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How do we quantify mixing in the presence of sources and sinks?
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Setup of the problem

0t0 +u-VO = KAO + s,
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u=u(x/l,t/7,) s = s(x/ls, t/7s)

with (s) =0
& periodic boundary conditions

(f) = _lim —/ dt/dx f(x,t)
T—o0 VQT
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Parameters

Non-dimensional Numbers

£y
Pe=Ul,/k, p=4L,/Ls, StuEU—Tu, Sts = —

Y= lim 7/ dt/dx f(x,t)
T—o00 VQT
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Parameters

Non-dimensional Numbers

£y 4,
=1, Sts=-—=0,.

Pe=Ulu/k, p=Lu/ls, Sty= Ur, Urs

Y= lim 7/ dt/dx f(x,t)
T—oo VT
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Measures of Mixing

(Vo)™

with special cases

p=(V7P), 2=, x=r(VE?), n=r{r6?
Non-dimensional form using the scalar distribution in the absence of flow
o PR o® o’k X _ XK n ok

—_—~

g0 SUE 2T SR N S22 gy S

DoerinGg, C. R. & THIFFEAULT, J.-L. 2006,
SHAw, T. A., THIFFEAULT, J.-L. & DoOERING C. R. 2007
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Stirring estimates

0t0 +u-VO = KAO + s,
Balance advection with injection

Ur s g St

Balance advection with dissipation

Uo ko K

A ~\ e,

0, =1/ — g, /P

U
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Upper and lower bounds

Can we derive bounds on mixing?

Do we learn something new from them?
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A lower bound

00 +u-VO = kAO + s,

Multiply by a smooth field ¥)(x) (eg ¢ = s/S) & space-time
average:

(Qu - V) + k(0AY) = —(s1).

> S _Sts_ 1
= T = —
Usup, |Vs|+k(|As|?)2 U c1+Pe1pc,

(2

Lower Bound |

THIFFEAULT, J.-L., DOERING C. R. & GIiBBON, J. D. 2004
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A lower Bound

S/t 1
> - -
U+ Pe_lpc2

The bound captures the right scaling with & in the k — 0
limit.

It is sharp for certain classes of flows & source-sink
distributions

There is no effect of the velocity shear Vu

There is an £s where one expects to find a ¢,
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The uniform flow example
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s = /2S5 cos(x/Ls), u=-eU

B (k/€2) cos(x/ls) + (U/Ls)sin(x/Ls)
o= vas v/ 27 + (U/L.)?

PrasTING, S. C. & Young, W. R. 2006
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Introducing the dissipation scale /4

Definition: Dissipation scale

12/34 Alexandros Alexakis Alexandra Tzella Bounds on scalar dissipation scale



Introducing the dissipation scale /4

Definition: Dissipation scale

Using X = £(|VO[]2) = (6s)
2
5 \Os) o°
o X
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Introducing the dissipation scale /4

Definition: Dissipation scale

Using X = £(|VO[]2) = (6s)
2
5 \Os) o°
o X

or _ (09 (la

Sz \ So 02

Two ways to reduce o: (1) Minimise (fs)/So = transport
(2) Minimise ¢2/¢2 = stirring

12/34 Alexandros Alexakis Alexandra Tzella Bounds on scalar dissipation scale



Introducing the dissipation scale /4

Definition: Dissipation scale

Using X = £(|VO[]2) = (6s)
2
5 \Os) o°
o X

or _ (09, (la

Sz \ So 7

Two ways to reduce o: (1) Minimise (fs)/So = transport
(2) Minimise ¢2/¢2 = stirring
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Diffusion, Stirring, Transport, and expectations
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02 o 2 2 Pe 2 2 o 2
kﬁﬁi x p?Pe kc2,€28 x1 kf,ﬁﬁ x p*Pe
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Bounding the dissipation scale (1)

What are the bounds for k3¢%7?
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Bounding the dissipation scale (1)

Using the Thiffeault, Doering & Gibbon 2004 bound:
(VO]?) Kty

k3% =

< —(cl +Pepcr)
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Bounding the dissipation scale (1)

Using the Thiffeault, Doering & Gibbon 2004 bound:

(IVO?) KLy
o2 U
(05) t,
ko2 U
S k{,
< -
ko U

(a1 +Pelper)

k3% =

u

< =
\Es

Upper bound |

K303 < pler + Petpcy)
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Bounding the dissipation scale (2)

16 /34

New constraint obtained from (|V|?) evolution equation:
2Vl +u-V(V8) = kAVH — (Vu)' - Vb + Vs.
n =k (|A?) = —(VO(Vu)¥™VE) + (V- Vs).
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Bounding the dissipation scale (2)

New constraint obtained from (|V|?) evolution equation:
2Vl +u-V(V8) = kAVH — (Vu)' - Vb + Vs.
n =k (|A?) = —(VO(Vu)¥™VE) + (V- Vs).

Using Holder, Cauchy-Schwartz:

sym 5
n < sup|(Vu)™ | x/k + ?\/X/“
S
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Bounding the dissipation scale (2)

New constraint obtained from (|V|?) evolution equation:
2Vl +u-V(V8) = kAVH — (Vu)' - Vb + Vs.
n =k (|A?) = —(VO(Vu)¥™VE) + (V- Vs).

