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The electronic Schrödinger equation

Hamilton operator:

H = − 1

2

N∑

i=1

∆i −
N∑

i=1

K∑

ν=1

Zν
|xi − aν|

+
1

2

N∑

i,j=1
i 6=j

1

|xi − xj|

electronic eigenvalue problem:

Hu = λu



The electronic Schrödinger equation

spectrum:
isolated eigenvalues λ < Σ∗(σ) ≤ 0, essential spectrum λ ≥ Σ∗(σ)

Spectrum and exponential decay

spectrum:

isolated eigenvalues � < ⌃⇤(�)  0, essential spectrum � � ⌃⇤(�)

here exclusively:

eigenfunctions for isolated eigenvalues � < ⌃⇤(�)

here:
eigenfunctions for isolated eigenvalues λ < Σ∗(σ)



The electronic Schrödinger equation

solutions:

u : (R3)N→ R : (x1, . . . ,xN )→ u(x1, . . . ,xN )

depend on electron positions x1, . . . ,xN ∈ R3

water molecule:

H2O : 3 nuclei, N = 1+1+8 electrons

u : R30→ R



The electronic Schrödinger equation

solutions (incl. spin):

u : (R3)N→ R : (x1, . . . ,xN )→ ψ(x1, . . . ,xN ;σ1, . . . , σN )

problem:
very high-dimensional domain, direct approximation possible?

rescue ?

mixed derivatives exist and decay exponentially

smoothness increases with number N of electrons

symmetry properties enforced by the Pauli principle



Curse of dimensionality

Error ε vs. number of degrees of freedom n in d dimensions

First order scheme ε = 1
10, ∆x/L = 1

10, N = 10

d = 1 : ε ∼ ∆x
L ∼ n−1 n ∼ 10

d = 3 : ε ∼ ∆x
L ∼ n−1/3 n ∼ 1 000

d = 3N : ε ∼ ∆x
L ∼ n−1/3N n ∼ 1030

∆x

L
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Curse of dimensionality

Error ε vs. number of degrees of freedom n in d dimensions

p-th order scheme – requiring higher-order differentiability –

d = 1 : ε ∼
(

∆x
L

)p
∼ n−p n ∼ 10

d = 3N : ε ∼
(

∆x
L

)p
∼ n−p/3N ?

∆x

L



Curse of dimensionality

∗ anti-symmetrized & normalized

What if Slater-determinants (or similar) did play a role ?

Suppose

u(x) =
∑

k

û(k)

(
N∏

i=1

φi(xi,ki)

)∗

and the

∂φi
∂xi,α

(α ∈ {1, 2, 3}) exist

then the

N -th order mixed derivatives
∂

∂x1,α1

...
∂

∂xN,αN
u should exist, too



Curse of dimensionality

∗ anti-symmetrized & normalized

Why would this be note-worthy ?

Suppose we are in d >> 1 dimensions

u(x) =
∑

k1>k2...>kd

a(k)φ(k,x) with φ(k,x) =

(
d∏

i=1

sin(kixi)

)∗

and
∥∥∥∥
∂

∂x1
...

∂

∂xd
u

∥∥∥∥
2

0

=
∑

k1>k2...>kd

∣∣ k1...kd|2
∣∣ a(k)|2 <∞



Curse of dimensionality

approximation space:

VaL =
{ ∑

k1>k2...>kd

a(k)φ(k,x)
∣∣∣ a(k) = 0 for |k1 . . . kd| ≥ 2L

}
High-dimensional approximation

hyperbolic cross



Curse of dimensionality

approximation space:

VaL =
{ ∑

k1>k2...>kd

a(k)φ(k,x)
∣∣∣ a(k) = 0 for |k1 . . . kd| ≥ 2L

}

dimension:
n = dimV a

L ≤ a(d, L) ≤ (2L)1+cL−1/2

approximation error:

inf
v∈VaL
‖u− v‖0 ≤

1

2L

{∑

k∈Nd
|k1 . . . kd|2 |û(k)|2

}1/2

=
1

2L
∥∥ ∂

∂x1
· · · ∂

∂xd
u
∥∥

0
∼
(

1

n

)1−O(L−1/2)

independent of d



The electronic Schrödinger equation

Hamilton operator:

H = − 1

2

N∑

i=1

∆i −
N∑

i=1

K∑

ν=1

Zν
|xi − aν|

+
1

2

N∑

i,j=1
i 6=j

1

|xi − xj|

eigenvalue problem:

Hu = λu



The electronic Schrödinger equation

∗ H1: functions v for which
∫
v2 dx and

∫
(∇v)2 dx are finite

interaction potential:

V (x) = −
N∑

i=1

K∑

ν=1

Zν
|xi − aν|

+
1

2

N∑

i,j=1
i 6=j

1

|xi − xj|

assigned bilinear form on H1∗:

a(u, v) =

∫ { 1

2
∇u ·∇v + V uv

}
dx

weak formulation:

Find u ∈ H1 with a(u, v) = λ(u, v) for all v ∈ H1



Aside on variational formulation

∗ square integrable

For problems of this type

Find u ∈ X with a(u, v) = λ(u, v) for all v ∈ X

or this, with f ∈ L2
∗

Find u ∈ X with a(u, v) = (f , v) for all v ∈ X

coercivity plays the role of “invertibility” of matrices in finite dimensions

|a(u, v)| ≤ C1‖u‖X‖v‖X boundedness, continuity

|a(u, u)| ≥ C2‖u‖2X akin to classical invertibility



The electronic Schrödinger equation

interaction potential:

V (x) = −
N∑

i=1

K∑

ν=1

Zν
|xi − aν|

+
1

2

N∑

i,j=1
i 6=j

1

|xi − xj|

three-dimensional Hardy inequality:∫
1

|x|2
v2 dx ≤ 4

∫
|∇v|2 dx

estimate low-order part:∫
V uv dx ≤ 3

√
N max(N,Z) ‖u‖0‖∇v‖0



The electronic Schrödinger equation

Pauli principle:
Full, spin-dependent wave functions are antisymmetric with respect to the
exchange of the electrons. Only solutions with certain symmetry properties are
therefore admissible.

solution spaces H1(σ):

u ∈ H1 with u(Px) = sign(P)u(x) if Pσ = σ

splitting of the full problem:

Find u ∈ H1(σ) with a(u, v) = λ(u, v) for all v ∈ H1(σ)



Spectrum and exponential decay

spectrum:
isolated eigenvalues λ < Σ∗(σ) ≤ 0, essential spectrum λ ≥ Σ∗(σ)

Spectrum and exponential decay

spectrum:

isolated eigenvalues � < ⌃⇤(�)  0, essential spectrum � � ⌃⇤(�)

here exclusively:

eigenfunctions for isolated eigenvalues � < ⌃⇤(�)here:
eigenfunctions for isolated eigenvalues λ < Σ∗(σ)



Spectrum and exponential decay

hydrogen ground state u(x) = e−Z|x|, λ = −1
2 Z

2:

Spectrum and exponential decay

hydrogen ground state u(x) = e�Z|x|, � = �1
2 Z2:

multi-particle problem:

exp
✓
�

NX

i=1

|xi|
◆
u(x) 2 H1(�) for certain � > 0

multi-particle problem:

exp
(
γ

N∑

i=1

|xi|
)
u(x) ∈ H1(σ) for certain γ > 0



Existence and decay of high derivatives

multi-indices:

α = (α1, . . . ,αN) ∈ (Z3
≥0)

N , αi = (αi,1, αi,2, αi,3) ∈ Z3
≥0

(mixed) derivatives, monomials:

Dα =

N∏

i=1

3∏

ν=1

( ∂

∂xi,ν

)αi,ν
, xα =

N∏

i=1

3∏

ν=1

x
αi,ν
i,ν

set of the here considered multi-indices:

A =
{

(α1, . . . ,αN)
∣∣αi ∈ Z3

≥0, αi,1 + αi,2 + αi,3 ≤ 1
}



Existence and decay of high derivatives

regular parts of the eigenfunctions:

u0(x) = exp

(
2
∑

i,ν

Zν φ(xi − aν) −
∑

i<j

φ(xi − xj)

)
u(x)

example for the choice of φ:

φ(x) = ln
(

1 +
1

2
|x|
)



Existence and decay of high derivatives

regular parts:

u0(x) = exp

(
2
∑

i,ν

Zν φ(xi − aν) −
∑

i<j

φ(xi − xj)

)
u(x)

central result:

The regular parts u0 of the eigenfunctions u possess weak
derivatives Dαu0 for all multi-indices α ∈ A. Moreover,

exp
(
γ

N∑

i=1

|xi|
)

(Dαu0)(x) ∈ H1

with the same γ > 0 as for the eigenfunctions themselves.



Idea of proof

exponentially weighted regular parts:

ũ(x) = exp
(
γ

N∑

i=1

|xi|
)
u0(x)

second-order equation:

1

2

∫
∇ũ ·∇v dx + s(ũ, v) = λ (ũ, v), v ∈ H1

estimate for low-order part:

s(u, v) . ‖u‖1‖v‖0, u, v ∈ H1



Idea of proof

∗ uL: û(k) for |k| ≤ Ω, uH : û(k) for |k| > Ω

frequency decomposition ũ = uL + uH :∗

1

2

∫
∇uH ·∇χH dx + s(uH, χH) − λ (uH, χH) = − s(uL, χH), χH ∈ H 1

H

high-frequency parts:

‖uH‖0 ≤ Ω−1‖∇uH‖0

estimate for low-order part:

s(u, v) . ‖u‖1‖v‖0, u, v ∈ H1



Idea of proof

equation of order 2N+ 2:

1

2

∫
∇ũ ·∇Lv dx + s(ũ,Lv) = λ (ũ,Lv), v ∈ S

L :=

N∏

i=1

(I −∆i)

key property:

s(u,Lv) .
∑

α∈A

‖Dαu‖0‖Dαv‖1, u, v ∈ S

S = rapidly decreasing functions



Approximation of the eigenfunctions

representation of the eigenfunctions:

u(x) = exp

(
− 2

∑

i,ν

Zν φ(xi − aν) +
∑

i<j

φ(xi − xj)

)
u0(x)

exp
(
γ

N∑

i=1

|xi|
)

(Dαu0)(x) ∈ H1 for all α ∈ A



Approximation of the eigenfunctions

∗ Eigenfunctions of one-particle Hamiltonians!!

representation of the eigenfunctions:

u(x) = exp

(
− 2

∑

i,ν

Zν φ(xi − aν) +
∑

i<j

φ(xi − xj)

)
u0(x)

approximate eigenfunctions:

u(x) ≈ exp

(
− 2

∑

i,ν

Zν φ(xi − aν) +
∑

i<j

φ(xi − xj)

)
v(x)

ansatz for the regular part v:

antisymmetrized sparse grid functions
based on three-dimensional function systems∗







Complexity of the N-electron problem

sparse grid approximation:

To obtain an H1-error of order O(1/n), one needs asymptotically
at most O(n3+ϑ) correspondingly antisymmetrized sparse grid
functions, where ϑ > 0 can be chosen arbitrarily small.

That is, independent ofN , the error of the best n-term approximation
tends to zero almost like

ε ∼ n−1/3

... which was the complexity of the single-particle problem!



The electronic Schrödinger equation

solutions (incl. spin):

u : (R3)N→ R : (x1, . . . ,xN )→ ψ(x1, . . . ,xN ;σ1, . . . , σN )

problem:
very high-dimensional domain, direct approximation possible?

rescue:

N -th order mixed derivatives exist and decay exponentially

smoothness increases with number of electrons

symmetry properties enforced by the Pauli principle
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