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Spatial-Warping Transformations

Z. Zhu, MET, S. O. Samuelson, G. J. Martyna, Phys. Rev. Lett. 88 100201 (2002)
P. Minary, MET, G. J. Martyna SIAM J. Sci. Comput. 30, 2055 (2007)
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Molecular dynamics in a double well

V(x) QP
m
D= v = F(X) + heat bath
dx
!
i
0.0 | 1.0 | 2_10 | 3.0 | 4.0
time

Crossing the barrier is a rare event!



Spatial-warping transformations

Z. Zhu, MET, S. O. Samuelson, G. J. Martyna, Phys. Rev. Lett. 88 100201 (2002)

V(X) Hamiltonian:
2

H (X, p) =;—m+V(x)

Canonical partition function:
2
x=-a x=a  Q=[dpdx eXp{—ﬁ{p—W(X)}}

2m
Change the integration variables:
X _

_ _ -pV (y) =1

u=f(x)= a+j_adye dx = eV (F W)y,

Transformed partition function:
2

Q= dp du exp{—ﬂ{;—mw (fl(“))‘v(fl(“))}}



Spatial-warping transformations (cont’d)

V(x) Choosing the transformation:

- V (X —a<Xx<a
V(x) = (X) <_
0 Otherwise

X=-a X=a
V(x) V (x) V)=V (X) V(fiu)-V(fu)

MD: u:% 0 = F(u) + heat bath

Reference potential spatial warping (REPSWA)



How Is the space “warped”?
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How to do biomolecules and polymers
P. Minary, MET, G. J. Martyna SIAM J. Sci. Comput. 30, 2055 (2007)

Sampling hindered by barriers in the dihedral angles:

2 x, V(9)

S
Veoshns
v,

AN
KL
OSAITINRLLAIR
’f-v”/’”‘v*\_\\s"é&i‘(‘
LRI
LA
‘0""

l/
\-:g::%z

0,.2




Dihedral angle transformations

Z A

Transformed angle:
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Dynamic Transformations
P. Minary, G. J. Martyna and MET SIAM J. Sci. Comp. 30, 2055 (2008)
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Reference potential:

V(@ ArD =Veors (9)S,(9) + @ DV, (1, (6. rH) — 1 NS, (1, ($.{r}) — 1 )

ienn
Transformation
o({r}) )
¢u({r}) - ¢m1n({r})+6({r}) dé’ e_ﬁvref(qi’ ,{I‘})
@min({r})

Additional force contributions from 9¢,,/0r;.






A 400-mer alkane chain

397 collective variables!
Nonbonded interactions off
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REPSWA Transformations
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A model F-sheet protein
Honeycutt and Thirumalai PNAS 87, 3526 (1990)
e 48 residue protein

e Types of residues:
—  B: hydrophobic
- L hydrophilic
—  N: neutral

e The model:

45 44

ks ; M '
V = ZE{Ti‘i+l — ']"{}12')2—'-2?(92' — H{},i)z

i=1 i—=1
43

+ > [Ai (1 +cosés) + Bi(1+ cos 36,)]
i—=1

+ Z Vin(7ri5)
i it

e Given sequence: BgN3(LB);N3BgN3(LB);L

e Initial Structure:
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Transformations
PT replicas = 16
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Inteqrators in molecular

dynamics

Equations of motion:

P

g=—, p=F(q)
m
Time evolution: [q(At)j at (q(O)j
= e |
p(At) p(0)
where jL = ££+ F(q)—
ylele op

exp(iLAt) = exp{A F(q)—}e p{At P 0
op m

Pseudocode:

}exp{ F(q)—} +0O(At°)
oq



Multiple time scale (r-RESPA) integration

MET, G. J. Martyna and B. J. Berne, J. Chem. Phys. 97, 1990 (1992)
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Multiple Time Scale Integration (cont’d)

