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Cooperating Robots

Robot networks


  Applications with large numbers of 
networked robots, embedded computers, 
high data rate sensors

  ~ ¥200 Trillion industry, Network robot forum


  n ↑ (1-10 to 10’s to 100’s to 1,000,000’s)


*Japanese Ministry of Internal Affairs and Communications, 
“Toward the Realization of Network Robots”, 2003.


Acquatic Microbial 
Observatory (USC) 

Kiva Systems 

Exciting research



Communication, 
control and perception


ABB 



Cooperative Retrieval 

S. Berman, Q. Lindsey, M. S. Sakar, V. Kumar, and S. Pratt. Study of group food retrieval by ants as 
a model for multi-robot collective transport strategies. Robotics: Science and Systems (RSS) 2010.  
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Fink et al, RSS 07 

Hsieh et al, ICRA 08 

Michael et al, RAM 08 
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Outline

1. Micro Unmanned Aerial Vehicles


2. Control in Complex Environments


3. 3-D Perception and State Estimation


4. Coordinated Control for Exploration and 
Surveillance


5. Establishing and Maintaining 
Communication Networks
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Unmanned Air Vehicles


Aerovironment Black 
Widow – 2.12 oz. 

BAE Systems 
Microstar – 3.0 oz. 

UCB Smart bird 

Aerovironment 
Pointer – 9.6 lb 

Boeing/ Insitu Scaneagle – 33 lb 

AAI Shadow 200 – 328 lb 
Boeing X-45A UCAV – 12,195 lb (est) 

Bell Eagle Eye – 2,250 lb  

Allied 
Aero.  
LADF 
3.8 lb 

U. Penn 
Piper 

cub 6 lb 

Gen. Atomics – Predator B – 7,000 lb 

Northrop-Grumman Global Hawk 25,600 lb 

UAV Weight (kg)

0
 1
 10
 100
 1,000
 10,000
 100,000


Micro Mini Tactical High Alt / UCAV Med Alt 

Stanford DFly 

Astec 
Hummingbird 

Astec 
Pelican 

D. Pines, 2005 



7


Multi-rotor micro UAVs

 Incredibly agile


 Aerodynamics is 
reasonably well 
understood


 Challenging research 
problems in dynamics, 
control


 Ability in maneuver in 
complex 3-D environments
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55 cm diameter 
8 cm height 
Carbon fiber, Mg frame 
500 gm (3 LiPo cells) 
140 gm claws + camera 

Planning/estimation run on 
MATLAB on a  Macbook Pro 



9


bx 

by 

bz 

cy 

cx ψ


ψ


ax 

ay 

az 

r 

y =





x
y
z
ψ





ω1


ω2


ω3


ω4


Roll, pitch are 
not explicitly 
controlled!




10


bx 

by 

bz 

cy 

cx ψ


ψ


ax 

ay 

az 

r 

y =





x
y
z
ψ





ω1


ω2


ω3


ω4


y =





x
y
z
ψ



u =





ω1

ω2

ω3

ω4







11


bx 

by 

bz 

ω1


ω2


ω3


ω4


C 

I




ω̇x

ω̇y

ω̇z



 +




ωx

ωy

ωz



× I




ωx

ωy

ωz



 =




0 α 0 −α
−α 0 α 0
β −β β −β









ω2
1

ω2
2

ω2
3

ω2
4








aC,x

aC,y

aC,z



 = RT




0
0
−g



 + γ




0 0 0 0
0 0 0 0
1 1 1 1









ω2
1

ω2
2

ω2
3

ω2
4





γ =
kF

m

α = kF L β = kM

Newton – Euler Equations of Motion 

I =




Ixx 0 0
0 Iyy 0
0 0 Izz







12


bx 

by 

bz 

C 




aC,x

aC,y

aC,z



 = RT




0
0
−g



 + γ




0 0 0 0
0 0 0 0
1 1 1 1









ω2
1

ω2
2

ω2
3

ω2
4



 f 

I




ω̇x

ω̇y

ω̇z



 +




ωx

ωy

ωz



× I




ωx

ωy

ωz



 =




0 α 0 −α
−α 0 α 0
β −β β −β









ω2
1

ω2
2

ω2
3

ω2
4





m 

Can control force 
along the body-fixed 
z axis and all 
moments




13


Control

Specified trajectory


σ(t) : [0, T ]→ R3 × SO(2)
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Control on SE(3)

Specified trajectory


σ(t) : [0, T ]→ R3 × SO(2)

bx 

by 

bz 

er → 0
eψ → 0
eṙ → 0
ėψ → 0

Want


f =
(
r̈des + Kveṙ + Kper + ge3

)
.Re3

t 
t 

Rdese3 =
t
‖t‖

ψ = ψdes

Rdes

eR = log((Rdes)T R)




