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Motivation (Low-hanging Fruit?)
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O(N3) Diagonalization
O(N) Linear scaling solver
Next Generation QMD

For practical QMD!

O(N3)

O(N)

Next Generation QMD

Next Generation QMD



Linear Scaling Electronic Structure Theory

Divide and ConquerSparse Matrix Algebra



H[⇢] i = ✏i i

⇢(r) =
X

i2occ.

| i|2

Es =
X

i2occ.

✏i

P (H) = ✓ (µI �H[n]) ⇡
X

n

cnTn(H)

P (H) i = ✓(µ� ✏i) i

Es = Tr [PH]

#SCF⇥O(N3) #SCF⇥O(N3)

#SCF⇥O(N)

⇢(r) = P (r, r0)|r=r0

Fermi operator expansion

Thresholded Sparse  
Matrix Algebra

Non-linear eigenvalue equation Density matrix calculation

Sparse Matrix Algebra



Recursive Fermi operator expansion

A.M.N. Niklasson, Phys. Rev. B 66, 155115 (2002)

30 multiplications  
gives an expansion order > 1 Billion! 

No Gibbs oscillations!

SP2 O(N) solver

⇢(r) = P (r, r)

Es = Tr [PH]



Parallel O(N) Matrix-Matrix Multiplication

LANL/BML library, on Github



SP2 (TC2): Niklasson, Phys. Rev. B, 66, 155115 (2002) 
PM: Palser and Manolopolus, Phys. Rev. B, 58, 12704 (1998) 

Comparisons: E.H. Rubensson and E. Rudberg,  
J. Phys.: Condens. Matter, 23, 075502 (2011) 

Numerically stable!

Tunable energy convergence



Linear Scaling Electronic Structure Theory

Divide and ConquerSparse Matrix Algebra

a) Easy to control error 
b)  Hard to parallelize on  
     distributed memory 
c)  Small overhead

a) Hard to control error 
b)  Easy to parallelize on  
      distributed memory 
c)  Large overhead



Linear Scaling Electronic Structure Theory

Graph Theory

AMNN et al. “Graph-based linear scaling electronic structure theory”, 

J. Chem. Phys. 144, 234101 (2016)

a) Easy to control error? 
b)  Easy to parallelize on  
     distributed memory? 
c)  Small overhead?

Divide and ConquerSparse Matrix Algebra



Graph-based Electronic Structure Theory

Data dependency Graph

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)

H
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Gτ ← ⌊Fermi Operator Expansion⌋τ(global) = Dτ

Gτ



Graph-based Electronic Structure Theory

Data dependency Graph

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)

Xn
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Gτ ← ⌊Fermi Operator Expansion⌋τ(global) = Dτ

Gτ



Graph-based Electronic Structure Theory

Data dependency Graph

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)
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Gτ ← ⌊Fermi Operator Expansion⌋τ(global) = Dτ

Gτ



Graph-based Electronic Structure Theory

Data dependency Graph

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)
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Graph-based Electronic Structure Theory

Data dependency Graph

core

halo

i

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)

Gτ ← ⌊Fermi Operator Expansion⌋τ(global) = Dτ

Gτ

g(i)
τ

Gτ = {g(i)
τ }N

i=1



Graph-based Electronic Structure Theory

Data dependency Graph

core

halo

i

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)

Principal submatrices of H

Gτ

g(i)
τ

Gτ = {g(i)
τ }N

i=1

Gτ ← ⌊Fermi Operator Expansion⌋τ(global) = Dτ

H = {h[g(i)
τ ]}N

i=1



Graph-based Electronic Structure Theory

Data dependency Graph

core

halo

Recursive Fermi-operator expansion

i

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)

Equivalence between a numerically thresholded Fermi-operator 
expansion and a partitioned subgraph expansion!

