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Macroscopic scale

@ In fluid regimes the collision rate is large and particles interactions typically drive the underlying
kinetic densities toward local equilibria.

@ This fact allows solutions of the kinetic equation to be approximated by solutions of a reduced
system, typically a fluid-dynamical system or diffusion equations, that can be solved efficiently by
classical numerical methods.

@ However there are transition regimes, where collisions are plentiful enough to make the kinetic
equation stiff but not enough to drive the kinetic system close to local equilibria. These kind of
problems are characterized by breakdowns of fluid models, either Euler or Navier-Stokes.
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Introduction
[ Jele}
The asymptotic-preserving (AP) property

A toy example

Consider the singularly perturbed problem*

Singularly perturbed problem

As ¢ — 0 we get the index 1 differential algebraic equation (DAE)
u'(t) = f(u,v),  0=g(u,v).
Assuming that g(u,v) =0 < v = E(u) we obtain
P W/ (t) = f(u, B(u)). ]

Explicit methods: restricted to At ~ ¢.
Implicit methods: require the numerical inversion of f(u,v) and g(u,v), and as € — 0 must satisfy the
algebraic condition g(u,v) =0 < v = E(u).

LE.Hairer, C.Lubich, M.Roche '89
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Introduction
oeo
The asymptotic-preserving (AP) property

The AP diagram

e—0
Ps P°
At — 0 At — 0
e 0
At PAt
e—0

In the diagram P* is the original singular perturbation problem and P3, its numerical approximation

characterized by a discretization parameter At.
The asymptotic-preserving (AP) property corresponds to the request that P%, is a consistent
discretization of P° as ¢ — 0 independently of At.

IPAM, April 25-27, 2014
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Introduction
®00000
The Boltzmann equation

The Boltzmann equation in the fluid-dynamic limit

The density f = f(x,v,t) > 0 of particles follows?

Kinetic model

%"‘vvzf:%Q(fvf)a erCRdw7U€R3’

which is written in this form after the scaling © — = /¢, t — t/c where € > 0 is a nondimensional
parameter (Knudsen number) proportional to the mean free path.

The structure of the collision operator Q(f, f) depends on the particular model. For example, the
classical Boltzmann collision operator reads

QN = [ [ Bllo=ul)(F0)1w) = F) 0o

where B is a nonnegative kernel characterizing the binary interactions and

1 1
Ulii(v‘i’v*‘i"va*‘w)a v;:i(v+v*+|U*U*|W)-

2C.Cercignani '88
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Introduction
O@0000
The Boltzmann equation

Main properties

The collision operator satisfies local conservation properties

Q(f, f)o(v) dv =0,
Rdv
where ¢(v) = (1,0, %) are the collision invariants and the entropy inequality

Q(f, f)log(f)dv < 0.

Rdv

From this we get Q(f, f) =0 < f = M|[f] where

Maxwellian distribution

p Ju — ]2
M[f](v) = WGXP < oT > )

with p,u, T the density, the mean velocity and the gas temperature

(pvuaE) = f¢(v)dv7 T=

1
—(E — plul?).
- 3p( plul”)

Lorenzo Pareschi (University of Ferrara)
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Introduction
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The Boltzmann equation

Hydrodynamic equations

If we multiply the kinetic equation for its collision invariants and integrate in v we obtain a system of
conservation laws corresponding to conservation of mass, momentum and energy. Clearly the differential
system is not closed since it involves higher order moments of the function f.

