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Overview 

This talk consists of: 

(a)  Mathematical models for self-assembly. In particular, it includes a mathematical 
framework for synthetic self-assembly that was developed with the Gracias lab. 

(Work inspired by viruses from 2009-2016).  

(b)  Speculation: Can we reconcile different (mathematical) ways of thinking about 
geometry within the context of self-assembly? In particular, can we understand 
(with our current mathematical knowledge) the internal workings of AlphaFold? 



Part 1: Self-assembly (with a lot of symmetry)



One of the first uses of the phrase  “self assembly”  is  by  Caspar 
and Klug in their  work on the structure of viruses.  They 

distinguish  grades of organization in a cell as sub-assembly and 
self-assembly  and write: 

Self-assembly (of a virus)  is a process akin to  crystallization and is  
governed by  the laws of statistical mechanics. The protein  subunits 
and  the nucleic acid chain spontaneously come together  to form a 
simple virus particle because this is their lowest free energy state .” 

Caspar and Klug; Cold Spring Harbor Symposium, (1962)

Self-assembly in molecular biology



Examples of icosahedral symmetry  in  nature

Radioalarian   10 µm

Widely  different  self-assembly  mechanisms  at  different  scales.  

Mathematical structure: the “coding of symmetry” in the genome, and the interplay between 
symmetry  and the pathways of  self-assembly.

  molecule, 0.7 nmC60 Adenovirus,  90 nm



We want biology to inspire  the design  of devices and materials.   In turn, we 
hope that synthetic models will shed light on biological self-assembly.  

Typical themes:  
  

stripped  down interactions (e.g. one  dominant energy  scale) ,  
simple  shapes built out of a few simpler motifs,  

some randomness. 

Synthetic self-assembly



Examples  from supramolecular chemistry: 1 nm scale 

ing many protein subunits that assemble into a
well-defined polyhedron (e.g., an icosahedron)
that contains RNA or DNA within its interior
(5). The rational design of synthetic supramo-
lecular cages, which sometimes can be described
as molecular polyhedra, relies on well-defined
structure-directing forces to guide self-assembly,
albeit of a more limited number of components
(6–13). Hydrogen bonding is a particularly at-
tractive tool for assembling polyhedral cages be-
cause of its directional and reversible nature, but
the de novo design of polyhedra based on hy-
drogen bonding between well-defined molecular
tiles is rare. Here, we report such an example in
which 72 charge-assisted hydrogen bonds reli-
ably guide the assembly of two kinds of hexag-
onal molecular tiles, joined at their edges through
complementary and metrically matched hydro-
gen bonds to form a quasi-truncated octahedron
(q-TO), which corresponds to one of the 13 Ar-
chimedean solids. The q-TO has an interior
volume of 2200 Å3 and serves as the composite
building unit of a body-centered cubic frame-
work with features resembling those of sodalite
and zeolite A, displaying an unexpected ability to
encapsulate a wide range of differently charged
species, ranging from transition metal complexes
to “ship-in-a-bottle” clusters.

Guanidinium organomono- and disulfonate
(GS) compounds readily form layered crystalline
materials based on a two-dimensional (2D) quasi-
hexagonal network, assembled through charge-
assisted N-H+···–O-S hydrogen bonds (14, 15).
This ubiquity of layered structures (more than
500 to date) suggests that the design of new GS
compounds with alternative architectures must
rely on strategies that frustrate the formation of
layered structures. We reasoned that this could be
achieved with rigid polysulfonates, for example,
hexa(4-sulfonatophenyl)benzene (HSPB6–). No-
tably, the solid-state structure of guanidinium
nitrate (16) is isomorphous with the hexagonal
guanidinium-sulfonate network, and the separa-
tion between guanidinium hydrogen bond do-
nors along each edge of a hexagonal [G3NO3]

2+

unit (dG…G ~ 7.5 Å) is comparable to the dis-
tance between sulfonate hydrogen bond accep-
tors on each edge of the HSPB6– (the average
distance between substituents on neighboring
phenyl rings of 39 derivatives of hexaphenyl-
benzene suggests that dS…S ~ 7.2 Å; Cambridge
Structural Database, Version 5.31, November
2009). Simple models suggest that four HSPB6–

tiles and four hypothetical [G3NO3]
2+ tiles can

fold into a convex polyhedron denoted here as
a q-TO, a lower symmetry form of a truncated
octahedron that results from two sets of distinct
molecular tiles (the interested reader can build the

q-TO from the model in Fig. 1). Whereas the con-
ventional truncated octahedron is described by
a [46.68] tiling (17) and 432 point-group symme-
try, the q-TO would be described by a [46.64.64]
tiling and symmetry. Notably, this is the only pos-
sible outcome for polyhedron assembly of these
tiles. The 5 Platonic solids can be excluded be-
cause they do not contain hexagonal faces, and
among the 13 Archimedean solids, only 5 have
hexagonal faces. The truncated tetrahedron and
truncated icosahedron cannot support N-H···O-S
hydrogen bonding along all edges, whereas the
hexagonal tiles in the truncated cuboctahedron
and truncated icosidodecahedron do not share
edges (table S1 provides the systematic rationale
for the exclusion of all Archimedean solids other
than the truncated octahedron).

The q-TO spontaneously self-assembled from
dimethylformamide (DMF):water solutions con-
taining guanidinium chloride, sodium nitrate, and
hexaphenylbenzenehexasulfonic acid, afford-
ing colorless block-shaped crystals (compound
1) (18). These crystals, whether micrometer- or
millimeter-sized, exhibit well-defined square and
hexagonal facets that reflect the point-group sym-
metry of the q-TO (Fig. 2C and fig. S3). Single-
crystal x-ray diffraction revealed cubic I

!
43m

symmetry and a = 26.7 Å, with q-TOs on a body-
centered lattice interconnected by sodium bridges
(figs. S4.1 and S4.2). Each q-TO comprised
four HSPB6– tiles and four [G3NO3]

2+ tiles, in the
configuration described above, assembled from
20 molecular components held together by 24
charge-assistedN-H+···–O-Nhydrogen bondswith-
in the [G3NO3]

2+ tiles and 48 hydrogen bonds
along the edges shared by the tiles (Fig. 2).

The q-TO can accommodate a sphere with a
diameter of 12 Å, corresponding to a sphere vol-
ume of 905 Å3. The total free volume in the in-
terior of the q-TO itself, as measured with a 1.2 Å

probe radius, approaches 2200 Å3. Four sodium
ions, each shared by four q-TOs, bridge adjacent
q-TOs through (sulfonate)O···Na+···O(sulfonate)
interactions on the edges of the open squares,
creating square channels between the q-TOs along
the <100> directions of the body-centered cubic
lattice and generating a 3D framework. The chan-
nel cross section is 4.6 Å by 4.6 Åwhen corrected
for van der Waals radii. The framework topology
and tiling pattern resemble those found in sodalite
and zeolite A (19). In the parlance of zeolites, the
hexagonal HSPB6– and [G3NO3]

2+ tiles are sec-
ondary building units (SBUs), and the q-TO is
the composite building unit. The q-TO, however,
is assembled from molecular tiles that fold into
a closed convex object with solid surfaces rather
than open nets. Each q-TO carries 16 negative
charges and the overall framework carries 10 neg-
ative charges per q-TO due to the sodium ions.
Each q-TO in compound 1 contained 12 dis-
ordered DMF molecules, as well as disordered
cations (sodium, guanidinium, and dimethylam-
monium from adventitious decomposition of
DMF) and anions (chloride and nitrate) in amounts
sufficient to compensate the negative charge of
the framework.

In situ synchrotron powder x-ray diffraction
revealed that the frameworkwas stable up to 160°C
(fig. S10), reflecting an uncharacteristic robust-
ness of the hydrogen-bonded assembly in the solid
state. The existence of void space in the q-TO as
well as the continuity of the pore structure created
by the sodium bridges between adjacent q-TOs
was demonstrated by exposure of compound 1 to
iodine vapor under ambient conditions (the diam-
eter of the I2 molecule is smaller than that of the
<100> channels). The colorless single crystals of
1 instantly became yellow upon exposure to iodine,
gradually darkening until becoming black through-
out (fig. S7). Elemental analysis was consistent

1Department of Chemistry and the Molecular Design Institute,
New York University, 100 Washington Square East, New York,
NY 10003–6688, USA. 2Department of Materials Science, Uni-
versity of Milano-Bicocca, Via Roberto Cozzi 53, 20125 Milan.
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mdw3@nyu.edu

Fig. 1. (A and B) Comple-
mentary [G3NO3]

2+ (yellow)
and HSPB6– (green) tiles,
with their corresponding edge
lengths, defined by the dis-
tance spanned by neighbor-
ingguanidiniumand sulfonate
ions, respectively. (C) Sche-
matic representation of an
unfolded q-TO based on the
complementary [G3NO3]

2+

(yellow) and HSPB6– (green)
tiles, illustrating the edge-
sharedN-H···O-Shydrogen
bonds. (D) The q-TO. The open
squares in (C) and (D) corre-
spond to the openings on the
surface of the q-TO that en-
able the formation of <100>
channels between adjacent
q-TOs in the solid state.
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Organometallic supermolecules built by covalent bonds.  

Fujita lab (Tokyo),  Science  (2010).  

Archimedean cage built by hydrogen bonds. 

Ward lab (NYU), Science (2011).  



Examples  of  synthetic polyhedra:  10 nm scale
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Assembly**
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The construction of well-defined 3D architectures is one of
the greatest challenges of self-assembly. Nanofabrication
through molecular self-assembly has resulted in the formation
of DNA polyhedra with the connectivities of cubes,[1]

tetrahedra,[2,3] octahedra,[4,5] dodecahedra,[3] and buckmin-
sterfullerene.[3] DNA polyhedra could also function as nano-
capsules and thereby enable the targeted delivery of entities
encapsulated from solution. Key to realizing this envisaged
function is the construction of complex polyhedra that
maximize encapsulation volumes while preserving small
pore size. Polyhedra based on platonic solids are most
promising in this regard, as they maximize encapsulation
volumes. We therefore constructed the most complex DNA-
based platonic solid, namely, an icosahedron, through a
unique modular assembly strategy and demonstrated this
functional aspect for DNA polyhedra by encapsulating gold
nanoparticles (GNPs) from solution.

This modular assembly strategy to access complex poly-
hedra involves a stepwise amalgamation of discrete modules
obtained from degenerate components. DNA icosahedra may
be constructed from three distinct five-way-junction (5WJ)[6,7]

components V, U, and L, with programmable overhangs
(Figure 1a; see Table 1 in the Supporting Information for
sequences). Each 5WJ module, V, U, and L, is constructed
from equimolar amounts of the respective five phosphory-
lated single strands (Figure 2a; see also Figure 2 in the
Supporting Information). At 20 mm, V was shown to form a
complex with L in a 1:5 ratio (Figure 2a,b). The complemen-
tary module VU5 was synthesized similarly from components
V and U (see Figure 3a in the Supporting Information). At
this stage, contiguously hybridized strands in VU5 and VL5

were ligated chemically with N-cyanoimidazole (NCI)[8,9] to
enhance stability.

When 5WJs of U attached to 3.5 nm gold nanoparticles
were complexed with V in a 1:5 ratio and investigated by
electron microscopy, several pentagonal arrangements of gold
nanoparticles were observed in the [1:5] complex VU5

(Figure 2c,d; see also Figure 3 in the Supporting Informa-
tion). The average center-to-center distance between two gold

nanoparticles that mark adjacent vertices (“a”) and non-
adjacent vertices (“b”; see Figure 3 in the Supporting
Information) in these pentagonal arrangements of VU5

were a= 8.8! 1 nm (n= 36) and b= 13.7! 1.7 (n= 12). This
result is consistent with the theoretical distances (a= 8.3 nm,
b= 13.4 nm) in the proposed half-icosahedral, compacted,
cup-shaped arrangements resulting from recognition between
complementary overhangs U5 and U2 of adjacent U 5WJs in
the complex VU5.

