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Setting

> {(Yi, Ti) yi<n
» z; ~ Unif(S¥1(v/d)) or z; ~N(0,I4), d>1

» Response (regression)

Yi :f*($i)+€i7 €~ N(01T2)
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Evaluating a model

» Loss function £: Rx R — Rso  (e.g. £(y1,%2) = (1 — 2)?)

3/55



Evaluating a model

» Loss function £: Rx R — Rso  (e.g. £(y1,%2) = (1 — 2)?)

» Test error

R(f) = Bne{ €(y™", f(@"")) }
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Two-layers (fully-connected) neural networks

]:NN = {fo Z a; o ’w“ : 0= (ai,wi)igN, a; € R,w; € Rd}
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Two-layers (fully-connected) neural networks

JTNN = {fg Z a; o 'wz, : 0= (ai,wi)iSN, a; € R,w; € Rd}

» 0, computed on training sample

» Train/test error

= 3 Hyi @)
1=1

R(07) = Eueu{t(y™", fo, (")) }

4/55



‘Thermodynamic’ limit?
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‘Thermodynamic’ limit?

» Classical limit in Stats/ML: n — oo (large sample)
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‘Thermodynamic’ limit?

» Classical limit in Stats/ML: n — oo (large sample)

» Here: N — oo (large network)

Very rich picture. At least two regimes. .. J
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Mean field limit
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Mean field limit
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Mean field limit

1 N
fol@) = [ao((w,@)) p(da,dw), p= 3> S
1=1
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Mean field limit

1 N
fol@) = [ao((w,@)) p(da,dw), p= 3> S
1=1

FiNCFant C - CFRA

7= {#(@i) = [ao((w,2)) plde,dw) pe PRI},
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Train error
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Train error

» Good news: Convex
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Train error

» Good news: Convex
» Bad news: Infinite dimensional

» Question: Can we optimize it efficiently?
e.g. approximate p by finitely many points
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Train error

R,(p) = % > i, f(mi;0))

1=1

» Good news: Convex
» Bad news: Infinite dimensional

» Question: Can we optimize it efficiently?
e.g. approximate p by finitely many points

[Nitanda, Suzuki, 2018; Mei, Montanari, Nguyen, 2018; Rotskoff, Vanden-Eijnden, 2018; Chizat, Bach,
2018; Mei, Misiakiewicz, Montanari, 2019; Rotskoff, Jelassi, Bruna,Vanden-Eijnden, 2019; Araijo,

Oliveira, Yukimura 2019; Nguyen, 2019; ...]
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Another approach: lazy limit

» Idea: Linearize around a random initialization

» = Linear class FnT
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Neural tangent

Fr (W)= {f(2) =Y (a;,2)o'(ws, ) : @i €RIVi < N},

W =[wy,...,wy] w; ~gg Unif(S¢71(1))

» ‘Tangent’ to F,{IVN around a random point

» Good approximation: (z) N >> n; (12) Parameters’s scaling
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Neural tangent

Fr (W)= {f(2) =Y (a;,2)o'(ws, ) : @i €RIVi < N},

W =[wy,...,wy] w; ~gg Unif(S¢71(1))

» ‘Tangent’ to F,{IVN around a random point

» Good approximation: (z) N >> n; (12) Parameters’s scaling

[Jacot, Gabriel, Hongler, 2018; Du, Zhai, Poczos, Singh 2018; Allen-Zhu, Li, Song 2018; Chizat, Bach,

2019; Arora, Du, Hu, Li, Salakhutdinov, Wang, 2019; Oymak, Soltanolkotabi, 2019; ...]
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A simpler linear model

N
FREW)={f(z) =Y aio((ws, o)) : @ ERVI< N},

1=1

W =[wy,...,wy] w; ~gg Unif(S¢71(1))

» Random features model

[Neal, 1996; Balcan, Blum, Vempala 2006; Rahimi, Recht; 2008; Bach, 2016; ...]