As & — 0 formally Q(f, f) = 0 which implies f = M[f] and we get the closed system

Compressible Euler equations

ap .0 3
a + ; 61‘i (pul) - 07
) ° 9 B} _
a(ﬂug‘) + ;afxi(ﬂuiuj)+af%p—0, j=12,3
OF °L 9
5 4 ; oz, (Bu; +pu;) =0, p=pT.
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Introduction
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The Boltzmann equation

Numerical approaches

@ The simplest approach is based on splitting methods where we solved separately the subproblems

af 1 af
- ==  f), — +0v-V,f=0.
= SO, GV
Easy to analyze and achieve AP property, possible to use existing solvers for the simplified problems
and to preserve some relevant physical properties. Main drawback: order reduction in stiff regimes.
o Different approaches to achieve high-order AP schemes
o IMEX Runge-Kutta methods
o Exponential methods
e Hybrid decomposition methods

@ All the different approaches share the difficulty of the inversion of the collision operator if evaluated
implicitly.

@ Other major problems are related to the discretization of space and velocity, the latter in particular
is related to the approximation of the collision integral.
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Introduction
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The Boltzmann equation

Some references
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Exponential splitting methods: Gabetta, Pareschi, Toscani '97; Pareschi, Russo '00; Carlen, Salvarani '02;
Pareschi, Dimarco '11;...

Non splitting exponential methods: Li, Pareschi '13; Hu, Li, Pareschi '14;...
IMEX methods: Jin '95; Asher, Ruuth, Spiteri '96; Caflisch, Jin, Russo '97; Carpenter, Kennedy '03;
Pareschi, Russo '05; Boscarino, Russo '09:...

Penalized IMEX methods: Jin, Filbet '10; Yan, Jin '11; Hu, Jin, Yan '12; Jin, Wang '13; Dimarco, Pareschi
'13;...

Related Micro-macro approaches: Klar '98; Bennoune, Lemou, Mieussens '08; Lemou '10; Lemou, Mehats
'12;...

Hybrid decomposition methods: Caflisch, Pareschi '99; Caflisch, Chen, Luo, '06; Dimarco, Pareschi '07,’08;
Degond, Dimarco, Pareschi '10; Baker, Hadjiconstantinou '08;...

Recent review: G.Dimarco, L.Pareschi, Acta Numerica '14.
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Implicit-Explicit (IMEX) schemes
@00
IMEX Runge-Kutta schemes for simple collision operators

IMEX Runge-Kutta for simple collision operators

Let us first consider the BGK relaxation approximation Q(f, f) = M[f] — f.
A general IMEX schemes in vector form reads

IMEX-RK for BGK

. At
F=fre—AtAv-V,F+—AM[F] - F)
At

[t =" = Atd"o - Vo F + —w' (M[F] - F),

with F = (F ... FO)T M[F) = (M[FWY],... ., M[F')T, e=(1,...,1)T.

Explicit scheme characterized by the v x v matrix A= (@ij), @i; =0, j > 1 and the coefficient vectors
W= (y,...,0,)7, ¢ = Ae.

Implicit scheme characterized by the v x v matrix A = (a;;), and the coefficient vectors

w= (w,...,w,)T, c= Ae.

> The coefficient a;;, a;;, W;, w; must satisfy suitable order and stability conditions. Note that
coupling an order p explicit RK method with and order p implicit RK method in general does not
originate and order p IMEX-RK method.
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Implicit-Explicit (IMEX) schemes
oeo
IMEX Runge-Kutta schemes for simple collision operators

AP-property

The scheme can be implemented explicitly since the Maxwellian term M[F(i)} depends only the
moments of F(?) which can be explicitly evaluated.

If we multiply the IMEX scheme by the collision invariants ¢(v) = 1,v,v? and integrate in v we get a
moment scheme characterized by the explicit method

3

/fn+1 dv—/ fré(v)dv — Atw” /RSU'Vfoﬁ(U)dU

Assuming A invertible from the original IMEX scheme we obtain

g Fo(v)dv :/ fep(v) dv — AtA/R v- Vo Fo(v)dv

At(M[F] — F) = A~} (F — fre+ At Au- VwF) .