0
0
1




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Convergence

 Large basin of attraction


tr[I − (Rdes)T R] < 2 ‖eω(0)‖2 ≤ 2
λmin(I)

kR

(
1− 1

2
tr

[
I − (Rdes)T R

])
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Trajectory Planning

Need to specify trajectory

σ(t) : [0, T ]→ R3 × SO(2)

σ =
[

r
ψ

] v = ṙ
a = r̈
R12e3 =

1
f

(mge3 + ma)

f = ‖(mge3 + ma)‖

R = R12Rψ
… 

Constraints on state and input variables can 
be expressed as algebraic functions of the 
independent trajectory variables and its 
derivatives 
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Trajectory Planning

Trajectory


σ(t) : [0, T ]→ R3 × SO(2)

Parameterization

rdes(t) =

n∑

i=0

ri ti

ψdes(t) =
m∑

i=0

ψi ti

Optimization


min
σ(t)

∫ T

0
α‖...r des(t)‖2 + βψ̈(t)2 dt

Constraints

f(rdes(t), ṙdes(t),Rdes(t), ωdes(t)) ≤ 0

Discretization 

{0, t1, t2, . . . , T}

Solve 

min
x={ri,ψi}

xT Qx + pT x

s.t. AT x ≤ b
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Composite Trajectories
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Fault tolerance
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3-D Perception and State 
Estimation


Camera

Hokuyu UTM-30LX 

Atom X86 processor




22


3-D Perception and State Estimation
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Shen, Michael
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Outline

1. Micro Unmanned Aerial Vehicles


2. Control in Complex Environments


3. 3-D Perception and State Estimation


4. Coordinated Control for Exploration and 
Surveillance


5. Establishing and Maintaining 
Communication Networks
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Problem Definition

•  N robots explore an unknown (or 

partially known) environment

•  Achieve coverage of the environment

•  Track detected targets during coverage

•  Share tasks in a fair manner

•  From localization and tracking targets to 

mapping unknown environments

•  Decentralization, anonmity
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Cooperative search, �
identification, and localization


with decentralized 
control and 
anonymous sensors


Grocholsky, B., Keller, J., Kumar, V. and Pappas, G. “Cooperative Air-Ground 
Surveillance,” IEEE Robotics and Automation Magazine, Vol. 13 (3), 2006: 16-25  
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Information Model: Shared
Approximate model 

No noise 
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Locally Optimal Controller


€ 

s.t. xk+1 = f xk,uk( )
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UAV search pattern 
UGV identification and localization 
of potential targets 
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Localization of Targets


Grocholsky, B., Keller, J., Kumar, V. and Pappas, G. “Cooperative Air-Ground 
Surveillance,” IEEE Robotics and Automation Magazine, Vol. 13 (3), 2006: 16-25  
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p1 

p2 

p4 

p5 
p6 

p8 

p3 

p7 

Sensor that has 
most influence on 

location q


Monotonically 
increasing function of 


distance


Integral across the 
environment Q


Locational Optimization: A 
Framework for Allocating Tasks


W1 

Density Function


Previous work by Bullo, Cortez, Martinez 

H(P ) =

∫

Q

min
i∈{1,...,n}

f(d(q,pi))φ(q)dq

H(P, W ) =
n∑

i=1

H(pi, Wi) =
n∑

i=1

∫

Wi

f(d(q,pi))φ(q)dq,

V (P ) = argmin
W

H(P, W ) ⇐⇒ Vi(P ) = {q ∈ Ω | d(q,pi) ≤ d(q,pj),∀j &= i} .

(1)

Vi = {q ∈ V(GΩ) | gi(q) ≤ gj(q),∀j &= i}

∂H
∂pi

=

∫

Vi(P )

∂

∂pi
f(d(q,pi))φ(q)dq. (2)

pt+1
i = argmin

p∈N (pt
i)

∫

Vi(P t)

f(d(q,p))φ(q)dq

! argmin
p∈N (pt

i)

∑

q∈Vi(P t)

f(d(q,p))φ(q)∆q,
(3)

Cgen
Vi

= argmin
pi∈Vi

∫

Vi

f(d(q,pi))φ(q)dq (4)

ui = k(CVi − pi), (5)

CVi =

∫
Vi

qφ(q)dq
∫

Vi
φ(q)dq

, (6)

CVi
= argmin

q∈Vi

‖q−CVi‖. (7)

CVi =






argmin
q∈Vi,φ(q)≥τ

‖q−CVi‖ if it exists

argmin
q∈Vi

‖q−CVi‖ otherwise.
(8)

e(q) = p(q) ln(p(q)) + (1− p(q)) ln(1− p(q)).