Trotter factorized propagator:

exp(iLAt) = exp(iL,,, At/ 2) exp(iL,, At)exp(iL,,, At/ 2) + O(At®)
= eXp(iL, At/ 2) [ eXp(iL, 1) | expliLy,, At/ 2)
. At o
exp(ILAt) =exp| —F, ., —
p( ) p_ 2 slow ap_
ot ol [.pol |ot o |
exp| —F..— |exp| ot—— |exp| — F.. . —
X{ p_2 fast ap_ p_ maq_ p_2 fast ap_
exp EF 9

2 slow ap




From:

Results for liquid all-atom Butane:

Time scales: Intramolecular/Intermolecular

N=064, T =26TK. V = 1594513‘/11'“]1[-‘:(:111&

Energy conservation measure:

E(kAt) — E(0)
E(0)

1 '—:-'lairp:-'
AE(At) = (‘xi ) )
+'sleps —1

At(fs) n 10'AE

0.5 1 1.616
1.0 4 0.473
2.0 8 0.898

G. J. Martyna, MET, D. Tobias,

and M. L. Klein

3.0 12 1.753

Mol. Phys. 87, 1117 (1996). 40 16 3.838




lllustration of resonance

A. Sandu and T. S. Schlick, J. Comput. Phys. 151, 74 (1999)

F.. =-o’X F,., =—Q°X

fast slow
, At
p' = p(O)—7QZX(0)

X(At) = X(0)cos(wAt) +-P-sin(wAt)
)]
p” = p(0)cos(wAt) — wx(0)sin(wAt)

O(AL) = p”—%sz(At)

( X(At)j ~ A, Q, At) ( X(O)j
p(At) p(0)



lllustration of resonance (cont’d

Alw,Q, At) =

At2Q*

&

0,

AtQ
cos(wAt) — t

Note: det(A) =1

20

2

sin(wAt)

2 sin(wat)

Cz)

. AtQ)
= cojsm(a)At) — AtQ°cos(wAt)  cos(mAt) - ;
0]

2

sin(wA)

Depending on At, eigenvalues of A are either complex conjugate pairs

—2<Tr(A)<?2

or eigenvalues are both real

ITr(A)| >2

Leads to resonances ([Tr(A)] — 2) at At = na/w




Isokinetic dynamics

Constraint the kinetic energy of a system:

2 _—
Z pi _ 3N 1kT
= 2m. 2

Introduce constraint via a Lagrange multiplier:

ri:& pi:Fi_ﬂ“pi
m.

Derivative of constraint yields multiplier:

2 Flpi /m,

Z Z [[F p; ] = /I_Zpip/m

Partition function generated:

2
Q:dep 5(2 2pni1 —3N2_1kTdeNr e )

Resonance-free but is a poor thermostat.



Resonance-free stochastic isokinetic thermostat
P. Minary, MET, G. J. Martyna PRL (2004); B. Leimkuhler, D. Margul, MET Mol. Phys. (in press)

Consider the equations of motion:

dq = vdt
dv = {E - Av} dt
m
dv,, =-Av, dt-v, v, dt, k=1..,L
G
dv,, =2 gy dt+ odw,

2

G(u) = Q1U2 _,B_l

L < _
Isokinetic constraint: MV’ +mZQ1vfk = A(V,Vy;, e Vy )= LB
k=1

I_ L
VF — e kZﬂ:lef,kvzlk

A(V’Vl,l’ ""Vl,L)

Multiplier: ] =




Multiple time-step inteqgrator

Assume forces have fast and slow components: F =F, + F,

iL=il, +iL" +il +iLy +ilg,

iLq =vi
oq
i (f)_(Ff /I”’v] i”’Zv
m 1k
k=1
i ) :(i—/l(s) j /I‘S’Zv
F lk
m kel k
_ L G(V ) 0O
ILN -4 Zvlk ZVZkvlk Z =
1, 1k k=1 2 V2,k
vF vE L+lZQ1VlkV2k