Thus, for e — 0 we get

FO = M[FD], i=1,...,v

which inserted into the moment scheme originates an asymptotic— preserving scheme for the Euler
equations.
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Implicit-Explicit (IMEX) schemes
®0000000
Penalized IMEX Runge-Kutta for the Boltzmann equation

Design principles for the Boltzmann case

@ The goal is to construct AP and asymptotically accurate schemes avoiding the implicit solution of
the collision term of the Boltzmann equation.

@ The main idea is to use the fact that when ¢ is small we do not really need to resolve the whole
collision operator since we know that f =~ M][f].

@ When f ~ M][f] the collision operator is well approximated by its linear counterpart Q(M, f) or
directly by a BGK/ES-BGK relaxation operator.

o If we denote by Lp(f) the linear approximating operator we can write 3

Penalized setting

QUf, f)= G(f) + Lp(f)
—— ——

explicit  implicit/exact

G =Q(f, N)—Lr(f)

> The idea now is to be implicit or exact in the linear part Lp(f) and explicit in the deviations
from equilibrium G(f).

3S.Jin, F.Filbet '11
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Implicit-Explicit (IMEX) schemes
0O®000000
Penalized IMEX Runge-Kutta for the Boltzmann equation

Penalized IMEX Runge-Kutta methods

In the sequel we assume Lp(f) = pu(M[f] — f), 1 > 0. The IMEX-RK scheme take the form #
Penalized IMEX-RK for Boltzmann

pAst

— A(M[F] ~ F)

F:f"e+Atfl(iG(F)—v-VzF> +

it =y Ata” <iG(F) —v- VmF) + ”?Ath(M[F] - ).

o Clearly the scheme being implicit only in the linear part, which can be easily inverted and
computed, can be implemented explicitly exactly as in the BGK case.

@ Note however that here the problem is stiff as a whole. The hope is that applying the same design
principles we used for the BGK we get an AP-scheme for the full Boltzmann model.

4G.Dimarco, L.Pareschi '13
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Implicit-Explicit (IMEX) schemes
[e]e] le]elelele)
Penalized IMEX Runge-Kutta for the Boltzmann equation

AP-property

First let us point out that since the linear operator enjoys the same conservation property of the full

Boltzmann operator we have the same associated moment scheme characterized by (fl,u}) of the
explicit method

Fo(v)dv = / ffep(v)dv—AtA | v -V Fo(v)dv
R3 R3 R3

/R3 o) dv = /RS o) dv — AtwT /}R3 vV Fo(v)dv.

Consider now an invertible matrix A and solve the IMEX scheme for (M[F] — F)

~ 1
At(M[F] - F) = -t {F — e+ AtA <v -V, F — G(F))}
1 €
Again as ¢ — 0 we get , ,
FO = M[FD], i=1,...,v.
In fact A is lower triangular with @;; = 0 and we have a hierarchy of equations

GFD) = Q(FY, FU) = p(M[FY] = F) =0,

Lorenzo Pareschi (University of Ferrara)
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Implicit-Explicit (IMEX) schemes
[e]o]e] lelelele)
Penalized IMEX Runge-Kutta for the Boltzmann equation

Further requirements

As opposite to the BGK model, now the last level still depends on . After some manipulations it reads
1
= - wATe) — AtaT <v -V F — EG(F))

+ AtwTAT1A (v V. F — iG(F)) +wl ATTF.

For small values of ¢ the scheme turns out to be unstable since f"*! is not bounded. A remedy, is to
consider globally stiffly accurate schemes for which

fn+1 — F(u)

3

andsoase — 0
FW = M[F®)] = L = M.

