to forbid such undesirable feature of singu-
larities.

Conjecture 2 [Strong Cosmic Censorship] Generic initial data®® sets have mazi-
mal future developments which are locally inextendible, in a continuous manner, as
Lorentz manifolds.

In more technical terms this means that, disregarding some possible exceptional
initial conditions, the maximal future development of an initial data set is such that
along any future, inextendible, timelike geodesic of finite length®?, the space-time
curvature components, expressed relative to a parallel transported orthonormal
frame along the geodesic, must become infinite as the value of the arclength tends
to its limiting value.

35called also the causal future of

36with respect to the corresponding affine parameter

37This concept is usually defined in the GR literature through the concept of a regular confor-
mal compactification of a spacetime, by attaching a boundary at infinity. The definition given here,
due to [10], avoids the technical issue of the precise degree of smoothness of the compctification.

38Not necessarily assymptotically flat. This conjecture has been often discussed in the context
of comapct initial data sets.

39i.e. bounded proper time.
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6.3. Reduction of Theorem 3.10 to Theorem 3.12. In what follows we de-
scribe the reduction of Theorem 3.10, to which we shall now refer as Theorem (A),
to the proof of the decay estimate of Theorem 3.12 which will be refered as The-
orem (B). The first five steps are now standard, see [2] and especially [72]. The
reduction to the last step is typical to the geometric approach of [29].

6.4. Step 1 Energy estimates. As we have already noted above the energy esti-
mates for our quasilinear wave equation imply that the L[ H? norm of a solution ¢
is controlled by the H® norm of the initial data ¢[0] pr0v1ded that ||0¢|| Ly Lz < 1.

The next proposition is a more precise version of this statement.

Proposition 6.5 (Energy estimate). Let ¢ € C([0,T],H*)NC*([0,T],H*" 1) be a
solution of (67) on the time interval [0,T] for some s > 1 obeying the condition
that ||¢||LF§T]L3° < Ag. Then ¢ verifies the following energy estimate.

19l e < CUIOPl LY pee s Ao)l[@0]]] .- (122)

0,71
Here cosntant C(a,b) denotes the dependence on a,b and H? are the usual homo-
geneous Sobolev spaces.

6.6. Step 2 Reduction to the Strlchartz type estimates. By the Cauchy-
Schwartz inequality, ||8¢||L1 oLy < T= ||8¢||L2 . Thus the Strichartz inequal-
ity (71) and the smallness of the time interval [0 T] can be used to close the energy
estimates in the space H?®+. This effectively yields the desired local well posedness
of problem. Theorem (A) can be then reduced to the following bootstrap argument.

Theorem 6.7 (A1). Let ¢ € C([0,T],H**) N C([0,T], H**~1) be a solution of
(67) on the time interval [0,T], T < 1. Assume that

[@llzgs v + 1002z . L < Bo, (123)

with the constant By < c;'Ag, where cs, is the Sobolev constant of the embedding
H?%< C L*°. Then ¢ satzsﬁes the local in time Strichartz type estimate,

109ll2, , L < C(Bo) T |dllngs 1o - (124)

[0,7]

6.8. Step 3 The dyadic version of the Strichartz type estimate and the
paradifferential approximation. For the purpose of proving the Strichartz type
estimate (124) we may regard the quasilinear problem (67) as a linear wave equation
for ¢ with rough coefficients. It is advantageous to mollify the coefficients and work
with the family of linear wave equations with smooth coefficients dependent on a
parameter. First we introduce functions ¢* obtained by restricting ¢ to the dyadic
piece of frequency ~ A in Fourier space. More precisely, let ( be a smooth function
with support in the shell {¢ : 1 < |¢| < 2}. Here, ¢ denotes the variable of the
spatial Fourier transform. Let ¢ also satisfy the condition ), ., 2k =1, Vee
R¥ /{¥}. Let X be a dyadic parameter A = 2¥ with some k € Z and denote by Py
the “projector”

Puf(z) = fz) = / e = EC(NTE) f(€) d.
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Define also
fax=Sxf=)_ Puf.
50

Theorem (A1) then follows from the following dyadic version of the Strichartz type
estimates for ¢* = Pye.

Theorem 6.9 (A2). Let ¢ be as in Theorem (Al). Fiz a large parameter A. Then
for each X > A, the function ¢* satisfies the Strichartz type estimate

106M 2 | pee < C(Bo) exT™ ~*[|¢l|zsg , bree (125)

[0,T] [0,T]

for constants cx such that Y, ¢ < 1. A similar estimate also holds for ¢<a.

Remark (A2) In the case of the low frequencies, the estimate (125) for ¢<a follows
trivially from the Sobolev inequality.

