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Dimension Reduction Problem

Main problem: Given a set of n high-dimensional points

Xl,...,XnERd

Find a low dimensional collection of points
Yi,...,.Y, R, s<d

that captures most of the geometry of {X; : i =1,...,n}.



Dimension Reduction Problem

Main problem: Given a set of n high-dimensional points

Xl,...,XnERd

Find a low dimensional collection of points
Y1,....Y, e R, s<d

that captures most of the geometry of {X; : i = 1,...,n}.
@ Ill-posed.

@ Inputd > 1, Output s = 2.




Johnson-Lindenstrauss’s Lemma

Theorem (Johnson—Lindenstrauss, 1984)

Let X C R? be a set of n points. There exists some universal constant
C > 0 such that, given e > 0, for s > Cl;’zg" there exists a linear map

f: R — RS such that, forall x,x' € X

(1= e)llx = X[I° < If(x) —FII* < (1 + ) [lx — X"

e n= 10,000, e = 1/10 leads to s = 250, 000.

@ Probabilistic method. Solution: a d x s random matrix works
with high probability.



Two illustrative examples: MNIST and Gaussian noise

Gaussian Mixture, t=5 MNIST
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Figure: 28 x 28 pixel boxes.

@ MNIST: Each number corresponds to a vector in R¢ with
d =28 x 28 = 784.

@ Gaussian Noise: 5, 000 11d standard Gaussians 1n dimension 784
and 5, 000 11d Gaussian centered at teq, t > 0.

@ Visualize different clusters.



Johnson-Lindenstrauss’s Lemma

@ What happens if we use Johnson-Lindenstrauss’s result with
output dimension 27?

Using a 2 X 758 random matrix A with iid Bernoulli £=1 entries.
Y = AX.

Gaussian Mixture, t=5
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Poor performance as expected.



Principal Component Analysis (Pearson 1901)

@ Write your input as a n X d matrix X.
e Construct the matrix C = XX".

@ Project the input data X onto the subspace spanned by the top 2
eigenvectors of XX7 .
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@ Top eigenvectors are called the principal components.



@ Why and when does it work?

@ Let X be a matrix of independent random variables (say
(Gaussian).

@ (Baik-Ben Arous-Péché, 2002) The top eigenvector vy of the
matrix Z = XX’ + te1e] goes through a phase transition.

0, t < 1

Vi, e1) —
vise1) c(y) > 0, t > 1.

N = 1000, T = 4000, y = 0.25
i :

Empirical Eigenvalues

===+ Theoretical Spike Position

as n — oo where vy =d/n € (0,1).




Sammon (1969 Isomaps (Tenenbaum, de Silva, Langford 2000
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Laplacian Eigenmaps (2003
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t-Stochastic Neighbor Embedding
van Der Maaten & Hinton, 2008

Gaussian Mixture, t=5, v=075

Gaussian Mixture, t=5, v=0.5 4-

UMAP (Mclnnes & Healy, 2018
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What is t-SNE?

@ Main idea. Turn a configuration of points into probability
distributions and force these distributions to be similar.

@ The collection X = {X1,...,X,} is mapped to a sequence of
probability measures

px = (H1y - -5 Pn)-

o The measure p; is supported on {x;},j # i and represents the
likelihood that point i will choose point j (or the similarity
between i and j).

@ Do the same for (Y7,...,Y,) and create uy = (vq,...,Vy).



What is t-SNE?

e Given uy optimize the choice of (Yq,...,Y,) by minimizing the
Kullbeck-Leibler divergence (or relative entropy) between uy
and Uy .

d
,uX,lLY ZDKL ,u,,,V, DKL(u, ) /log (dl;) dv.

KL Divergence (Kullback & Leibler, 1951)

Q DKL([L,', I/i) Z 0.

® Dgr(pi;vj) = )_jpijlog (Z)
® Dy (ui,v;) = 0if and only if u; = v;.



How to choose the measures?

@ Gaussian kernel for the input
exp(—|lxi — x;|*/207)
> iz €xp(—|lxi — xjl|*/207)

with p;; = 0 and set p;; = (pj; + pi;)/2-
@ A t-distribution for the output variables

pi(xj) = pjji =

SO we want to minimize

Lo(X,Y) =L,(Y|X) =) pjlog (q )
i

i7]

over the choice of g;; coming from Y € (R*)" (non-linear constraint).






Remarks/Previous work

@ SNE - Hinton & Roweis 2002
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Jeong & Wu, Weinkove, 2024
Bergam, Snoeck, & Verma, 2025



UONE, 999

Question 1: Pure noise
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Question 2: Signal + noise — how strong should be a signal so we can
detect? Recovery?



Pure noise simulations

@ Set (X;) to be independent identically distributed standard

Gaussians.
Limit shape different number of iterations. Gaussian input data: n=100000 samples in R*500 with iid N(0,1) entries
. 750 iterations ; 1500 iterations ; 3000 iterations
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Back to t-SNE

Input: X € (R4)V, Output: Y € (R*)V

ii(X
Goal: mln E pi(X 10g< EY§>
i 1

Perplexity

Q
_exp(=|lx — x(*/207)

S exp(—x — x[2/202)

@ The choice of o; balances local/large scale density of the original
dataset.

@ Choose o; so that

- ij\i log pjj; = Ent(u;) = log Perp.
j#i

@ Perp is a parameter of the model called Perplexity.



Theorem (A.-Fletcher 23, A.-Gu ’25)

Let X; € R? be independent, identically distributed r.v. with
distribution ux with finite exponential moments. For p € (0,1), let

Y; € R’ be the output of t-SNE with Perp = np. Then

lim inf L,(X,Y) = inf I,(u).
lim inf L,(X, Y) nf p(K)

Moreover, there exists a sub-sequence ny such that m,, converges
weakly to 1~ and

(u*) = inf I(n).

If ux has compact support, then u* has compact support.

Limit shape different number of iterations. Gaussian input data: n=100000 samples in R*500 with iid N(0,1) entries
||||||||||||| ; 1500 iterations ; 3000 iterations Distribution of radii

vvvvvvvvv




Adding a signal

Take py, ~ %52 + %5W-I-tela Z, W 1.1.d. Gaussian.
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A continuous problem - limiting perplexity

Let p € M(R%).Foro € R, p € (0,1) as

Fou(x,0)

/ [ po(x, du ) 8 (f pal();,(j’,)xfli)ﬂ(x’)) )+ loen

with po(x, ') = exp(—|lx — x'[|*/20).

Let o*(x) be defined as the unique solution of

FP M('x ap u(x)) = 0.



Now, given a function ¢ : R — R, define the function
p¢:]Rd><Rd—>]Ras

po*(x)(x x,) | pa*(x’)(x x/) )

N
Pul x) = (fpa 1) (6 X)du) [ por ey (x,X) dp(x)

and also let g : R* x R* — R be given by

N 1+ |y —=y[*)!
10,Y) = JJA+ |y =y 2 tdpy)du(y')

= [[ Putwyiog (24550 dutryyantey)

Set




Some Open Challenges

1) Highly non-convex: when/where to stop?

2) Quantitative, error estimates
3) Different Signals; how to choose Perplexity

4) Noise dependence? Universality class?

5) UMAP: no mathematical results