» On the contrary to the BGK case, for the Boltzmann case the stiffly accurate property is required to
have a stable AP and asymptotically accurate scheme.
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Implicit-Explicit (IMEX) schemes
[e]o]e]e] lelele)
Penalized IMEX Runge-Kutta for the Boltzmann equation

Mixing regimes problem

Collision term approximated by the Fast Fourier-Galerkin method 5. Second and third order WENO is
used in space ©

€(x)

Knudsen number value for the mixed regime test with g = 10~

£ =¢eo + 3(tanh(16 — 20z) + tanh(—4 + 20z)), z <0.7
£ =€y, x> 0.7

5L.Pareschi, B.Perthame '96, C.Mouhot, L.Pareschi '06
6C-W.Shu '97
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Implicit-Explicit (IMEX) schemes
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Penalized IMEX Runge-Kutta for the Boltzmann equation

Mixing regimes: third order scheme

Density for the mixing regime problem Temperature for the mixing regime problem
T T T T T T T

0.9 T T T 1 T T

= IMEX3 = IMEX3
— Runge-Kutta3 — Runge-Kutta3

Density (left) and temperature (right) profiles for the mixing regime problem. Time ¢t = 0.5, N, = 100 using
third order WENO. Reference solution computed using a third order Runge-Kutta. Here Atrvex/Atrx = 7.
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Implicit-Explicit (IMEX) schemes
00000080
Penalized IMEX Runge-Kutta for the Boltzmann equation

Mixing regimes: second vs third order

Temperature for the mixing regime problem

PR S 0
L o 1
o
055 r 1
5/
/
051 0. 1 ossp 1
© —
————— ~ 09t 4
<
045 085

L L L L L L L L L L L L L L L L
0.7 071 072 073 074 075 076 077 078 079 08 07 071 072 073 074 075 076 077 078 079 0.8

Density (left) and temperature (right) profiles for the mixing regime problem at ¢ = 0.5 for z € [0.7,0.8].
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Exponential schemes
@000
Exponential schemes for homogeneous equations

Exponential schemes for homogeneous equations

For positivity a more robust approach is based on the exact integration of the penalization term which
permits to write the homogeneous equation as

o [0 - M) = Lae® = L - wmlr)e.

Taking a truncated Taylor expansion along 7 =1 — e~ "¢ and using the bilinearity of P(f, f) we derive a
class of unconditionally positive schemes of order m as’

Time relaxed methods

m
e D W (SR ) A (B ks T4

k=0

where the functions f; are given by the recurrence formula

P(fn, fo—n)(v), k=0,1,....

Jer1(v

IIM?T‘

7;\*—‘

7E.Gabetta, L.Pareschi, G.Toscani '97
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Exponential schemes
0e00

Exponential schemes for homogeneous equations

AP Exponential Runge-Kutta methods

A different approach consist in taking an explicit Runge-Kutta discretization with v > m stages of the
transformed problem and then reverting back to the original variables 8

Exponential Runge-Kutta

; —eipAt o e ] At 4
FO = gmemf oy (1 — e ot ) M[f"] +AtZAH< E)G(FU)),

j=1
- At
At At :
= R - e M+ AW (W) 6F0)
€
i=1
where ¢; > 0, and the coefficients A;; and the weights W; are
Aij (“g> = age TR =1 j>i
€
W; (,ug> = wiefufci)“%, i=1,...,v.
g

» Unconditionally positive schemes can be constructed up to fourth order.

8G.Dimarco, L.Pareschi '11, S.Maset, M.Zennaro '09
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Exponential schemes
[e]e] le]

Exponential schemes for homogeneous equations

Homogeneous relaxation

it exactl], lt-F exact]l,

107H o a2
o et ]
& 2205
& 2-025
1-0125
10 T , . . . )
0 5 10 15 20 25 30 35

Li-error of second order (left) and third order (right) EXP-RK for different time steps,
A =¢/(nAt).
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Exponential schemes
000000

Extension to non homogeneous problems

Extension to non homogeneous problems

Let us now consider the non homogeneous case and compute

8t |:(f — M)eﬂt/5:|
O (f — JVf)e“t/E +(f — M)geut/a

[i(QJr,ufp]Vf) — M —v -V, f|ett/e

1
= | Z(P—puM)—9,M—v-V,f| et/=,
S N————

new terms

Note that the equation above is equivalent to the original Boltzmann equation even when M is not the
local Maxwellian.