The two different modular assemblies, VU5 and VL5, with
ten identical overhangs each (the overhangs are complemen-
tary in the two assemblies), were shown to complex with each
other in a 1:1 ratio. The contiguous termini were ligated again
with NCI to yield a complex I with a 2:5:5 V/U/L stoichiom-

Figure 1. Retrosynthetic strategy for the construction of the DNA
icosahedron: The icosahedron I is constructed from two half-icosahe-
dra, VU5 and VL5, which in turn are formed from two types of 5WJ, V
and U/L. a) The 5WJs V, U, and L are shown. The heavy black lines
represent double-stranded regions, and the complementary overhangs
are color-coded. b) Each half is formed from a central vertex 5WJ, V,
and five equivalents of the 5WJ U or L. c) The complex structure, I, is
formed by the addition of an upper (VU5) to a lower half (VL5) in a 1:1
ratio.

Figure 2. Gel electrophoretic images showing the formation of the
complexes at various stages of assembly. a) PAGE (10%) showing the
formation of the 5WJ V and the formation of the [1:5] complexes VU5

and VL5 from 5WJs. Lane 1: DNA marker; lane 2: V1 oligonucleotide;
lane 3: 5WJ V ; lane 4: VU5 ; lane 5: VL5. b) Gel electrophoresis showing
the formation of the [1:5] complex VL5 in the indicated stoichiometry.
The radiolabeled 5WJ V was complexed with the unlabeled 5WJ L at
different ratios. Samples were then subjected to electrophoresis on
10% native PAGE in TBE buffer and visualized with PhosphorImager.
Lane 1: V+L ; lane 2: V+2L ; lane 3: V+3L ; lane 4: V+4L ; lane 5:
V+5L ; lane 6: 5WJ V (P32-labeled V1 oligonucleotide). c) Representa-
tive transmission electron micrograph (TEM) of a gold-nanoparticle-
labeled U 5WJ in a VU5 complex. Scale bar: 20 nm. d) Defocused
image of the same field; gold nanoparticles appear as white spheres
as a result of defocusing. Scale bar: 20 nm.[14]
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Icosahedral DNA cage built  in modules. 
Yamuna Krishnan’s lab (NCBS),  Ang. Chemie.  (2009). 



Hugo Steinhaus, Mathematical Snapshots (1938).





Surface tension driven self-folding:  micron scale 

Truncated octahedra built by self-folding. 
Pandey et al, PNAS,  (2011). 



    Can we develop common frameworks  to understand biological and 
synthetic self-assembly?  

  
      Our approach:  use discrete geometry to model the intermediates 

and pathways of assembly. Try to understand the most robust features of 
simple models. 

The main theoretical  question 



Zlotnick’s model (1994)  and the building game

P

H

P

H
P

H

P

H

P

H

P

H

P

H
P

H

P

H

P

H

(a)

P

H

(b)

A B

C

D
EF B

C

D
E

A B

C

D
EF B

C

D
EA B

C

D
EF B

C

D
E

A B

C

D
EF B

C

D
E

A B

C

D
EF B

C

D
E

(c)

(d)

(e)

(1)   Discretize the assembly process into intermediate states.  

(2) Next add a model for attachment/detachment kinetics. 

This is useful in chemistry for modeling fullerenes (Wales, 1987). However, it does not 
explain  malformed shapes in virus assembly and has no sequence specific information.  

Many other models exist (Berger, Shor (1994); Bruinsma (2005)). 



Macroscopic  “chemical reactions” 

Kazuo Hosokawa et al. Dynamics of Self-Assembling Systems

Figure 2. Photograph of the basic unit.

Figure 3. The case for shaking the units (Dimension: mm).

3 Theory and Experiment
3.1 Yield Problem and Its Solution
Testing the mechanical model described above, the authors encountered a problem that
has never been studied: the yield problem of self-assembling systems. For example, if
the process starts with 12 basic units, the ideal goal is to form two complete hexagons
as in Figure 5a. But actually, the system usually reaches a final state such as Figure 5b.
Increasing the quantity of starting units cannot be a solution. As is generally known,

Artificial Life Volume 1, Number 4 415

Kazuo Hosokawa et al. Dynamics of Self-Assembling Systems

Figure 4. The experimental apparatus.

AA—A
V.

12

AA—A
V_J

12 (b)
Figure 5. Explanation of the yield problem, (a) The ideal case. Yield is two. (b) An actual case.
Yield is zero.

yield is a chemical term that stands for the final amount of desired product. Yield is two
in Figure 5a, and is zero in Figure 5b. We define the yield problem as the problem of
predicting the final amount of complete bodies in an arbitrarily given self-assembling
system.
This problem can be solved completely using the following method. Moreover, this

method clarifies the dynamical evolution of the system. The method will be a useful
tool when we design a self-assembling system.

416 Artificial Life Volume 1, Number 4

Hosokawa,  Shimoyama, Miura, Artificial Life, (1996). 



Kazuo Hosokawa et al. Dynamics of Self-Assembling Systems

A X v£ X4
A7 X2 Q$ X5
WI3 ® X6

Figure 6. Initial, intermediate, and final products of the system.

The procedure is summarized as follows:

1. Let the quantity of every intermediate product be a state variable. This greatly
reduces the degree of freedom of the system.

2. Derive the dynamics governing the state variables from the information of
elementary processes. This phase is similar to chemical kinetics [91 or population
dynamics [5].

3. Calculate the variation of the state variables from given initial conditions according
to the dynamics.

In the case of our mechanical model, there are one initial, four intermediate, and one

final product shown in Figure 6. They are represented by symbol Xi ~ Xß according to
the number of constituent units. However, Xi is abbreviated to X. Symbol x¡ represents
quantity of X,- (i = 1 ~ 6). These are state variables of the system.

Elementary processes are described similarly to chemical reactions as follows:

2X^X2, X+X2^X3,
X + Xi^-Xi, X + X4^X5,
X + X5^-Xß, 2X2-* X, (1)
X2 + X3 —> X5, X2 + X4 —>• Xß,
2X3 -+ Xf,.

The elementary processes are often called "reactions" hereafter. We assumed that all
reactions are bimolecular reactions. In other words, we neglected reactions in which
more than two clusters are bonded simultaneously such as 3X —* X3.

If every x, is large enough, the state vector x = (xi,..., Xß) obeys the difference
equation

x(í+l)=x(í)+F(x(0), (2)

where t is the parameter corresponding to time. Speaking more strictly, t represents
the number of collision between clusters. And F = (Fi,..., Fß) is a mapping from

Artificial Life Volume 1, Number 4 417

Chemical reactions theory:  states, reactions, rates.
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States Reactions
Kazuo Hosokawa et al. Dynamics of Self-Assembling Systems

B i B3
N,

Ba
Figure 12. Divisions of the plane using the units for the basis.

Appendix A

We will explain the calculation of the bonding probability Pb in detail using the example
of Pn. In section 3.1, P¡m was assumed to be equal to the probability that

there is a pair of bonding faces of X¡ and Xm such that each face can be
seen from the other face completely, (A.l)

when the clusters are placed on the plane at random. Let the two units be a and b. The
plane can be divided into four regions using a unit for the basis as shown in Figure 12.

When b is in the region Ai from the standpoint of a, if b directs its S-pole-face to
a, (A.l) is true. In other words, a should be in the region B2 or B$. The probability of
that is

P'b in Ai)P{a in B2 U B3) =
-

x
-

= -.

3 2 6 (A.2)

In the case of b being in the region A$, the probability of (A.l) is 1/6 as well. And
in the case of b being in the region ^42, ¿* should be in the region B\, B2, or _S3. So, the
probability is

1 5 5P(b in A2)P(a in Bx U B2 U B5) =
-

x
-

= —.

6 6 36 (A.3)

Thus, P\i is obtained as the sum of these probabilities:

Pb-1-+1- + 1-1-1~0472Pu
- 6 + 6 + 36 - 36 - °-472- (A.4)

426 Artificial Life Volume 1, Number 4

Rates:   compute  probabilities  of collisions  and  bonding. Must include physics at this stage.



J Nonlinear Sci

Fig. 1 Combinatorial configuration space for the octahedron. Assembly proceeds by the attachment of
one face at a time. Each configuration consists of a contiguous cluster of triangular faces attached at
edges. It is convenient to graphically represent each three-dimensional cluster by projecting it into two-
dimensions as a Schlegel diagram. In the figure above, each cluster is represented by the dark blue triangles.
The combinatorial configuration space is the directed graph of all configurations. The directed edges are
denoted by arrows above. An assembly pathway is a pathway from intermediate 1 (consisting of one face)
to the intermediate 14 (the completely formed octahedron) (Color figure online)

Fig. 2 Geometry of embedded configurations. Each intermediate in the combinatorial configuration space
determines a set of polynomial constraint equations as explained in Sect. 4. The solution set (over the reals)
of these constraint equations is a real algebraic variety. Points on this variety that also satisfy the constraint
of nonself-intersection correspond to geometric embeddings of a polyhedral linkage. In this figure, we
illustrate three embeddings of intermediate 10 in Fig. 1. It is simplest to first embed this configuration by
removing two contiguous faces from the standard embedding of the complete octahedron (left figure) and
to then squash it into the two embeddings on the right. This linkage has one internal degree of freedom. In
order to visualize ‘conformational diffusion’ the reader should imagine a continuous random jiggling that
explores embeddings like those above

way that detailed computations of idealized models (e.g., configurations of minima in
the Lennard–Jones system with n particles) are useful in a variety of problems.1

The second, and main, theme in this work is to relate the geometry of intermediates
to rates of transition between them. The adjective combinatorial in the definition of the
configuration space reflects the fact that each configuration is described completely
by a 2-coloring of the faces of the polyhedron. It is included to contrast purely combi-
natorial notions with the geometric properties of intermediates, related to the manner
in which they are embedded in R3. As seen in Fig. 2, each configuration determines a

1 These data are publicly available at the Brown Digital Repository (Johnson and Menon 2016).

123

J Nonlinear Sci

Fig. 14 Rates of transition for the octahedron. A rate matrix computed by conformational diffusion in the
geometric configuration space, G for the octahedron. The state is numbered as in Fig. 1. The phenomeno-
logical parameters in this example are β = 0.8, ϵ = 0.5

The rates are determined as follows. We consider two neighboring configuration
[x] and [y] such that [y] is obtained from [x] by the attachment of a face. We then
simulate a conformational diffusion onM[x] and associate a probability of probability
of transition from [x] to [y] based on the fraction of total time spent in a conformation
where the dihedral angles of conformations inM[x] are favorably aligned for attach-
ment of a face that corresponds to a conformation inM[y]. Observe that it is enough to
determine the ‘attachment’ rates Q[x][y] because the reverse ‘detachment’ rate Q[y][x]
is given by detailed balance.

To illustrate ideas, and for simplicity of implementation, we focus on the octahe-
dron. Given a tolerance ϵ and a conformation z ∈ M[x], our criterion for attachment
is as follows:

1. We consider all triplets of vertices in a state x ∈ [x] at which it is combinatorially
admissible for a new face to attach to form a state y ∈ [y].

2. For each such triplet, let va , vb, vc denote the coordinates of these vertices in R3.
We compute the angles in the triangle formed by the vertices va ,vb and vc. If each
of these angles differs from π/3 by less than ϵ, we say that the triplet (va, vb, vc)
is ϵ-close to attachment.

