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The Euler-a equations are given by
v+ (u-VIv+3,viVu = -Vp,
divu=0,
Vv =u-—ad’Au.

Above, p is the (scalar) pressure and v is the (unfiltered) velocity (and
u=(I-a?A)~1vis the filtered velocity).
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Euler-a aka LAE-a — Lagrangian Averaged Euler.

@ Euler-a is a regularization of the Euler equations;
© Inviscid sub-grid scale model in turbulence;

© Solutions are geodesics in space of volume-preserving
diffeomorphisms with H!-metric (v/||ul]2 + 2| Vu|2);

© Zero-viscosity second-grade fluid model;

©Q In 2D it gives rise to a vortex blob method.
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divu=0,
v =u-a?Au.

Compare with LANS-«: vAu on right-hand-side, instead of vAv.

Second grade fluids: special case of differential type of model for
viscoelastic fluids.

Model subject to controversy in rheology. Nevertheless it is simple
model, mathematically interesting.
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Second grade equations can be written as

otu+u-Vu=divs,
divu=0, (1)
u(0) = up,

where S is the stress tensor.
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Second grade equations can be written as

ou+u-Vu=divs,
divu=0, (1)
u(0) = up,

where S is the stress tensor.

S — memory (elastic effect) only infinitesimal past.

S = —pl+ vA— a?A2 + P(OA+ u- VA + (Vu)'A+ AVu), (2)

A= A(u) =Vu+ (Vu)

v is viscosity; o? is material parameter, encodes elastic response.

OBS. The term u - VA contains second-order derivative of u.
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Question addressed here: is solution to Euler approximated by Euler-a
solutions, as o — 0? By second grade flows, as v — 0?7 "OK" in full
space/full plane.

Interested in boundary effects. Study second grade/Euler-« in a
bounded domain Q c R? or RS.

Study two different kinds of boundary condition for second grade:
(1) Wall slip i.e. Navier boundary condition This will be baseline result.
(2) No slipi.e. u= 0 on 0.

No physically meaningful boundary condition for Euler-a.. Consider
same boundary condition as for second grade — mathematically
interesting.

For Euler, non-penetration u - h = 0 on d9).

\ Motivation: inviscid limit for Navier-Stokes, bounded domain.
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Some background

Early results Well-posedness (local/large data, global/small data) for
second grade: Cioranescu & Ouazar, 1984, bounded domain, no slip.
Also Galdi & Grobbelaar-Van Dalsen & Sauer, 1993, Cioranescu &
Girault, 1997, Galdi & Sequeira, 1994, Busuioc, 2002, 2004.

Busuioc, 2002 Vanishing viscosity, fixed «, second grade to Euler-a.
Full space.

Busuioc-Ratiu, 2003 Well-posedness for second grade and Euler-a,
bounded domain, Navier slip conditions.

Iftimie, 2002 Convergence, fixed v > 0, « — 0, of second grade fluid to
NS. H' data, convergence is weak in L2. Full space.
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Bardos-Linshiz-Titi, 2008 Global existence, 2D, Euler-a with vortex
sheet initial data. Full plane. No Kelvin-Helmholtz.
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sheet initial data. Full plane. No Kelvin-Helmholtz.

Bardos-Linshiz-Titi, 2009 Convergence, o — 0, Euler-a with vortex
sheet data (Birkhoff-Rott-«).

Jiu-Niu-Titi-Xin, 2009 Global existence for Euler-«, axisymmetric no
swirl, 1 curl vo Radon measure. Uniqueness 1 curl vy € L5(R®) with
p > 3/2. Full space.
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Bardos-Linshiz-Titi, 2008 Global existence, 2D, Euler-a with vortex
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Bardos-Linshiz-Titi, 2009 Convergence, o — 0, Euler-a with vortex
sheet data (Birkhoff-Rott-«).

Jiu-Niu-Titi-Xin, 2009 Global existence for Euler-«, axisymmetric no
swirl, 1 curl vo Radon measure. Uniqueness 1 curl vy € L5(R®) with
p > 3/2. Full space.

Linshiz-Titi, 2010 Convergence and rate-of-convergence, a — 0, full
space. Data (vp) in H°.
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Bounded domain flow, Navier conditions

Joint work with A. V. Busuioc (Univ. Lyon), D. Iftimie (Univ. Lyon) and
M. C. Lopes Filho (IM-UFRJ).
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Joint work with A. V. Busuioc (Univ. Lyon), D. Iftimie (Univ. Lyon) and
M. C. Lopes Filho (IM-UFRJ).

Our context: flow in bounded domain €2, smooth boundary 09.
Boundary condition: Navier (friction) boundary condition.

Tangential velocity proportional to surface shear stress at boundary,
i.e.,

(Sh+yU)tan = 0, (3)
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Bounded domain flow, Navier conditions

Joint work with A. V. Busuioc (Univ. Lyon), D. Iftimie (Univ. Lyon) and
M. C. Lopes Filho (IM-UFRJ).

Our context: flow in bounded domain €2, smooth boundary 09.
Boundary condition: Navier (friction) boundary condition.

Tangential velocity proportional to surface shear stress at boundary,
i.e.,

(Sh + YU)tan =0, (3)

Above, ~ = friction coefficient and h is unit normal to boundary.
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Special case: v = 0 = perfect slip.
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Special case: v = 0 = perfect slip.

Too complicated to deal with this Navier condition.
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Special case: v = 0 = perfect slip.
Too complicated to deal with this Navier condition.

Better to work with Newtonian (linear) Navier condition:

(AR)tan = 0. 4)
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Special case: v = 0 = perfect slip.
Too complicated to deal with this Navier condition.