Gτ

Gτ ← ⌊Fermi Operator Expansion⌋τ(global) = Dτ

Gτ = {g(i)
τ }N

i=1g(i)
τ

H = {h[g(i)
τ ]}N

i=1

Dτ = { lim
n→∞

fn( fn−1( … f0(h[g(i)
τ ]) … ))}

N

i=1
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Graph-based Electronic Structure Theory

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)

Gτ(t) ← (⌊D(t − δt)⌋τ + H(t))2

Gab(t)



Graph-based Electronic Structure Theory

Reduce overhead (redundant overlap) by finding communities 
using off-the-shelf graph-partitioning schemes



Graph-based Electronic Structure Theory

Reduce overhead (redundant overlap) by finding communities 
using off-the-shelf graph-partitioning schemes



Graph-based Electronic Structure Theory

Density matrix calculations for 
Polyalanine in water 20,000 atoms



Graph-based Electronic Structure Theory

Density matrix calculations  
from snapshot of water simulation

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)



{U(R), ∇IU(R)}

U(R) = min
ρ∈constr. {Ω [R, ρ(r)] +

1
2 ∬

ρ(r)ρ(r′ )
|r − r′ |

drdr′ ∫ ρ(r)dr = Ne} + V(R)

MI
··RI = − ∇IU(R)

Electronic Structure Methods for Molecular Dynamics Simulations

1) Iterative/sequential solver (non-parallelizable and often hard to converge) 
2) Inconsistencies between potential and forces (irreversible with systematic energy drift) 
3) Numerically sensitive (linear scaling approaches are not possible, -> N3 scaling) 
4) Hard to distribute calculations without major errors  (parallelism is very limited)

Non-linearities Numerical sensitivities
O(N)

Parallelism



Backward error analysis  
or shadow molecular dynamics

SCF
SCF

SCF

Exact potential

Shadow potential

iterative 
solver

U(R, ρ ≈ ρSCF)

𝒰(R, n) ≈ U(R, ρ ≈ ρSCF)



Backward error analysis  
or shadow molecular dynamics

SCF
SCF

SCF

Exact potential

Shadow potential

iterative 
solver

Conservative

Non-Conservative
U(R, ρ ≈ ρSCF)

𝒰(R, n) ≈ U(R, ρ ≈ ρSCF)

{U(R), ∇IU(R)}

{𝒰(R, n), ∇I𝒰(R, n)}



DFT-based Born-Oppenheimer MD

or other SCF based models



SCF

Cost & Error

SCF SCF
SCF

Non-conservative forces

DFT-based Born-Oppenheimer MD

or other SCF based models



Cost & Error

SCF

Cost & Error

Non-conservative forces

Energy drift!

DFT-based Born-Oppenheimer MD

or other SCF based models



Linearized “Shadow” Potential Energy Surface



Linearized “Shadow” Potential Energy Surface

%[n](r) = arg min
⇢2N

⇢
F [⇢, n] +

Z
v(R, r)⇢(r)dr

�

Shadow BO potential



SCF residual

Error in the potential

Small Cost, No SCF

Linearized “Shadow” Potential Energy Surface

%[n](r) = arg min
⇢2N

⇢
F [⇢, n] +

Z
v(R, r)⇢(r)dr

�

= ϱ[n] − n



Extended Lagrangian Born-Oppenheimer MD
Niklasson & Cawkwell,  JCP 141, 164123 (2014); Niklasson JCP 147, 054103 (2017)

L(R, Ṙ, n, ṅ) =
1

2

X

I

MIṘ
2
I � U(R, n) (Shadow potential)

+
µ

2

Z
ṅ2(r)dr� µ!2

2

ZZ
(%[n](r)� n(r))T (r, r0) (%[n](r0)� n(r0)) drdr0

Harmonic 
oscillator

⌦

!
n(r)

⇢SCF(R, r) ⇡ %[n](R, r)



Next Generation Extended Lagrangian  
First Principles Molecular Dynamics

MIR̈I = � @U(R, n)

@RI

����
n

n̈(r) = �!2

Z
K(r, r0) (%[n](r0)� n(r0) dr0

K(r, r0) = �
✓
�%[n](r)

�n(r0)
� �n(r)

�n(r0)

◆�1

Kernel

Equations of Motion in Adiabatic Limit

L(R, Ṙ, n, ṅ) =
1

2

X

I

MIṘ
2
I � U(R, n)