3. We say that z lies in the ϵ-exit set, denoted S[x][y](ϵ), if at least one of the admissible
triplets of vertices is ϵ-close to attachment.

Given the above exit criterion, the empirical transition rate Q[x][y] may be obtained
from the first N steps z0, z1, . . . , zN−1 of a random walk inM[x] as follows

Q[x],[y](N , ϵ) = 1
N

N−1∑

k=0

1S[x][y](ϵ)(zk). (28)

123

The structure of a chemical reaction model of self-assembly

(a) An assembly graph

(a) Equip it with rates on edges 
(unidirectional for simplicity)



Part 2. Some biological inspiration from viruses.



(1) Genetic economy. 

(2)  Structural symmetry. 

(1): NIH-NCBI lists the sequence of nucleotides of 13,736,078 viruses (as of 
11/21/2024).  Many of these have very short genomes. For example, ss-RNA viruses 

often have genetic sequences with  only 1000 to 10000 base pairs.  

(2)  In the mid-1950s’ crystallography revealed that many viral capsids have 
icosahedral symmetry.  As Caspar and Klug realized, structural symmetry is  well 

matched with genetic economy -- a few basic units can go a long way...

The elegant natural design of viruses



The “simplest” viruses consist of  a  genome (RNA or DNA) contained 
within a protein shell (the capsid). They  lack the biosynthetic machinery for 

independent existence. Instead, they use a host to reproduce as follows. 

(1) The capsid disassembles when a virus infects a host; 

(2)  The genome hijacks host’s machinery to make new genome and protein; 

(3)  Capsid  reassembles and packages the new genome.

The reproduction cycle of simple viruses



The story of MS2

MS2  is an icosahedral virus with a single-stranded RNA.  It infects  the bacteria 
e.coli and other enterobacteria.  The MS2 genome was isolated in 1961 and is 

the first genome to be completely sequenced (Fiers 1972-1976).

The genome has 3569 nucleotides that code for four proteins:  

(1) coat protein;  (2) maturation protein; (3) lysis enzyme; (4) replicase enzyme.



The   MS2   genome

Fiers et al;  Nature (1972)



The equilibrium  structure of MS2

The capsid consists of 180 copies of the coat protein.  However, this protein  exists 
in three configurations (A,B,C) which bind into two dimers (A/B and C/C).  

The switch from one dimer to another is triggered by an RNA hairpin loop.



Self-assembly (of a virus)  is a process akin to  crystallization and is  
governed by  the laws of statistical mechanics. The protein  subunits 
and  the nucleic acid chain spontaneously come together  to form a 
simple virus particle because this is their lowest free energy state .” 

Caspar and Klug; Cold Spring Harbor Symposium, (1962)

The early dogma on the process of self-assembly



The dogma soon unraveled....

(1) The time taken to reach equilibrium is too long (this is 
essentially the same as Levinthal’s paradox for protein folding). 

(2) Klug showed that RNA-driven conformation changes drive the 
self-assembly of  Tobacco Mosaic Virus (1971).  Thus, assembly is 

not just based on the capsid protein, it is nucleated by RNA.

There have been many investigations of the assembly of 
viruses, but sequence-specific studies are very recent and use 

discrete geometry in an essential way. 



Co-assembly with RNA folding

distribution of material inside the protein layer that
is very similar to the previously determined cryo-EM
reconstructions of the wild-type virion and reas-
sembled virus-like particles that have been reported
using icosahedral symmetry averaging.1,7 Since there
is only one copy of maturation protein and since it is
of significantly smaller mass than the RNA, this
similarity in density adjacent to the coat protein layer
must mostly reflect the interaction of the RNA with
the coat protein subunit.
The density distribution obtained with C5 sym-

metry provides vital clues on how the RNA is
distributed along the 5-fold axis on which the
maturation protein is located. It allows us to predict,
using a simple mathematical model, the asymmetric
organization of the linear single-stranded RNA
(ssRNA) molecule within its symmetric container.
Strikingly, our results imply that only a very limited
number of RNA configurations out of the over
40,500 ones identified in Ref. 1 are consistent with
the 5-fold-averaged cryo-EM data, biochemical
information regarding RNA interaction with matu-

ration protein, and efficient capsid assembly. This
provides new insights not only into the asymmetric
organization of the genomic material but also into
the sophisticated assembly strategies of the virus.
For example, it shows that, besides having a role
during infection, the maturation protein could also
be used to vastly reduce the complexity of the
assembly process by circularizing the genomic RNA.

Cryo-EM data imply a dimer switching model for
virus assembly

Icosahedrally averaged cryo-EM reconstructions
of Leviviridae show that the outer shells of their
genomic RNAs form distinct, cage-like structures.1,7
An example is bacteriophage MS2, with a cage akin
to the polyhedron in Fig. 1a. This polyhedron is
formed from two distinct types of edges (Fig. 1b): 60
short edges, occurring in groups of five around the
particle 5-fold axes, and 30 long edges, which cross
underneath the 2-fold axes and connect the short
edges of two neighboring 5-fold axes. Previous work

Fig. 1. The polyhedral cage of MS2 RNA density can be described as a Hamiltonian path. (a) A cryo-EM reconstruction
of the outer RNA shell of bacteriophage MS2 (depicted in magenta) based on an image at ∼17 Å resolution adapted from
Van denWorm et al.7 (b) A representation of this RNA shell as a polyhedral cage. (c) A three-dimensional view of a single
Hamiltonian path, which meets every vertex of the polyhedron exactly once by moving along the short (yellow) and long
(orange) edges of the polyhedral cage. (d) A planar net representation of the Hamiltonian path shown in (c) and its
relation to the A (blue), B (green), and C (pink) quasi-equivalent subunits of the MS2 capsid.

400 Prediction of Viral RNA Layout

The RNA folds on a complementary Hamiltonian path. The folding process creates 
secondary folding sites that nucleate the dimer transition.

Dykeman, Stockley, Twarock; PNAS (2015)



Part 3. Self-folding polyhedra: computation and experiment.

computations: Ryan Kaplan, Daniel Johnson-Chyzhykov, Joe Klobusicky,
(Brown University) 

  
experiments: Shivendra Pandey, David Gracias (Johns Hopkins University)



Which net self-folds with the highest yield?

liquefied and minimized its exposed liquid surface area. The
surface tension caused the internal hinges to bead up, creating a
torque that rotated the panels, and enabled the external hinges on
adjacent panels to fuse when the panels met. Although most
previous self-folding work has only utilized internal hinges, the
addition of external hinges to self-folding structures fabricated in
our research group has resulted in increased defect tolerance and
self-correction; this has translated into high yield assembly of
micropolyhedra.
It is known that not all arrangements of six square panels

connected edge-to-edge will fold into a cube. If one is given a
simple polygon (and its interior) in the plane, Alexandrov’s
theorem gives conditions under which this polygon can be folded
by the identification of points of the polygon’s boundary to a
convex polyhedron or a double covering of a convex polygon [13].
Here, the full power of this theorem is not required. What will be
considered instead are polygons that have fold lines (we call these
lines internal hinges, which separate the original polygon’s interior
into polygonal panels) which will form convex polyhedra (with the
panels becoming faces of the completed polyhedron) when folded
along the fold lines and the edges of the polygonal boundary are
joined together (Fig. 2). The term ‘‘net’’ is often used to describe
this situation. Note that for some nets, when using the existing fold
lines, it is possible to make either a non-convex polyhedron or a
convex polyhedron depending on how the polygonal edges are
joined together, e.g. the nets of the octahedron can form non-
convex and regular octahedra. However, this does not arise for the
cube. There are 11 nets that fold into a cube [14] and 11 that fold
into octahedra, but the number of nets varies for different
polyhedra. For example, the tetrahedron has two nets and the
regular dodecahedron has 43380 nets [15]. The basic constraints
in folding the polyhedral net are that the material must exhibit
continuous folding, conserve distances along its surface and not
self-intersect [16].
When we first started assembling polyhedra, no design rules

existed for which of the 11 nets would self-assemble with the
highest yields. We picked the mirror-symmetric cruciform (net 11
in Fig. 3A) due to its familiarity, and it is used by several other
groups [17–20]. In this paper, we systematically investigated the

self-assembly of all 11 cube nets. We also investigated the self-
assembly of the 11 octahedron nets, since the regular octahedron is
the dual polyhedron for a cube; a dual polyhedron is one in which
the roles of faces and vertices are interchanged when compared
with the original polyhedron [21]. We recorded the number and
types of defects observed during each assembly over 68 trials for
each polyhedron. Although we observed that each net could fold
into a well-formed polyhedron, a clear trend emerged for the
number of defects in the assembly among the different nets. We
observed that the cruciform net actually did not provide the best
yields for assembling a cube. Also, there was a strong correlation
between the success of each net folding into the desired
polyhedron and purely geometric compactness factors, such as
the nature of the connectivity of the different panels in the net
design and a radius of gyration function.

Figure 1. Schematic diagram showing the self-assembly of a
cube from (A) six untethered panels and (B) six tethered
panels. Since the number of conformations is greatly restricted by
tethering as in (B), self-assembly occurs with much higher yield.
doi:10.1371/journal.pone.0004451.g001

Figure 2. Schematic diagram of the net geometry. The diagram
shows the (A) cube and (B) octahedron net geometry and illustrates the
different kinds of topological connections and hinges.
doi:10.1371/journal.pone.0004451.g002

Figure 3. Schematic diagram of all the eleven 2D (A) cube and
(B) octahedron nets.
doi:10.1371/journal.pone.0004451.g003
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Azam, Leong, Zarafshar, Gracias (PloS One 2010) 

Discovering design principles



The   observed   pathways  (net 5  vs  net 11)  and  yield

Results and Discussion

We used a previously established procedure for fabricating the
200 and 500 mm cubes and octahedra on silicon wafers [12] (see
Materials and Methods); cube nets were processed across two
wafers, while all of the octahedron nets were processed on one
wafer. Each net was fabricated with nickel panels (square-shaped
for cubes and equilateral-triangular shaped for octahedra)
connected edgewise by solder hinges. The edges of each panel
featured hinges; internal hinges (along fold lines) connected two
panels, while external hinges were at the edges of the panels and
did not connect to other panels. Each panel measured either 200
or 500 mm on each side, and adjacent panels were spaced apart by
a width equal to 10% of the panel edge length. We electrodepos-
ited solder at the panel edges to form the hinges, released the nets
from the substrate and heated the structures until they folded at
the hinges to form polyhedra. The samples on each wafer were
constructed in close proximity to minimize any variations in the
dimensions during lithographic processing. The wafers were
organized such that a row of 11 nets was repeated multiple times.
Each net featured a characteristic pattern on all panels to
distinguish the polyhedra. Such an identification system was
necessary, since cubes and octahedra resulting from different nets
were assembled simultaneously to minimize any other process
variations. It should be noted that at sub-mm size scales, the role of
gravity in this self-assembling process is minimal [12]. Neverthe-
less, special care was taken in the design so that all of the panels on
all nets had the same mass. Following a lift-off process from the
substrate, the various nets were sorted, placed in random
orientations in a dish and heated until surface tension forces
drove them to fold into polyhedra. We folded the nets in batches,
such that representatives of each were present. We defined the self-
assembly of all the polyhedra in a dish as one trial and completed a
total of 68 trials each for the 200 mm cubes and the octahedra. We
also performed 36 trials each for 500 mm cubes and octahedra and
observed that the folding trends (discussed later) were similar.
For the cubes, we observed that each of the 11 nets folded by

