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F1 7! ⇢(g)F1
<latexit sha1_base64="3rCQ2hEQ3T1SJa78Vxp4204SKRA=">AAACJnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E2TVEGXRUFcVrAXaEqZTKft0MmFmROxhOLTCK70TdyJuPMpXDtps7CtPwz8fOcczpzfiwRXYNtfxtLyyuraem4jv7m1vbNr7u3XVRhLymo0FKFsekQxwQNWAw6CNSPJiO8J1vCG12m98cCk4mFwD6OItX3SD3iPUwIadczDm47j+iRSEGJXDsJi/9QFhTXtmAW7ZE+EF42TmQLKVO2YP243pLHPAqCCKNVy7AjaCZHAqWDjvBsrFhE6JH3W0jYgPlPtZHLCGJ9o0sW9UOoXAJ7QvxMJ8ZUa+Z7u9AkM1Hwthf/VWjH0LtsJD6IYWECni3qxwPreNA/c5ZJRECNtCJVc/xXTAZGEgk5tZotVUxpZkituCQLs0ZJp8mMdlDMfy6Kpl0vOWal8d16oXGWR5dAROkZF5KALVEG3qIpqiKIn9Ixe0ZvxYrwbH8bntHXJyGYO0IyM719EbqUa</latexit>

F2 7! ⇢(g)F2
<latexit sha1_base64="4QsS1jKR6z7S65Od3pGQDEvJnoA=">AAACJnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E2TVEGXRUFcVjBtoSllMp20QycXZk7EEopPI7jSN3En4s6ncO30srCtPwz8fOcczpzfTwRXYNtfxtLyyuraem4jv7m1vbNr7u3XVJxKylwai1g2fKKY4BFzgYNgjUQyEvqC1f3+9ahef2BS8Ti6h0HCWiHpRjzglIBGbfPwpl32QpIoiLEne3Gxe+qBwpq2zYJdssfCi8aZmgKaqto2f7xOTNOQRUAFUarp2Am0MiKBU8GGeS9VLCG0T7qsqW1EQqZa2fiEIT7RpIODWOoXAR7TvxMZCZUahL7uDAn01HxtBP+rNVMILlsZj5IUWEQni4JUYH3vKA/c4ZJREANtCJVc/xXTHpGEgk5tZovlKo0syRW3BAH2aMlR8kMdlDMfy6KplUvOWal8d16oXE0jy6EjdIyKyEEXqIJuURW5iKIn9Ixe0ZvxYrwbH8bnpHXJmM4coBkZ379H1KUc</latexit>

F3 7! ⇢(g)F3
<latexit sha1_base64="jiHloXNLZ2VdcJjJyMIqyFcIR30=">AAACJnicbZBdSwJBFIZn7cvsa6ur6GZIArvRXQ3qUgqiS4NWBVeW2XHUwdkPZs5GItKvCbqqf9JdRHf9iq4bdS9Se2Hg5TnncOa8fiy4Asv6MjIrq2vrG9nN3Nb2zu6euX9QV1EiKXNoJCLZ9IligofMAQ6CNWPJSOAL1vAH15N644FJxaPwHoYxawekF/IupwQ08syjG6/iBiRWEGFX9qNC78wFhTX1zLxVtKbCy8ZOTR6lqnnmj9uJaBKwEKggSrVsK4b2iEjgVLBxzk0UiwkdkB5raRuSgKn2aHrCGJ9q0sHdSOoXAp7SvxMjEig1DHzdGRDoq8XaBP5XayXQvWyPeBgnwEI6W9RNBNb3TvLAHS4ZBTHUhlDJ9V8x7RNJKOjU5raUHKVRSXLFS4IAeyzJSfJjHZS9GMuyqZeLdqVYvjvPV6/SyLLoGJ2gArLRBaqiW1RDDqLoCT2jV/RmvBjvxofxOWvNGOnMIZqT8f0LSzqlHg==</latexit>

F
out

7! ⇢(g)F
out

<latexit sha1_base64="SZu2XeZpLII63Z1SACzlHH6MtJk="></latexit>

F1
<latexit sha1_base64="KhN87BtxhoGDxv9ipvp/LL5vqWA=">AAACDnicbVBNS8NAEJ3Ur1q/qh69BIvgqUmqoMeiIB4rmrbQhrLZbtqlm03Y3Ygl9CcInvSfeBOv/gX/iGc3bQ629cHA470ZZub5MaNS2fa3UVhZXVvfKG6WtrZ3dvfK+wdNGSUCExdHLBJtH0nCKCeuooqRdiwICn1GWv7oOvNbj0RIGvEHNY6JF6IBpwHFSGnp/qbn9MoVu2pPYS4TJycVyNHolX+6/QgnIeEKMyRlx7Fj5aVIKIoZmZS6iSQxwiM0IB1NOQqJ9NLpqRPzRCt9M4iELq7Mqfp3IkWhlOPQ150hUkO56GXif14nUcGll1IeJ4pwPFsUJMxUkZn9bfapIFixsSYIC6pvNfEQCYSVTmdui+VKLVmCSmoxpMiTJbKEJzooZzGWZdKsVZ2zau3uvFK/yiMrwhEcwyk4cAF1uIUGuIBhAM/wCm/Gi/FufBifs9aCkc8cwhyMr1+Bo5xn</latexit>