In the simplified case of the BGK collision operator QQ = (M — f), where M is the local Maxwellian,
the problem reformulation just described applies with P = M and the first term on the RHS vanishes.
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Exponential schemes
0@0000

Extension to non homogeneous problems

AP exponential Runge-Kutta

Thus we have the following scheme®

Exponential Runge-Kutta non homogeneous case

Step i:
(F(i) _ M(i))ecw%
o= At . . . . A
= (f"—M")+ Zaiﬁ'? [p(]) — uMY — ey .V, FU) — 5atM(J)] St
j=1
Final Step:

(fn+1 o Mn—i—l) et

- — M7 —&-Zwl [P@ pM® — v VD — eg, M| e,

» How to compute M) and O,MY) j=1,...,v7?

9Q.Li, L.Pareschi '13
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Exponential schemes
[e]e] lelele]

Extension to non homogeneous problems

Computation of M) and 9,M )

e The computation of M) follows from the associated moment scheme which gives an explicit
Runge-Kutta method applied to the moment equations.
o To compute ;M) in d-dimension use relations

oMU = apM(j)atp(j) + VM9 9D + 9p MDD ,TD),

with

p M) p Ly — @) p o (v —ul)? d
() — @) = pp) @) = pp) _
Op M7 = p() VMY = MY TG Op M7 = MY 2(T0))2 27()
Then substitute
9,00 = _/v VD,
) 1 . ) .
du) = - (u(j)/’l%VIF(J)d’U/U@’U-sz(j)dv> ,
P
. 1 2F )
atT(J) — W ( p( 5-tp(J —2 () J)atu /Uzv . VmF(J)dU) )
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Exponential schemes
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Extension to non homogeneous problems

Properties

At variance with IMEX RK thanks to the positivity of the coefficients using the Shu-Osher °
representation of Runge-Kutta methods it is possible to prove

There exist h, > 0 and ., > 0 such that f**! > 0 provided that f* >0, jt > pt. and 0 < h < h,.

In addition the same AP-property as for the homogeneous schemes is obtained

The non homogeneous ExpRK-F method is AP and asymptotically accurate for general explicit
Runge-Kutta method with 0 < c¢; <co <--- < ¢, < 1.

Runge-Kutta methods that satisfy the above condition can be constructed up to fourth order.

10C_W.Shu, S.Osher '89
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Exponential schemes
[e]e]e]e] Je]

Extension to non homogeneous problems

Convergence test

Initial data sum of two Maxwellians in space solved using WENO3-51 in space and the fast
Fourier-Galerkin method? in velocity.

Maxwellian Initial | Non-Maxwellian Initial

e=1 ExpRK2 | 2.416 2.023 2.677 2.054
ExpRK3 | 5.025 4.403 5.135 4.790

e=0.1 | ExpRK2 | 2.414 2.022 2.566 2.058
ExpRK3 | 5.022 4.396 5.138 4.792

e=10"7 | ExpRK2 [ 2.023 1.859 1.474 1.754
ExpRK3 | 3.868 3.032 2.501 2.803

e =10"° | ExpRK2 | 2.561 2.045 2.563 2.048
ExpRK3 | 5.088 4.567 4.919 3.806

Convergence rates for ExpRK methods with different initial data, in different regimes.

11C_W.Shu '97
12C Mouhot, L.Pareschi '06
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Exponential schemes

@00
The Landau-Fokker-Planck case

The Landau-Fokker-Planck equation

The Landau-Fokker-Planck model is a common kinetic model in plasma physics characterized by the
nonlinear integro-differential diffusion operator 13

QN0 =V [ A= 0 [0V f(0) = 07 f0) do
where A(v —v,) = U(Jv — v, |)II(v — v, ) is a 3 X 3 nonnegative symmetric matrix and

Mv—wv,)=1-— ©-v)lv—v.) U*).

o= v,

We have ¥(|v — v,|) = Alv — v,|*2 for inverse-power laws, with o > —3 and A > 0.