one of two distinct pathways (Fig. 4 A–B). The first pathway
involved two clearly distinguishable sections of the net folding
independently at equal rates and then coming together when a
central hinge folded. The second folding pathway was character-
ized by different folding rates within the sections of the net. Nets 2,
4, 5, 7, 8, and 9 (Fig. 3) followed the first pathway; the remaining
nets followed the second pathway. Fig. S1 in the Supporting
Information section shows snapshots of all the 11 cube nets during
folding. Interestingly, folding of octahedra appeared to follow
more complicated pathways, and there were two possible final
conformations, either the non-convex boat-shaped octahedron or
the convex regular octahedron (Fig. 4 C–D). The formation of
non-convex and regular octahedra depended both on the type of
net as well as the folding sequence of the individual panels during
assembly; some nets formed both types of octahedra.
The data gathered from the assembly of 200 mm and 500 mm

polyhedra indicated that all of the nets, with varying levels of
defects (Fig. 5A–C), were capable of forming perfectly-folded
polyhedra (Fig. 5 D–E). We organized the self-assembled cubes
and octahedra into four categories (labeled A through D)
according to their defects. We could not discern any defects in
‘‘A’’ polyhedra using optical microscopy. They had well-aligned
faces and hinges that folded for form dihedral angles of 90u for
cubes (Fig. 5A) and 109.4u for octahedra. ‘‘B’’ polyhedra were
observed to have either one misaligned face (Fig. 4Bi, 4Biii) or
slightly (deviation,15u) under/overfolded faces. Underfolding
occurred when excess solder was present at a hinge between two

faces, and overfolding occurred when an inadequate amount of
solder was present in the hinge. ‘‘C’’ polyhedra were missing one
face, or were severely (deviation.15u) over/underfolded (Fig. 5Cii,
5Ciii). In some cases with cubes, we observed a twist deformation
and also classified those as ‘‘C’’ cubes (Fig. 5Ci). ‘‘D’’ polyhedra
had two or more of the defects described for ‘‘C’’ polyhedra.
Various other defects were observed in octahedra but not in cubes,
which were a result of the comparatively more complicated folding
mechanics; one common defect that occurred with the folding of
octahedron nets was the overfolding of several sides, resulting in a
tetrahedron (Fig. 5F) instead. Yields for cubes and octahedra are
plotted in Figure 6 and listed in Tables S1, S2, with average ranges
of ‘‘A’’ polyhedra plotted in Figure S2.
Five internal hinges along fold lines connect the six panels of each

cube net; we refer to these connections as edge connections (Fig. 2A).
Similarly, seven internal hinges are present along the fold lines and
connect (through edge connections) the eight panels of each
octahedron net (Fig. 2B). This method of identifying internal hinges
along fold lines is attractive since it can be readily extended to the
nets of other polyhedra. Vertex connections resemble topological
connections described in protein folding models [7]. Vertex
connections occur when panels are not directly connected to each
other but are proximal and oriented at a specified angle to each
other. There is one kind of vertex connection in the cube nets: when
panels are located diagonally to each other, they share one vertex
with an angle of 90u between the panels’ exterior sides. There are
two types of vertex connections in octahedron nets, as panels can be
oriented with their exterior sides forming angles of 120u or 180u
between them (Fig. 2B). A panel with no vertex connections to other
panels in a cube is a hanging panel and is connected to the rest of the
structure by only one edge connection. There are no hanging panels
in octahedron nets, because each panel has at least one vertex
connection. A more compact net results when each panel within the
net has more vertex connections.
We also used the radius of gyration, another common

parameter for determining compactness in protein structure, to
quantify the compactness in the nets [10]. We defined the radius of

gyration (Rg) as Rg~

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

PN

i~1

xi{xð Þ2z yi{yð Þ2
h is

, where xi,yið Þ

Figure 4. Cube folding dynamics and octahedral conforma-
tions. Two distinct folding dynamics during self-assembly were
observed for cube nets: (A) net 5 follows pathway 1 and (B) net 3
follows pathway 2. Pathway 1 was characterized by independent
folding of two clearly distinguishable sections of the net, which came
together when the central hinge folded. Nets following pathway 2 have
different folding rates for different sections of the net. Octahedron nets
can fold into (C) non-convex boat-shaped or (D) regular octahedra.
doi:10.1371/journal.pone.0004451.g004
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Results and Discussion

We used a previously established procedure for fabricating the
200 and 500 mm cubes and octahedra on silicon wafers [12] (see
Materials and Methods); cube nets were processed across two
wafers, while all of the octahedron nets were processed on one
wafer. Each net was fabricated with nickel panels (square-shaped
for cubes and equilateral-triangular shaped for octahedra)
connected edgewise by solder hinges. The edges of each panel
featured hinges; internal hinges (along fold lines) connected two
panels, while external hinges were at the edges of the panels and
did not connect to other panels. Each panel measured either 200
or 500 mm on each side, and adjacent panels were spaced apart by
a width equal to 10% of the panel edge length. We electrodepos-
ited solder at the panel edges to form the hinges, released the nets
from the substrate and heated the structures until they folded at
the hinges to form polyhedra. The samples on each wafer were
constructed in close proximity to minimize any variations in the
dimensions during lithographic processing. The wafers were
organized such that a row of 11 nets was repeated multiple times.
Each net featured a characteristic pattern on all panels to
distinguish the polyhedra. Such an identification system was
necessary, since cubes and octahedra resulting from different nets
were assembled simultaneously to minimize any other process
variations. It should be noted that at sub-mm size scales, the role of
gravity in this self-assembling process is minimal [12]. Neverthe-
less, special care was taken in the design so that all of the panels on
all nets had the same mass. Following a lift-off process from the
substrate, the various nets were sorted, placed in random
orientations in a dish and heated until surface tension forces
drove them to fold into polyhedra. We folded the nets in batches,
such that representatives of each were present. We defined the self-
assembly of all the polyhedra in a dish as one trial and completed a
total of 68 trials each for the 200 mm cubes and the octahedra. We
also performed 36 trials each for 500 mm cubes and octahedra and
observed that the folding trends (discussed later) were similar.
For the cubes, we observed that each of the 11 nets folded by

one of two distinct pathways (Fig. 4 A–B). The first pathway
involved two clearly distinguishable sections of the net folding
independently at equal rates and then coming together when a
central hinge folded. The second folding pathway was character-
ized by different folding rates within the sections of the net. Nets 2,
4, 5, 7, 8, and 9 (Fig. 3) followed the first pathway; the remaining
nets followed the second pathway. Fig. S1 in the Supporting
Information section shows snapshots of all the 11 cube nets during
folding. Interestingly, folding of octahedra appeared to follow
more complicated pathways, and there were two possible final
conformations, either the non-convex boat-shaped octahedron or
the convex regular octahedron (Fig. 4 C–D). The formation of
non-convex and regular octahedra depended both on the type of
net as well as the folding sequence of the individual panels during
assembly; some nets formed both types of octahedra.
The data gathered from the assembly of 200 mm and 500 mm

polyhedra indicated that all of the nets, with varying levels of
defects (Fig. 5A–C), were capable of forming perfectly-folded
polyhedra (Fig. 5 D–E). We organized the self-assembled cubes
and octahedra into four categories (labeled A through D)
according to their defects. We could not discern any defects in
‘‘A’’ polyhedra using optical microscopy. They had well-aligned
faces and hinges that folded for form dihedral angles of 90u for
cubes (Fig. 5A) and 109.4u for octahedra. ‘‘B’’ polyhedra were
observed to have either one misaligned face (Fig. 4Bi, 4Biii) or
slightly (deviation,15u) under/overfolded faces. Underfolding
occurred when excess solder was present at a hinge between two

faces, and overfolding occurred when an inadequate amount of
solder was present in the hinge. ‘‘C’’ polyhedra were missing one
face, or were severely (deviation.15u) over/underfolded (Fig. 5Cii,
5Ciii). In some cases with cubes, we observed a twist deformation
and also classified those as ‘‘C’’ cubes (Fig. 5Ci). ‘‘D’’ polyhedra
had two or more of the defects described for ‘‘C’’ polyhedra.
Various other defects were observed in octahedra but not in cubes,
which were a result of the comparatively more complicated folding
mechanics; one common defect that occurred with the folding of
octahedron nets was the overfolding of several sides, resulting in a
tetrahedron (Fig. 5F) instead. Yields for cubes and octahedra are
plotted in Figure 6 and listed in Tables S1, S2, with average ranges
of ‘‘A’’ polyhedra plotted in Figure S2.
Five internal hinges along fold lines connect the six panels of each

cube net; we refer to these connections as edge connections (Fig. 2A).
Similarly, seven internal hinges are present along the fold lines and
connect (through edge connections) the eight panels of each
octahedron net (Fig. 2B). This method of identifying internal hinges
along fold lines is attractive since it can be readily extended to the
nets of other polyhedra. Vertex connections resemble topological
connections described in protein folding models [7]. Vertex
connections occur when panels are not directly connected to each
other but are proximal and oriented at a specified angle to each
other. There is one kind of vertex connection in the cube nets: when
panels are located diagonally to each other, they share one vertex
with an angle of 90u between the panels’ exterior sides. There are
two types of vertex connections in octahedron nets, as panels can be
oriented with their exterior sides forming angles of 120u or 180u
between them (Fig. 2B). A panel with no vertex connections to other
panels in a cube is a hanging panel and is connected to the rest of the
structure by only one edge connection. There are no hanging panels
in octahedron nets, because each panel has at least one vertex
connection. A more compact net results when each panel within the
net has more vertex connections.
We also used the radius of gyration, another common

parameter for determining compactness in protein structure, to
quantify the compactness in the nets [10]. We defined the radius of

gyration (Rg) as Rg~
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Figure 4. Cube folding dynamics and octahedral conforma-
tions. Two distinct folding dynamics during self-assembly were
observed for cube nets: (A) net 5 follows pathway 1 and (B) net 3
follows pathway 2. Pathway 1 was characterized by independent
folding of two clearly distinguishable sections of the net, which came
together when the central hinge folded. Nets following pathway 2 have
different folding rates for different sections of the net. Octahedron nets
can fold into (C) non-convex boat-shaped or (D) regular octahedra.
doi:10.1371/journal.pone.0004451.g004
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is the center of mass of each panel, x,yð Þ is the center of mass of
the entire net, and N is the number of panels (see Tables S3, S4 in
Supporting Information). We consider nets with a lower Rg as
more compact.
We observed strong correlations between the geometrical

compactness of the 2D nets and the yields. Nets with more vertex
connections and lowerRg generated themost ‘‘A’’ polyhedra (Fig. 7).
We performed statistical analysis under the assumption that the two
factors were unrelated. Two-tailed t-tests were completed for
statistical significance to verify that the vertex connections and Rg

correlated to yields of cubes and octahedra. Our statistical tests
compared the percentages of ‘‘A’’ polyhedra to the corresponding
values (per net) of vertex connections and Rg for cubes and
octahedra independently. The p-values fell within the 0.001% range
dictated by the alpha value, which led us to conclude with 99.999%
confidence that vertex connections and Rg had statistical significance
in average yields of different nets. The statistical significance of the
unrelated factors further supports the hypothesis that net success in
self-assembly is strongly driven by both of these geometrical factors.
Our experimental results can be rationalized as follows. We

observed in both polyhedra that while panels folded first along
edge connections, vertex connections enabled panels to lock
together, thereby correcting for any errors in orientation. In fact,
we observed that before folding together as a whole, nets would
often undergo a period of solder readjustment and self-correction,
in which panels moved into their lowest-energy positions. Thus,
vertex connections enabled self-correction and enhanced defect
tolerance. We also observed that hanging panels introduced
defects in cube nets; however, hanging panels are not present in
any octahedron net. Nets with hanging panels followed the second
folding pathway, and the locking together of external hinges could
not occur. Moreover, the hanging panel, connected only to one

other panel by an internal hinge, needed to move a greater
distance than the other panels in order for the cube to form. This
extra movement also caused the side of the net with the hanging
panel to fold more slowly than the other nets. The increase in
motion of this hanging panel resulted in an increase in the error in
the placement of the face and thus decreased contact between
external hinges. Hence, cube nets with hanging panels tended to
result in large numbers of ‘‘C’’ cubes.
Furthermore, our inclusion of Rg as a factor for increasing yields

of ‘‘A’’ cubes and octahedra is supported by various studies in
biophysics. This function is related to the compactness of a
structure and has been widely utilized in polymer and protein
physics to quantify compactness of molecules [7–10]. These
theoretical protein folding studies have shown that compactness in
single polymer chains is a significant factor contributing to the
internal folded protein structure (i.e. compact chains significantly
increase secondary structure). It should be noted that several
similarities and differences exist between our experimental study
and the theoretical protein folding models. Our assembling
polyhedra are similar to protein folding in the sense that both
systems involve self-assembly and secondary interactions are
important in both self-assembling processes. It is known that in
the absence of secondary interactions between panels (i.e. in the
absence of external hinges), the yield of our self-assembly is
extremely low. However, it should be noted there are considerable