F2
<latexit sha1_base64="teu5r0zW+c+gdi+Jnf5JB1ZZJjY=">AAACDnicbVDLSsNAFJ3UV62vqks3g0Vw1SRV0GVREJcVTVtoQ5lMb9qhkwczE7GEfoLgSv/Enbj1F/wR107aLGzrgQuHc+7l3nu8mDOpLOvbKKysrq1vFDdLW9s7u3vl/YOmjBJBwaERj0TbIxI4C8FRTHFoxwJI4HFoeaPrzG89gpAsCh/UOAY3IIOQ+YwSpaX7m16tV65YVWsKvEzsnFRQjkav/NPtRzQJIFSUEyk7thUrNyVCMcphUuomEmJCR2QAHU1DEoB00+mpE3yilT72I6ErVHiq/p1ISSDlOPB0Z0DUUC56mfif10mUf+mmLIwTBSGdLfITjlWEs79xnwmgio81IVQwfSumQyIIVTqduS2mI7VkCiaZyYmCJ1NkCU90UPZiLMukWavaZ9Xa3XmlfpVHVkRH6BidIhtdoDq6RQ3kIIoG6Bm9ojfjxXg3PozPWWvByGcO0RyMr1+DS5xo</latexit>

F3
<latexit sha1_base64="chZr59EczNZEZ6lFZC0g+C1cbog=">AAACDnicbVBNS8NAEN34WetX1aOXYBE8NUkr6LEoiMeKpi20oWy2k3bpZhN2N2IJ/QmCJ/0n3sSrf8E/4tlNm4NtfTDweG+GmXl+zKhUtv1trKyurW9sFraK2zu7e/ulg8OmjBJBwCURi0TbxxIY5eAqqhi0YwE49Bm0/NF15rceQUga8Qc1jsEL8YDTgBKstHR/06v1SmW7Yk9hLhMnJ2WUo9Er/XT7EUlC4IowLGXHsWPlpVgoShhMit1EQozJCA+goynHIUgvnZ46MU+10jeDSOjiypyqfydSHEo5Dn3dGWI1lIteJv7ndRIVXHop5XGigJPZoiBhporM7G+zTwUQxcaaYCKovtUkQywwUTqduS2WK7VkCSqpxbCCJ0tkCU90UM5iLMukWa04tUr17rxcv8ojK6BjdILOkIMuUB3dogZyEUED9Ixe0ZvxYrwbH8bnrHXFyGeO0ByMr1+E85xp</latexit>

F
out

<latexit sha1_base64="mJpmMV1/pr45GEnz0U5d01pgCJ0=">AAACHXicbZBNS8NAEIY39avWr6hHL8EieGqSKuixKIjHCqYttCFstpt26eaD3UmxhP4TwZP+E2/iVfwjnt20OdjWFwZe3plhhsdPOJNgWd9aaW19Y3OrvF3Z2d3bP9APj1oyTgWhDol5LDo+lpSziDrAgNNOIigOfU7b/ug277fHVEgWR48wSagb4kHEAkYwqMjT9Tsv6wF9AhFmcQrTqadXrZo1k7Fq7MJUUaGmp//0+jFJQxoB4VjKrm0l4GZYACOcTiu9VNIEkxEe0K6yEQ6pdLPZ51PjTCV9I4iFqgiMWfp3I8OhlJPQV5MhhqFc7uXhf71uCsG1m7EoSYFGZH4oSLkBsZFjMPpMUAJ8ogwmgqlfDTLEAhNQsBaumI5UkSmYZCbHCpUpcuA5KHsZy6pp1Wv2Ra3+cFlt3BTIyugEnaJzZKMr1ED3qIkcRNAYPaNX9Ka9aO/ah/Y5Hy1pxc4xWpD29QsnL6Mx</latexit>



Why representations?

F 7! ⇢(g1)F
<latexit sha1_base64="qeh28KwN51+gCwUb31+bONinmNI=">AAACI3icbZDLSsNAFIYn9VbrLSq4cTNYhArSJFXQZVEoLiuYttCEMJlO2qGTCzMTscS+jOBK38SduHHha7h20nZhqz8M/PznHM6Zz08YFdI0P7XC0vLK6lpxvbSxubW9o+/utUScckxsHLOYd3wkCKMRsSWVjHQSTlDoM9L2h9d5vX1PuKBxdCdHCXFD1I9oQDGSKvL0g4YTokTIGDp8EFf6nnXinMKGp5fNqjkR/GusmSmDmZqe/u30YpyGJJKYISG6lplIN0NcUszIuOSkgiQID1GfdJWNUEiEm03uH8NjlfRgEHP1Igkn6e+JDIVCjEJfdYZIDsRiLQ//q3VTGVy6GY2SVJIITxcFKYPquzkM2KOcYMlGyiDMqboV4gHiCEuFbG6LYQsVGZwKajAkyYPBc+xjBcpaxPLXtGpV66xauz0v169myIrgEByBCrDABaiDG9AENsDgETyBF/CqPWtv2rv2MW0taLOZfTAn7esHmfijsQ==</latexit>