10/55



This talk

Which phenomena are captured linear models?
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Outline

@ What is captured by linear models?
© What is not captured by linear models?
© Conclusion
Ghorbani, Mei, Misiakiewicz, M, arXiv:1904.12191, 1906.08899

Mei, M, arXiv:1908.05355
M, Ruan, Sohn, Yan, arXiv:1911.01544
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What is captured by linear models? J
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What is captured by linear models?

» Interpolation phase transition

» Double descent
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Using deep nets to fit noise

25 4.0 1.0
=—a true labels w—a |nception 0.0 b el Y e
2.0 e—e random labels 35| o—0 AlexNet 0.8
i &
g #—= shuffled p.lxels £ 30]|** MLP1x512 07
215 —— random pixels |[{ & 2 0.6
Y +—+ gaussian 82.5 o
® 2 +'0.5
5 1.0 o
H g 2.0 =04 =—a Inception
0.5 15 0.3 o—o AlexNet
0.2 #=—+ MLP 1x512
0.0 1.0 0.1
[ 5 10 15 20 25 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
thousand steps label corruption label corruption
(a) learning curves (b) convergence slowdown (c) generalization error growth

[Zhang, Bengio, Hardt, Recht, Vinyals, 2016]
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Interpolating, yet not overfitting

60

T

1

1

1

- 1
40 H
1
1
1
1
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Squared loss

T T T
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Number of parameters/weights (x103)

w-

» MNIST (subset): 4,000 images in 10 different classes.
» 2-layers Neural Net. Square loss.

[Belkin, Hsu, Ma, Mandal, 2018]
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Interpolating, yet not overfitting

'\“‘u--m\

10° 102 10*
N/N*

» MNIST: 50,000 images in 2 different classes.
» 5-layers Neural Net. Quadratic hinge loss.

[Spigler, Geiger, d’Ascoli, Sagun, Biroli, Wyart, 2018]
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The double-descent curve

under-parameterized

Test risk

“classical”

over-parameterized

“modern”
interpolating regime

Training risk:
S~ . _interpolation threshold

Complexity of H

[Belkin, Hsu, Ma, Mandal, 2018]
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Desiderata

—— Test
g — Train
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Desiderata

Zero-one loss (%)

Squared loss

—— Test
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v/ Peak at the interpolation threshold
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Desiderata
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Desiderata

Zero-one loss (%)

Squared loss
o o
PO
1 1
§
|
|
|
‘ t
\ e

T T T
3 10 4 100 300 800
Number of parameters/weights (x10%)

v/ Peak at the interpolation threshold

v/ Global minimum in the overparametrized regime

v Monotone decreasing in the overparametrized regime
v/ Optimal regularization — 0.
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Random features model

N
Fre(W) = {f(z) =Y aio((ws,2)) : @ €RVi<N}.
1=1

» W = [wy,...,wy] random; w; ~ Unif(S¢1(1)), ii.d.
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Ridge regression

a(A):argminaeRN{ ol(v za@ (i, )2]+1”||aug}
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Setting

» Random features ridge regression (as above.)
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Setting

» Random features ridge regression (as above.)
» Proportional regime n, N, d — 00,

%_)1/}17 %_>¢2
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Setting

v

Random features ridge regression (as above.)

» Proportional regime n, N, d — 00,
N n
. -
= Y1, 7 P2

v

Y = fil@s) + &
fi(z) = (Bo, x)

v
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Setting

v

Random features ridge regression (as above.)

» Proportional regime n, N, d — 00,
N n
. -
= Y1, 7 P2

v

Y = fil@s) + &

v

filx) = (B, x) (Higher order terms — See paper)
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Precise asymptotics

Theorem (Mei, M. 2019)
Assume fi(xz) = (By, ) and define (for G ~ N(0,1))

b2 = E[o(G)?] — E[o(G)]? — b2, b; = E[Ga(G)], =3

*
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Precise asymptotics

Theorem (Mei, M. 2019)
Assume fi(xz) = (By, ) and define (for G ~ N(0,1))

b2 = E[o(G)?] — E[o(G)]? — b2, b; = E[Ga(G)], =5

*
Then, for any A > 0, we have

Rre(B) = 1BolBB(C, %1, %2, A/ B2) + T2¥(C, 9r, P2, A/B2) + 0a(1),

where ’93((1¢17¢27X); 7/((1 ¢17¢27x) are e:vplzcztly g’L"UCTL below.