+
µ

2

Z
ṅ2(r)dr� µ!2

2

ZZ
(%[n](r)� n(r))T (r, r0) (%[n](r0)� n(r0)) drdr0

Extended Lagrangian

Low-rank Approximation

vi, fvi 2 K?f(n) = q[n]� n

fv ⌘ @f(n� �v)

@�

����
�=0

= Jv

M = O
�1

, Oi,j = f
T
vi
fvj

U(R, n) : Shadow Potential, T = K†K

K = (K0J)
�1K0

(K0J)
�1 ⇡

mX

i,j=1

viMi,jfvi

≈ − cδ(r − r′ )
c ∈ [0,1]

(ω → ∞
μ → 0 )



{U(R), ∇IU(R)}

U(R) = min
ρ∈constr. {Ω [R, ρ(r)] +

1
2 ∬

ρ(r)ρ(r′ )
|r − r′ |

drdr′ ∫ ρ(r)dr = Ne} + V(R)

MI
··RI = − ∇IU(R)

Electronic Structure Methods for Molecular Dynamics Simulations

Non-linearities Numerical sensitivities
O(N)

Parallelism



{U(R), ∇IU(R)}

U(R) = min
ρ∈constr. {Ω [R, ρ(r)] +

1
2 ∬

ρ(r)ρ(r′ )
|r − r′ |

drdr′ ∫ ρ(r)dr = Ne} + V(R)

MI
··RI = − ∇IU(R)

Electronic Structure Methods for Molecular Dynamics Simulations

Non-linearities Numerical sensitivities
O(N)

Parallelism

Shadow Molecular Dynamics

{𝒰(R, n), ∇I𝒰(R, n)}

Graph-based parallelism  
is possible!



 Graph-based XL Born-Oppenheimer  
Molecular Dynamics 

Liquid Water  
(H2O)100 

SCC-DFTB 

(LATTE)

AMNN et al. “Graph-based linear scaling electronic structure theory”, J. Chem. Phys. 144, 234101 (2016)
AMNN “Next Generation Extended Lagrangian First Principles Molecular Dyabnamics" J. Chem. Phys. 147, 054103 (2017)
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β
-1 = 0.5 eV, δt = 0.2 fs

SCC-DFTB (Graph-Based)
4,071 atoms, 128 subgraphs

Negre, Wall & Niklasson, J. Chem. Phys. 158, 074108 (2023)

Low-rank Approximation

vi, fvi 2 K?f(n) = q[n]� n

fv ⌘ @f(n� �v)

@�

����
�=0

= Jv

M = O
�1

, Oi,j = f
T
vi
fvj

K = (K0J)
�1K0

(K0J)
�1 ⇡

mX

i,j=1

viMi,jfvi

≈ − cδ(r − r′ )
c ∈ [0,1]

 Graph-based XL Born-Oppenheimer  
Molecular Dynamics 
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64,112 atoms, Trp-cage + Water

Graph-based SCC-DFTB, dt = 0.5 fs

2,048 subgraphs

XL-BOMD

Trp-cage in ammonium bicarbonate solution 
64,112 atoms

Negre, Wall & Niklasson, J. Chem. Phys. 158, 074108 (2023)

Running on 32 CPUs

 Graph-based XL Born-Oppenheimer  
Molecular Dynamics 



GPU  
computer games

CPU  
general computing

AI

Darwinian Algorithm Selection

Tensor Processors

But, Favoring Low-precision  
Tensor Processing specialized 
for Deep Neural Networks!

10 Years ago Today Future

New Environment

The computational hardware environment 
guides the choice of algorithms and software 

New opportunity!~10 Years ago 
Moving some general scientific  

computing tasks from CPU’s to GPU’s



AI

10 Years ago Today Future

Darwinian Algorithm Selection
The computational hardware environment 

guides the choice of algorithms and software 

AI Hardware

CPU  
general computing

GPU  
computer games

New Environment

Favoring low-precision  
tensor contractions specialized 

for Deep Neural Networks!