7! ⇢(g2) ⇢(g1)F
<latexit sha1_base64="/93lkSjX4XnIukXhJWNR7SP9g2A="></latexit>

= ⇢(g2g1)F
<latexit sha1_base64="XsVpRbWX9/BwFioz2fvjakyS2dE=">AAACH3icbZBdSwJBFIZn+zT7MrvsZkgCg3B3LaibQAqiS4NWBVeW2fGog7MfzMyGsvhXgq7qn3QX3fpHum78uEjthQMv7zmHc3j8mDOpLGtsrK1vbG5tZ3ayu3v7B4e5o3xNRomg4NCIR6LhEwmcheAopjg0YgEk8DnU/f79pF9/ASFZFD6rYQytgHRD1mGUKB15ufytK3pRseuVcdezz90L/ODlClbJmgqvGntuCmiuqpf7cdsRTQIIFeVEyqZtxaqVEqEY5TDKuomEmNA+6UJT25AEIFvp9PcRPtNJG3cioStUeJr+3UhJIOUw8PVkQFRPLvcm4X+9ZqI6N62UhXGiIKSzQ52EYxXhCQjcZgKo4kNtCBVM/4ppjwhClca1cMV0pI5MwSQzOVEwMMUE+UiDspexrJpauWRflspPV4XK3RxZBp2gU1RENrpGFfSIqshBFA3QK3pHH8ab8Wl8Gd+z0TVjvnOMFmSMfwGQFaGI</latexit>

⇢(g) =
<latexit sha1_base64="vY+954R2naN6Z8Qd0P4lpUvKyLI=">AAACE3icbVDLSsNAFJ34rPVVdelmsAh10yRV0I1QdOOygmkLbSiT6aQdOpkJMxOxhP6E4Er/xJ249QP8EddO2ixs64ELh3Pu5d57gphRpR3n21pZXVvf2CxsFbd3dvf2SweHTSUSiYmHBROyHSBFGOXE01Qz0o4lQVHASCsY3WZ+65FIRQV/0OOY+BEacBpSjLSR2l05FJXB2XWvVHaqzhRwmbg5KYMcjV7pp9sXOIkI15ghpTquE2s/RVJTzMik2E0UiREeoQHpGMpRRJSfTu+dwFOj9GEopCmu4VT9O5GiSKlxFJjOCOmhWvQy8T+vk+jwyk8pjxNNOJ4tChMGtYDZ87BPJcGajQ1BWFJzK8RDJBHWJqK5LbanjGRLqqjNkCZPtsxinpig3MVYlkmzVnXPq7X7i3L9Jo+sAI7BCagAF1yCOrgDDeABDBh4Bq/gzXqx3q0P63PWumLlM0dgDtbXLzFHnl0=</latexit>

0

BB@

1

CCA

<latexit sha1_base64="EhwLDhYNMXsAp4BprK17v78Zf8s="></latexit>

⇢(0)(g)
<latexit sha1_base64="+5S8Oa8B6S+OWUf7+jPmI7d8Jjc=">AAACHHicbZDNSsNAFIUn9a/Wn0ZduokWod00SRV0WXTjsoJpC00sk+m0HTqZhJmJWEKeRHClb+JO3Aq+iGsnbRa29cCFw7n3ci+fH1EipGV9a4W19Y3NreJ2aWd3b7+sHxy2RRhzhB0U0pB3fSgwJQw7kkiKuxHHMPAp7viTm6zfecRckJDdy2mEvQCOGBkSBKWK+nrZ5ePwIalatdQ9qY5qfb1i1a2ZjFVj56YCcrX6+o87CFEcYCYRhUL0bCuSXgK5JIjitOTGAkcQTeAI95RlMMDCS2aPp8aZSgbGMOSqmDRm6d+NBAZCTANfTQZQjsVyLwv/6/ViObzyEsKiWGKG5oeGMTVkaGQUjAHhGEk6VQYiTtSvBhpDDpFUrBaumI5QkcmJICaFEj+ZPOOdKlD2MpZV027U7fN64+6i0rzOkRXBMTgFVWCDS9AEt6AFHIBADJ7BK3jTXrR37UP7nI8WtHznCCxI+/oFQhOg6w==</latexit>

⇢(0)(g)
<latexit sha1_base64="+5S8Oa8B6S+OWUf7+jPmI7d8Jjc=">AAACHHicbZDNSsNAFIUn9a/Wn0ZduokWod00SRV0WXTjsoJpC00sk+m0HTqZhJmJWEKeRHClb+JO3Aq+iGsnbRa29cCFw7n3ci+fH1EipGV9a4W19Y3NreJ2aWd3b7+sHxy2RRhzhB0U0pB3fSgwJQw7kkiKuxHHMPAp7viTm6zfecRckJDdy2mEvQCOGBkSBKWK+nrZ5ePwIalatdQ9qY5qfb1i1a2ZjFVj56YCcrX6+o87CFEcYCYRhUL0bCuSXgK5JIjitOTGAkcQTeAI95RlMMDCS2aPp8aZSgbGMOSqmDRm6d+NBAZCTANfTQZQjsVyLwv/6/ViObzyEsKiWGKG5oeGMTVkaGQUjAHhGEk6VQYiTtSvBhpDDpFUrBaumI5QkcmJICaFEj+ZPOOdKlD2MpZV027U7fN64+6i0rzOkRXBMTgFVWCDS9AEt6AFHIBADJ7BK3jTXrR37UP7nI8WtHznCCxI+/oFQhOg6w==</latexit>