Variance computed in [Hastie, M, Rosset, Tibshirani, 2019]
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Explicit formulae

Let (v1(£),v2(¢)) be the unique solution of

vy -1
v1 =¢1(*E*V2*71_C2V1u2)
_ 2! -1
v2 —1112(*{*!11 771—621/1”2)

Let _ _
x = v1 (1920 ?) -2 (i(192 ) ?),

and

o0& 1, %2, 0) = — xP¢% +3x* ¢ + (Prv2 — w2 — w1 + 1Dx3¢® — 2x3¢* - 3x3¢?

+ (P14 Y2 — 39192 + 1)xZ¢* + 2x%¢% + %% + 3v19axC® — Y192,
E1(¢, W1, %2, 2) = Pax>¢* — wax® ¢ + Prvaxe® — Y19,
(¢ 1, %2, ) = x°¢° = 3x ¢t + (W1 — X3¢ +2x3¢t +3x3 ¢ + (—y1 — DXt -2 - %P

‘We then have

(LI VR T TEY S TR S ((SLTL IV

B(Crd1, P2, V) —, —
nre Eo(C, %1, %2, ) E0(C,¥1,¥2,2)

24 /55



Random matriz theory for kernel inner product random matrices

[Cheng, Singer, 2013; Do, Vu 2013; Fan, M. 2019; Penington, Wohra, 2017;...]
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Test error

, , 1 , ,
H = Prediction \ = Prediction
|| & d=100 0.9 f4 N 3 d=100
s Fod=200 [ § d=200
r d =300 osf ‘,*Sl r_[if =300
L T
Sl 07 %’ﬂg FQ
oo WL §
s°°r lll i
150 ] 1205 J}
% s 041 ‘l'>
1 %— ) i 03 % 1
Ror &
S R | s, |
05f ® ]
b
Mm " %%W
0 ! . . . . : : 0 . . . ! . ! . .
o o5 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
i/t = N/n Y1/t = N/n
A =0+ A>0
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Test error
o

0.5

v/ Peak at the interpolation threshold

v/ Global minimum in the overparametrized regime

H — Prediction \; ‘ l ‘ — Drediction
& d=100 0.9 4 3 d=100
" E d=200 'ﬁ it i d=200
r d = 300 08 &}l T,S,E d = 300
[ Tull g
‘ o7t ;QT_T'{[A!?
_ 06 ‘ifﬁr i
| 5 i 4
| e ML
*’ % s 0.4 3
1 iy
J\
¥ 3 %
4 0.2 a9,
0.1 ———
% o5 1 15 2 25 3 a5 4 a5 s

/2 = N/n

A>0

v Monotone decreasing in the overparametrized regime

26 /55



Insigths
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Test error

10g10(Vz) = 3.0
104 logig(¥a) =-1.0|54  qg4 ¢
logyg(¥2) = 1.0
logyg(¥2) = 3.0
logyg(¥2) = 5.0
102k —logyy(t2) =00 _|] 102k

s
0 5
10 - 10°
3
K3
102 102 ¢
10 10

10* 102 10 102 10*  10®  10® 10"
b1 =N/d

A =0+

» Singularity at the interpolation threshold

» Minimum risk at extreme overparametrization N /n — oo.
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1 i 3 T T

0.9
25 1

0.8

0.7
of 1

Test error
I
(&
Test error
o

1 —

N
o} .