1

H(P ) =

∫

Q

min
i∈{1,...,n}

f(d(q,pi))φ(q)dq

H(P, W ) =
n∑

i=1

∫
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f(d(q,pi))φ(q)dq

H(P, W ) =
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i=1

H(pi, Wi) =
n∑

i=1
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f(d(q,pi))φ(q)dq,
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W

H(P, W ) ⇐⇒ Vi(P ) = {q ∈ Ω | d(q,pi) ≤ d(q,pj),∀j &= i} .

(1)

Vi = {q ∈ V(GΩ) | gi(q) ≤ gj(q),∀j &= i}

∂H
∂pi

=

∫

Vi(P )

∂

∂pi
f(d(q,pi))φ(q)dq. (2)

pt+1
i = argmin

p∈N (pt
i)

∫

Vi(P t)

f(d(q,p))φ(q)dq

! argmin
p∈N (pt

i)

∑

q∈Vi(P t)

f(d(q,p))φ(q)∆q,
(3)

Cgen
Vi

= argmin
pi∈Vi

∫

Vi

f(d(q,pi))φ(q)dq (4)

ui = k(CVi − pi), (5)

CVi =

∫
Vi

qφ(q)dq
∫

Vi
φ(q)dq

, (6)

CVi
= argmin

q∈Vi

‖q−CVi‖. (7)

CVi =






argmin
q∈Vi,φ(q)≥τ

‖q−CVi‖ if it exists

argmin
q∈Vi

‖q−CVi‖ otherwise.
(8)

1
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W

H(P, W ) ⇐⇒ Vi(P ) = {q ∈ Ω | d(q,pi) ≤ d(q,pj),∀j &= i} .

(2)

Vi = {q ∈ V(GΩ) | gi(q) ≤ gj(q),∀j &= i}
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∂pi
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∫
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V (P ) = argmin
W
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=

∫
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∫
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1

Voronoi Tesselation 

L. Pimenta, M. Schwager, Q. Lindsey, V. Kumar, and D. Rus. Simultaneous coverage and 
tracking (SCAT) of moving targets with robot networks. 8th Int. Workshop on the 
Algorithmic Foundation of Robotics, Guanajuato, Mexico, December 2008. 
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Assignment for Exploration and 
Coverage (known environment)


Ω 

Voronoi Tesellation: 

In non-convex 
environments: 

d is the 
    Geodesic Distance 

p1 

p2 

p3 

L. Pimenta, V. Kumar, R, Mesquita and G. Pereira, Sensing and 
Coverage for a Network of Heterogeneous Robots, Proceedings 
of the 47th IEEE International Conference on Decision and 
Control (CDC'08). Dec 9-11, Cancun, Mexico. 
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Continuous time Lloyd’s Algorithm


H(P ) =

∫

Q

min
i∈{1,...,n}

f(d(q,pi))φ(q)dq

H(P, W ) =
n∑

i=1

∫

Wi

f(d(q,pi))φ(q)dq

H(P, W ) =
n∑

i=1

H(pi, Wi) =
n∑

i=1

∫
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n∑

i=1

∫

Vi

f(d(q,pi))φ(q)dq

V (P ) = argmin
W

H(P, W ) (1)

Vi(P ) = {q ∈ Q | d(q,pi) ≤ d(q,pj),∀j $= i} (2)

V (P ) = argmin
W

H(P, W ) ⇐⇒ Vi(P ) = {q ∈ Q | d(q,pi) ≤ d(q,pj),∀j $= i} .

(3)

Vi = {q ∈ V(GΩ) | gi(q) ≤ gj(q),∀j $= i}

∂H
∂pi

=

∫

Vi(P )

∂

∂pi
f(d(q,pi))φ(q)dq. (4)

pt+1
i = argmin

p∈N (pt
i)

∫

Vi(P t)

f(d(q,p))φ(q)dq

! argmin
p∈N (pt

i)

∑

q∈Vi(P t)

f(d(q,p))φ(q)∆q,
(5)

Cgen
Vi

= argmin
pi∈Vi

∫

Vi

f(d(q,pi))φ(q)dq (6)

ui = k(CVi − pi), (7)

1

min 

     Follow gradient of H �

H(P ) =

∫

Q

min
i∈{1,...,n}

f(d(q,pi))φ(q)dq

H(P, W ) =
n∑

i=1

∫

Wi

f(d(q,pi))φ(q)dq

H(P, W ) =
n∑

i=1

H(pi, Wi) =
n∑

i=1

∫

Wi

f(d(q,pi))φ(q)dq,

H(P, V (P )) =
n∑

i=1

∫

Vi

f(d(q,pi))φ(q)dq

V (P ) = argmin
W

H(P, W ) (1)

Vi(P ) = {q ∈ Q | d(q,pi) ≤ d(q,pj),∀j $= i} (2)

V (P ) = argmin
W

H(P, W ) ⇐⇒ Vi(P ) = {q ∈ Q | d(q,pi) ≤ d(q,pj),∀j $= i} .