⇢(1)(g)
<latexit sha1_base64="nnNJvbd4GmIguz8gl0rtu52p8gs=">AAACHHicbZDNSsNAFIUn9a/Wn0ZduokWod00SRV0WXTjsoJpC00sk+m0HTqZhJmJWEKeRHClb+JO3Aq+iGsnbRa29cCFw7n3ci+fH1EipGV9a4W19Y3NreJ2aWd3b7+sHxy2RRhzhB0U0pB3fSgwJQw7kkiKuxHHMPAp7viTm6zfecRckJDdy2mEvQCOGBkSBKWK+nrZ5ePwIanatdQ9qY5qfb1i1a2ZjFVj56YCcrX6+o87CFEcYCYRhUL0bCuSXgK5JIjitOTGAkcQTeAI95RlMMDCS2aPp8aZSgbGMOSqmDRm6d+NBAZCTANfTQZQjsVyLwv/6/ViObzyEsKiWGKG5oeGMTVkaGQUjAHhGEk6VQYiTtSvBhpDDpFUrBaumI5QkcmJICaFEj+ZPOOdKlD2MpZV027U7fN64+6i0rzOkRXBMTgFVWCDS9AEt6AFHIBADJ7BK3jTXrR37UP7nI8WtHznCCxI+/oFQ8Kg7A==</latexit>

⇢(k)(g)
<latexit sha1_base64="b+OVRWPy3RoLBbInnRGtzcdDJWA=">AAACHHicbZDNSsNAFIUn9a/Wn0ZduokWod00SRV0WXTjsoJpC00sk+m0HTqZhJmJWEKeRHClb+JO3Aq+iGsnbRa29cCFw7n3ci+fH1EipGV9a4W19Y3NreJ2aWd3b7+sHxy2RRhzhB0U0pB3fSgwJQw7kkiKuxHHMPAp7viTm6zfecRckJDdy2mEvQCOGBkSBKWK+nrZ5ePwIalOaql7Uh3V+nrFqlszGavGzk0F5Gr19R93EKI4wEwiCoXo2VYkvQRySRDFacmNBY4gmsAR7inLYICFl8weT40zlQyMYchVMWnM0r8bCQyEmAa+mgygHIvlXhb+1+vFcnjlJYRFscQMzQ8NY2rI0MgoGAPCMZJ0qgxEnKhfDTSGHCKpWC1cMR2hIpMTQUwKJX4yecY7VaDsZSyrpt2o2+f1xt1FpXmdIyuCY3AKqsAGl6AJbkELOACBGDyDV/CmvWjv2of2OR8taPnOEViQ9vULpWihJg==</latexit>

. . .
<latexit sha1_base64="VkARGAflu06YrfvmdYwXAtp3bIU=">AAACEXicbVDLSsNAFJ3UV62vqks3g0Vw1SRV0GXRjcsKphXaUCaTSTt28mDmRiyh/yC40j9xJ279An/EtZM2C9t64MLhnHu59x4vEVyBZX0bpZXVtfWN8mZla3tnd6+6f9BWcSopc2gsYnnvEcUEj5gDHAS7TyQjoSdYxxtd537nkUnF4+gOxglzQzKIeMApAS21e74fg+pXa1bdmgIvE7sgNVSg1a/+9PyYpiGLgAqiVNe2EnAzIoFTwSaVXqpYQuiIDFhX04iETLnZ9NoJPtGKj4NY6ooAT9W/ExkJlRqHnu4MCQzVopeL/3ndFIJLN+NRkgKL6GxRkAoMMc5fxz6XjIIYa0Ko5PpWTIdEEgo6oLktpqO0ZEquuCkIsCdT5iFPdFD2YizLpN2o22f1xu15rXlVRFZGR+gYnSIbXaAmukEt5CCKHtAzekVvxovxbnwYn7PWklHMHKI5GF+/rYmeKQ==</latexit>

U
<latexit sha1_base64="b3xDJuelxTZzXLCican59jtorUQ=">AAACDHicbVBNS8NAEN3Ur1q/qh69LBbBU5NUQY9FLx5bMG2hDWWznbRLN5uwuxFL6S8QPOk/8SZe/Q/+Ec9u2hy09cHA470ZZuYFCWdKO86XVVhb39jcKm6Xdnb39g/Kh0ctFaeSgkdjHstOQBRwJsDTTHPoJBJIFHBoB+PbzG8/gFQsFvd6koAfkaFgIaNEG6np9csVp+rMgVeJm5MKytHol797g5imEQhNOVGq6zqJ9qdEakY5zEq9VEFC6JgMoWuoIBEofzo/dIbPjDLAYSxNCY3n6u+JKYmUmkSB6YyIHqllLxP/87qpDq/9KRNJqkHQxaIw5VjHOPsaD5gEqvnEEEIlM7diOiKSUG2y+bPF9pSRbMkUsznR8GjLLN+ZCcpdjmWVtGpV96Jaa15W6jd5ZEV0gk7ROXLRFaqjO9RAHqII0BN6Qa/Ws/VmvVsfi9aClc8coz+wPn8AYO+b0g==</latexit>