0.1 ‘
102 10° 102 102 10° 102
1/t = N/n P1 /1y = N/n
SNR= 5 SNR=1/5

» Same at A > 0 fixed: Minimum at N/n — oo.
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09 —
08F 1
07t g
_06F 1.
s s
Sos| 18
3 3
© e
041
0.3
02t
01
= logyy
0 s | | o | | | |
10° 102 107 10° 103 102 107 10° 10 10?
A A
SNR=5 SNR= 1/10

» High SNR: Minimum at A = 0+.
» Low SNR: Minimum at A > 0.
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Beyond square loss? J
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Binary classification
» Data (y;, ;) € {+1,-1} x R4, x; ~ N(0, I4)

P(y; = +1]z;) = fi({Bo, x4))
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Binary classification
» Data (y;, ;) € {+1,-1} x R4, x; ~ N(0, I4)

P(y; = +1]z;) = fi({Bo, x4))

» Two-layer network

X N
fa(x) = sign {Z a;o({(w;, :1:))}

1=1
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Binary classification
» Data (y;, ;) € {+1,-1} x R4, x; ~ N(0, I4)

P(y; = +1]z;) = fi({Bo, x4))

» Two-layer network

X N
fa(x) = sign {Z a;o({(w;, m))}

1=1

» Prediction error

Err, = P(y™"f;(z™") < 0),
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Max-margin classification

Random features:

W = [wi,...,wy]  w; ~ig Unif(S471(1))

Maximize the margin:
maximize min y;fa(2;) = min y;{a,o( Wa;)),
i<n i<n

subject to  |lall2 < 1.
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Theoretical challenges

max{rréin vi{a,0(Wa;)) : |la|| <1}
i<n
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Theoretical challenges

max { I_Ein vi{a,c(Wa;)) :
i<n

» Can’t use random matrix theory
» o( Wz;) has correlated entries

» Non-gaussian

lal| <1}
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Idea: ‘Noisy linear features model’
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Idea: ‘Noisy linear features model’

Nonlinear features

falzs) = sign((a, u)),

u; = o({wy, i)

35/55



Idea: ‘Noisy linear features model’

Nonlinear features

falzs) = sign((a, u)),
uy = o({wj, i) = bi(wy, T3) + beo L ((wy, 1))

35/55



Idea: ‘Noisy linear features model’

Nonlinear features

falzs) = sign((a, u)),

uy = o((wy, ;) = bi{wj, z:) + beot ((wy, T4))

Noisy linear features

f (z;) = sign((a, @),
Uy = b1<w];$z> + bezij,  (z5) ~ua N(O, 1)
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Idea: ‘Noisy linear features model’

Nonlinear features

falzs) = sign((a, u)),

wj = o((wj, 2:)) = bi(wj, ) + beo L ((wy, 4))
Noisy linear features

f (z;) = sign((a, @),
Uy = b1<w];$z> + bezij,  (z5) ~ua N(O, 1)

Gaussian, correlated
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Asymptotic equivalence

Theorem (Mei, M, 2019)

Consider rdge regression wn the proportional asymptotics
d— o0, N/d — ¢Y1, n/d — 9¥s.

Then the nonlinear features model and the noisy linear features

model are ‘asymptotically equivalent:’ they have asymptotically the
same test error, training error, ...

v
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Asymptotic equivalence

Theorem (Mei, M, 2019)

Consider rdge regression wn the proportional asymptotics
d— o0, N/d — ¢Y1, n/d — 9¥s.

Then the nonlinear features model and the noisy linear features

model are ‘asymptotically equivalent:’ they have asymptotically the
same test error, training error, ...

v

Conjecture

Constder maz-margin classification in the proportional
asymptotics.

Then the nonlinear features model and the noisy linear features
model are ‘asymptotically equivalent.’
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Asymptotics of max-margin classification
Theorem (M, Ruan, Sogn, Yan, 2019)

Assume P(y; = +1|z;) = fo({(Bo, z:)),  ~ N(0,I4), and consider
maz-margin classification from noisy features
’fLij = bl(wj, :L'z> -+ b*zij.
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Asymptotics of max-margin classification

Theorem (M, Ruan, Sogn, Yan, 2019)
Assume P(y; =

+1|x;) = fo({Bo, i), £ ~ N(0, I4), and consider
maz-margin classification from noisy features
ﬁz‘j = bl(wj, iL’z> -+ b*zij.

