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Motivation 2

Numerical challenges in DFT

e very large systems with high accuracy
* metallic / heterogeneous systems

 databases for materials and drug discovery and design (machine learning)
Ex.: open catalyst data set (Chanussot et al. ’20)
264,890,000 Density Functional Theory (DFT) calculations

Need for fast, reliable, black-box numerical methods with error estimators




Motivation 3

Physical arguments,
asymptotic analysis

Input y — Reference model > Approximate model

Modeling error e,

Discretization methods

and parameters Discretization error e

d

Discretized model

Algm:lthms. Wl,th Algorithmic error e
stopping criteria a
Numerical scheme

Programming language

Implementation error e:
and data structures l p i

Computer code

! Hardware and compiler l Calculation error e

Error e

Output: quantity of interest s=f(y) Output: computed quantity of interest s’=F(y,z)

Total error: e=e¢, +e5+e,+ e+ e
Example: s = static polarizability of the CO, molecule

y = (#C atoms = 1, #0 atoms = 2, total charge = 0)
(+ universal parameters: A, me, €, €9y 2, M xiso)
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Motivation 3

Physical arguments,
asymptotic analysis

Input y — Reference model > Approximate model

Modeling error e

Discretization methods

and parameters Discretization error e

d

Discretized model

Alg01:1thms. Wl,th Algorithmic error e
stopping criteria a
Numerical scheme

Programming language

Implementation error e;
and data structures l p i

Computer code

! Hardware and compiler l Calculation error e

Error e

Output: quantity of interest s=f(y) Output: computed quantity of interest s’=F(y,z)

Total error: e=e, +eq+e,+ € +e.
Goal 1: provide error estimates (certification)

Goal 2: optimize dynamically the computational resources (error balancing)
(DFT ~ 15% of CPU time available in HPC centers)



Motivation 4

An example of fully guaranteed error bars
Herbst, Levitt, EC, Faraday discussions ’20

Si band diagram
(non-self-consistent DFT-LDA model with GTH pseudopotentials)

02 -WH L e fully guaranteed error bars
%ﬂ w W accounting for
01l e discretization error

e algorithmic error

0.0 e floating-point arithmetics
(=implementation error
o1 assuming bug-free code)

02 | L | | L | | |
r X WK r L UW L KU X




Motivation 5

Numerical methods implemented in DFTK (Density-Functional ToolKit)
o planewave DFT package injuli.il (2018-), MIT license
e outcome of the EMC2 ERC Synergy project

 main developers: Michael Herbst (now at EPFL) and Antoine Levitt
(now at Paris-Saclay)

 supports mathematical developments (low entrance barrier, ~7Kk lines of code)
and scale-up to relevant applications (~ 1,000 electrons)
« fully composable with juli.il ecosystem

— arbitrary precision (32bit, 64bit...)
— algorithmic differentiation
— interval arithmetic



Outline of the talk 6

1. Geometrical structure of the Kohn-Sham model

2. Practical error bounds on interatomic forces in Kohn-Sham DFT

EC, G. Dusson, G. Kemlin and A. Levitt, SIAM J. Sci. Comput. ’22

3. Computation of response properties for metals

EC, M. Herbst, G. Kemlin, A. Levitt and B. Stamm, Lett. Math. Phys. ’23




1 - Geometrical structure of the Kohn-Sham model

Periodic supercell (2 = R3/IL, L: Bravais lattice of R’
M ionic cores, positions X := (X,)<j<) € QY

N valence electron pairs (spin-unpolarized state)



1 - Geometrical structure of the Kohn-Sham model

Orbital formulation of the continuous Kohn-Sham model

min{EKS(X,CD)\CDZ(QbL'” ,ON) € H#QC /¢¢J—5w}

N
EKS(X,cb):;/Q|V¢i\2+/§2v<X)pq>+EHXC(pq>> with  po(r —QZIG%



1 - Geometrical structure of the Kohn-Sham model

Orbital formulation of the continuous Kohn-Sham model

min{EKS(X,CD)\CDZ(QbL'” L ON) € (H#QC /¢¢J—5w}

N
EKS(X,cb):;/Q|V¢i\2+/§2v<X)p¢+EHXC(pq>> with  po(r —QZIG%

Discretization in a planewave basis set

Fourier modes: eg(r) := |72/, G e L* (reciprocal lattice)