Exceptional performance 
Nvidia H100 (1 PFlops)



AI

10 Years ago Today Future

Darwinian Algorithm Selection
The computational hardware environment 

guides the choice of algorithms and software 

AI Hardware

CPU  
general computing

GPU  
computer games

New Environment

QMD?

To stay competitive, how do we use  
AI hardware for more general 

scientific computing tasks 
such as QMD?



What is AI hardware? 
Tensor cores, by Nvidia

Half-precision matrix multiplications 
with single-precision accumulation

X = αA × B + βC

A100 GPU SM

TC1

TC4TC3

TC2

FP32 FP32 FP32 FP32 FP32 FP32

FP32 FP32 FP32 FP32 FP32 FP32

FP32 FP32 FP32 FP32 FP32 FP32

FP32 FP32 FP32 FP32 FP32 FP32

FP32 FP32 FP32 FP32 FP32 FP32

FP32 FP32 FP32 FP32 FP32 FP32

The Tensor cores!

FP16

A = fm(…f(W2 f(W1 f(W0X0 + B0) + B1) + B2)…)
Hundreds of TFlops on a single set of Tensor cores! 

(1 PFlops on the latest H100)

Ideal for convolutional deep neural networks!



Quantum-based Molecular Dynamics

X
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X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X0
<latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit> W0

<latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit>

B0
<latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit> S0

<latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit>

f(S0)
<latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit>
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<latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit>

Xm
<latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit>

f(Sm�1)
<latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit>
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Could this be possible?

Tensor operations in half precision!

\

H
ij

=
⟨φ

i|
Ĥ
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Mixed Precision Fermi-Operator Expansion on Tensor Cores from a Machine Learning Perspective,  
Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC, 17 2256 (2021); 

SP2: Niklasson, PRB 66, 155115 (2002)

D = lim
n→∞

f(…f(W2 f(W1 f(W0X0 + B0) + B1) + B2)…)

Tensor operation S2 in activation function

Deep-NN SP2 (2nd-order spectral projections)

≈ Θ(μI − H)

SP2: Niklasson, PRB 66, 155115 (2002)

W0 = − I(εmax − εmin)−1, B0 = εnI(εmax − εmin)−1 Initialization

f(S) = S2

0 1

1
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<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X0
<latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit> W0

<latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit>

B0
<latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit> S0

<latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit>

f(S0)
<latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit>

X1
<latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit>

Xm
<latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit>

f(Sm�1)
<latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit>
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Sn = WnXn + Bn, Wn = ± 1, Bn = (1 − Wn)Sn−1, n > 0
Xn = f(Sn−1) = S2
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Quantum-based Molecular Dynamics

What do we do about the low-precision?

a = 0.123456789

alow = 0.000456ahigh = 0.123000

a ≈ ahigh alow+



Quantum-based Molecular Dynamics

Shigh = FP16[S]

Slow = FP16[S − Shigh]

X = f(S) = S2 ≈ (Shigh + Slow)
2

= S2
high + ShighSlow + SlowShigh + S2

low

≈ S2
high + ShighSlow + (ShighSlow)

T

S ≈ (Shigh + Slow)

Xn = f(Sn−1) = S2
n−1 Activation function

What do we do about the low-precision?

 Only Two Matrix Multiplications!

Double mixed precision matrix representation

Thanks to Simplicity and Symmetry

Doubles the cost, but 
Speed-up x 32 

Compared to double precision!
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Development of arithmetic performance 
Why half precision?
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✏1

✏2

✏3

✏N
...
... D =

X

i

✓(µ� ✏i)viv
T
i

= ✓(µI �H)

H =
X

i

✏iviv
T
i

µ�

Eband = Tr [HD]

Robust parameter-free stopping criterion

SP2: Niklasson, PRB 66, 155115 (2002)

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X0
<latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit> W0

<latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit>

B0
<latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit> S0

<latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit>

f(S0)
<latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit>

X1
<latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit>

Xm
<latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit>

f(Sm�1)
<latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit><latexit sha1_base64="BixC2tlZtCYTonEa/ta+kTx3yGo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7IuhJCl48VrQf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7rdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6Z+e0nqjSL5IOZxNQXeChZyAg2VnoMq/f9VJx509N+ueLW3AxomXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2n2cVTdGKVAQojZUsalKm/J1IstJ6IwHYKbEZ60ZuJ/3ndxIRXfspknBgqyXxRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSyIXiLLy+T1nnNc2ve3UWlfp3HUYQjOIYqeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDWVGQBg==</latexit>
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Robust parameter-free stopping criterion

SP2: Niklasson, PRB 66, 155115 (2002)

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X
<latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit><latexit sha1_base64="SBPpK+pRx/zTrLJeyDtjLJTlruo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT3mTIzOwyMyuEkF/w4kERr/6QN//G2WQPmljQUFR1090VpYIb6/vf3sbm1vbObmmvvH9weHRcOTltmyTTDFssEYnuRtSg4ApblluB3VQjlZHATjS5y/3OE2rDE/VopymGko4UjzmjNpf6JpODStWv+QuQdRIUpAoFmoPKV3+YsEyiskxQY3qBn9pwRrXlTOC83M8MppRN6Ah7jioq0YSzxa1zcumUIYkT7UpZslB/T8yoNGYqI9cpqR2bVS8X//N6mY1vwxlXaWZRseWiOBPEJiR/nAy5RmbF1BHKNHe3EjammjLr4im7EILVl9dJu14L/FrwcF1t1Is4SnAOF3AFAdxAA+6hCS1gMIZneIU3T3ov3rv3sWzd8IqZM/gD7/MHLRuOQw==</latexit>

X0
<latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit> W0

<latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit><latexit sha1_base64="HJrvzho9x2UZ0NnAI4y7HnlUXxw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQG7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDWo416</latexit>

B0
<latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit><latexit sha1_base64="lOaAWYssDIBTgLq7eFk+NNN6b1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWerjpu/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we2pY1l</latexit> S0

<latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit><latexit sha1_base64="+b3tavxoYxG6W4+N0hTwxsAnO1g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqCcpePFYqf2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5aKYJ+hEdSR5yRo2Vms2BOyhX3Kq7AFknXk4qkKMxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66R9VfXcqvdwXanf5nEU4QzO4RI8qEEd7qEBLWAwgmd4hTdHOC/Ou/OxbC04+cwp/IHz+QPQi412</latexit>

f(S0)
<latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit><latexit sha1_base64="sZIdl4ZTCkEAE92eJRb91QuL4A8=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoCcpePFY0X5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sRh/eyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqZ+64lpw5V8sOOEBTEZSB5xSqyTmlHlvofPeqUyruIZ0DLxc1KGHPVe6avbVzSNmbRUEGM6Pk5skBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTtCpU/ooUtqVtGim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSgaxC09dRn2tGrRg7Qqjm7lZEh0QTal1ARReCv/jyMmmeV31c9e8uyrXrPI4CHMMJVMCHS6jBLdShARQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AFYQ45L</latexit>

X1
<latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit><latexit sha1_base64="yMVVQS28yUA8i1AsCIgHjcUwaqk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH3qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDZrY18</latexit>

Xm
<latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit><latexit sha1_base64="AlMQuiNmk85M19YfV90Gh/JOf8k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEY0TwgWcLsZDYZMjO7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3c781hM3ViT6EccpDxUdaBELRtFJD+2e6pUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/dUrOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2d+kLwxnKMeOUGaEu5WwITWUoUun5EIIll9eJc2LauBXg/vLSu0mj6MIJ3AK5xDAFdTgDurQAAYDeIZXePOk9+K9ex+L1oKXzxzDH3ifPzSsjbg=</latexit>

f(Sm�1)
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{U(R), ∇IU(R)}

U(R) = min
ρ∈constr. {Ω [R, ρ(r)] +

1
2 ∬

ρ(r)ρ(r′ )
|r − r′ |

drdr′ ∫ ρ(r)dr = Ne} + V(R)

MI
··RI = − ∇IU(R)

Electronic Structure Methods for Molecular Dynamics Simulations

Non-linearities Numerical sensitivities Low-Precision

Shadow Molecular Dynamics

Using AI-hardware 
is possible!