Figure 5. (A–C) Cubes and octahedra were classified according to the
following criteria. (Ai–iii) ‘‘A’’ cubes have no defects. (Bi, Biii) ‘‘B’’ cubes
may have one misaligned face, or display slight underfolding or
overfolding. (Ci–iii) ‘‘C’’ cubes are (Ci) severely twisted, (Cii) have a
missing or unfolded face, or (Ciii) have a severely misfolded/misaligned
face. (D) All 11 cube nets were capable of folding into ‘‘A’’ cubes. (E) All
11 octahedron nets were also capable of all self-assembling into ‘‘A’’
octahedra. There are two conformations of the folding of the
octahedron nets: the regular octahedron and the non-convex
octahedron (boat shape). A common defect observed in the folding
of octahedron nets was (F) a tetrahedron. All of these are 200-micron
scale structures.
doi:10.1371/journal.pone.0004451.g005

Figure 6. Distribution of defects in order of decreasing yield of
‘‘A’’ category (A) cubes and (B) octahedra. Violet denotes ‘‘A’’
category polyhedra; maroon denotes ‘‘B’’ category polyhedra; yellow
denotes ‘‘C’’ category polyhedra; and light blue denotes ‘‘D’’ category
polyhedra.
doi:10.1371/journal.pone.0004451.g006
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Net 5 

Net  11 

A: perfectly folded structures.


  D: 2 or more faces did not fold.



The combinatorial explosion  

Polyhedron Number of faces Number of nets
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Experiments  on self-folding dodecahedra (at Johns Hopkins)
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A discrete folding algorithm  

 Fold a net  in discrete steps by gluing all edges at a vertex by 
rotating through the dihedral angle.   

Glue only one edge at a time, unless additional faces collide. If so, 
glue all additional edges that are forced on you.

 This has several  interpretations such as an  evolution of spanning 
trees on the vertex-edge graph by the removal of edges, or  the 

transformation of  an initial spanning tree on the face-edge graph by 
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Results and Discussion

We used a previously established procedure for fabricating the
200 and 500 mm cubes and octahedra on silicon wafers [12] (see
Materials and Methods); cube nets were processed across two
wafers, while all of the octahedron nets were processed on one
wafer. Each net was fabricated with nickel panels (square-shaped
for cubes and equilateral-triangular shaped for octahedra)
connected edgewise by solder hinges. The edges of each panel
featured hinges; internal hinges (along fold lines) connected two
panels, while external hinges were at the edges of the panels and
did not connect to other panels. Each panel measured either 200
or 500 mm on each side, and adjacent panels were spaced apart by
a width equal to 10% of the panel edge length. We electrodepos-
ited solder at the panel edges to form the hinges, released the nets
from the substrate and heated the structures until they folded at
the hinges to form polyhedra. The samples on each wafer were
constructed in close proximity to minimize any variations in the
dimensions during lithographic processing. The wafers were
organized such that a row of 11 nets was repeated multiple times.
Each net featured a characteristic pattern on all panels to
distinguish the polyhedra. Such an identification system was
necessary, since cubes and octahedra resulting from different nets
were assembled simultaneously to minimize any other process
variations. It should be noted that at sub-mm size scales, the role of
gravity in this self-assembling process is minimal [12]. Neverthe-
less, special care was taken in the design so that all of the panels on
all nets had the same mass. Following a lift-off process from the
substrate, the various nets were sorted, placed in random
orientations in a dish and heated until surface tension forces
drove them to fold into polyhedra. We folded the nets in batches,
such that representatives of each were present. We defined the self-
assembly of all the polyhedra in a dish as one trial and completed a
total of 68 trials each for the 200 mm cubes and the octahedra. We
also performed 36 trials each for 500 mm cubes and octahedra and
observed that the folding trends (discussed later) were similar.
For the cubes, we observed that each of the 11 nets folded by

one of two distinct pathways (Fig. 4 A–B). The first pathway
involved two clearly distinguishable sections of the net folding
independently at equal rates and then coming together when a
central hinge folded. The second folding pathway was character-
ized by different folding rates within the sections of the net. Nets 2,
4, 5, 7, 8, and 9 (Fig. 3) followed the first pathway; the remaining
nets followed the second pathway. Fig. S1 in the Supporting
Information section shows snapshots of all the 11 cube nets during
folding. Interestingly, folding of octahedra appeared to follow
more complicated pathways, and there were two possible final
conformations, either the non-convex boat-shaped octahedron or
the convex regular octahedron (Fig. 4 C–D). The formation of
non-convex and regular octahedra depended both on the type of
net as well as the folding sequence of the individual panels during
assembly; some nets formed both types of octahedra.
The data gathered from the assembly of 200 mm and 500 mm

polyhedra indicated that all of the nets, with varying levels of
defects (Fig. 5A–C), were capable of forming perfectly-folded
polyhedra (Fig. 5 D–E). We organized the self-assembled cubes
and octahedra into four categories (labeled A through D)
according to their defects. We could not discern any defects in
‘‘A’’ polyhedra using optical microscopy. They had well-aligned
faces and hinges that folded for form dihedral angles of 90u for
cubes (Fig. 5A) and 109.4u for octahedra. ‘‘B’’ polyhedra were
observed to have either one misaligned face (Fig. 4Bi, 4Biii) or
slightly (deviation,15u) under/overfolded faces. Underfolding
occurred when excess solder was present at a hinge between two

faces, and overfolding occurred when an inadequate amount of
solder was present in the hinge. ‘‘C’’ polyhedra were missing one
face, or were severely (deviation.15u) over/underfolded (Fig. 5Cii,
5Ciii). In some cases with cubes, we observed a twist deformation
and also classified those as ‘‘C’’ cubes (Fig. 5Ci). ‘‘D’’ polyhedra
had two or more of the defects described for ‘‘C’’ polyhedra.
Various other defects were observed in octahedra but not in cubes,
which were a result of the comparatively more complicated folding
mechanics; one common defect that occurred with the folding of
octahedron nets was the overfolding of several sides, resulting in a
tetrahedron (Fig. 5F) instead. Yields for cubes and octahedra are
plotted in Figure 6 and listed in Tables S1, S2, with average ranges
of ‘‘A’’ polyhedra plotted in Figure S2.
Five internal hinges along fold lines connect the six panels of each

cube net; we refer to these connections as edge connections (Fig. 2A).
Similarly, seven internal hinges are present along the fold lines and
connect (through edge connections) the eight panels of each
octahedron net (Fig. 2B). This method of identifying internal hinges
along fold lines is attractive since it can be readily extended to the
nets of other polyhedra. Vertex connections resemble topological
connections described in protein folding models [7]. Vertex
connections occur when panels are not directly connected to each
other but are proximal and oriented at a specified angle to each
other. There is one kind of vertex connection in the cube nets: when
panels are located diagonally to each other, they share one vertex
with an angle of 90u between the panels’ exterior sides. There are
two types of vertex connections in octahedron nets, as panels can be
oriented with their exterior sides forming angles of 120u or 180u
between them (Fig. 2B). A panel with no vertex connections to other
panels in a cube is a hanging panel and is connected to the rest of the
structure by only one edge connection. There are no hanging panels
in octahedron nets, because each panel has at least one vertex
connection. A more compact net results when each panel within the
net has more vertex connections.
We also used the radius of gyration, another common

parameter for determining compactness in protein structure, to
quantify the compactness in the nets [10]. We defined the radius of

gyration (Rg) as Rg~
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Figure 4. Cube folding dynamics and octahedral conforma-
tions. Two distinct folding dynamics during self-assembly were
observed for cube nets: (A) net 5 follows pathway 1 and (B) net 3
follows pathway 2. Pathway 1 was characterized by independent
folding of two clearly distinguishable sections of the net, which came
together when the central hinge folded. Nets following pathway 2 have
different folding rates for different sections of the net. Octahedron nets
can fold into (C) non-convex boat-shaped or (D) regular octahedra.
doi:10.1371/journal.pone.0004451.g004
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a width equal to 10% of the panel edge length. We electrodepos-
ited solder at the panel edges to form the hinges, released the nets
from the substrate and heated the structures until they folded at
the hinges to form polyhedra. The samples on each wafer were
constructed in close proximity to minimize any variations in the
dimensions during lithographic processing. The wafers were
organized such that a row of 11 nets was repeated multiple times.
Each net featured a characteristic pattern on all panels to
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Fig. 1 Combinatorial configuration space for the octahedron. Assembly proceeds by the attachment of
one face at a time. Each configuration consists of a contiguous cluster of triangular faces attached at
edges. It is convenient to graphically represent each three-dimensional cluster by projecting it into two-
dimensions as a Schlegel diagram. In the figure above, each cluster is represented by the dark blue triangles.
The combinatorial configuration space is the directed graph of all configurations. The directed edges are
denoted by arrows above. An assembly pathway is a pathway from intermediate 1 (consisting of one face)
to the intermediate 14 (the completely formed octahedron) (Color figure online)

Fig. 2 Geometry of embedded configurations. Each intermediate in the combinatorial configuration space
determines a set of polynomial constraint equations as explained in Sect. 4. The solution set (over the reals)
of these constraint equations is a real algebraic variety. Points on this variety that also satisfy the constraint
of nonself-intersection correspond to geometric embeddings of a polyhedral linkage. In this figure, we
illustrate three embeddings of intermediate 10 in Fig. 1. It is simplest to first embed this configuration by
removing two contiguous faces from the standard embedding of the complete octahedron (left figure) and
to then squash it into the two embeddings on the right. This linkage has one internal degree of freedom. In
order to visualize ‘conformational diffusion’ the reader should imagine a continuous random jiggling that
explores embeddings like those above

way that detailed computations of idealized models (e.g., configurations of minima in
the Lennard–Jones system with n particles) are useful in a variety of problems.1

The second, and main, theme in this work is to relate the geometry of intermediates
to rates of transition between them. The adjective combinatorial in the definition of the
configuration space reflects the fact that each configuration is described completely
by a 2-coloring of the faces of the polyhedron. It is included to contrast purely combi-
natorial notions with the geometric properties of intermediates, related to the manner
in which they are embedded in R3. As seen in Fig. 2, each configuration determines a

1 These data are publicly available at the Brown Digital Repository (Johnson and Menon 2016).
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Combinatorial  structure  and  embeddings

Assembly diagram: bonds formed and partial order on states

Each state sits in   in infinitely different ways.ℝ3

Can we use this to obtain a minimalistic geometric 
understanding of the assembly process?
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In what follows, we explore some properties of G in order to convince the reader
that it is the natural setting for the study of properties of configurations that rely on
their embedding in space (e.g., energy functions that depend on the embedding of a
state x into R3).