Better to work with Newtonian (linear) Navier condition:

(AR)tan = 0. 4)

Background: previous work used this simpler Navier condition.
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Relation between physical and simpler Navier conditions needs to be
established.
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Subtle issue, because physical one has memory.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)
Letu € C>=([0, T]; Q) div—free, sthu-n =0 on|[0, T] x 09.
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Relation between physical and simpler Navier conditions needs to be
established.

Subtle issue, because physical one has memory.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)

Letu € C>=([0, T]; Q) div—free, sthu-n =0 on|[0, T] x 09.
Then
(Aﬁ)tan = O on [0, T] X aQ — (Sh)[an = 0 on [O7 T] X 89
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Subtle issue, because physical one has memory.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)

Letu € C>=([0, T]; Q) div—free, sthu-n =0 on|[0, T] x 09.
Then

(Aﬁ)tan = O on [0, T] X aQ — (Sh)[an = 0 on [O7 T] X 89

If [A(ug)Atan = 0 on 09, where ug = u(0, x), then
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Relation between physical and simpler Navier conditions needs to be
established.

Subtle issue, because physical one has memory.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)

Letu € C>=([0, T]; Q) div—free, sthu-n =0 on|[0, T] x 09.
Then

(Aﬁ)tan = O on [0, T] X aQ — (Sh)[an = 0 on [O, T] X 89

If [A(ug)Atan = 0 on 09, where ug = u(0, x), then

(SMian=0  0on[0,T] x 0 = (AR)an =0  on|0, T] x O9.
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First statement.

Decompose Ah = 3h + w, with w tangent to boundary.
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Idea of proof:

First statement.

Decompose Ah = 3h + w, with w tangent to boundary.

If (AN)ian = 0 on the boundary then can show

(SA)tan = o®(u- VA + (Vu)! A+ AVu)h).
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Idea of proof:

First statement.

Decompose Ah = 3h + w, with w tangent to boundary.
If (AN)ian = 0 on the boundary then can show

(SA)tan = o®(u- VA + (Vu)! A+ AVu)h).

... many calculations later ... (SR)n = 0.
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Converse.
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As before, An = Bh+ w.
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Converse.
As before, An = Bh+ w.

Deduce equation for w:

w4+ C(v,a)w + [u- Vw + (Vu)!w]san = 0.
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Converse.
As before, An = Bh+ w.

Deduce equation for w:

oW + C(V,Oé)W-F [U -Vw+ (VU)tW]tan =0.

Energy estimates give: wp = 0 = w(t,-) =0,
as desired. i
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Converse.
As before, An = Bh+ w.

Deduce equation for w:

Hw + C(v,)w + [u- Vw + (Vu)'w]ian = 0.

Energy estimates give: wp = 0 = w(t,-) =0,
as desired. i

Remark. Known existence results are for simpler Navier boundary
condition. Theorem provides dictionary, but for well-prepared data.
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IBVP

The initial-boundary-value-problem we solve is:
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IBVP

The initial-boundary-value-problem we solve is:

( 81V+U'VV+Zj‘/jVUj:_Vp+VAUa in(o7T)XQ’
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IBVP

The initial-boundary-value-problem we solve is:

( 81V+U'VV+Z!'V]'VUJ':_VP+VAU’ in(o7T)XQ’

divu =0, in [0, 7] x Q
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The initial-boundary-value-problem we solve is:

( 81V+U'VV+Z!'V]'VUJ':_VP+VAU’ in(O,T)xQ,
divu =0, in [0, 7] x Q

(Sh)[an - 07 on [0, T] X 89,
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IBVP

The initial-boundary-value-problem we solve is:

( 8tv—|—u-VV—|-EjVjVUj=—VP+VAU, in(O,T)xQ,

divu =0, in [0, 7] x Q
(Sﬁ)[an - 07 on [0, T] X 89,
v =u-—a?Au, in [0, T] x Q,
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IBVP

The initial-boundary-value-problem we solve is:

[ Ov+u-VVv+ 3, vVu = -Vp+vAu, in(0,T)xQ,
divu =0, in [0, 7] x Q
(Sh)tan = 0, on[0,T] x99, (5)
v =u-a?Au, in[0, T] x Q,

[ u(0,-) = ("), at {t = 0}.
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IBVP

The initial-boundary-value-problem we solve is:

[ Ov+u-VVv+ 3, vVu = -Vp+vAu, in(0,T)xQ,
divu =0, in[0, T] x Q
(SM)tan = 0, on[0,T] x99, (5)
v =u-—a?Au, in[0, T] x Q,

[ u(0,-) = uo("), at {t =0}.

Assume (A(up)N)ian = 0. Also, notice there are three derivatives on u
— VAu.
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Let o be a smooth (in x and t), div-free vector field, tangent to 09.
Multiply (5) by ¢, integrate by parts, use the boundary condition
(AN)ian = 0 and the symmetry of S, to get:
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Let o be a smooth (in x and t), div-free vector field, tangent to 09.
Multiply (5) by ¢, integrate by parts, use the boundary condition
(AN)ian = 0 and the symmetry of S, to get:

//[u O + 5 A 81A(¢)] /[() o(t) + & A(t) A(d)(t))}

/Q[Uocbo+2AUo ]//UVU¢+ //AA
@ O/QAZ:A(@—O;/O/Qu'VAw):A

2 t
« t . — *
+& /0 /Q[(VU)A+AVU] L A(9) =0, (+)

for all times t.
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Weak H' formulation

We say that u is a weak H' solution of the second grade fluid
equations with perfect slip Navier boundary conditions on the time
interval [0, T] if and only if

v
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Weak H' formulation
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Q uc Coo, T; H'(Q));

v

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 17/43




Weak H' formulation

We say that u is a weak H' solution of the second grade fluid
equations with perfect slip Navier boundary conditions on the time
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© uis divergence free and tangent to the boundary;
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Weak H' formulation