U †
<latexit sha1_base64="qqftXs2uPlh1y640DQRAH3sJJVk=">AAACEXicbVBNT8JAEN3iF+IX6tFLIzHxRFs00SPRi0dMLJBAJdvtAivbbbM7NZKG/2DiSf+JN+PVX+Af8ewWehDwJZO8vDeTmXl+zJkC2/42Ciura+sbxc3S1vbO7l55/6CpokQS6pKIR7LtY0U5E9QFBpy2Y0lx6HPa8kfXmd96pFKxSNzBOKZeiAeC9RnBoKWme98N8KBXrthVewpzmTg5qaAcjV75pxtEJAmpAMKxUh3HjsFLsQRGOJ2UuomiMSYjPKAdTQUOqfLS6bUT80QrgdmPpC4B5lT9O5HiUKlx6OvOEMNQLXqZ+J/XSaB/6aVMxAlQQWaL+gk3ITKz182ASUqAjzXBRDJ9q0mGWGICOqC5LZartGRJppjFMdAnS2YhT3RQzmIsy6RZqzpn1drteaV+lUdWREfoGJ0iB12gOrpBDeQigh7QM3pFb8aL8W58GJ+z1oKRzxyiORhfv0S1neo=</latexit>

(This works for any finite dimensional representation of any compact group 
over the complex numbers.)



Decomposability 

⇢0
<latexit sha1_base64="QgS7j6pbmSfvKkvqy32lNlnAB/o=">AAACEXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rGCaQttKJvtpF27yYbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6QcKa043xbK6tr6xubpa3y9s7u3n7l4LCpRCopeFRwIdsBUcBZDJ5mmkM7kUCigEMrGN3kfusRpGIivtfjBPyIDGIWMkq0kZpdORQ9p1epOjVnCrxM3IJUUYFGr/LT7QuaRhBryolSHddJtJ8RqRnlMCl3UwUJoSMygI6hMYlA+dn02gk+NUofh0KaijWeqn8nMhIpNY4C0xkRPVSLXi7+53VSHV75GYuTVENMZ4vClGMtcP467jMJVPOxIYRKZm7FdEgkodoENLfF9pSRbMkUsznR8GTLPOSJCcpdjGWZNM9rrlNz7y6q9esishI6RifoDLnoEtXRLWogD1H0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOHqd3w==</latexit><latexit sha1_base64="QgS7j6pbmSfvKkvqy32lNlnAB/o=">AAACEXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rGCaQttKJvtpF27yYbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6QcKa043xbK6tr6xubpa3y9s7u3n7l4LCpRCopeFRwIdsBUcBZDJ5mmkM7kUCigEMrGN3kfusRpGIivtfjBPyIDGIWMkq0kZpdORQ9p1epOjVnCrxM3IJUUYFGr/LT7QuaRhBryolSHddJtJ8RqRnlMCl3UwUJoSMygI6hMYlA+dn02gk+NUofh0KaijWeqn8nMhIpNY4C0xkRPVSLXi7+53VSHV75GYuTVENMZ4vClGMtcP467jMJVPOxIYRKZm7FdEgkodoENLfF9pSRbMkUsznR8GTLPOSJCcpdjGWZNM9rrlNz7y6q9esishI6RifoDLnoEtXRLWogD1H0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOHqd3w==</latexit><latexit sha1_base64="QgS7j6pbmSfvKkvqy32lNlnAB/o=">AAACEXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rGCaQttKJvtpF27yYbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6QcKa043xbK6tr6xubpa3y9s7u3n7l4LCpRCopeFRwIdsBUcBZDJ5mmkM7kUCigEMrGN3kfusRpGIivtfjBPyIDGIWMkq0kZpdORQ9p1epOjVnCrxM3IJUUYFGr/LT7QuaRhBryolSHddJtJ8RqRnlMCl3UwUJoSMygI6hMYlA+dn02gk+NUofh0KaijWeqn8nMhIpNY4C0xkRPVSLXi7+53VSHV75GYuTVENMZ4vClGMtcP467jMJVPOxIYRKZm7FdEgkodoENLfF9pSRbMkUsznR8GTLPOSJCcpdjGWZNM9rrlNz7y6q9esishI6RifoDLnoEtXRLWogD1H0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOHqd3w==</latexit><latexit sha1_base64="QgS7j6pbmSfvKkvqy32lNlnAB/o=">AAACEXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rGCaQttKJvtpF27yYbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6QcKa043xbK6tr6xubpa3y9s7u3n7l4LCpRCopeFRwIdsBUcBZDJ5mmkM7kUCigEMrGN3kfusRpGIivtfjBPyIDGIWMkq0kZpdORQ9p1epOjVnCrxM3IJUUYFGr/LT7QuaRhBryolSHddJtJ8RqRnlMCl3UwUJoSMygI6hMYlA+dn02gk+NUofh0KaijWeqn8nMhIpNY4C0xkRPVSLXi7+53VSHV75GYuTVENMZ4vClGMtcP467jMJVPOxIYRKZm7FdEgkodoENLfF9pSRbMkUsznR8GTLPOSJCcpdjGWZNM9rrlNz7y6q9esishI6RifoDLnoEtXRLWogD1H0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOHqd3w==</latexit>