G 2
Approximation spaces: X = Span (eg, G e L7, % < E )

/]\

energy cut-off



1 - Geometrical structure of the Kohn-Sham model 8

Orbital formulation of the continuous Kohn-Sham model

min{EKS(X,CD)\CDZ(QbL'” ,ON) € H#QC /¢¢J—5w}

N
EKS(X,cb):;/Q|V¢i\2+/§2v<X)pq>+EHXC(pq>> with  po(r —QZIG%

Orbital formulation of the discretized KS model (used in most simulations)

¢i(r) = Y Caeclr)eX,  N.:=dim(X)
GelL* | |Gl< V2T

minimization set:  St(N, N,) := {C = [Cg;] € CY*V | C*C = Iy}

drawback: gauge invariance (C' and C'U have same energy VU € U(N,))
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Orbital formulation of the continuous Kohn-Sham model

min{EKS(X,CD)\CDZ(QbL'” ,ON) € H#QC /¢¢J—5w}

N
EKS(X,CD):;/Q|V¢i\2+/gv(X)pq>+Ech(pq>) with  po(r —QZIG%

Orbital formulation of the discretized KS model (used in most simulations)

¢i(r) = Y Caeclr)eX,  N.:=dim(X)
GelL* | |Gl< V2T

minimization set:  St(N, N,) := {C = [Cg;] € CY*V | C*C = Iy}

drawback: gauge invariance (C' and C'U have same energy VU € U(N,))

Density matrix (1-RDM) formulation (math. analysis, linear scaling methods)

P = C'C* orthogonal proj. on span(columns of ')

herm

minimization set: Gr(N, N,) := {P e CeNe | p2 = P Tr(P) = N}



1 - Geometrical structure of the Kohn-Sham model

Geometrical properties of the Grassmann manifold

CNCXNC

herm induces a Riemannian metric on

The Frobenius inner product on

M = Gr(N,N,) ={P € C,*" | P2 = P, Tr(P) = N}

herm



1 - Geometrical structure of the Kohn-Sham model 9

Geometrical properties of the Grassmann manifold

The Frobenius inner product on C}ﬁ‘ﬁv “ induces a Riemannian metric on
M = Cr(N,N,) = {P € C)*"| P2 = P, Ty(P) = N}

Remark: we consider a hierarchy of 2 approximation spaces (E..jc < Eicf)

Xcalc C Xref
~— ~~
variational approximation space error estimation space

e to study the convergence of numerical algorithms, we take /. = F .

EC, G. Kemlin and A. Levitt, Convergence analysis of direct minimiza-
tion and self-consistent iterations, SIAM J. Mat. Anal. 42 (2021) 243-274

e to derive practical error bounds, we take F. = F/



1 - Geometrical structure of the Kohn-Sham model

Geometrical properties of the Grassmann manifold

The Frobenius inner product on C}ﬁ‘ﬁv “ induces a Riemannian metric on
M = Cr(N,N,) = {P € C)*"| P2 = P, Ty(P) = N}

Tangent space

YVPeM, TpM={Q¢cC " | PQP = (I - P)Q(I - P) =0}
CNCXNC
herm

The orthogonal projector ITp € L( ) on Tp M if given by

VM € CY*Ne  TIpM = [P,[P, M]]

herm
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Geometrical properties of the Grassmann manifold

CNCXNC

herm induces a Riemannian metric on

The Frobenius inner product on

M = Gr(N,N,) ={P € C,*" | P2 = P, Tr(P) = N}

herm

Tangent space
VPeM, TpM={Q¢cC. | PQP = (I — P)Q(I — P)=0}

herm

The orthogonal projector 11, € C(C}]E;N ‘) on Tp M if given by
VM € CY TpM = (P[P, M]