The case o« = —3 corresponds to the Coulombian case, of primary importance for applications. In such
case the Boltzmann collision operator has no meaning, due to the divergence of the integral, even for
smooth functions, and the Landau equation can be derived in the so-called grazing collision limit 4.

13| Landau '81
14C Villani '02; L.Pareschi, G.Toscani, C.Villani '03
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Exponential schemes
oeo
The Landau-Fokker-Planck case

Choice of the penalization operator

@ Since conservation of mass, momentum, and energy, as well as H-theorem for the entropy are
satisfied, equilibrium states are Maxwellians.

@ For the Landau equation, however, one has the additional difficulty of the diffusive nature of the
operator Q,(f, f), which introduces a parabolic stiffness relating the time step to the square of the
velocity mesh.

@ The simple BGK-like penalization is not capable to avoid such a stiffness. A better choice in this
case is given by the Fokker-Planck operator

Lp(f) = V.- (M[fm (Mfm» |

Note that, the use of a diffusive penalization term is essential in removing the parabolic stiffness.

155 Jin, B.Yan '11; Q.Li, L.Pareschi, B.Yan '14
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Hybrid decomposition methods
e0

Principles of hybrid decomposition methods %""E

@ Couplings of atomistic or molecular, and more generally microscopic stochastic models, to
macroscopic deterministic models is highly desirable in many applications. Similar arguments apply
to numerical methods!®

@ This coupling play an important role in the case of kinetic equations. IMEX and exponential
methods based on splitting represent a natural framework for such coupling since the homogeneous
step can be written in the general form

) F(])
FO = azf”+ZAw - )i (1-ai- ZA” M7,

=l

non equilibrium part equilibrium part

@ The main idea therefore is to treat the non equilibrium part by stochastic particle methods and the
equilibrium part with deterministic methods.

16\ E, B.Engquist '03
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Hybrid representation of the solution

Hybrid decomposition methods
@0000

Hybrid representation

%NIFE

The solution is represented at each space point as a combination of a nonequilibrium part (microscale)
and an equilibrium part (macroscale)

equilibrium

Lorenzo Pareschi (University of Ferrara)

. fw)
nonequilibrium

equilibrium

Numerical fluid limit of the Boltzmann equation

nonequilibrium
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Hybrid decomposition methods
0@000

Hybrid representation of the solution

Definition - hybrid function

Given a probability density f(v), v € R? (i.e. f(v) >0, [ f(v
v € R? called equilibrium density, we define w(v) € [0,1] and

)dv = 1) and a probability density M (v),
f(v) > 0 in the following way

S0) - r0) < M@) £ 0

ww) =9 M)’
1 f(v) = M(v)

and f(v) = f(v) —w(v)M(v). Thus f(v) can be represented as
F) = f(©) + w(v) M (v).

IPAM, April 25-27, 2014
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Hybrid decomposition methods
[e]e] lele}

Hybrid representation of the solution

Taking 8 = min,{w(v)}, and f(v) = f(v) — BM(v), we have

/f(v)dv =1-5.
Let us define for 5 # 1 the probability density

i)
1-p

The case 3 = 1 is trivial since it implies f = M. Thus we recover the hybrid representation’’ as

f) =1 =B)fp(v) + BM(v).

fp(v)

Remark: Typically the procedure is applied only in a finite region §2 of the velocity domain leaving the
tails represented by particles.
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Hybrid representation of the solution

Boltzmann equation: 2D channel flow

Comparison of results for p (left), T (right), DSMC (left), HM1 (right)'®.
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Thank you!
&
Happy 60th birthday Russ!

reschi (University of Fe Numerical fluid limit of the Boltzmann equation
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