Using Holder, Cauchy-Schwartz:

sym 5
n < sup|(Vu)™ | x/k + ?\/X/“
S

Using x? < k2(62)(|A0|?) = ro®n:

Upper bound Il

1
K202 < Zc3d14+4/1+ 4p3Pe (crco + pc2Pe 1) c; 2
d*p 2 P 2 3
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Bounding the dissipation scale (3)

For monochromatic sources As = —¢ s it follows that
(VO - Vs)| = cok2(0s) = k2x:

K (|A0)?) = —(VO(Vu)™>™ V) + k2x.
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Bounding the dissipation scale (3)

For monochromatic sources As = —¢ s it follows that
(VO - Vs)| = cok2(0s) = k2x:

K (|A0)?) = —(VO(Vu)™>™ V) + k2x.

Using Holder, Cauchy-Schwartz :
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Bounding the dissipation scale (3)

For monochromatic sources As = —¢ s it follows that
(VO - Vs)| = cok2(0s) = k2x:
K (|A0)?) = —(VO(Vu)™>™ V) + k2x.

Using Holder, Cauchy-Schwartz :

and using x? < ko?n

Upper Bound IlI

kd€2 c3 + op 2pe!
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Upper bounds on k3¢2

*

1010

o
»
ot 0% /Pe
o* ! 1
L 0
5 -’ .
1 O [ /OI "i-‘ ] 1
~ r o* .
ng r O" .
N L ‘."' ]
X L 'o’. :
0 -
1000 o ' ]
* n
b . ]
L u u
. i
el p=Pe]
107° :

1072 10° 10% 10* 10°% 108 107
Jo

18/34 Alexandros Alexakis Alexandra Tzella Bounds on scalar dissipation scale



Upper bounds on k3¢2
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Upper bounds on k3¢2
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Upper bounds on k3¢2
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The p < 1 limit: homogenization theory

0=V -K-Vl+s, p<1
where K = (1 + K7).
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The p < 1 limit: homogenization theory

0=V -K-Vl+s, p<1
where K = (1 + K7).

x0 and take (-)
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The p < 1 limit: homogenization theory

0=V -K-Vl+s, p<1
where K = (1 + K7).

x0 and take (-)

12 X (VO(1 + K7)V0)
ko2 (62) ’

Q.
I
Q

Now ||K7|| ~ Pe® where 0 < o < 2.
cellular « = 1/2, chaotic a = 1, shear o = 2.
MaipAa & KRAMER 1999, KRAMER & KEATING 2009
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The p < 1 limit: homogenization theory

0=V -K-Vi+s, pxl1
where K = (1 + K7).

x0 and take (-)

X (VO(I + K7)V0)

k2 = ~ =
47 ko2 (62)

Now ||K7|| ~ Pe® where 0 < o < 2.
cellular « = 1/2, chaotic a = 1, shear o = 2.
MaipAa & KRAMER 1999, KRAMER & KEATING 2009

Homogenization result

kgl ~ p?Pe* 1 p < min{l,Pe'*}.
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The p < 1 limit: homogenization theory
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An example flow and source
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u(x/ly, t) = O(r/2 — t mod 7) V2Usin(y /4, + ¢1)
e @(t mOdT—T/Q) \/§Usin(x/€u+¢2) )

PIERREHUMBERT 1994.
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An example flow and source
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u(x/l,,t) = O(r/2 — t mod 7) \@Usin(y/eu + ¢1) ] |

O(t mod 7 — 7/2) V2Ussin(x/ly + ¢2)

PIERREHUMBERT 1994.

s(x/ls) = 25 sin(x/4s) sin(y /{s).
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An example flow and source

24 /34
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O(7/2 — t mod 7) V2Ussin(y /£, + ¢1)

u(x/l,,t) = . )
O(t mod 7 — 7/2) V2Usin(x /€, + ¢2)

PIERREHUMBERT 1994.
s(x/ls) = 25 sin(x/4s) sin(y /{s).
U%r mPe
Kr= | = I, a=2v2, =2 c=Vv2
T 8 /25t 1 2 3
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Numerical Results
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Spatial structures

p=1/16 p=1 p=32
Pe = 3.5 x 103 Pe = 1.4 x 10° Pe=1.4 x 10°
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Pe = 3.5 x 103 Pe = 1.4 x 10° Pe = 1.4 x 10°
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p<1 p~1 p>1
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Mix_M5_R4.wmv
Media File (video/x-ms-wmv)


Mix_S2_R7.wmv
Media File (video/x-ms-wmv)


Mix_S5_R7.wmv
Media File (video/x-ms-wmv)


Is there something more?
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Is there something more?
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Variance is controlled by both transport and stirring
Different mechanisms imply different scalings

Bounds & homogenization describe well the dependence of ky
with system parameters
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Some thoughts...

In multiscale (turbulent) flows different scales control mixing
& different scales control transport

The pattern in p > 1 suggest that higher moments would be
interesting to look at
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Thank you
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