5 Degrees of Freedom

5.1 Definitions

Roughly speaking, the degrees of freedom of a linkage are the number of parameters
needed to specify its position completely. In more mathematical terms, this should
correspond to the dimension of the moduli space. However, this is not entirely correct:
The moduli space M[x] is an affine variety, not a manifold; it may possess singular
points, and the degrees of freedom of a linkage may depend on the conformation. That
this is not an esoteric mathematical objection is revealed in Fig. 7. Several intriguing
linkages with this property have been studied in the mechanics literature (Galletti and
Fanghella 2001; Wohlhart 1996).

There are in fact three distinct nonnegative integers that could be viewed as the
‘number of independent coordinates’: the dimension of the variety M[x]; the dimen-
sion of the variety M[x] at a point z ∈ Rn ; and finally the dimension of the tangent
space TzM[x]. In order to explain the subtleties involved, we review some basic alge-
braic geometry following (Cox et al. 1992). Our algorithm in Sect. 6 does not directly

Fig. 7 How many degrees of freedom? A linkage of six squares admits two families of embeddings into
R3. The embedding on the left has one degree of freedom; the embedding on the right has two degrees of
freedom. By generalizing this construction, one sees that a corrugated linkage with 2n squares may have
1 or n − 1 degrees of freedom corresponding to the modes above. We are unaware of a natural notion of
Brownian motion of this linkage that allows it to flip between these distinct conformations
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Does this linkage have two or three degrees of freedom?

How do we describe the fluctuations  (conformational 
diffusion) in a strictly geometric manner?



A combinatorial explosion

(1) A linear system of equations need not be easy to solve. 
(2) Rates cannot be determined from experiment (need a  weight for each edge).

Polyhedron # faces # intermediates # edges in C # assembly pathways from ⇤ to ⌅
Tetrahedron 4 5 (5) 4 (4) 1 (1)
Cube 6 9 (8) 10 (8) 3 (2)
Octahedron 8 15 (12) 22 (14) 14 (4)
Dodecahedron 12 74 (53) 264 (156) 17,696 (2,166)
Icosahedron 20 2650 (468) 17242 (1984) 57,396,146,640 (10,599,738)
Truncated tetrahedron 8 29 (22) 65 (42) 402 (171)
Cuboctahedron 14 341 (137) 1636 (470) 10,170,968(6,258)
Truncated cube 14 500 (248) 2731 (1002) 101,443,338 (5,232,294)
Truncated octahedron 14 556 (343) 3071 (1466) 68,106,377(5,704,138)

Table 1: A sample of enumerative results for the building game [33].
All results were determined by exhaustive enumeration with a computer; we
are not aware of theoretical bounds or exact enumeration formula for the
building game. The numbers in brackets refer to shellable intermediates,
edges between shellable intermediates and pathways through shellable in-
termediates respectively (see [76] for more on shellability). The number of
intermediates for the Platonic solids are 1 more than the results from [20]
since we also count the complete polyhedron as an intermediate.

define dominant intermediates and pathways. Every energy function E may
be used to rank states (j � k if Ej � Ek), and to define the path of least
energy between ⇤ and ⌅ (see Figure 8). From a kinetic standpoint, given
A the states j may be ranked by considering the equilibrium distribution �j

associated to A. For several chemically natural choices of E and A, the top
few intermediates are the same. As we show in Section 9, a similar collapse
onto a few dominant intermediates is also seen in self-folding polyhedra. A
broader empirical study of C, E and A will be presented in the forthcoming
article [33].

5.4 Some flaws in the building game model

There are many distinct models for virus self-assembly. We have emphasized
the building game framework because it is best suited to our work on self-
folding. Let us briefly discuss some shortcomings of this framework in the
context of virus assembly.

The building game assumes that the final polyhedron is ‘known’ even
if assembly proceeds by random attachment, and it cannot account for the
formation of distinct or malformed polyhedra from the same subunits. In
the first experiments with fullerenes, it was noted that when one fullerene

18

A few enumerative results on the building game from: Johnson-Chyzhykov, Menon (2016). 



Part 4: How do we build shapes?



(1)  Well-defined mathematics :  Assembly diagrams, Brownian motion of 
linkages, sequence-specific folding pathways, tiling problems.  

(2) What does biology build? What can humans design? There is a theory for 
simple viruses, but that's a very small part of the story. 

(3)  How is the construction of shape in molecular biology related to the way in 
which mathematicians conceive of geometric constructions? Is this process 

computation?

Is there harmony between mathematical and biological structure?



Polyhedra as machines?

Izidor Hafner’s  “bellows” based on Connelly’s polyhedron.



A  fundamental  biomolecular  machine: -ATPaseCa2+

studies demonstrate that the length of the A-domain–M1 linker, at
least, is critically important in gating of the ion pathway [19,20]. The
A-domain contains one of the signature sequences 181TGES motif
[3], which plays an important role in processing of aspartylpho-
sphate [21–23].

The P-domain contains the phosphorylation residue Asp351, Mg2+

co-ordinating residue Asp703 and many other critical residues that
characterise the P-type ATPase as a member of the haloacid
dehalogenase superfamily [24]. The P-domain is wedge shaped and
has a flat top surface to allow a large rotation of the A-domain on the
top surface of the P-domain [17]. The Rossmann fold of the P-domain is
particularly suited for this purpose. This wedge shape is the key in
converting rotational movements of the A-domain to vertical (i.e.
perpendicular to the membrane) ones of the transmembrane
helices. Also, the P-domain can be bent in two approximately
orthogonal directions by the phosphorylation and Mg2+-binding.
Such flexibility is a key in realising different domain interfaces. The
central β-sheet in the Rossmann fold consisting of two halves allows
such bending and is also used as the secondary hinge in SERCA1a to
allow an extra 30 ° not covered by the primary hinge between the
N- and P-domains.

The N-domain, a long insertion between two parts of the P-
domain, contains the residues (e.g. Phe487) for adenosine binding
and those (e.g. Arg560) critical for bridging ATP and the P-domain
[6,9] but exhibit little structural changes.

These three domains are well separated in the E1·2Ca2+ crystal
structure but gather to form a compact headpiece in the other states
(Fig. 1b). The arrangement depicted in Fig. 1a may not represent the
largest population in solution. Nevertheless, the amount of inclination
of the N-domain with respect to the P-domain observed between
E1P·ADP and E2·Pi analogues (60 °) is even larger, although both of

them have a compact headpiece, than that between E2(TG) and
E1·2Ca2+ (50 °) [15].

There are 10 transmembrane helices and some of them (M2–M5)
have long cytoplasmic extensions (Fig. 1a). In particular, M5 is 60 Å
long and extends from the lumenal surface of the membrane to the
end of the P-domain, working as the spine of the molecule. Two (M4
and M6) helices have proline residues in the middle and are partly
unwound throughout the reaction cycle. M4–M6 and M8 contain
the residues directly co-ordinating two Ca2+. All helices from M1 to
M6 move considerably during the reaction cycle, whereas M7–M10
helices do not. They apparently act as a membrane anchor
in SERCA1a but likely to have more dynamic functional roles in
Na+K+-ATPase [25] (T. Shinoda, H. Ogawa, F. Cornelius, and C.
Toyoshima, unpublished result). In SERCA1a, the middle part of M7
containing a GXXG motif [26] makes a tight couple with M5 and
allows the bending of M5.

2. Transmembrane Ca2+-binding sites

It is well established that SERCA1 has two high affinity transmem-
brane Ca2+-binding sites and the binding is co-operative [27]. The two
Ca2+ binding sites (I and II) are located side by side near the
cytoplasmic surface of the lipid bilayer (Fig.1a), but the binding of two
Ca2+ is sequential [28]. Site I, the binding site for the first Ca2+, is
located in a space surrounded by M5, M6 and M8 helices, and formed
by entirely side chain oxygen atoms and two water molecules (Fig. 2).
Site II is nearly ‘on’ the M4 helix, which is partly unwound and
provides 3 main chain carbonyls for co-ordination [4]. The gating
residue Glu309 provides two to cap the bound Ca2+, and no water
molecule contributes to site II. This arrangement of oxygen atoms is
reminiscent of the EF-hand motif found in many Ca2+-binding

Fig.1. Architecture of Ca2+-ATPase and its ion pumpingmechanism. a, A ribbon representation of Ca2+-ATPase in the E1·2Ca2+ state, viewed parallel to themembrane plane. Colours
change gradually from the amino terminus (blue) to the carboxy terminus (red). Purple spheres (numbered and circled) represent bound Ca2+. Three cytoplasmic domains (A, N and
P), theα -helices in the A-domain (A1–A3) and those in the transmembrane domain (M1–M10) are indicated. M1′ is an amphipathic part of the M1 helix lying on the bilayer surface.
Docked ATP is shown in transparent space fill. Several key residues—E183 (A), F487 and R560 (N, ATP binding), D351 (phosphorylation site), D627 and D703 (P) are shown in ball-
and-stick. Axis of rotation (or tilt) of the A-domain is indicated with thin orange line. PDB accession code is 1SU4 (E1·2Ca2+). b, A cartoon illustrating the structural changes of the
Ca2+-ATPase during the reaction cycle, based on the crystal structures in 7 different states. Modified from [7].
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(F0-F1 ATP-synthase has an "almost human" rotary engine construction)
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R E V I EW S

A-domain part 1
-------------------------------------------------------------------MEAAHSKSTEECLAYFGVSETTGLT
---------------------------MGKGVGRDKYEPAAVSEHGDKKSKKAKKERDMDELKKEVSMDD-HKLSLDELHRKYGTDLSRGLT
MADHSASGAPALSTNIESGKFDEKAAEAAAYQPKPKVEDDEDEDIDALIEDLESHDGHDAEEEEEEATPGGGRVVPEDML---QTDTRVGLT
............................................................................................

25
64
89

VCKMFIIDKVDGDFCSLNEFSITGSTYAPEGEVLKNDKPIRSGQFDGLVELATICALCNDSSLDFN-ETKGV--YEKVGEATETALTTLVEK
VAHMWF-----------------DNQIHEADTTENQSGVSFDKTSATWFALSRIAGLCNRAVFQANQENLPILKRAVAGDASESALLKCIEV
LHDPYTVAGVD------------------------------------PEDLMLTACLAAS-------------RKKKGIDAIDKAFLKSLKY
VNQVKVLTESNRISHHKILAIVGTAESNS---------------------------------------------EHPLGTAITKYCKQELDT

451
462
432
1102

ICRRIGIFGENEEVADRAYT--------------------GREFDDLPLAEQREACR--RACCFARVEPSHKSKIVEYLQSYDEITAMTGDG
IAKGVGIISEGNETVEDIAARLNIPVNQVNPRDAKACVVHGSDLKDMTSEELDDILRYHTEIVFARTSPQQKLIIVEGCQRQGAIVAVTGDG
TSRQLGLGT-NIYNAERLGLGGG---------------------GDMPGSEVYDFVE--AADGFAEVFPQHKYNVVEILQQRGYLVAMTGDG
IASQVGIT-----------------------------------------------------KVFAEVLPSHKVAKVKQLQEEGKRVAMVGDG

704
718
635
1302

               M5                                               M6
VNDAPALKKAEIGIAM-GS-GTAVAKTASEMVLADDNFSTIVAAVEEGRAIYNNMKQFIRYLISSNVGEVVCIFLTAALGLPEALIPVQLLW
VNDSPALKKADIGVAM-GIVGSDVSKQAADMILLDDNFASIVTGVEEGRLIFDNLKKSIAYTLTSNIPEITPFLIFIIANIPLPLGTVTILC
VNDAPSLKKADTGIAVEGS--SDAARSAADIVFLAPGLGAIIDALKTSRQIFHRMYAYVVYRIALSIHLEIFLGLWIAILNRS-LNIELVVF
INDSPALAMANVGIAI-GT-GTDVAIEAADVVLIRNDLLDVVASIDLSRKTVKRIRINFVFALIYNLVGIPIAAGVFMPIGLV-LQPWMGSA

794
809
724
1391

KISLPVIGLDEILKFIARNYLEDPEDERRK-----------------------------
PYSLLIFVYDEVRKLIIRRRPGGWVEKETYY----------------------------
IFSFGIFCIMGGVYYILQDSVGFDNLMHGKSPKGNQKQRSLEDFVVSLQRVSTQHEKSQ
...........................................................