Riemannian gradient and Hessian
Let € CHC*":R) and F:M>Pw— E(P):=E(P)eR

herm

» Gradient of £ at P € M: VMmE(P)=1Ip(VE(P)) € TpM



1 - Geometrical structure of the Kohn-Sham model

Geometrical properties of the Grassmann manifold

CNCXNC

herm induces a Riemannian metric on

The Frobenius inner product on

M = Gr(N,N,) ={P € C,*" | P2 = P, Tr(P) = N}

herm

Tangent space
YVPeM, TpM={Q¢cC " | PQP = (I - P)Q(I - P) =0}

NexX Ne
Cherm

VM € CY*Ne  TIpM = [P,[P, M]]

herm

The orthogonal projector ITp € L( ) on Tp M if given by

Riemannian gradient and Hessian
Let € CY(C,":R) and FE:M>Pw— E(P):=&P)cR

» Gradient of £ at P € M: VMmE(P)=1Ip(VE(P)) € TpM
e Hessian of £ at P € M: D3 E(P)=Qp+ Kp € L(TpM)

with Qp, Kp : Tp M — Tp M given by
Qp=—[P,[VE(P),e]] and Kp=1IIpD?E(P)IIp



2 - Practical error bounds on interatomic forces

Error bounds on energy and density

e a priori error bounds: EC-Chakir-Maday ’12, Zhou et al. ’13,
EC-Dusson ’17...

e a posteriori error bounds: EC-Dusson-Maday-Stamm-Vohralik ’14-°21,
Chen-Dai-Gong-He-Zhou ’14, Chen-Schneider ’15, Kaye-Lin-Yang ’15,
Herbst-Levitt-EC °20 ...

This work: error bounds on properties (non-variational)



2 - Practical error bounds on interatomic forces 11

Interatomic forces (at the discrete level)

e Manifold of admissible 1-RDM
M = Gr(N, N,) = {P € C, ="Mt | p2 — P Ty(P) = N}
 Kohn-Sham energy functional £ : QY x M — R
E™(X,P) :=Tr (TP) 4+ Tr (V(X)P) + Eyy(P)
e Kohn-Sham ground state and interatomic forces (Hellmann-Feynman)

P.(X) = a;gerj\ljn E(X,P)  Fj(X):=-Tr (Vx,V(X)P(X)) + Fou(X)



2 - Practical error bounds on interatomic forces 12

Force component f, = [F;,(Xj)|, for a fixed nuclear configuration X,
E(P):= E®(Xy,P)  f(P):=—Tr(0x, V(X,)P)

P, := argmin F(P), fe = f(Py)
PeM

First-order optimality condition

VmE(P,) =0

Residual associated with an approximate solution P
R(P) := VuE(P) = [P, [P, H(P)|

where H(P) = T + V(Xy) + VE&ux(P) is the Kohn-Sham Hamiltonian,
(VEux(P) = Frobenius gradient of C et Mot 5 Py Eixe(P) € R)

herm



2 - Practical error bounds on interatomic forces 13

General principle:
* M smooth Riemannian manifold (set of admissible states)
*R: M > P~ R(P) € Tp.M smooth function (residual)
e f: M — R smooth function (observable)

Equilibrium state : R(P,) =0
Quantity of interest (Qol):  f. := f(P,)

Error estimators: in the linear regime

P—P.~R(P)'R(P) and f(P)— f.~ (Vuf(P), R(P)"'R(P))

Two practical questions: if P ~ DM of the KS ground-state in X, C X,
1. are we in the linear regime in usual DFT calculations on real materials?

2. if so, how to compute an accurate and computationally efficient bound
for (V. f(P), R(P)"'R(P))?
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Are we in the linear regime in practice?