FIL IRl S JONSLE S
F A A N A



Multiple time-step integrator

. . n
iLAt iLyAt/2 ~iLSIAt/2 | Sl P st/2 LiL,ot/2 il St ~iLyot/2 _il{T)st/2 iLSAL/2 il At/2
e'HAt = g'tnAlizglly [e g 7 gloudtg? g e' Al2glhy

Solution of the Ornstein-Uhlenbeck process:

1 . e—2}/5t
2y

ey, =V,, (0)e7" + oR(t)



Numerical illustration of resonance

Harmonic oscillator with quartic perturbation

U(q) = %qz +0.025q"
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Flexible SPC/E water

F. Paesani et al. J. Chem. Phys. 125, 184507 (2006)

U (r) = Uintra(r) + Unb(r) — Uintra(r) + Ushort(r) + Ulong (r)

q.qerfc(ar,)
Ushort(r):Z ULJ(rij)+ : :

_ N
4 e 2 a2
U1 == S g |5 (1) 2
V' ki | K
S(k)=_0e"
RESPA schemes oo

q.erf(ar.
Ul(olgg(r) :UreCip(r a, res)+Z(1 5 )9( cut) qlqjer (a IJ)

i>j i
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Parallel Tempering
Swendsen and Wang, Phys. Rev. Lett. 57, 2607 (1986)
T,
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f (r9) =— For®...r")y=11 ("
() =2 T ( )= 11)

(K+1) (K)
A(r(K+1)’r(K) | r(K)’r(K+1)) — min 1’ fK (r _ ) fK+1(r|-< 1 ) _ min|:1, e—AK,K+1:|
fi (r) £, (r?)

Ak = (IBK - /BK+1)|:U (r(K)) -U (r(Kﬂ))}



Comparison for a 50-mer chain using CHARMM?22

REMC/PT replicas = 10; 300 < T < 1000, 10 replicas 20% acceptance
Nonbonded interactions off
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Comparison for 50-mer using CHARMM?2?2 all interactions
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Comparison for 50-mer with all interactions
PT replicas = 10; REPSWA a = 0.8; Every 10t dihedral not transformed
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Replica exchange with “solute” tempering
P. Liu, B. Kim, R. A. Friesner, B. J. Berne PNAS (2005); L. Wang, R. A. Friesner, B. J. Berne J. Phys. Chem. B (2011)

A downside of replica-exchange is that U ~ N, therefore, the energy differences between
neighboring replica need to shrink as the system size grows, which means more and more
replica are needed in order for the acceptance probability to remain approximately fixed.

Replica exchange with solute tempering (REST) was developed to allow just part of the
system (the “solute™) to be subject to attempted exchanges. It relies on the idea that
different replicas can be subject to different potentials.

e—ﬂKUK(r)
fK (r) —
Z(N,V,T,)

A = B (U () =Ur)+ B (Ui (™) =V, s (1))

If the potential energy of a solute-solvent system is:

Uy () =U(r)+U,,(r)+U,(r)

The latest version of REST (called REST2) uses the following ladder of potentials:

UK(r) :%':Us(r)+\/%usv(r) +Uv(r)



Replica exchange with “solute” tempering

The ladder of potentials
T ﬁj’( T /BK T T
Ue(r)= 25U () +, [2EU () + U, (1)
: 5 s

allows each replica to be run at a single temperature T, so that the solute probability

e_ﬁO (ﬂK /:BO)US (r) — e_IBKUS (r)

For full potential ladder:

ﬁOUK(r) = ﬂKUs(r) + \/ﬁOﬁKUsv(r) +180Uv(r)

Acceptance probability determined by

AK Kil = « — Pru Us r(K) _Us r-(K+1) \/FO Usv r(K) U r(K+1)
, (Be = Be.)| U (r™) ( )+\/,BK+\/,BK+1( (r'*N—u( ))
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