1001
1023
920

A-domain part 2
ERNAENAIEALKEYEPEMGKVYRADRK-SVQRIKA-------RDIVPGDIVEVAVGDKVPADIRILSIKSTTLRVDQSILTGESVSVIKHT-
EAKSSKIMESFKNMVPQQALVIRNGEK---MSINA-------EDVVVGDLVEVKGGDRIPADLRIISANGC--KVDNSSLTGESE-PQTRSP
EFQAGSIVDELKKTLALKAVVLRDG---TLKEIEA-------PEVVPGDILQVEEGTIIPADGRIVT-DDAFLQVDQSALTGESLAVDKHKG
EHIAKGKTSEALAKLISLQATEATIVTLDSDNILLSEEQVDVELVQRGDIIKVVPGGKFPVDGRVIEGHS---MVDESLITGE-AMPVAKKP

191
229
242
885

PDQVKRHLEKYGHNELPAEEGKSLWELVIEQFEDLLVRILLLAACISFVLAWFEEGEE---------TITAFVEPFVILLILIANAIVGVWQ
PARAAEILARDGPNALTPPP------TTPEWVKFCRQLFGGFSMLLWIGAILCFLAYGIRSATEEEPPNDDLYLGVVLSAVVIITGCFSYYQ
SEEVVQRRRKYGLNQMK-EE-------KENHFLKFLGFFVGPIQFVMEGAAVLAAGLE------------DWVDFGVICGLLLLNAVVGFVQ
.........//AYKALKH----------KTANMDVLIVLATTIAFAYSLIILLVAMYE--------RAKVNPITFFDTPPMLFVFIALGRWL

108
150
161
797

M1                                          M2

-EPVPDPRAVNQDKKNMLFSGTNIAAGKALGIVATTGVSTEIGKIRDQMAATEQDKTPLQQKLDEFGEQLSKVISLICVAVWLINIGHFND-
DFTNENPLETRNIA----FFSTNCVEGTARGIVVYTGDRTVMGRIATLASGLEGGQTPIAEEIEHFIHLITGVAVFLGVSFFILSL------
DQ---------------VFASSAVKRGEAFVVITATGDNTFVGRAAALVNAASGGSGHFTEVLNGIGTILLILVIFTLLIVWVSSFYR----
GST--------------VIAGSINQNGSLLICATHVGADTTLSQIVKLVEEAQTSKAPIQQFADKLSGYFVPFIVFVSIATLLVWIVIGFLN

281
311
315
963

M3

N-domain
-----------PVHGGSWIRGAIYYFKIAVALAVAAIPEGLPAVITTCLALGTRRMAKKNAIVRSLPSVETLGCTSVICSDKTGTLTTNQMS
----------------ILEYTWLEAVIFLIGIIVANVPEGLLATVTVCLTLTAKRMARKNCLVKNLEAVETLGSTSTICSDKTGTLTQNRMT
------------------SNPIVQILEFTLAITIIGVPVGLPAVVTTTMAVGAAYLAKKKAIVQKLSAIESLAGVEILCSDKTGTLTKNKLS
FEIVETYFPGYNRSISRTETIIRFAFQASITVLCIACPCSLGLATPTAVMVGTGVGAQNGILIKGGEPLEMAHKVKVVVFDKTGTITHGTPV

362
387
389
1055

           ** * *                    P-domain part 1        *

KILSVIKEWGTGRDTLRCLALATRDTPPKREEMVLDDSSRFMEYETD-LTFVGVVGMLDPPRKEVMGSIQLCRDAGIRVIMITGDNKGTAIA
AFQNAYLELGGLGE--RVLGFCHLLLPDEQFPEGFQFDTDEVNFPVDNLCFVGLISMIDPPRAAVPDAVGKCRSAGIKVIMVTGDHPITAKA
AYKNKVAEFATRGFRSLGVARKRG---------------------EGSWEILGIMPCMDPPRHDTYKTVCEAKTLGLSIKMLTGDAVGIARE
ALNAQQHKVLIGNREWMIRNGLVINNDVNDFMTEHERKGRTAVLVAVDDELCGLIAIADTVKPEAELAIHILKSMGLEVVLMTGDNSKTARS

634
626
567
1263

P-domain part 2

VNLVTDGLPATALGFNPPDLDIMDRPPRSPKEPLISGWLFFRYMAIGGYVGAATVGAAAWWFMYAEDGPGVTYHQLTHFMQCTEDHPHFEGL
IDLGTDMVPAISLAYEQAESDIMKRQPRNPKTDKLVNERLISMAYGQIGMIQALGGFFTYFVILAENGFLPFHLLGIRETWDDRWINDVEDS
IAIFADVATLAIAY---DNAPYSQTPVK------WNLPKLWGMSVLLGVVLAVGTWITVTTMYAQGENGG----------------------
AMAASSVSVVLSSL//............................................................................

886
901
785
1405

*  **                              M7

M10
DCEIF-------EAPEPMTMALSVLVTIEMCNALNSLSENQSLMRMPPWVNIWLLGSICLSMSLHFLILYVDPLPMIFKLKALDLTQWLMVL
YGQQWTYEQRKIVEFTCHTAFFVSIVVVQWADLVICKTRRNSVFQQ-GMKNKILIFGLFEETALAAFLSYCPGMGAALRMYPLKPTWWFCAF
--IVQ-------NFGNMDEVLFLQISLTENWLIFITRANGPF---WSSIPSWQLSGAIFLVDILATCFTIWGWF----EHSDTSIVAVVRIW
............................................................................................

971
992
861

M8            *                      M9

MNVFNTEVRNLSKVERANACNSVIRQLMKKEFTLEFSRDRKSMSVYCSPAKSSRAAVGNKMFVKGAPEGVIDRCNYVRVGTTRVPMTGPVKE
----------------CCGSVMEMREKYTKIVEIPFNSTNKYQLSIHKNPNASEP--KHLLVMKGAPERILDRCSSILLHGKEQPLDEELKD
YP-------------RAKSVLSKY----KVLQFHPFDPVSKKVVAVVESPQGER-----ITCVKGAPLFVLKTVE------EDHPIPEEVDQ
ET-------------------LGTCIDFQVVPGCGISC--KVTNIEGLLHKNNWN-IE-DNNIKNASLVQIDASNEQSSTSSSMIIDAQISN

543
536
496
1171

* * *

M4

*  *

F igure 1 | Conserved residues in P-type ATPases. Sequence alignment of four representative P-type ATPases. From the
top, the sequences of rabbit sarcoplasmic-reticulum Ca2+-ATPase, rat Na+/K+-ATPase, Neurospora crassa plasma-membrane
H+-ATPase and the human Cu+-ATPase that is affected in Menkes disease are shown. The actuator (A)-domain is shaded in
yellow, the phosphorylation (P)-domain in red, the nucleotide-binding (N)-domain in green, and the carboxy-terminal regulatory
domain of the H+-ATPase in blue. The membrane-spanning helices M1–M10 are shaded grey. Identical residues and
conservative substitutions are shaded purple. Coloured asterisks mark the phosphorylated aspartate (red), residues in the ion-
binding site (black) and the nucleotide-binding site (green). For clarity, for the Cu+-ATPase, the large metal-binding, amino-
terminal extension and the carboxy-terminal part beyond M6 are not included. Sequences were aligned using CLUSTAL103.

Sequences for P-type ATP-ases in four species (rabbit, rat, fungus, human)

W. Kuhlbrandt: Nature Reviews (2004)



The thermodynamics of computation (Bennett)

"A computer may be thought of  an engine that transforms free energy into waste heat and mathematical work"

If "mathematical work = evaluation of a Boolean function" then we may seek different physical realizations 
of computers by seeking different ways of constructing logic gates.

910 Bennett 
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Fig. 2. Ballistic computer of Fredkin and Toffoli. In this example, the arrangement of mirrors 
inside the box is such that, when any five-bit number (here 13) is presented in the first five 
input positions, followed by 01 in the last two, the same five-bit number will appear in the first 
five output positions, followed by 01 if the number is composite, or 10 if the number is prime. 
The inclusion of the input as part of the output, and the use of two unlike bits to encode the 
desired answer, illustrate the embedding of an irreversible Boolean function into one that is 
reversible and conservative. 

The two chief drawbacks of  the ballistic computer  are the sensitivity of 
its trajectory to small perturbations, and difficulty of  making the collisions 
truly elastic. Because the balls are convex, small errors in their initial 
positions and velocities, or errors introduced later (e.g., by  imperfect align- 
ment  of the mirrors) are amplified by roughly a factor of  2 at each collision 
between balls. Thus an initial r andom error of  one part  in 10 Is in position 
and velocity, roughly what  one would expect for billiard balls on  the basis 
of  the uncertainty principle, would cause the trajectory to become unpre- 
dictable after a few dozen collisions. Eventually the balls would degenerate 
into a gas, spread throughout  the apparatus,  with a Maxwell distribution of  
velocities. Even if classical balls could be shot with perfect accuracy into a 
perfect apparatus,  fluctuating tidal forces f rom turbulence in the atmo- 
spheres of nearby stars would be enough to randomize their mot ion within a 
few hundred collisions. Needless to say, the trajectory would be spoiled 
much sooner if stronger nearby noise sources (e.g., thermal radiation and 
conduct ion)  were not  eliminated. 

Practically, this dynamical  instability means that the balls' velocities 
and positions would have to be corrected after every few collisions. The 
resulting computer,  a l though no longer thermodynamical ly  reversible, might  
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Fig. 6. Hypothetical enzymatic Turing machine. Macromolecular tape (a) consists of a struc- 
tural backbone S-S-S bearing tape symbols 1,0 and head marker a. Macromolecule reacts 
(c, d) with enzyme (b) that catalyzes the transition aO--* I Rfl ,  via specific binding sites (tabs), 
thereby resulting in logical successor configuration (e). Enzyme is then prepared for reuse 
(f,g,h). Coupling to external reaction (h) drives the reactions, which would otherwise drift 
indifferently forward and backward, in the intended forward direction. 

It is also possible to imagine an error-free Brownian Turing machine 
made of rigid, frictionless clockwork. This model (Figure 7) lies between the 
biUiard-ball computer and the enzymatic computer in realism because, on 
the one hand, no material body is perfectly hard; but on the other hand, the 
clockwork model's parts need not be machined perfectly, they may be fit 
together with some backlash, and they will function reliably even in the 
presence of environmental noise. A similar model has been considered by 
Reif (1979) in connection with the P = PSPACE question in computational 
complexity. 