We say that u is a weak H' solution of the second grade fluid
equations with perfect slip Navier boundary conditions on the time
interval [0, T] if and only if

Q ue Cy([0. T H'(Q));

© uis divergence free and tangent to the boundary;

© relation (x) holds true for all vector fields
¢ € CO([0, T]; H?(Q)) n C'([0, T]; H'(R)) which are divergence
free and tangent to the boundary;
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We say that u is a weak H' solution of the second grade fluid
equations with perfect slip Navier boundary conditions on the time
interval [0, T] if and only if

Q ue Cy([0. T H'(Q));

© uis divergence free and tangent to the boundary;

© relation (x) holds true for all vector fields
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free and tangent to the boundary;

Q the following energy inequality holds true
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Weak H' formulation

We say that u is a weak H' solution of the second grade fluid
equations with perfect slip Navier boundary conditions on the time
interval [0, T] if and only if

Q ue Cy([0. T H'(Q));

© uis divergence free and tangent to the boundary;

© relation (x) holds true for all vector fields
¢ € CO([0, T]; H?(Q)) n C'([0, T]; H'(R)) which are divergence
free and tangent to the boundary;

Q the following energy inequality holds true

[ (w2 Giae) @ [ 147 < [ aoP+ G Ao, @)

vte [0, T].
v
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Our convergence result is stated below.
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Our convergence result is stated below.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)

Let uy € H3(Q) be div-free, tangent to 9Q and assume (A(uo)M)tan = O.
Let T > 0 be sth uf e CO([0, T]; H®) n C'((0, T); H?) is Euler solution,
initial data ug.

Suppose, additionally, there exists an H' weak solution u** of (5),up
to time T. Then
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Our convergence result is stated below.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)

Let uy € H3(Q) be div-free, tangent to 9Q and assume (A(uo)M)tan = O.
Let T > 0 be sth uf e CO([0, T]; H®) n C'((0, T); H?) is Euler solution,
initial data ug.

Suppose, additionally, there exists an H' weak solution u** of (5),up
to time T. Then

i v E o
lim flu U= (0,T:12()) = O

5
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Our convergence result is stated below.

Theorem (Busuioc, Iftimie, Lopes Filho, NL, 2010)

Let uy € H3(Q) be div-free, tangent to 9Q and assume (A(uo)M)tan = O.
Let T > 0 be sth uf e CO([0, T]; H®) n C'((0, T); H?) is Euler solution,
initial data ug.

Suppose, additionally, there exists an H' weak solution u** of (5),up
to time T. Then

i v E o
lim flu U= (0,T:12()) = O

5

OBS. Note that limits in » — 0 and « — 0 taken independently.
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Idea of proof:

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler



Idea of proof:

Write w = u*® — uE. Formal PDE for w is:
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Idea of proof:

Write w = u*® — uE. Formal PDE for w is:

ow + (w - VYw + (w - V)uf + (uF - V)w = div(S) + Vp.
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Idea of proof:

Write w = u*® — uE. Formal PDE for w is:

ow + (w - VYw + (w - V)uf + (uF - V)w = div(S) + Vp.

Cannot multiply by w and integrate — w only H', not enough regularity
(problem with term ws).
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Idea of proof:

Write w = u*® — uE. Formal PDE for w is:

ow + (w - VYw + (w - V)uf + (uF - V)w = div(S) + Vp.

Cannot multiply by w and integrate — w only H', not enough regularity
(problem with term ws).

Instead: we start from the energy inequality in the Definition of weak
solution, together with energy estimates for the limit equation.
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Observe: PDE(w) = PDE(u"®) - PDE(uf).
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Observe: PDE(w) = PDE(u"®) - PDE(uf).

Hence

w - PDE(w) = (u*® — uf) - (PDE(u"®) — PDE(uF))
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Observe: PDE(w) = PDE(u"®) - PDE(uf).

Hence

w - PDE(w) = (u* — uF) - (PDE(u"*) — PDE(uF))

= u"® - PDE(u"®) — u"* - PDE(u®) — uf - PDE(u"*) + uf - PDE(u®).
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Observe: PDE(w) = PDE(u"*) - PDE(uF).

Hence

w - PDE(w) = (u*® — uf) - (PDE(u"®) — PDE(uF))

= u"* - PDE(u"®) — u"® - PDE(uF) — uF - PDE(u"®) + u® - PDE(uF).

We use this idea, substituting v - PDE(u*®) by energy inequality. Let
H} be H' with the norm
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Observe: PDE(w) = PDE(u"*) - PDE(uF).

Hence

w - PDE(w) = (u** — uF) - (PDE(u"*) — PDE(uF))
= u"* - PDE(u"®) — u"® - PDE(uF) — uF - PDE(u"®) + u® - PDE(uF).