1
100<allzz, 1o < cT2[|d<all, .
0

[0,7]"=

5 _ 1
.T]H%Jr€ < cAzTT T3 ||¢||LF;.T]HS*’

where ¢ is the norm of the embedding H3+¢(R3) C L>®(R3). Since s, is assumed
to be sufficiently close to s =2+ %(2 —/3) and A is a fized large parameter which
could depend only upon By, we have the desired bound for the low frequency part of

o.

We restrict the attention to the large frequencies A > A. In the next proposition
we show that each ¢ satisfies an inhomogeneous wave equation with the smooth
metric gy, = Sx«g"(S4¢) for any fixed value of the parameter a € [0,1].

Proposition 6.10. Let ¢ be as in Theorem (Al). Fiz the value of the parameter
a, a € [0,1]. Then for each A > A, ¢* verifies the equation

Oyera®® = 070" + 92,.0,0;0* = RS,
PMimo = ¢),  0e M=o = B} -

Furthermore, the Fourier support of the right-hand side RS is contained in the set

{&: XA <€ <4A}, and for all real s > 1 and an arbitrary t € [0,T]
IBAON e < eX*[[BAllLz S C(Bo)X' ™ ex 109 Lo Il - (127)

with the constants cx: Y., c3 < 1.

(126)

6.11. Step 4 Strichartz estimate on the frequency dependent intervals.
This step reduces the proof of Theorem (A) to the proof of the precise 4° Strichartz
estimate for the linearized equation Oy .7 = 0 on small time interval I of size
~ TA~(1=%)_ The loss of regularity in the final Strichartz estimate follows then as
a result of summing these sharp Strichartz estimates over intervals I in [0,T].

Theorem 6.12 (A3). Let A > A and let ¢ be a solution of the linear wave equation
Ogya® = 0 with initial data [0] such that the supp ¥[0] € {3\ < |¢] < 2A\} and
the metric gxe is as defined in Proposition 6.10. Fix the value of the parameter a,

a= % < —1+4 /3. Then there exists a partition { I} of the interval [0, T]

40without losses as in the flat case
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into subintervals I such that the size of each I, |I| < TA~ =) the number of the
subintervals is approzimately \' =%, and on each I, ¢ satisfies a Strichartz estimate
with a fized, arbitrary small € > 0,

1Px 09l 2pee < C(Bo) | [|1[0] ] 2+ (128)

Remark (A3) According to the bootstrap assumption (123) the solution ¢ of the
quasilinear problem verifies the estimate ||8¢)||L[z0 ol < By. It easily follows that

there exists a subpartition {1} of the time interval [0,T], with the total number
of the subintervals I between \'~® and 2X'~% and the size of each I bounded by
TA~(=9) such that on each I we have
_1-a
109]l2pee <A™ 2 [|08]|2 Lo (129)

[0,7]"=

This construction defines the subpartition { I} mentioned in Theorem (A3).

6.13. Properties of the metric gy.. Inequality (128) is the Strichartz estimate
for a solution of the wave equation with variable coefficients (metric) O,_,.% =0
on the frequency dependent intervals I.

The metric g<x« = Sx=g(Sx=¢) depends upon the solution ¢ of the quasilinear
problem. In the next proposition we state the properties of the family g<x= which
follow from the bootstrap condition (123) on ¢ and the construction of the partition
{I} described in the Remark (A3).

Proposition 6.14. Let ¢ € C([0,T], H**)NC'([0,T), H**~') be a solution of (67)
on the time interval [0,T], T < 1. Assume that ¢ verifies the assumption (123)
of Theorem (A1). Consider the subpartition {I} of the time interval [0,T] as
defined by Remark (A3). Then the family of metrics g<xa = Sxag(Sxa9) obeys the
following conditions:

For all subintervals I and all nonnegative integers m

10" ™ g<nallprpe < AT 7T By, (130)
10"+ g<rall gz < A7 2 OBy, (131)
10 ™ gerallzzre < AT HIM By, (132)
182 (0 gxe)llis 1z < AF T By, (133)
107 Dy eseg<rellpipe <A DT By, (134)

The constant By depend only on the constants My and By.

Remark: Observe that by the construction the frequencies of the metric g<xo
are truncated above A® only with respect to the Fourier variable dual to the spatial
variable x. Therefore, each differentiation with respect to x introduces an additional
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factor of at most A\*. However, using the fact that g<x= depends on the solution of
the wave equation, we can make the same conclusion for the time derivatives

Theorem (A3) can be recast! as a result concerning local Strichartz estimates,
on a fixed small subinterval I, for solutions to a linear wave equation with the
background metric g<x. satisfying the estimates of Proposition 6.14.