⇢1
<latexit sha1_base64="O3mvaDYkVXum1RmvkV6TfjtQSA4=">AAACEXicbVBNS8NAEN34WetX1aOXYBE8NYkIeix68VjBtIU2lM120q7d7IbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6YMKq0635bK6tr6xubpa3y9s7u3n7l4LCpRCoJ+EQwIdshVsAoB19TzaCdSMBxyKAVjm5yv/UIUlHB7/U4gSDGA04jSrA2UrMrh6Ln9SpVt+ZOYS8TryBVVKDRq/x0+4KkMXBNGFaq47mJDjIsNSUMJuVuqiDBZIQH0DGU4xhUkE2vndinRunbkZCmuLan6t+JDMdKjePQdMZYD9Wil4v/eZ1UR1dBRnmSauBktihKma2Fnb9u96kEotnYEEwkNbfaZIglJtoENLfF8ZWRHEkVdRjW8OTIPOSJCcpbjGWZNM9rnlvz7i6q9esishI6RifoDHnoEtXRLWogHxH0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOiKd4A==</latexit><latexit sha1_base64="O3mvaDYkVXum1RmvkV6TfjtQSA4=">AAACEXicbVBNS8NAEN34WetX1aOXYBE8NYkIeix68VjBtIU2lM120q7d7IbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6YMKq0635bK6tr6xubpa3y9s7u3n7l4LCpRCoJ+EQwIdshVsAoB19TzaCdSMBxyKAVjm5yv/UIUlHB7/U4gSDGA04jSrA2UrMrh6Ln9SpVt+ZOYS8TryBVVKDRq/x0+4KkMXBNGFaq47mJDjIsNSUMJuVuqiDBZIQH0DGU4xhUkE2vndinRunbkZCmuLan6t+JDMdKjePQdMZYD9Wil4v/eZ1UR1dBRnmSauBktihKma2Fnb9u96kEotnYEEwkNbfaZIglJtoENLfF8ZWRHEkVdRjW8OTIPOSJCcpbjGWZNM9rnlvz7i6q9esishI6RifoDHnoEtXRLWogHxH0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOiKd4A==</latexit><latexit sha1_base64="O3mvaDYkVXum1RmvkV6TfjtQSA4=">AAACEXicbVBNS8NAEN34WetX1aOXYBE8NYkIeix68VjBtIU2lM120q7d7IbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6YMKq0635bK6tr6xubpa3y9s7u3n7l4LCpRCoJ+EQwIdshVsAoB19TzaCdSMBxyKAVjm5yv/UIUlHB7/U4gSDGA04jSrA2UrMrh6Ln9SpVt+ZOYS8TryBVVKDRq/x0+4KkMXBNGFaq47mJDjIsNSUMJuVuqiDBZIQH0DGU4xhUkE2vndinRunbkZCmuLan6t+JDMdKjePQdMZYD9Wil4v/eZ1UR1dBRnmSauBktihKma2Fnb9u96kEotnYEEwkNbfaZIglJtoENLfF8ZWRHEkVdRjW8OTIPOSJCcpbjGWZNM9rnlvz7i6q9esishI6RifoDHnoEtXRLWogHxH0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOiKd4A==</latexit><latexit sha1_base64="O3mvaDYkVXum1RmvkV6TfjtQSA4=">AAACEXicbVBNS8NAEN34WetX1aOXYBE8NYkIeix68VjBtIU2lM120q7d7IbdjVhC/4PgSf+JN/HqL/CPeHbT5mBbHww83pthZl6YMKq0635bK6tr6xubpa3y9s7u3n7l4LCpRCoJ+EQwIdshVsAoB19TzaCdSMBxyKAVjm5yv/UIUlHB7/U4gSDGA04jSrA2UrMrh6Ln9SpVt+ZOYS8TryBVVKDRq/x0+4KkMXBNGFaq47mJDjIsNSUMJuVuqiDBZIQH0DGU4xhUkE2vndinRunbkZCmuLan6t+JDMdKjePQdMZYD9Wil4v/eZ1UR1dBRnmSauBktihKma2Fnb9u96kEotnYEEwkNbfaZIglJtoENLfF8ZWRHEkVdRjW8OTIPOSJCcpbjGWZNM9rnlvz7i6q9esishI6RifoDHnoEtXRLWogHxH0gJ7RK3qzXqx368P6nLWuWMXMEZqD9fULOiKd4A==</latexit>