We use this idea, substituting v - PDE(u*®) by energy inequality. Let
H} be H' with the norm

az
Wiy = [ (WP + S 1amE).
Q
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The procedure above yields the estimate:
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The procedure above yields the estimate:

lw ()% 1(9Q) <Ca2(HUE”Eoo(o,T;H1(Q)) + HUOHiﬁ(Q))
+CaT |l oy 1= Il v o, 1711 ()
+CVTHUE”%OQ(O7T;H1(Q))

+CO[2 T||UE||300(07T;H3(Q))

t
+CHUE”L°°(0,T;H3(Q))/O HWH%’&(Q)
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The procedure above yields the estimate:

lw ()% 1(9Q) <C‘12(HUE”E<>0(0,T;H1(Q)) + HUOHiﬁ(Q))
+CaT |l oy 1= Il v o, 1711 ()
+CVTHUE”%OO(07T;H1(Q))

+CA?T(|UF e 0,712
t
+CHUE”L°°(0,T;H3(Q))/O HWH/Z-I&(Q)

t
= Ci(T, uF, up)(a® + a +v) + Co(T, UE)/O HWH%"&(Q)
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By Gronwall's Lemma we find
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By Gronwall's Lemma we find

Iw(®)lFy < (o + a+v)C(T, uF, w),
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By Gronwall's Lemma we find

Iw(®)lFy < (o + a+v)C(T, uF, w),

which implies the desired conclusion. il
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By Gronwall's Lemma we find

Iw(®)lFy < (o + a+v)C(T, uF, w),

which implies the desired conclusion. il

OBS. No need for boundary corrector.
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In 2D flow a uniform existence time has been established by
Busuioc-Ratiu (2003), independent of v and «.
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In 2D flow a uniform existence time has been established by
Busuioc-Ratiu (2003), independent of v and «.

In 3D flow, we have global existence under special symmetry. We
show:

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 23/43



In 2D flow a uniform existence time has been established by
Busuioc-Ratiu (2003), independent of v and «.

In 3D flow, we have global existence under special symmetry. We
show:

Proposition

Suppose uy is axisymmetric, no swirl, belongs to H3, is div-free and
tangent to the boundary, and satisfies (A(Ug)N)tan = 0. Suppose also
Teurl(up — a?Aug) € L2. Then there exists a global H® no swirl
axisymmetric solution of (5).
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In 2D flow a uniform existence time has been established by
Busuioc-Ratiu (2003), independent of v and «.

In 3D flow, we have global existence under special symmetry. We
show:

Proposition

Suppose uy is axisymmetric, no swirl, belongs to H3, is div-free and
tangent to the boundary, and satisfies (A(Ug)N)tan = 0. Suppose also
Teurl(up — a?Aug) € L2. Then there exists a global H® no swirl
axisymmetric solution of (5).

Work in progress: show that solutions of Euler-«,, bounded domain,
Navier condition, with same initial data, exist on a time interval
independent of .
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In 2D flow a uniform existence time has been established by
Busuioc-Ratiu (2003), independent of v and «.

In 3D flow, we have global existence under special symmetry. We
show:

Proposition

Suppose uy is axisymmetric, no swirl, belongs to H3, is div-free and
tangent to the boundary, and satisfies (A(Ug)N)tan = 0. Suppose also
Teurl(up — a?Aug) € L2. Then there exists a global H® no swirl
axisymmetric solution of (5).

Work in progress: show that solutions of Euler-«,, bounded domain,
Navier condition, with same initial data, exist on a time interval
independent of a. Uses co-normal spaces.
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Bounded domain, no slip, Euler-a 2D
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Bounded domain, no slip, Euler-a 2D

Consider first Euler-«, bounded planar domain, with Dirichlet condition:
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Bounded domain, no slip, Euler-a 2D

Consider first Euler-«, bounded planar domain, with Dirichlet condition:

v+ (u-VI)v+3viVuy=-Vp, inQx(0,00),
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Bounded domain, no slip, Euler-a 2D

Consider first Euler-«, bounded planar domain, with Dirichlet condition:
v+ (u-VI)v+3viVuy=-Vp, inQx(0,00),

divu=0, in Q x [0, c0),
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Bounded domain, no slip, Euler-a 2D

Consider first Euler-«,, bounded planar domain, with Dirichlet condition:
v+ (u-VI)v+3viVuy=-Vp, inQx(0,00),
divu =0, in Q x [0, 00),

v =u—a?Au, in Q x [0, 0),
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Bounded domain, no slip, Euler-a 2D

Consider first Euler-«,, bounded planar domain, with Dirichlet condition:

v+ (u-VI)v+3viVuy=-Vp, inQx(0,00),

divu =0, in Q x [0, 00),
v =u—a?Au, in Q x [0, 0),
u=0, on [0, T] x 09,

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 24/43



Bounded domain, no slip, Euler-a 2D

Consider first Euler-«,, bounded planar domain, with Dirichlet condition:

v+ (u-V)v+33,viVu=-Vp, inQx(0,00),

divu =0, in Q x [0, 00),

V=uU—o?Au, in Q x [0, 0),

u=0, on [0, T] x 01,
| u(0,-) = ("), at {t = 0}.
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Consider first Euler-«,, bounded planar domain, with Dirichlet condition:

v+ (u-V)v+33,viVu=-Vp, inQx(0,00),

divu =0, in Q x [0, 00),

V=uU—o?Au, in Q x [0, 0),

u=0, on [0, T] x 01,
| u(0,-) = ("), at {t = 0}.
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If ug € H3 N H], div-free,
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If ug € H® N HY, div-free, 31 solution of Euler-«, global in time,
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If ug € H® N H], div-free, 3! solution of Euler-«, global in time, see
Cioranescu and Girault, 1994,
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If ug € H® N H], div-free, 3! solution of Euler-«, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999,
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If ug € H® N H], div-free, 3! solution of Euler-«, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999, Marsden, Ratiu and
Shkoller, 2000.
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If ug € H® N H], div-free, 3! solution of Euler-«, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999, Marsden, Ratiu and
Shkoller, 2000.

A priori estimates — 2D

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 25/43



If ug € H® N H], div-free, 3! solution of Euler-«, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999, Marsden, Ratiu and
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A priori estimates — 2D

Solution u® satisfies
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If ug € H® N H{, div-free, 31 solution of Euler-a, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999, Marsden, Ratiu and
Shkoller, 2000.