Theorem 6.15 (A4). Let ¢ be a solution of the linear wave equation
Oyeat) = =070 + ggxa&@ﬂb =0,
1/}|t:0 - 1/}07 at1/]|t:0 - 1/11

on the time interval I of length |I| < A\~ (*=%) with initial data [0] supported on

the set {£ : %)\ < [€| < 2A\} in Fourier space. Assume that the metric gx= verifies

(130)-(134) of Proposition 6.14 with the parameter a chosen such that a < —1++/3.
Let Py be the projection on the set {£ : %)\ < |€] £ 2A} in Fourier space. Then for
a sufficiently large parameter A, all dyadic A\ > A and a fized ¢ > 0,

1Py 0Yll 2 pee < C(Bo) [T1[0]]l 72+ (136)
with the constant C(By) independent of .

(135)

6.16. Step 5 Rescaling. It is convenient to replace the problem (135) by its
rescaled version, so that the support of the initial data has frequencies |¢| ~ 1 and
the time interval I has length < A%.

Translating the problem in time, if necessary, we can assume that the time interval
I starts at t = 0. Introduce the family of the rescaled metrics hy

ha(t,z) = g<ie ()\_lt,A_lw) (137)

42

Proposition 6.14 implies that h) obeys the following estimates on the time

interval?® T = [0,%,] with ¢, < \%:

10 ™Rl g S AT, (138)
L2
107 hxllz2 12 S AR, (139)
a2
109 " Al g S ATHE SO, (140)
a2
102 (02 h)|1oe 2 S AT (mem, (141)
<12
10" By hallpy poe S A~ GO0, (142)
L3

After rescaling Theorem (A4) transforms into

41We can therefore completely forget the origin of the metric g<xa, we only need to know
(130)-(134).

42 According to our convention A < B means A < C-B for some universal constant C. By the
bootstrap assumption all the constants in our estimates may depend on the constant Bgp. Thus
we can treat Bp as a universal constant and, in what follows, replace the dependence on it by <.
In addition, the choice of the large frequency A, as in Theorem (A3), will be determined by the
condition that A < B may be replaced by A < A°B with an arbitrary positive e

43We keep the notation I for the rescaled time interval
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Theorem 6.17 (A5). Let ¢ be a solution of the linear wave equation
Ot = 04 + b 0:0;0 = 0,
1/}|t:0 - 1/}07 at1/}|t:0 - 1/11

on the time interval [0,t,] with t. < \%. Assume that the parameter X\ > A for a
sufficiently large constant A and that the metric hy verifies (138)-(142) with the
parameter a such that a < —1 + /3. Let P be the operator of projection on the set
{¢: 1< €] €2} in Fourier space. Then

1P 0|z S [t°U0%ollez + lI¥nllzz) (144)

[0,t4 ] o
with a constant independent of A in the inequality <.

(143)

Remark: Note that Theorem (A5) does not contain any assumptions on the
Fourier support of the initial data |[0].

6.18. Step 6 Decay estimates. A variation of the standard TT* type argu-
ment, see [29], allows us to reduce the Strichartz estimate (144) to a correspond-
ing dispersive inequality, see (145). In the process we replace** the equation
IZI,M@ZJ = 0 by the geometric wave equation Oy, ) = —\/ﬁaﬂ/det hy Oy1p +

= 0i(h} /et hy 9;4) = 0.

Theorem 6.19 (A6). Let 1 be a solution of the linear wave equation

Op, ¢ = — m \/dethxam/}+\/— h”\/deth>ﬂ¢ =0,

¢|t:0 = ZZJO, at1/1|t:0 = 1/11 (145)

on the time interval [0, t.] with t, < A® and with initial data 0] supported in the set
{¢: % < |€] € 2} in Fourier space. We consider only large values of the parameter
A > A. Assume that the metric hy verifies (138)-(142) with the parameter a such
that a < —1 ++/3. Then for all t < t, and a fized arbitrary small € > 0

1P O (t)|lre S WW[ Izt (146)

We make the final reduction by decomposing the initial data [0] in the physical
space into a sum of functions with essentially disjoint supports contained in balls of
radius % Using the additivity of the L' norm and the standard Sobolev inequality
we can reduce the dispersive inequality (146) to an L? — L® decay estimate.

Theorem 6.20 (B). Let ¢ be a solution of the linear wave equation (145) on the
time interval [0,t.] with t. < A* and with initial data [0] supported in the ball
B% (0) of radius % centered at the origin in the physical space. We fixz a big constant
A and consider only large values of the parameter X > A. Assume that the metric

44The two wave operators differ only by lower order terms in so far as the Strichartz estimates
are concerned.
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hy verifies (138)-(142) with the parameter a such that a < —1 ++/3. Then for all
t < ti, an arbitrary small € > 0, and o sufficiently large integer m > 0,

(1]

7]

(8]

[9]
[10]
(1]
[12]
(13]
[14]
[15]
[16]
(17]
18]
19]

20]

m

1POUOInr § s S 100l (147
k=1
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