⇢2
<latexit sha1_base64="jt8K0SrdYI7Np9xaoaV1FRqTvOY=">AAACEXicbVBNS8NAEN3Ur1q/qh69BIvgqU2KoMeiF48VTFtoQ9lsJ+3azW7Y3Ygl9D8InvSfeBOv/gL/iGc3bQ629cHA470ZZuYFMaNKO863VVhb39jcKm6Xdnb39g/Kh0ctJRJJwCOCCdkJsAJGOXiaagadWAKOAgbtYHyT+e1HkIoKfq8nMfgRHnIaUoK1kVo9ORL9er9ccarODPYqcXNSQTma/fJPbyBIEgHXhGGluq4Taz/FUlPCYFrqJQpiTMZ4CF1DOY5A+ens2ql9ZpSBHQppimt7pv6dSHGk1CQKTGeE9Ugte5n4n9dNdHjlp5THiQZO5ovChNla2Nnr9oBKIJpNDMFEUnOrTUZYYqJNQAtbap4yUk1SRWsMa3iqySzkqQnKXY5llbTqVdepuncXlcZ1HlkRnaBTdI5cdIka6BY1kYcIekDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AjvKneE=</latexit><latexit sha1_base64="jt8K0SrdYI7Np9xaoaV1FRqTvOY=">AAACEXicbVBNS8NAEN3Ur1q/qh69BIvgqU2KoMeiF48VTFtoQ9lsJ+3azW7Y3Ygl9D8InvSfeBOv/gL/iGc3bQ629cHA470ZZuYFMaNKO863VVhb39jcKm6Xdnb39g/Kh0ctJRJJwCOCCdkJsAJGOXiaagadWAKOAgbtYHyT+e1HkIoKfq8nMfgRHnIaUoK1kVo9ORL9er9ccarODPYqcXNSQTma/fJPbyBIEgHXhGGluq4Taz/FUlPCYFrqJQpiTMZ4CF1DOY5A+ens2ql9ZpSBHQppimt7pv6dSHGk1CQKTGeE9Ugte5n4n9dNdHjlp5THiQZO5ovChNla2Nnr9oBKIJpNDMFEUnOrTUZYYqJNQAtbap4yUk1SRWsMa3iqySzkqQnKXY5llbTqVdepuncXlcZ1HlkRnaBTdI5cdIka6BY1kYcIekDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AjvKneE=</latexit><latexit sha1_base64="jt8K0SrdYI7Np9xaoaV1FRqTvOY=">AAACEXicbVBNS8NAEN3Ur1q/qh69BIvgqU2KoMeiF48VTFtoQ9lsJ+3azW7Y3Ygl9D8InvSfeBOv/gL/iGc3bQ629cHA470ZZuYFMaNKO863VVhb39jcKm6Xdnb39g/Kh0ctJRJJwCOCCdkJsAJGOXiaagadWAKOAgbtYHyT+e1HkIoKfq8nMfgRHnIaUoK1kVo9ORL9er9ccarODPYqcXNSQTma/fJPbyBIEgHXhGGluq4Taz/FUlPCYFrqJQpiTMZ4CF1DOY5A+ens2ql9ZpSBHQppimt7pv6dSHGk1CQKTGeE9Ugte5n4n9dNdHjlp5THiQZO5ovChNla2Nnr9oBKIJpNDMFEUnOrTUZYYqJNQAtbap4yUk1SRWsMa3iqySzkqQnKXY5llbTqVdepuncXlcZ1HlkRnaBTdI5cdIka6BY1kYcIekDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AjvKneE=</latexit><latexit sha1_base64="jt8K0SrdYI7Np9xaoaV1FRqTvOY=">AAACEXicbVBNS8NAEN3Ur1q/qh69BIvgqU2KoMeiF48VTFtoQ9lsJ+3azW7Y3Ygl9D8InvSfeBOv/gL/iGc3bQ629cHA470ZZuYFMaNKO863VVhb39jcKm6Xdnb39g/Kh0ctJRJJwCOCCdkJsAJGOXiaagadWAKOAgbtYHyT+e1HkIoKfq8nMfgRHnIaUoK1kVo9ORL9er9ccarODPYqcXNSQTma/fJPbyBIEgHXhGGluq4Taz/FUlPCYFrqJQpiTMZ4CF1DOY5A+ens2ql9ZpSBHQppimt7pv6dSHGk1CQKTGeE9Ugte5n4n9dNdHjlp5THiQZO5ovChNla2Nnr9oBKIJpNDMFEUnOrTUZYYqJNQAtbap4yUk1SRWsMa3iqySzkqQnKXY5llbTqVdepuncXlcZ1HlkRnaBTdI5cdIka6BY1kYcIekDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AjvKneE=</latexit>