The baroque appearance of the clockwork Turing machine reflects the 
need to make all its parts interlock in such a way that, although they are 
free to jiggle locally at all times, no part can move an appreciable distance 
except when it is supposed to be making a logical transition. In this respect 
it resembles a well worn one of those wooden cube puzzles that must be 
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Fig. 7. Brownian Turing machine made of rigid, frictionless, loosely fitting clockwork. This 
figure shows the Turing machine tape (a,b,c) and the read-wri te-shif t  equipment. The 
machine is scanning square b. Each tape square has a disk (d) which interlocks with several 
E-shaped bit-storage blocks (e), holding them in the up (1) or down (0) position. A framework 
(f) fits over the scanned tape square, engaging the disks of the two adjacent squares (via their 
grooves g), to keep them from rotating when they are not supposed to. After the bits are read 
(cf. next figure) they must in general be changed. In order to change a bit, its knob (k) is first 
grasped by the manipulator (m), then the notch (n) is rotated into alignment by the screwdriver 
(h) and the bit storage block (e) is slid up or down. The block is then locked into place by 
further rotating the disk, after which the manipulator can safely let go and proceed to grasp the 
next bit's knob. Each tape square has a special knob (q) that is used to help constrain the disks 
on nonscanned tape squares. In principle these might all be constrained by the framework (f), 
but that would require making it infinitely large and aligning it with perfect angular accuracy. 
To avoid this, the framework (f) is used only to constrain the two adjacent tape squares. All the 
remaining tape squares are indirectly constrained by pegs (p) coupled to the special knob (q) of 
an adjacent square. The coupling (a lever arrangement hidden under the disk) is such that, 
when any square's q knob is down, a peg (p) engages the rightmost of two openings (o r) on the 
next tape square to the left, and another peg disengages the leftmost (o 1) of two openings on 
the next tape square to the right. A q knob in the up position does the opposite: it frees the 
tape square to its left and locks the tape square to its fight. To provide an outward-propagating 
chain of constraints on each side of the scanned square, all the q knobs to its right must be up, 
and all the q knobs to its left must be down. The q knob on the scanned square can be in either 
position, but just before a right shift it is lowered, and just before a left shift it is raised. To 
perform the shift, the screwdriver rotates the scanned square's groove (g) into alignment with 
the framework, then the manipulator (m), by grasping some convenient knob, pulls the whole 
head apparatus (including m itself, as well as f, h, and parts not shown) one square to the left 
or right. 

Fredkin-Toffoli  ballistic computer Hypothetical enzymatic machine Brownian Turing machine



Computation as a tiling problem (Hao Wang)202 

A B 

Computation, Logic, Philosophy 
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NOT 
v= OR 

X' ;;: )( + I 

(A,y, 8,'y) v (8,y A Cx'y) v (CXYA A,')) 

OR OR 
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(Ay, A Byx') v 18y' ,Cy,') v (CY' A Ay,') A x 

OR OR 

- IA,y A 8,y) v - 18,y A Cxy) v - (C,y A A,y) 

RULES FOR DOMINO PROBLEMS are set forth in the formal shorthand used by students of mathematical 

logic (glossary is at top right). At top center is a set of dominoes: A, Band C. The first expression states that 

colors must match on left and right edges, second that colors must match on top and bottom edges. The third 

rule is that dominoes must not be placed one atop another. The fourth expression, a constraint typical of 

those used to complicate games in approximating difficult problems of computation, states that only A can 

lie on the main diagonal of the plane. The positions on the plane are described by Cartesian coordinates. In 

designation such as "Ayx" domino's position on horizontal axis is given by the first variable, y, and vertical 

position by the second. 

a) Logic gates can be realized using tiles with compatible edges

b) Decision problems can be made equivalent to a tiling problem

Experimentally realized using "sticky" DNA  by  Seeman, 
Rothemund, Winfree creating the field of DNA origami.

H. Wang, Games, logic and computers. Scientific American (1965)



"Human" mathematical work  (construction of manifolds)

hexagons in the configuration space for 
th\! three double cranks can be depicted 
in their proper relation to one another 
on a three-hole doughnut [see illustration 
on next page]. 

The visual representation of a mani
fold such as the three-hole doughnut 

is satisfying because it is concrete, but it 
also has a number of disadvantages. For 
example, many of the symmetries that 
are present in the abstract description of 
the manifold must be given up in or
der to picture the manifold in ordinary 
space. In the abstract description we ini
tially gave for the configuration space of 
the three double cranks every hexagon 
is congruent to every other hexagon. 
Moreover, a rotation of any one hex
agon by 120 or 240 degrees leaves its 

A 

c A 

shape unchanged. In the visual represen
tation of the configuration space, how
ever, most of the abstract symmetry has 
been lost. The hexagons on the three
hole doughnut are neither congruent to 
one another nor rotationally symmetri
cal: a rotation of one of them by 120 
or 240 degrees cannot be done without 
changing its shape. 

Another problem with the three-hole 
doughnut is that the geometric proper
ties of its surface vary from point to 
point: properties of the surface around 
the outer rim are different from the 
properties of the surface near one of the 
holes. It must be emphasized that the 
geometric properties we refer to are in
trinsic to the surface. Intrinsic geometry 
can be determined by measurements 
made on the surface itself, without ref-

d 

erence to the surrounding space where 
the surface is found. It is to be distin
guished from the extrinsic geometry of 
the surface, which describes how the 
surface is bent in space. For example, 
if a flat sheet of paper is bent without 
distortion to form a cylinder or a cone, 
both the cylinder and the cone have the 
same intrinsic geometry as the flat sheet, 
although their extrinsic geometries are 
quite different. 

The fact that a surface appears to 
bend in a nonuniform way when it is 
viewed from above is therefore not a 
reliable indicator of its intrinsic geome
try. What is the intrinsic difference be
tween the inner and outer regions of the 
surface of the doughnut? Imagine that a 
small piece is cut out of the convex, out
side portion of the doughnut and flat-

A 

A 

CONFIGURATION SPACE of the three double cranks is a two
manifold on which distinct points represent distinct configurations, 
or possible arrangements, of the linkage. Every point inside the curvi
linear hexagon traced by the central pin of the linkage can be reached 
when any one of the double cranks is bent in either of two ways (a). 
The bending of each double crank is independent of the bending of 

the other cranks, and so every point inside the hexagon gives rise to 
23, or eight, configurations of the linkage (b). Whenever the cen
tral pin reaches an edge of the hexagon, only two double cranks can 
be bent; the linkage can assume only four configurations (c). When 
the central pin reaches a vertex of the hexagon, only one of the double 
cranks can bend; the linkage can assume only two configurations (d). 
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tened on a table. The piece rips open as it 
is flattened, much like the peel of an or
ange. The reverse of the process is often 
exploited by tailors to form a part of a 
garment intended to fit a convex shape, 
such as the bust of a dress. A pointed 
section called a dart is removed from 
the fabric and the two sides of the gap 
are sewn together. 

On the other hand, when a small piece 
is cut out of the surface of the doughnut 
near the hole, the piece wrinkles and 
overlaps itself when it is flattened on a 
table. The tailor can reverse the process 
by slitting the fabric and sewing a godet, 
or pointed patch, into the slit. The de-
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vice is often used to make a skirt that is 
tight below the knees but flares at the 
bottom. Whether a finished piece of fab
ric splits, overlaps or conforms to a flat 
surface when it is spread out on the sur
face is an important property of its in
trinsic geometry. 

The intrinsic geometry of the surface 
of a one-hole doughnut varies in a way 
quite similar to that of the three-hole 
doughnut. As we have emphasized, 
the one-hole doughnut and the square 
whose opposite edges are identified have 
the same topology. On the square, how
ever, the intrinsic geometry is much sim
pler than it is on the one-hole doughnut: 

EIGHT ABSTRACT HEXAGONS make up the configuration space of the three double 
cranks; each hexagon corresponds to one of the eight ways the three double cranks can bend to 
reach one of the points in the interior of the curvilinear hexagon. If the elbow of a double crank 
is bent clockwise, its configuration is labeled 0; if it is bent counterclockwise, its configuration 
is labeled 1. The abstract hexagons are labeled with three binary digits. In order to visualize 
the eight hexagons and the relations imposed on them in the configuration space the hexagons 
can be placed on the surface of a three-hole doughnut and distorted as if they were made of 
rubber. The three-hole doughnut has been deformed to the topologically equivalent manifold 
at the bottom of the illustration in order to show the eight hexagons more symmetrically. The 
binary digits assigned to the abstract hexagons reflect the pattern of gluings. If the digits for 
two hexagons match at two of the three positions, the hexagons are glued along two opposite 
edges; the two edges correspond to the edges of the curvilinear hexagon where the double crank 
associated with the non matching binary digit is straight. Any four hexagons with one match
ing binary digit meet at a vertex in the configuratior space. The diametrically opposite ver
texes of the four hexagons meet at a second point in the space. The two points represent straight 
configurations of the two double cranks associated with the two nonmatching digit positions. 
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the intrinsic geometry in a small region 
around every point in the square is the 
same as the geometry in a small region 
of the plane. The property holds even 
for points on the edges or the vertexes of 
the square. In other words, the intrinsic 
geometry in any small region of the 
square whose opposite edges are identi
fied is the same as that in any other small 
region on the square. When the intrinsic 
geometry of a manifold has uniformity 
of this kind, the geometry is said to be 
locally homogeneous. 

The introduction of the concept of 
local' homogeneity was an impor

tant advance in the understanding of 
two-manifolds. About 100 years ago it 
was proved that any surface-not only 
the one-hole doughnut-can be generat
ed in such a way that its geometry is lo
cally homogeneous. Moreover, no man
ifold can be given more than one kind 
of locally homogeneous geometry. 

For a surface there are only three 
kinds of intrinsic geometry that are lo
cally homogeneous. The first kind is the 
simple Euclidean geometry of the plane. 
On the plane the circumference of a cir
cle is equal to pi times its diameter, and 
the sum of the interior angles of a trian
gle is 180 degrees. The plane is said to 
have zero Gaussian curvature, which 
is a measure of the intrinsic shape of a 
surface first developed by Carl Fried
rich Gauss. 

The second locally homogeneous ge
ometry is the geometry on the surface of 
a sphere. A circular cap cut from the 
surface of a sphere rips open when it is 
flattened on a plane much like the piece 
from the convex region of the three-hole 
doughnut. Hence the circumference of a 
circle on the sphere is less than the cir
cumference of.a circle having the same 
radius on the plane. The missing circum
ference suggests the standard name for 
the locally homogeneous geometry of 
the sphere: elliptic geometry, from the 
Greek word for falling short. The inte
rior angles of a triangle constructed on 
the sphere add up to more than 180 de
grees, and the greater the ratio of the 
area of the triangle to the area of the 
surface of the sphere, the greater the 
sum of the angles [see top illustration on 
opposite page]. The sphere has constant 
positive Gaussian curvature. 

As one might expect, a circle cut from 
a surface having the third kind of locally 
homogeneous geometry overlaps when 
it is flattened like the piece from the re
gion near a hole of the three-hole dough
nut. The circumference of such a circle 
is greater than the circumference of the 
corresponding circle on the plane. The 
geometry is therefore called hyperbolic 
geometry, from the Greek word for ex
cess. It is impossible to define a com
plete hyperbolic surface with any ana
lytic formula, but one can make approx
imate models of large pieces of such a 
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Linkages define building blocks Glue building blocks



What is the mathematical structure of self-assembly?

AlphaFold provides an astonishing resolution of a fundamental bottleneck in molecular biology. It 
certainly computes in theory and practice. But what would it mean to understand how it works?

Our approach to a  mechanistic understanding of  self-assembly is based on minimalistic 
geometry (distance information, combinatorial structure). It is well-grounded and surprisingly 
rich in "human" mathematics, but requires new ideas (theorems, computation, evolution) in 

order to bridge the gap between proof of concept and practical application.  

The main argument in favor of an approach that is based on minimal rules ("linkage rules" and 
"gluing rules") is its internal mathematical consistency and independence of scale.  We are 

optimistic that there can be a harmonious way of efficiently combining  these ideas with biology. 