Apparently yes! ... for planewave calculations with nice pseudopotentials

Numerical test: if P — P, ~ R'(P) ' R(P), then the Qol computed from
Pyewton = R (P — R'(P)"'R(P)) (R suitable retraction)

should be much better than the ones computed from P

Example: FCC silicon crystal (energies in Hartrees)

100 [T 101 ,‘ ‘ ‘ -1
—— lpscr — p«llL2

HpNewton — Px HL2

T T
—— |ESCF — E*‘
o

‘ENewton

3 1074 L
10 41 10—2 [

10—7 L

1078 |- 1073 |-

—10 |
10712 |- N 10~8 |- 10

~16 1071 [ | 107

10 el | | | | - | | | | | | | | | |

0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
Ecut Ecut Ecut

Energy Ground-state density Interatomic forces
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Accurate and efficient approximation of P — P,

Let P be the variational approximation of the KS ground state in X

P-P, ~ R(P'RP) =~ M,'RP) in energy norm
W—/ N ~ J/ " -~ J/
not computable computable and cheap

M, ! very simple operator deduced from mathematical analysis

Equivalence between these three quantities proved in the asymptotic regime
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Accurate and efficient approximation of P — P,

Let P be the variational approximation of the KS ground state in X

P—-P, ~ R(P)'RP)
W—/ N ~ J/

not computable

~ M, L (Pz in energy norm

computable and cheap

N
P=> 60}, ¢ € X, a H(P)lx,¢i=cii, ¢j¢;=0; e <ea<--
1=1

N
P=Y ¢i¢; €M ¢
N 1=1
Q=) && +& € TeM
1=1

R(P) =[P, |P,H(P)|]| € TPM

MPQG,EDM <~

O = (¢1] - |pn) € SN, Nyet) st P = OD*

== (& |[€y) € CVe*N g, = =

RMO(®) = (ry|- - - |ry) = PYH(P)® € CNuetxN

Mql;do: = ((-A - ti>§i>1<i<N b= fQ ]V¢¢|2
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First (unsuccessful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)
~(Vf(P), M5;'R(P)) (P — P. ~ M3'R(P) in energy norm)
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First (unsuccessful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)
é(v mf(P), My R(P)) wrong by several orders of magnitude
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First (unsuccessful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)
;(V mf(P), My R(P)) wrong by several orders of magnitude

because V ,f(P) and P — P, are almost orthogonal for nonnegative Sobolev norms

Example: FCC silicon crystal

10-6 10-6
T T T T T T T T T
x x a‘/loc 1r x x€1 | 1+ "M717”1 |
1-P 1
2| ( )8Xj,o¢ o1 .
0.8 |- 1 08 % 1
1.5 | x oy x
0.6 - - 0.6 % X N |
1 [~ )::‘ — x”‘x xX x x : *
0.4 | So04f S0k xx . Y
§:‘:x XX o xxx x,?x * %
0.5 :x" 1021 -4 02+ 1% x%? x X x x % |
X X x xéﬁ""&* X x* x
X:: xx ’:xx %M %, XX X
0 el | [ 1o |
| | | | | | | | | | | | | | |
0 2,000 4,000 6,000 8,000 0 2,000 4,000 6,000 8,000 0 2,000 4,000 6,000 8,000
index of G by increasing norm index of G by increasing norm index of G by increasing norm

Fourier coefficients of V. f(P) (left), P — P, (center) M, 'R(P) (right)
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Second (successful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)
é(v mf(P), R(P)"'R(P)) yes,but too computationally expensive
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Second (successful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)

?

~(Vmf(P), R(P)"'R(P)) yes,but too computationally expensive

A Schur complement approach to solve R/(P)(Q) = R(P)
N

N
P=> ¢ eM, Q=) (6:£ +&}) € TpM,
1=1 1=1

Xref — Xcalc D Xcélca gbz S Xcalc; f@ — fi,l + 5@',2 ’ Q — Ql + QQ
~ =
E‘)(‘calc XL

cale

(x5 20) (2) - (50
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Second (successful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)

?