H[R, n] ⇒
ρ0[n] = ∑

ij

Dijφi(r)φj(r)

n(t)

ρ0[n] R(t)

MI
··RI = − ∇𝒰(R, n)

⇒

MI
··RI = −∇𝒰(R, n)

n

··n(r) = − ω2 ∫ K(r, r′ )(ρ0[n](r′ ) − n(r′ )) dr′ 

XL-BOMD
X = f(S) ≈ S2

high + ShighSlow + (ShighSlow)
T

Shigh = FP16[S]

Slow = FP16[S − Shigh]

Dual mixed precision

Shadow potential

Quantum-based Shadow Molecular Dynamics  
using Deep-NN and AI Hardware

XL-BOMD
f(S

)
Avoids SCF problems 
and is much faster!

AI Hardware, Deep-NN

··n = − ω2K (ρ0[n] − n))

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



Water 

Water XL-BOMD simulations (SCC-DFTB) 
using a Deep-NN and Tensor cores (AI hardware)

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



Water XL-BOMD simulations (SCC-DFTB) 
using a Deep-NN and Tensor cores (AI hardware)

What about the noise?

Water 

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



XL-BOMD within a Langevin dynamics

dRI = ·RIdt,

d ·RI = −
1

MI ( ∂𝒰(R, n)
∂RI n

+ ξI
t + γI

·RI dt,

··n(r) = − ω2 ∫ K(r, r′ )(ρ0[n](r′ ) − n(r′ ))dr′ ,

Numerical Noise 
(internal)

Dissipation

Include the numerical noise  
from the low-precision arithmetics  

as a natural part of a Langevin dynamics 
in a canonical NVT simulation

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



The Unexpected Problem!

Force error is  
non-normal!

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



Novel Canonical Integration Scheme

Vk+1/4 = Vk +
δt

2M (FTC
k − γTCVk)

Rk+1/2 = Rk +
δt
2

Vk+1/4

Vk+3/4 = cL Vk+1/4 + σL ηk

Rk+1 = Rk+1/2 +
δt
2

Vk+3/4

Vk+1 = Vk+3/4 +
δt

2M (FTC
k+1 − γTCVk+1)

Non-standard 
Fluctuation-Dissipations

σL = kBT(1 − c2
L)/M

σTC = 2kBTγTC/δt

ηk ∈ 𝒩(0,1)

cL =
1 − γLδt/2
1 + γLδt/2

Our Solution!

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



XL-BOMD with a “Langevin-like’’ dynamic 
(Water, SCC-DFTB)

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)



MI
··RI = −∇𝒰(R, n)

n

··n(r) = − ω2 ∫ K(r, r′ )(ρ0[n](r′ ) − n(r′ )) dr′ 

XL-BOMD
X = f(S) ≈ S2

high + ShighSlow + (ShighSlow)
T

Shigh = FP16[S]

Slow = FP16[S − Shigh]

Dual mixed precision
Shadow potential

Quantum-based Molecular Dynamics  
using Deep-NN and AI Hardware

Langevin-like dynamics

σL = kBT(1 − c2
L)/M

σTC = 2kBTγTC/δt

Finkelstein, Smith, Mniszewski, Barros, Negre, Rubensson, Niklasson, JCTC 17, 6180 (2021)
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Dijφi(r)φj(r)

n(t)

ρ0[n] R(t)

MI
··RI = − ∇𝒰(R, n)

⇒H[R, n] ⇒

XL-BOMD

f(S
)

AI Hardware, Deep-NN
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ρ0[n] = ∑
ij

Dijφi(r)φj(r)

n(t)

ρ0[n] R(t)

MI
··RI = − ∇𝒰(R, n)

⇒H[R, n] ⇒

XL-BOMD

f(S
)

AI Hardware, Deep-NN

Coordinated Design Approach 

to reach the full potential of AI hardware 