A priori estimates — 2D

Solution u® satisfies

2 2 2 2 2 2
w2 + VU (D2 = W12 + e IVUg 2
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If ug € H® N H{, div-free, 31 solution of Euler-a, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999, Marsden, Ratiu and
Shkoller, 2000.

A priori estimates — 2D
Solution u® satisfies
[u* (1122 + P Vu* ()12 = lug 12 + ?(|Vug||%

and
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If ug € H® N H{, div-free, 31 solution of Euler-a, global in time, see
Cioranescu and Girault, 1994, Busuioc, 1999, Marsden, Ratiu and
Shkoller, 2000.

A priori estimates — 2D

Solution u® satisfies

2 2 2 2 2 2
w2 + VU (D2 = W12 + e IVUg 2

and

[eurl u*(t) — o curl Au*()[|Z, = |leurl u§ — o curl Aug|f%.
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Let up € H3(R), div-free, ug - 1 = 0 on 9.
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,
Q us — Uy, asa—0,in L3(Q),
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,

Q us — Uy, asa—0,in L3(Q),

Q |[Vus| e =0(a""), as a— 0, and
Q ||u§|e = O(a™3), as a— 0.
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Q us — Uy, asa—0,in L3(Q),
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,

Q us — Uy, asa—0,in L3(Q),

Q |[Vus| e =0(a""), as a— 0, and
Q ||u§|e = O(a™3), as a— 0.

Note. For any ug € H3(Q), div-free, up - i = 0 on 6Q
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,

Q us — Uy, asa—0,in L3(Q),

Q |[Vus| e =0(a""), as a— 0, and
Q ||u§|e = O(a™3), as a— 0.

Note. For any up € H3(Q), div-free, up - i = 0 on HQ can construct
family of suitable approximations.
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,

Q uy — up, asa — 0, in L3(Q),

Q |[Vus| e =0(a""), as a— 0, and
Q ||u§|e = O(a™3), as a— 0.

Note. For any ug € H3(Q), div-free, up - i = 0 on 99 can construct
family of suitable approximations.

For suitable approximations get:
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Let up € H3(Q), div-free, up - 1 = 0 on Q. Introduce suitable
approximation:

@ u§ vanishes on 0Q,

Q uy — up, asa — 0, in L3(Q),

Q |[Vus| e =0(a""), as a— 0, and
Q ||u§|e = O(a™3), as a— 0.

Note. For any ug € H3(Q), div-free, up - i = 0 on 99 can construct
family of suitable approximations.

For suitable approximations get:

° 10

C
[u*(Dllpe < —5 and [Vu (1) 2 <
(6
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With this setup, have the following result, vanishing « limit.
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With this setup, have the following result, vanishing « limit.

Theorem (L2, Titi and Zang, 2014)

Fix T > 0.
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With this setup, have the following result, vanishing « limit.

Theorem (L2, Titi and Zang, 2014)
Fix T > 0. Let uy € H®, div-free, uy - i = 0 on ON.
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With this setup, have the following result, vanishing « limit.

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let uy € H3, div-free, up - i = 0 on 0. Let {u§} C H® be
suitable approximations.
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With this setup, have the following result, vanishing « limit.

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let uy € H3, div-free, up - i = 0 on 0. Let {u§} C H°® be
suitable approximations. Set u® € C([0, T]; H®) solution to Euler-a with
initial data ug .
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With this setup, have the following result, vanishing « limit.

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let uy € H3, div-free, up - i = 0 on 0. Let {u§} C H°® be
suitable approximations. Set u® € C([0, T]; H®) solution to Euler-a with
initial data ug. Set uf € C([0, T]; H*) N C'([0, T]; H?) the unique
smooth solution to Euler, initial data ug.
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With this setup, have the following result, vanishing « limit.

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let uy € H3, div-free, up - i = 0 on 0. Let {u§} C H°® be
suitable approximations. Set u® € C([0, T]; H®) solution to Euler-a with
initial data ug. Set uf € C([0, T]; H*) N C'([0, T]; H?) the unique
smooth solution to Euler, initial data uy. Then:
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With this setup, have the following result, vanishing « limit.

Theorem (L?, Titi and Zang, 2014)

Fix T > 0. Let uy € H3, div-free, up - i = 0 on 0. Let {u§} C H°® be
suitable approximations. Set u® € C([0, T]; H®) solution to Euler-a with
initial data ug. Set uf € C([0, T]; H*) N C'([0, T]; H?) the unique
smooth solution to Euler, initial data uy. Then:

ory _ Ern2 2 o2
s (1°(0) = 5O + o* Ve ) 5 0. @
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce We = u> — uE.
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W,
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
integrate in Q,
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
integrate in Q, then on (0, T).
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
integrate in Q, then on (0, T).
Obtain:
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
integrate in Q, then on (0, T).
Obtain:

1 (6% D[ (6% (6%
LW = JIwe @ - [ [ 9] weaxas

t
+/ /divaa- We dxds,
0 JQ
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
integrate in Q, then on (0, T).
Obtain:

’

LW = JIwe @ - [ [ 9] weaxas

t
+/ /divaa- We dxds,
0 JQ

where
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Proof in the spirit of Kato criterion for vanishing viscosity limit of
Navier-Stokes.