~(Vmf(P), R(P)"'R(P)) yes,but too computationally expensive

A Schur complement approach to solve R/(P)(Q) = R(P)
N

N
P=> ¢b;eM, Q= Z@uameﬂm
1=1

Xref — Xcalc D Xcalm sz S Xcalc; Q — Ql -+ QQ

f — 5@1 -+ 512 )
~— =~
E‘)C‘Calc Xt

calc
(R’(P) R'(P)1 ) (Q1) _ (R(P>1)
R'(P)a1 R(P) ) \ @2 R(P)s
(21 small (in energy norm) but large impact on the error on interactomic forces

()2 large (in energy norm) but smaller impact on the error on interactomic forces
Q2 ~ M5 'R(P), (in energy norm), R(P); = 0 if P variational solution in X,
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Second (successful) attempt to compute error bounds on interatomic forces
f(P)— fo= (Vmf(P),P—P,) (we are in the linear regime)

?

~(Vmf(P), R(P)"'R(P)) yes,but too computationally expensive

A Schur complement approach to solve R/(P)(Q) = R(P)
N

N
P=> ¢ eM, Q=) (6:£ +&}) € TpM,
1=1 1=1

Xref — Xcalc D Xcélca gbz S Xcalc; f@ — fi,l + 5@',2 ’ Q — Ql + QQ
~ =
E‘)(‘calc XL

cale

(<) () - (i)

gpp — M;lR(P)Q, (QP + KP)H ?pp — R<P>1 — (QP + KP>12 M§1R<P>2
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Numerical results: post-processing

f—=fe=f(P)— f(P) (red)
fres — f —f P) = (Vumf(P), M~'R(P)) — f(P,) (orange)
fsehur — f« = f(P) — (Vi f(P), app( )'R(P)) — f(P,) (green)

fere = fo = [(P) = (VM [(P), P — P.) — f(P) (blue)

/\/‘\/\/\

10-3 | ™
10—5 |
10—7 |

1077

hartree/bohr

10—11 |

1071 | | | | | N




3 - Response properties for metals

Linear (noninteracting) Schrodinger-like Hamiltonian H
Perturbation 0V of the potential

H—H+6V = p—=p+ip+o(dV) withdplinearin iV

0p = xo0V

Yo : hon-interacting density-density response function
independent-particle susceptibility
irreducible polarizability

Goal: compute 0p := y(0V for metals
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Unperturbed Hamiltonian 7

H¢n — 5n¢n7 / ¢;kn(’l°)¢n(r)dr = 5mn; g1 L9 <L ez K-,
Q

Ground-state density

p(r) = falon(r)” with fn::f( — ) and f(z) =

2 2
0 e, X £ (=)
0 | % 0 '

EF EF

Occupation numbers f,, for 7' = 0 (left) and 7" > 0 (right)

—+00 +00
er (Fermi level) such that / p(r)dr = Z fn = Z f (En T €F> = Ny
Q n=1 n=1

1 " — o f
Notation: [/ = Tf/ (6 T€F> _ Z /
n—&n



3 - Response properties for metals

21

Linear response

H—H+0V = p—=p+dip+o(V)

Sum-over-state formula

= = fn —
n

op(r) = (xo0V)(r ZZE

— &
n=1 m=1 m

with 6V, = (o, 0V, and dep = 2=

with 0p linear in 0V

— 0eF mn) gb;;(’r)qu(r),

to satisfy / dp(r)dr =0
0
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1
For periodic Schrodinger-like operators H = _iA + V in 3D,

g, ~ Cn*? (Weyl formula)

n—oo

2

(57

NX/ N/ | N
7%< 757 78

In most applications (always except in Warm Dense Matter),

only a number N 2> N, of occupation numbers f,, are non-negligible
N
p(r) =~ Z fn‘¢n("°>|2
n=1

n=1 m=1 n=1 m=1 En " Em

but still one infinite sum in the sum-over-state formula
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Alternatives to the sum-over-state formula

r) =Y faldur) = an 7)6h(1)+007 (1) dn (1)) 46 f | Sn()]

the 0¢,,’s and the ¢ f,,’s are not unique (gauge invariance)