Let K, be the margin and Err,, the test error. Then, we have

Errn — Err*(<7¢l:¢21f0) + OP(l)l Kn = K’*(C;¢l)¢21f0) + OP(l) .

where Err*(<‘;¢lx 1/}27f0); K’*(C: "/}17"/}27]‘6) are ea:plzcztly given.
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Asymptotics of max-margin classification

Theorem (M, Ruan, Sogn, Yan, 2019)

Assume P(y; = +1|z;) = fo({(Bo, z:)),  ~ N(0,I4), and consider
maz-margin classification from noisy features

Uy = bl(wj, x;) + by 2ij .

Let K, be the margin and Err,, the test error. Then, we have

Errn — Err*(<7¢l:¢21f0) + OP(l)l Kn = K’*(C;¢l)¢21f0) + OP(]') .

where Err*(<‘;¢lx 1/}27f0); K’*(C: "/}17"/}27](:0) are ea:plzcztly gwen.

» Paper: general Gaussian features.
» Statistical physics: Gardner 1988, Seung et al. 1992, ...
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Comparison

» Yy =n/d =2, d = 200,400, ReLU activations
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What is not captured by linear models? J
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What is not captured by linear models?

» Approximation

» Low-dimensional structures
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What is not captured by linear models?

» Approximation
» Low-dimensional structures

» A ‘simple’ example

[see 1904.12191, 1906.08899]
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Setting

> Tin~ N(O)Id);

vi = fi(®;) = bo + (z;, Bx;) with B > 0.
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Setting

>, ~ N(O,Id),

vi = fi(®;) = bo + (z;, Bx;) with B > 0.

> Optimum test error n = oo

Ruy =_min E{(fi(z) - f(z))?}, M € {RF,NT,NN}.
feEFMmN (W)
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Setting

>, ~ N(O,Id),

vi = fi(®;) = bo + (z;, Bx;) with B > 0.

> Optimum test error n = oo

Ruy =_min E{(fi(z) - f(z))?}, M € {RF,NT,NN}.
feEFMmN (W)

2

» Here o(z) =z (cf. paper for generalizations)
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Experiment

> B € R*¥040, X\;(b) ~ug exp(1)
» N varies in {30, -- - ,4500}.

1.0
A aa ., : m AN
e © A, :
A ! @® NT()
0.8 @ A, N A RF()
) E AAAAA ---- N=d
® ' AAAA
0.6 : LYYV
< ® ' Asa
= " ¢ 5
0.4 - :
| | ® E
. '
0.2 L o. :
“u, %;
]
0.0 ll-_dgg._._mf_._n_l_A
' 10° 10

Number of Hidden Units, N
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Quadratic Model - RF

RF Model
fre(z) = 2N | a;0((w;, ) where w; ~ N(0,T') and a; are trained. J
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Quadratic Model - RF

RF Model

fre(z) = 2N | a;0((w;, ) where w; ~ N(0,T') and a; are trained.

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)

Assume o(z) = 22 — 1. Then we have, as N,d — oo with
N/d — 9y:

e (1 $id(B,T)?
frew = I1l5, <1 IBI% (1 + ¢:d||T]%) +°d’P(1)> |
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Quadratic Model - RF

RF Model

fre(z) = 2N | a;0((w;, ) where w; ~ N(0,T') and a; are trained.

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)

Assume o(z) = 22 — 1. Then we have, as N,d — oo with
N/d — 9y:

e (1 $id(B,T)?
frew = I1l5, (1 IBI% (1 + ¢:d||T]%) +°d’P(1)> |

» The correlation between I' and B controls the risk.
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Quadratic Model - RF

RF,N <I1 13>
lim lim =lm {1—- s | -
P1—00 d—o0,N/d—1 E{f } d—o0 ||F||F'||B||F'
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Quadratic Model - RF

lim im REN _ o [y (B)°
Y100 dsoo,N/d—sypy B{f2} ~ d-ro0 ITZ]B|I% )

» Risk vanishes only if I' is chosen perfectly and 9; — oo.
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» Risk vanishes only if I' is chosen perfectly and 9; — oo.