Introduce W = u® — uF. Write equation for W, multiply by W,
integrate in Q, then on (0, T).
Obtain:

1 (6% Ol (6% (6%
LW = JIwe @ - [ [ 9] weaxas

t
+/ /divaa- We dxds,
0 JQ

where

2
dive™ = 0®0; AU + oP(u™ - V)AU® + 0® ) (Auf)Vuf
=
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Using the fact that
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Using the fact that

t t
0‘2/ /[(UQ'V)AUQ]-UO‘dde%—az/ /Auo‘-[(u"‘-V)u"‘]dxds:O,
0 Ja 0 Ja

we find
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Using the fact that

t t
0‘2/ /[(UQ'V)AUQ]-UO‘dde%—az/ /Auo‘-[(uo‘-V)u"‘]dxds:O,
0 Ja 0 Ja

we find

t
//divaa-W”dxds:
0 Ja
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Using the fact that

t t
0‘2/ /[(UQ'V)AUQ]-U"‘dde+a2/ /Au"‘-[(uo‘-V)u"‘]dxds:O,
0 Ja 0 Ja

we find

t t
/ /divaa- Wo‘dxds:az/ /83Aua- W dx ds
0 JQ 0 JQ
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Using the fact that

t t
0‘2/ /[(UQ'V)AUQ]-UO‘dde+a2/ /Au"‘-[(u"‘-V)u"‘]dxds:O,
0 Ja 0 Ja

we find

t t
/ /divaa- Wo‘dxds:az/ /83Au0‘- W dx ds
0 JQ 0 JQ

—az/ot/Q[(uo‘-V)Auo‘]‘udeds
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Using the fact that

t t
0‘2/ /[(UQ'V)AUQ]-UO‘dde+a2/ /Auo‘-[(u"‘-V)u"‘]dxds:O,
0 Ja 0 Ja

we find

t t
/ /divaa- W”‘dxds:az/ /8SAUO‘- W dx ds
0 JQ 0 JQ

—az/ot/Q[(uo‘-V)Auo‘]‘udeds

t 2
— a2/ / > (Aur)Vu - uF dxds
0 Jaig
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Using the fact that

t t
0‘2/ /[(UQ'V)AUQ]-UO‘dde+a2/ /Au"‘-[(u"‘-V)u"‘]dxds:O,
0 Ja 0 Ja

we find

t t
/ /divaa- W”‘dxds:az/ /8SAUO‘- W dx ds
0 JQ 0 JQ

—az/ot/Q[(uo‘-V)Auo‘]‘udeds

t 2
— a2/ / > (Aur)Vu - uF dxds
0 Jaig

=: 11(t) + k(1) + K(1).
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Summarizing, we have:
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Summarizing, we have:

1 « 2 __
SIWeOI" =
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas

+h(t) + b(t) + k().
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas
+h(t) + b(t) + k().

Easy estimates:
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas
+h(t) + b(t) + k().

Easy estimates:

/ /[ (we. WO dxds < K/ W2 ds.
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas
+h(t) + b(t) + k().

Easy estimates:

/ /[ (we. W dxds < K/ | W ds.

Integration by parts + Ladyzhenskaya inequality yield
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas
+h(t) + b(t) + k().

Easy estimates:

/ /[ (we. W dxds < K/ | W ds.

Integration by parts + Ladyzhenskaya inequality yield

t
b(t) + h(t) < Ka? (/ VU2 ds + T) :
0
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Summarizing, we have:

SIWe 7 = JIwe @R~ [ [ [we )] e axas
+h(t) + b(t) + k().

Easy estimates:

/ /[ (we. W dxds < K/ | W ds.

Integration by parts + Ladyzhenskaya inequality yield

t
b(t) + h(t) < Ka? (/ VU2 ds + T) :
0

Left with 1 (¢).
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Must use boundary corrector v —
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Must use boundary corrector v’ — Kato’s boundary corrector:
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 0,
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0.
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set

©°(-) = ¢(-/9).

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 31/43



Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
() = ¢(-/6). Let ¢ be stream function for uF,
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
V= (_8X276X1)'

Boundary corrector
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
V= (_8X276X1)'
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
V= (_8X276X1)'

Boundary corrector v0 = V1 (%).

Estimates for v°:
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Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
V= (_8X276X1)'

Boundary corrector v0 = V1 (%).

Estimates for v°:
IV | Lo (1) = O(1),
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
V= (_8X276X1)'

Boundary corrector v0 = V1 (%).

Estimates for v°:
IV | Lo (1) = O(1),

VOl 12y = O(8772),
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Must use boundary corrector v’ — Kato’s boundary corrector:

Choose smooth cutoff near 9, ¢ = 1 in neighborhood of 0. Set
©(-) = ¢(-/6). Let + be stream function for uf, uf = V14,
V= (_8X276X1)'

Boundary corrector v0 = V1 (%).

Estimates for v°:
IV | Lo (1) = O(1),

VOl 12y = O(8772),

IV Ve (12)=0(5-172)
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With this we can now perform the key estimate:
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I1(t):a2/ /83Au°‘~ Wedxds
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With this we can now perform the key estimate:

t
I1(t):a2/ /83Au0‘- W*dxds
0 Ja

t
:az/ /83Aua-u"dxds
0 Jo
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With this we can now perform the key estimate:

t
I1(t):a2/ /83Au°‘- W*dxds
0 Ja

t t
:aQ/ /83Aua-u"dxds—a2/ /33Aua'(UE— v)dx ds
0 JQ 0 JQ

t
—az/ /83Aua-v5dxds
0 Ja

o? a 2 o? a2 2 ! a2
< -G IVE@IF + S IV I+ Ko? | Vu?|Pds

—a2/ Vu§ - Vugdx +
0
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With this we can now perform the key estimate:

t
I1(t):a2/ /83Au°‘- W*dxds
0 Ja

t t
:az/ /63Aua-u"dxds—a2/ /33Aua'(UE— v)dx ds
0 JQ 0 JQ

t
—az/ /85Aua-v5dxds
0 Ja

o? a 2 o? a2 2 ! a2
< -G IVE@IF + S IV I+ Ko? | Vu?|Pds

- a2/ Vu§ - Vugdx + Kas~ 2 + Ka? + Ka?5~' 4 K§'/2.
Q
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With this we can now perform the key estimate:

t
I1(t):a2/ /83Aua- W*dxds
0 Ja

t t
:az/ /83Aua-uadxds—a2/ /33Aua'(UE— v)dx ds
0 JQ 0 JQ

t
—az/ /85Aua-v5dxds
0 Ja

a? a2 a? a2 2 ! a2
< - VUt ()|° + 5 IIVUG|© + Ko | [[Vu®[|~ds
4 2 0
- a2/ Vu§ - Vugdx + Kas~ 2 + Ka? + Ka?5~' 4 K§'/2.
Q