Let P: orthogonal projector on Span(¢,)i1<,<n, and @) := 1 — P. We have

66n =06, + 00}
—~— N~
cRan(P) €Ran(Q)

and

N
VIS <N, fubdn =D Tontm + fu0  with Ty = fo (G, 00

m=1

5p(r) = Y " (Ton + Do) 65(7) (v +Z2fnRe (r)5¢(r) +25fn\¢n
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Alternatives to the sum-over-state formula (continued)
N

op(r) = 3" (T + Do) 6 ) + ZanRe (1)3¢2 (1)) + Z(an (7

n,m=1

(77+Y7) In = fm Viun = 08 Omn) &, (1) (7)

n=1 m=1 n=1 m=1

By identification, we get that

1. the I',,,,,’s and the 0 f,,’s must satisfy
( 2Re(Tyn) + 0 fn = f1(0Vin — €F) for m =n

\ _
\ En — Em

— gauge choice needed
OVn form #£n

2. the §¢%’s must satisfy the Sternheimer equations
Q(H —,)Q6¢% = b, .= —Q(6V¢,) — possibly ill-conditioned
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Gauge choice for the I',,,,’s and the 0 f,,’s
2Re(T)n)+0fn = 10V —er) and Lo +Lom = A With A, = A, if m # n
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Fn=0 and 6f, = f (0V,, — cF)
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Gauge choice for the I',,,,’s and the 0 f,,’s
2Re(T)n)+0fn = 10V —er) and Lo +Lom = A With A, = A, if m # n

Natural (and good!) gauge choice for the I',,,’s (m = n) and the ¢ f,,’s
Fn=0 and 6f, = f (0V,, — cF)

Possible gauge choices for the I',,,,,’s (m # n)

1. orthonormal gauge: impose ¢ (¢, ¢,) = 0

Fﬁﬁflh — / 6V,.n (natural but very bad as the I'"'" may blow up)
En — Em

mn
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Fn=0 and 6f, = f (0V,, — cF)

Possible gauge choices for the I',,,,,’s (m # n)

1. orthonormal gauge: impose ¢ (¢, ¢,) = 0

Fﬁﬁflh — / 6V,.n (natural but very bad as the I'"'" may blow up)
En — Em

mn

2. gauges used in Abinit and Quantum Espresso

Amn

Abinit E
an — ]lfn>fmAmn’ Fgm - 1+ e(gn—gm)/T
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Gauge choice for the I',,,,’s and the 0 f,,’s
2Re(T)n)+0fn = 10V —er) and Lo +Lom = A With A, = A, if m # n

Natural (and good!) gauge choice for the I',,,’s (m = n) and the ¢ f,,’s
Fn=0 and 6f, = f (0V,, — cF)

Possible gauge choices for the I',,,,,’s (m # n)

1. orthonormal gauge: impose ¢ (¢, ¢,) = 0

Fﬁﬁflh — / 6V,.n (natural but very bad as the I'"'" may blow up)
En — Em

mn

2. gauges used in Abinit and Quantum Espresso

Amn

Abinit E
an — ]lfn>fmAmn’ Fgm - 1+ e(gn—gm)/T

3. simple gauge and minimal gauge (used in DFTK)
simple__ 1 L . 2 =2 min__ 7% L . 1
[PPe= — A ,=argmin|[),,|“+ ‘an , Don="5 sAp, =argmin - —
Ui 4+Tnm=08mn fm + fn Lo 4+Tnm=0mn fn

1 —
|an|2+% ‘an}Q
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Gauge choice for the I',,,,’s and the 0 f,,’s

For all these gauge choices but the orthogonal one, we have
1 1
Conal < 1Bl < max — |f/(2)] |8Viun] = = 6V (1)
If we make an error on 0V, it is at most amplified by a factor of %

Gauge comparison, €, =0, ep =0, T = 0.1, 6V,,, =1

\ : \ E \
6 - -
- 1
Al - 2T

—— simple

_§ ------ orthogonal

= Abinit

| | |- a
- = = minimal
0 - -
| | | |
1 2
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Solving the Sternheimer equation Q(H —¢,)Q d¢% = b,