» This result is true for any activation
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Quadratic Model - RF

lim im REN _ o [y (B)°
Y100 dsoo,N/d—sypy B{f2} ~ d-ro0 ITZ]B|I% )

» Risk vanishes only if I' is chosen perfectly and 9; — oo.
» This result is true for any activation

» The asymptotic risk is independent of the non-linearity!
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Quadratic Model - RF

1.0

0.8

0.6

R/R,

0.4

0.2

0.0

A RF(J)
* RF(*)
- N=d

107 ' 10°
Number of Hidden Units, N
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Quadratic Model - RF

» Naive RF does not learn an efficient representation of the data.

1.0

0.8

0.6

R/R,

0.4

0.2

0.0

A RF(J)
* RF(*)
-- N=d

107 ' 10°
Number of Hidden Units, N
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Quadratic Model - NT

NT Model
» int(x) =c+ Zf’;l o'({ws, x)){a;, x) where w; ~;;.q4 N(0,I4/d). J
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Quadratic Model - NT

NT Model
» int(x) =c+ Ef\le o'({ws, x)){a;, x) where w; ~;;.q4 N(0,I4/d). J

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)
For N,d — oo with N/d — 91

E[RnT,N] TI(B)2
B {(1 — 1) +91(l — ¥1)+ FE + Od(l)}

where the expectation ts taken over w; ~;; 4 N(0,I4/d).
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Quadratic Model - NT

1.0

0.8

0.6

R/Ry

0.4

0.2

0.0

,..--- ' o

10°
Number of Hidden Units, N

10

3
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Quadratic Model - NT

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)
For N,d — oo with N/d — 91

E[RNT,N]

2
BT {(1 —P1)d + (1 —91) (B)

a5+ )

where the expectation s taken over w; ~;; 4 N(0,I4/d).
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Quadratic Model - NT

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)
For N,d — oo with N/d — 91

E[RNT,N]

2
BT {(1 —P1)d + (1 —91) (B)

a5+ )

where the expectation s taken over w; ~;; 4 N(0,I4/d).

» Does NT learn subspaces based on their importance in B?
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Quadratic Model - NT

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)
For N,d — oo with N/d — 91

E[RnT,N] Tr(B)?
TE{Z} {(1 —91)3 +¥1(1 — 1)+ 4B + Od(l)}

where the expectation is taken over w; ~; ;4 N(0,14/d).

» Does NT learn subspaces based on their importance in B?

» No! NT fits random directions (but more parameters).
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Quadratic Model - NN

» Square non-linearity — fyn(z; W, ¢) = 2N (w;, )2 + c.

> R(fw) = R(W,c) =E[((zaT,B— WWT)+ b — 0)2].

NAd
W (W) =3~ M(B)ui(B)ui(B)"

inf R(W,c) =

,C

2% vy Ai(B)? for N < d,
0 for N > d.

» Does gradient descent converge to this value?
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NN with Gradient Descent

» One-pass version of SGD,
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NN with Gradient Descent

» One-pass version of SGD,

(Wht1, k1) = (Wi, cx) — EVW,c(f*(-’Bk) — flz; W, C))z-

» Define
R(Z,E) = R( W, Cg).

Theorem (Ghorbani, Mei, Misiakiewicz, M., 2019)
We have

lim lim]P’(‘R(Z = t/e,€) — inf R(W, c)‘ > §) =0,

t—00e—0

(probability is over the initialization (W, co) and the samples.)
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Comparison
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Comparison

Run

E{f2} "~

Y1 Tr(B)? B
] o dHBH% for M = RF,
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dAN §
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Comparison

Run

E{f2} "~

Y1 Ty(B)
1+, d||B|%
Tr(B)*
1_
(1—91)3 + 911 —91)4 4|BJ3
Ed/\N ( )2
| B||%

for M = RF,
for M = NT,
for M = NN.

» Naive RF,NT do not learn good representations of the data.

» JB arbtrarily large gap between NN and NT.

» How general are these phenomena?
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Comparison with ReLLU
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Conclusion

» Thermodynamic/wide limit: a useful concept
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Conclusion

» Thermodynamic/wide limit: a useful concept

» Different regimes (depends on training)

> Linearized regime captures certain phenomena

Thanks! J
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