Choose 6§ = O(«).
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With this we can now perform the key estimate:

t
I1(t):a2/ /83Aua- W*dxds
0 Ja

t t
:az/ /83Aua-uadxds—a2/ /33Aua'(UE— v)dx ds
0 JQ 0 JQ

t
—az/ /85Aua-v5dxds
0 Ja

a? a2 a? a2 2 ! a2
< - VUt ()|° + 5 IIVUG|© + Ko | [[Vu®[|~ds
4 2 0
- a2/ Vu§ - Vugdx + Kas~ 2 + Ka? + Ka?5~' 4 K§'/2.
Q

Choose § = O(a). Then find
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With this we can now perform the key estimate:

t
I1(t)_a2/ /83Aua- We dx ds
0 JQ

t t
:az/ /63Aua-uadxds—a2/ /83Au"‘-(uE— v’)dxds
0 JQ 0 /@

t
_az/ /85Aua-v5dxds
0 Ja

o? a 2 o? a2 2 ! a2
< =7 IV @IF + S IVugI* + Ka | Vu*|=ds

- a2/ Vu§ - Vugdx + Kas~ 2 + Ka? + Ka?5~' 4 K§'/2.
Q

Choose § = O(a). Then find

o? o 2 o? a2 2 ! a2
l1(t)§—z\|Vu (D] +?HVU0|| + Ka A |IVu||“ds + o(1).

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 32/43



Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler



End up with

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler



End up with

IW@)IIZ: + o?[Vu (D < Ki(I Wl + oIV ug[E2)
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End up with
W12 + o®|Vur(D]F < Ki(|WolZz + o® Vg |122)

t
+K2/O (IW(9)IZ2 + a®[[Vu*(s)IIZ.) ds + o(1).
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End up with
W12 + o®|Vur(D]F < Ki(|WolZz + o® Vg |122)

t
+K2/0 (IW(9)IZ2 + a®[[Vu*(s)IIZ.) ds + o(1).

Use Gronwall to conclude the proof.
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End up with
W12 + o®|Vur(D]F < Ki(|WolZz + o® Vg |122)

t
+K2/O (IW(s)IIZ: + a®([Vu*(s)|IZ.) ds + o(1).
Use Gronwall to conclude the proof.

It works!
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We call this boundary layer indifference.
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit.
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Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.

Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0).
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.

Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0). Stationary, parallel Euler flow in
channel: uf = (¢(y),0), any .
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Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0). Stationary, parallel Euler flow in
channel: uf = (¢(y),0), any .

For Euler-a have: stationary parallel Euler-« flow in channel (¢(y),0),
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.

Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0). Stationary, parallel Euler flow in
channel: uf = (¢(y),0), any .

For Euler-a have: stationary parallel Euler-« flow in channel (¢(y),0),
any ¢ such that ¢(0) = ¢(L) = 0.
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.

Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0). Stationary, parallel Euler flow in
channel: uf = (¢(y),0), any .

For Euler-a have: stationary parallel Euler-a flow in channel (¢(y), 0),
any ¢ such that ¢(0) = ¢(L) = 0. However, pressure is
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.

Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0). Stationary, parallel Euler flow in
channel: uf = (¢(y),0), any .

For Euler-a have: stationary parallel Euler-a flow in channel (¢(y), 0),
any ¢ such that ¢(0) = ¢(L) = 0. However, pressure is
_QDZ _ a2(<’0/)2

p = 2
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We call this boundary layer indifference.

Notice: mismatched boundary conditions leads to boundary layer. Can
still pass to limit. Why? lllustrative example.

Stationary, parallel Navier-Stokes flow in channel R x (0, L): must be
of the form u” = (Cy(L — y),0). Stationary, parallel Euler flow in
channel: uf = (¢(y),0), any .

For Euler-a have: stationary parallel Euler-a flow in channel (¢(y), 0),
any ¢ such that ¢(0) = ¢(L) = 0. However, pressure is
_QOZ _ a2(<’0/)2

p= 5

Hence Euler solution approximates Euler-« solution outside of
boundary layer of arbitrary width.
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:

[ O+ (u-V)V+ Y, vV = —Vp+vAu, inQx (0,00),
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:

[ O+ (u-V)V+ Y, vV = —Vp+vAu, inQx (0,00),

divu =0, in Q x [0, 00),
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:

[ O+ (u-V)V+ Y, vV = —Vp+vAu, inQx (0,00),
divu =0, in Q x [0, 00),

v =u-—a?Au, in Q x [0, 0),
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:

[ O+ (u-V)V+ Y, vV = —Vp+vAu, inQx (0,00),

divu =0, in Q x [0, 00),
v =u-d?Au, in Q x [0, 00),
u=0, on [0, T] x 02,
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:

[ O+ (u-V)V+ Y, vV = —Vp+vAu, inQx (0,00),
divu =0, in Q x [0, 00),
V=u-—o?Au, in Q x [0, 00),
u=0, on [0, T] x 02,
u(0,-) = to(-), at {t = 0}.
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Bounded domain, second grade, 2D, no slip

Consider the second grade equations, bounded planar domain,
Dirichlet on the boundary:

[ O+ (u-V)V+ Y, vV = —Vp+vAu, inQx (0,00),
divu =0, in Q x [0, 00),
V=u-—o?Au, in Q x [0, 00),
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First result:
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First result:

Theorem (L2, Titi and Zang, 2014)
Fix T > 0.
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First result:

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation.
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First result:

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation. Set u* € C([0, T]; H®) solution to second
grade equations with initial data u§ and assume v = O(a?).
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Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation. Set u* € C([0, T]; H®) solution to second
grade equations with initial data u§ and assume v = O(a?). Set

uf € C([0, T]; H®) n C'([0, T]; H?) the unique smooth solution to Euler,
initial data ug.
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Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation. Set u* € C([0, T]; H®) solution to second
grade equations with initial data u§ and assume v = O(a?). Set

uf € C([0, T]; H®) n C'([0, T]; H?) the unique smooth solution to Euler,
initial data uy. Then:
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First result:

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation. Set u* € C([0, T]; H®) solution to second
grade equations with initial data u§ and assume v = O(a?). Set

uf € C([0, T]; H®) n C'([0, T]; H?) the unique smooth solution to Euler,
initial data uy. Then:

sup (|lu“*(t) — uE (D)% + o®|Vu|2) — 0.
te[0,T] L2 L2 o (8)

v
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First result:

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation. Set u*~ € C([0, T]; H®) solution to second
grade equations with initial data u§ and assume v = O(a?). Set

uf € C([0, T]; H®) n C'([0, T]; H?) the unique smooth solution to Euler,
initial data uy. Then:

sup (|lu“*(t) — uE (D)% + o®|Vu|2) — 0.
te[0,T] L2 L2 o (8)

v

OBS. Have v — 0, a — 0, but v = O(a?).
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First result:

Theorem (L2, Titi and Zang, 2014)

Fix T > 0. Let up € H®, div-free, uy- 1 = 0 on 0. Let {u§}, C H® be a
suitable approximation. Set u*~ € C([0, T]; H®) solution to second
grade equations with initial data u§ and assume v = O(a?). Set

uf € C([0, T]; H®) n C'([0, T]; H?) the unique smooth solution to Euler,
initial data uy. Then:

sup (|lu“*(t) — uE (D)% + o®|Vu|2) — 0.
te[0,T] L2 L2 o (8)

v

OBS. Have v — 0, a — 0, but v = O(a?). Not independent limits.
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Proof is a variant of Euler-a case.
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use boundary corrector + interpolation;
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Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy.

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 37/43



Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 37/43



Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.
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use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.

Recall:
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Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.

Recall: T. Kato, 1984 proved
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Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.

Recall: T. Kato, 1984 proved

v—0t v—0+

_
W ——s uE in L([2) = y/ / VR dxds —— 0.
0 lcw
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Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.

Recall: T. Kato, 1984 proved

v—0t v—0+

_
W ——s uE in L([2) = y/ / VR dxds —— 0.
0 lcw

For second grade, have two results,
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Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.

Recall: T. Kato, 1984 proved

v—0t v—0+

_
W ——s uE in L([2) = y/ / VR dxds —— 0.
0 lcw

For second grade, have two results, one near Euler-«,
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Proof is a variant of Euler-a case. Need only estimate dissipative term,
use boundary corrector + interpolation; easy. Condition v = O(a?)
natural.

Next results are criteria for convergence, like the Kato criterion.

Recall: T. Kato, 1984 proved

v—0t v—0+

_
W ——s uE in L([2) = y/ / VR dxds —— 0.
0 lcw

For second grade, have two results, one near Euler-«, the other near
Navier-Stokes.
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For second grade, close to Euler-a:
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For second grade, close to Euler-a:

Fix T >0, uyp € H3(Q) N H.

v
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For second grade, close to Euler-a:

Theorem

Fix T >0, up € H3(Q) N H. Let {u§}a~0 C H3(), suitable family of
approximations for ug.

v
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For second grade, close to Euler-a:

Theorem

Fix T >0, up € H3(Q) N H. Let {u§}a~0 C H3(Q), suitable family of
approximations for uy. Let u™" € C([0, T]; H®) solution of second
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where Q5 is a 6—neighborhood of 002 with 6 = C—.
V2
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where Q ¢, is a Cv—neighborhood of o).
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Figure: Curve between region | and region II: v = o?/3; between Il and IlI:
v = ab/%; between Il and IV: v = a?.
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| inviscid limit for Navier-Stokes | x | — 0 limit for Euler-a |

Explore diverse nature of boundary layer and use second grade as
interpolant.

We found: change in behavior depending on relation v and «. Also
found region where no equivalence criteria obtained.

Wrt inviscid limit for Navier-Stokes:

Euler-a, no-slip —0> Euler— nonlinear and non-compatible o
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conditions . Similarly, in some cases, for second grade —— Euler.

v,a—0

Why did it work???
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Remark 1. Euler-a is not regularizing (in time). Similarly for second
grade! Hence, more like ODE, different from Navier-Stokes.

Remark 2. Euler and NS have special kind of nonlinearity.

Shear flow / vortex sheet + Euler nonlinearity = Kelvin-Helmholtz
instability.

Euler-a not subject to Kelvin-Helmholtz instability. Vortex sheet
problem (Birkhoff-Rott-a)) well-posed for Euler-«, see Bardos, Linshiz
and Titi, 2008 and 2009.

Mismatched 0 conditions lead to vortex sheet on boundary; this is why
absence of Kelvin-Helmholtz instability helps. Kato criterion designed
to rule out Kelvin-Helmholtz near boundary / creation (and
amplification) of small scales at boundary.
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Thank you!

Helena J. Nussenzveig Lopes (IM-UFRJ) 2D second grade to Euler October 279, 2014 43/43