(3)

Vi = {q ∈ V(GΩ) | gi(q) ≤ gj(q),∀j $= i}

∂H
∂pi

=

∫

Vi(P )

∂

∂pi
f(d(q,pi))φ(q)dq (4)

pt+1
i = argmin

p∈N (pt
i)

∫

Vi(P t)

f(d(q,p))φ(q)dq

! argmin
p∈N (pt

i)

∑

q∈Vi(P t)

f(d(q,p))φ(q)∆q,
(5)

Cgen
Vi

= argmin
pi∈Vi

∫

Vi

f(d(q,pi))φ(q)dq (6)

ui = k(CVi − pi), (7)

1
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Coverage and Tracking


L. Pimenta, M. Schwager, Q. Lindsey, V. Kumar, and D. Rus. Simultaneous coverage and tracking (SCAT) of 
moving targets with robot networks. 8th Int. Workshop on the Algorithmic Foundation of Robotics, Guanajuato, 
Mexico, December 2008. 
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Unknown Environments

Discretize the environment 

Entropy of the occupancy grid  

Geodesic metric 

CVi =

∫
Vi

qφ(q)dq
∫

Vi
φ(q)dq

, (8)

CVi
= argmin

q∈Vi

‖q−CVi‖. (9)

CVi =






argmin
q∈Vi,φ(q)≥τ

‖q−CVi‖ if it exists

argmin
q∈Vi

‖q−CVi‖ otherwise.
(10)

e(q) = p(q) ln(p(q)) + (1− p(q)) ln(1− p(q)).

Let Γ (p,q) represent the set of all paths in Ω connecting p and q.

d(p,q) = min
γ∈Γ (p,q)

∫

γ

e(r)dl,

c(ε) =
e (vs(ε)) + e(vt(ε))

2
+ η‖vs(ε)− vt(ε)‖2

si(r) =

{
si,n + r2

R2
i
(si,f − si,n) if r ≤ Ri

0 otherwise,

φ(q, t) = e(q, t) = pt(q) ln(pt(q)) + (1− pt(q)) ln(1− pt(q))

2

Time-varying density function 

Sensor model 

CVi =

∫
Vi

qφ(q)dq
∫

Vi
φ(q)dq

, (8)

CVi
= argmin

q∈Vi

‖q−CVi‖. (9)

CVi =






argmin
q∈Vi,φ(q)≥τ

‖q−CVi‖ if it exists

argmin
q∈Vi

‖q−CVi‖ otherwise.
(10)

e(q) = p(q) ln(p(q)) + (1− p(q)) ln(1− p(q)).

Let Γ (p,q) represent the set of all paths in Ω connecting p and q.

d(p,q) = min
γ∈Γ (p,q)

∫

γ

e(r)dl,

c(ε) =
e (vs(ε)) + e(vt(ε))

2
+ η‖vs(ε)− vt(ε)‖2

si(r) =

{
si,n + r2

R2
i
(si,f − si,n) if r ≤ Ri

0 otherwise,

φ(q, t) = e(q, t) = pt(q) ln(pt(q)) + (1− pt(q)) ln(1− pt(q))

pt
i(q) = zt

i(q) si(‖q− pt
i‖) + (1− zt

i(q))(1− si(‖q− pt
i‖))

2
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Representative Example


3 robots 

Convergence to a 
state where the 
entropy of each 
reachable cell is 
below τ


Each iteration (time-
step) takes about 0.1 
s for each robot 

S. Bhattacharya, N. Michael and V. Kumar, "Distributed Coverage and Exploration in 
Unknown Non-Convex Environments," 10th International Symposium on Distributed 
Autonomous Robots, Lausanne, Switzerland, Nov 1-3, 2010.  
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Mapping three interconnected buildings


t = 0 t = 200 t = 400 t = 600 t = 800 t = 1000 t = 1200 t = 1400 t = 1600 t = 1800 t = 2000 t = 2200 t = 2400 t = 2600 t = 2800 
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Visibility-Based Communication


Mutual visibility graphs for line of 
sight control 

Stump et al, 2011 
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Line-of-sight connectivity


E. Stump, Control for Localization and Connectivity Maintenance, PhD dissertation, 
University of Pennsylvania, 2009.  
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Conclusion


 Ability to create/control agile, micro UAVs

 3-D state estimation, mapping is challenging

 Exploration, persistent surveillance require 

decentralized algorithms for coverage, 
mapping, localization and tracking


 Concurrent control of routing and mobility to 
enable cooperative surveillance



