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Goal

Find the simplest possible model that captures convective
organization at many different length scales, for example

vortical hot towers: tall cumulonimbus clouds roughly 10 km
(horizontal) by 15-20 km (vertical)

squall lines: horizontal scales ~ 200 km

convectively coupled waves: horizontal scales ~ 2000 km

. 237



Examples from Observations

Tropical Rainfall I‘.'Ieasuring Mission
"Hurricane Bonnie 08/22/98"

"Tower"
Cloud

{... \1

= ____\_]

NASA Scientific Visualiz lunSiudI o{Shirah)

Satellite data of “hot towers” during Hurricane Bonnie 1998:
colors correspond to surface precipitation; 18 km high; ~ 10
km wide.
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15:00 HKT
02-04-2007
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Rainfall Rate (mm/h)

| 0.15-0.50

Radar image of a squall line near Hong Kong, roughly 200
km long, propagates normal to the line
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o Derivation of the minimal model

» Test case: squall lines

» Dynamic stability analysis;
relation to thermodynamic stability




The Anelastic Equations with Warm-Rain Bulk Cloud Physics

B + /sl = ()
,

_I_k ~ Igov_ c  Yr
9(6)(2) q q Q>

p(x,t) = p(2) + p/(x,t), with 5(2) prescribed, etc;
valid for H ~ —p(dp/dz)~" (the density scale height)




Dgq, Dq.
— Era — — Ar — Lrp
Dy Cy+ oy Cy C
Daq, 1 0 ,.
Vg, :Ar Or — L

C,: Condensation ¢, — ¢., E,: Evaporation ¢, — ¢,
A,, C,.: Auto-conversion and Collection ¢. — g

Vr: Rainfall velocity
I
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Now make the following approximations

e Boussinesq H < —p(dp/dz)~" (not true
here!), eliminates prescribed backgrounds

e Fast Auto-Conversion of cloud to rain water
(in reality 15 minutes), eliminates ¢., A,, C,

e Fast Condensation (in reality a few
seconds) and Fast Evaporation




un-differentiated background replaced by constants

Du | 0’
Dt | fSlIl(¢)qu' — _vp,_l_k g<0_0 + €0qy — %")
DO db L
V-u=0, | (Z)w:—(Cd—ET)

Dt dz Cp

0 = T(po /p)R/cp
R, R, gas constant for air, vapor; R,/R = ¢, + 1




Daqy Daq, 0q,

— o E?“ 9

=Cy— FE.
Dt 0z d

Cd — ET‘ — O, v < Qus, Qr = 0 unsat

dst(z)

C’d—ET:—w 7~ :

Qv = Qus, Qr > 0 sat

qvs(T,p) = qus(2) IS the saturation profile




C;,—E, >0:
Do’ L
Bw=—(C;— F,
Dt v cp( ! )
Dw  dp 0 L
Dt - (92 - g (90 oQus dr

Standard values: ¢ ~ 2.5 x 105 J kg™, ¢, = 103 J kg ' K1,
0o =T, =300K, di(z)/dz= B =3 K km™!, etc.
e




Moisture anomaly contour (1.2 x 107° kg/kg) in a Vortical Hot

Tower; 30 min after moisture bubble injection at low altitude
-
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Either Unsaturated:

G < Qus : @ =10,  Giot = Q

Or Saturated:

dv — Qs - dr = Gtot — (Qus

Gtot = qu T G
]
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FARE Model: Fast Auto-Conversion & Rain Evaporation

US|ng (96 =X -+ éqv, Gtot -

Dee DQtot agr
= ( V£ = ()
Dt Dt 92

no explicit source terms

Similar models for non-precipitating, shallow convection; g,
replaced by ¢.: Grabowski & Clark 1993; Spyksma, Bartello &
Yao 2006; Pauluis & Schumacher 2010
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e Low-altitude moistening, e.g. over a warm ocean

x10

Scattered convection; 3D contours of rain water

e
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Background velocity for squall lines
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A squall line

Fred Roswald & Judy Jensen, http://wingssail.blogspot.com,
0337-SquallApproachesSumatra.jpg
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More Characteristics of Squall Lines (Wallace & Hobbs, 2006)

e e e S e e ey Wy S H ——— -
o T —— - = e '-‘\_‘_‘-
IL e ———

—
-—"'.-‘-.