Output of the numerical diagonalization iterative scheme (ex. LOBPCG)
used to compute the density

o N fully converged orthonormal eigenmodes (¢,,, ¢,,)1<,<n

® := (¢1,--- ,¢y) orthonormal basis of Ran(P) = Ker(Q)

* N, extra, only partially converged, orthonormal eigenvectors

Doy = (Nyy .-, Dy Now ) ¢ : # of iter. of the diagonalization scheme
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Output of the numerical diagonalization iterative scheme (ex. LOBPCG)
used to compute the density

o N fully converged orthonormal eigenmodes (¢,,, ¢,,)1<,<n
¢ = (¢1, -+ ,¢n) orthonormal basis of Ran(P) = Ker(Q)

* N, extra, only partially converged, orthonormal eigenvectors

Doy = (Nyy .-, Dy Now ) ¢ : # of iter. of the diagonalization scheme

We can assume without loss of generality that
(O, D) is an orthonormal family
« &* H,0.,, € CV*Nex jg a diagonal matrix whose elements are labelled
eby = (¢, Hol, ) for N +1 < m < N + N
(

* < m> 5m) €_>_O>O<¢m7 5m>

Let’s use these extra approximate eigenvectors to improve the computation
of response properties!
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Solving the Sternheimer equation Q(H —¢,)Q 0¢% = b, (continued)

2
E—E
i P \ : z T \ 2 R
S 7 : S 7 : S
s ' % | s
d NN+ 1 N + Noex

Vo TV
eigenvectors ©  extra vectors @4,

Schur complement method 69 = Doy, + GO, n<N
N——

S~~~
€Ran(T)  cRan(R)

coercive, ill—conditioned, but small

7\
r7 N\

O* (H —,)Pex ' HR an \ [ Dby
RH®., R(H-¢c)R )\ 668 )~ \ R,

7

TV
coercive, large, but well—conditioned
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Solving the Sternheimer equation Q(H —¢,)Q 0¢% = b, (continued)

2
E—E
i P \ : z T \ 2 R
S 7 : S 7 : S
s ' % | s
d NN+ 1 N + Noex

Vo TV
eigenvectors ©  extra vectors @4,

Schur complement method 69 = Doy, + GO, n<N
—~ =~

€Ran(T)  cRan(R)

Ay = (V5 H = e)Pex) s = Ay Q4 — O (H — £4)00,)

[R(H — &) (1 — O AP (H — gn)> R] Sl = Rb, — R(H — €,) e A, D% by,
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Numerical results: convergence of the Sternheimer solver for Aly

k-point — coordinate 0,0,0] 11/3,0,0] [1/3,1/3,0]
N 69 58 67
EN4L1 — EN 0.0320 0.0134 0.0217
# CG iterations n = /N Schur 48 44 41
# CG iterations n = N direct 56 83 58

k-point [0.333,0.0,0.0]

T T T T
10% | |
101} | |-A=Schurn =1
= -2- direct n =1
chs —— Schur n = 43
'g 1074 | -| |--= direct n = 43
. —>¢— Schur n = 58
. - X- direct n = 58
10 N
10710 \ \ \ \ n

iterations
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Error bounds for DFT

e guaranteed, optimal, cheap error bounds on the ground-state energy
and density for linear Schrodinger equations

e practical (not guaranteed), optimal, cheap error bounds on the ground-
state energy and density for DFT

e practical (not guaranteed), quite accurate, not too expensive error bounds
for non-variational quantities such as forces for DFT
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Error bounds for DFT
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e practical (not guaranteed), optimal, cheap error bounds on the ground-
state energy and density for DFT

e practical (not guaranteed), quite accurate, not too expensive error bounds
for non-variational quantities such as forces for DFT

Response properties
* easy for insulators
* harder for metals

— gauge choice is important
we have clarified this point and proposed new, very simple gauges
— the Sternheimer equation is ill-conditioned

we have improved its resolution using a Schur complement method



Thank you for your attention