3 Radar echo
New cell boundary
—0°C
{ —>> Storm motion

o
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o
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D

P |

1 | h_ EeEL oA
H in_ Old Maiura\_
eavy rain cell " . celi Gust fromt

|
Trailing stratiform rain —/ (. Heavy convective showers

s Long lasting multi-cell storm

s Tilted profile

s Propagate long distances (Houze 2004)
s Low-altitude cold pool
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3D contours of q, at T=33.6 hours o
X
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z-avg q, T=33.6 hrs

120

0 at T=33.6 hrs, z =0.6 km
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Time Evolution

-3 u horizontal avera
ges
x10 15— ‘ ‘ ‘
3.5 - — Background
R S 7.92hrs
—16.08hrs
¥ - — - 24hrs
3 +  31.92hrs
b O 40.08hrs
% 48hrs
12.5
10 B
~~
& |5 £
< <
0 5
£ 15
— I
Sk -
1
0.5
0 ne. !
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Propagates at the speed of the jet max (black dash)
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Thermodynamic stability: parcels rising
adiabatically, equilibrium thermodynamics

Dynamic stability: linear/nonlinear stability
analysis of the dynamical equations




Moist Parcel
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Dynamical Linear Stability

FARE with a saturated background gives the
same right stability boundary:

Fe — (9/90) dée/d’z > Oa ‘96 =0 + (L/Cp)qu

sufficient for stabllity;

as well as a left boundary sufficient for
instability in the saturated case.




10

Stable

VT(ms
- N W A 1 N o ©

-7 -6.9 6.8 -6.7 —6.6
dT/dz (K km™1)

Grey denotes unstable scales;
left of red line guaranteed unstable:
T'= (g/0,)d(0e — 0,G,)/dz < 0

right of blue line guartd. stable: T', = (¢/6,)d6./dz > 0, [E86]
s
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Growth rate of the unstable eigenmode

5 —
45 VT=5m/s
VT=4.5m/s
45 VT=4m/s
T/‘\ 3.5 VT=3.5m/S
E VT=3m/s
= 3t
()]
*é' o5l VT=2.5m/s
<
O 1.5-
1F
0.5¢
0 VT;O.Sm/s VT;1 m/s | VT=1 .Qm/s |
0 1000 4000 5000

kﬁ?(ozonmooo% am)

Fixed background temp/saturation gradients;
k, =2m/15 km™?

D, 29737



(In)stability boundaries

e Numerically find I' < 0, I'. > 0 as sufficient
conditions

e Analytically I' = 0 Is the single stability
boundary for V;; = 0 (a singular limit)

e Analytically I'. = 0 is the single stability
boundary for V; — oo (nonlinear asymptotics)
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-1.4 —1.£35 —1:3 —1.25 - l2 -14 -1.35 —1:3 —1.é5
dgys/dz (g kg™! km™1) dgys/dz (g kg™t km™1)

2

Left: Vr = 0m s~ !; Right: V7 = 0.01 m s~!; Grey = unstable;
k,=2r/15km™ !, B=3Kkm™ .
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1DV

Du R
— = - Vp+ ki
Dt p _I_ ,

I (=T,
w Dt ( )

with positive definite energy for [' > 0:

£ (e + 1)

and eigenvalues o* = +(k;, /k)I'/?
—




eDry: V' =g0/0, Taw=N>=(g/0,)d0/dz

e Saturated, V; =0: b =g(0./0, — q))

e Saturated, Vp — oco: b = g¢0./0,




Energy Conservation in Saturated Regimes, 1/ = 0

OE+V - (u(E +p)> = VT@( 94,)° )

Q(F o Fe)
1 ,  (990/0.)°  (94,/0,)°
E§QNH L, | T -1,
positive definite for
g db,
P 0
0, dz ~

['—T', strictly greater than zero




Conclusions

e The FARE model ignores detailed cloud
physics, but retains conservations laws for

L
dtot ; 96 =0 + —(y
Cp

(why it "works")

e Provides a framework for linear and
nonlinear analysis




FARE adds V7 to a concept of “conditional
instability” in a saturated domain

Next: Derivation of a Moist Balanced
Dynamics (the vortical mode + the moisture
mode)?

Nonlinear energy analysis

e
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Nonlinear Energy Consistency

O (u-u u-u 0
5 ( 5 +H> +V- [u<T+H—I—p>] —5 [VTg(z—a)qr] = —Vr9q,

H((ge,Qt,Z) — _/ Hi 9?)(967%5777) d77

L
cpbo

0y = (9?)(‘967 dt, Z) = 0 — Ooqt + 0, <€o — =+ 1) min(@lt; QUS(Z)>-

0, linear virtual potential temperature; integration assumes
0., ¢: fixed; a arbitrary reference height with ¢,;(a) = 0.
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