⇢3
<latexit sha1_base64="DZiVjL5hpRD4A9esp3gLDW/VyOw=">AAACEXicbVBNS8NAEJ3Ur1q/qh69LBbBU5OooMeiF48VTFtoQ9lsN+3azSbsbsRS+h8ET/pPvIlXf4F/xLObNgfb+mDg8d4MM/OChDOlHefbKqysrq1vFDdLW9s7u3vl/YOGilNJqEdiHstWgBXlTFBPM81pK5EURwGnzWB4k/nNRyoVi8W9HiXUj3BfsJARrI3U6MhB3D3vlitO1ZkCLRM3JxXIUe+Wfzq9mKQRFZpwrFTbdRLtj7HUjHA6KXVSRRNMhrhP24YKHFHlj6fXTtCJUXoojKUpodFU/TsxxpFSoygwnRHWA7XoZeJ/XjvV4ZU/ZiJJNRVktihMOdIxyl5HPSYp0XxkCCaSmVsRGWCJiTYBzW2xPWUkWzLFbI41fbJlFvLEBOUuxrJMGmdV16m6dxeV2nUeWRGO4BhOwYVLqMEt1MEDAg/wDK/wZr1Y79aH9TlrLVj5zCHMwfr6BT1yneI=</latexit><latexit sha1_base64="DZiVjL5hpRD4A9esp3gLDW/VyOw=">AAACEXicbVBNS8NAEJ3Ur1q/qh69LBbBU5OooMeiF48VTFtoQ9lsN+3azSbsbsRS+h8ET/pPvIlXf4F/xLObNgfb+mDg8d4MM/OChDOlHefbKqysrq1vFDdLW9s7u3vl/YOGilNJqEdiHstWgBXlTFBPM81pK5EURwGnzWB4k/nNRyoVi8W9HiXUj3BfsJARrI3U6MhB3D3vlitO1ZkCLRM3JxXIUe+Wfzq9mKQRFZpwrFTbdRLtj7HUjHA6KXVSRRNMhrhP24YKHFHlj6fXTtCJUXoojKUpodFU/TsxxpFSoygwnRHWA7XoZeJ/XjvV4ZU/ZiJJNRVktihMOdIxyl5HPSYp0XxkCCaSmVsRGWCJiTYBzW2xPWUkWzLFbI41fbJlFvLEBOUuxrJMGmdV16m6dxeV2nUeWRGO4BhOwYVLqMEt1MEDAg/wDK/wZr1Y79aH9TlrLVj5zCHMwfr6BT1yneI=</latexit><latexit sha1_base64="DZiVjL5hpRD4A9esp3gLDW/VyOw=">AAACEXicbVBNS8NAEJ3Ur1q/qh69LBbBU5OooMeiF48VTFtoQ9lsN+3azSbsbsRS+h8ET/pPvIlXf4F/xLObNgfb+mDg8d4MM/OChDOlHefbKqysrq1vFDdLW9s7u3vl/YOGilNJqEdiHstWgBXlTFBPM81pK5EURwGnzWB4k/nNRyoVi8W9HiXUj3BfsJARrI3U6MhB3D3vlitO1ZkCLRM3JxXIUe+Wfzq9mKQRFZpwrFTbdRLtj7HUjHA6KXVSRRNMhrhP24YKHFHlj6fXTtCJUXoojKUpodFU/TsxxpFSoygwnRHWA7XoZeJ/XjvV4ZU/ZiJJNRVktihMOdIxyl5HPSYp0XxkCCaSmVsRGWCJiTYBzW2xPWUkWzLFbI41fbJlFvLEBOUuxrJMGmdV16m6dxeV2nUeWRGO4BhOwYVLqMEt1MEDAg/wDK/wZr1Y79aH9TlrLVj5zCHMwfr6BT1yneI=</latexit><latexit sha1_base64="DZiVjL5hpRD4A9esp3gLDW/VyOw=">AAACEXicbVBNS8NAEJ3Ur1q/qh69LBbBU5OooMeiF48VTFtoQ9lsN+3azSbsbsRS+h8ET/pPvIlXf4F/xLObNgfb+mDg8d4MM/OChDOlHefbKqysrq1vFDdLW9s7u3vl/YOGilNJqEdiHstWgBXlTFBPM81pK5EURwGnzWB4k/nNRyoVi8W9HiXUj3BfsJARrI3U6MhB3D3vlitO1ZkCLRM3JxXIUe+Wfzq9mKQRFZpwrFTbdRLtj7HUjHA6KXVSRRNMhrhP24YKHFHlj6fXTtCJUXoojKUpodFU/TsxxpFSoygwnRHWA7XoZeJ/XjvV4ZU/ZiJJNRVktihMOdIxyl5HPSYp0XxkCCaSmVsRGWCJiTYBzW2xPWUkWzLFbI41fbJlFvLEBOUuxrJMGmdV16m6dxeV2nUeWRGO4BhOwYVLqMEt1MEDAg/wDK/wZr1Y79aH9TlrLVj5zCHMwfr6BT1yneI=</latexit>

`=0
<latexit sha1_base64="UHBgk7r2Jgjz4xSnU8ZHW2HJFqc=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW11avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX782rZ5d</latexit><latexit sha1_base64="UHBgk7r2Jgjz4xSnU8ZHW2HJFqc=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW11avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX782rZ5d</latexit><latexit sha1_base64="UHBgk7r2Jgjz4xSnU8ZHW2HJFqc=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW11avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX782rZ5d</latexit><latexit sha1_base64="UHBgk7r2Jgjz4xSnU8ZHW2HJFqc=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW11avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX782rZ5d</latexit>

`=1
<latexit sha1_base64="adE/rQHgPMYn1tTJzGE40HYuNdg=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW13avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX784VZ5e</latexit><latexit sha1_base64="adE/rQHgPMYn1tTJzGE40HYuNdg=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW13avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX784VZ5e</latexit><latexit sha1_base64="adE/rQHgPMYn1tTJzGE40HYuNdg=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW13avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX784VZ5e</latexit><latexit sha1_base64="adE/rQHgPMYn1tTJzGE40HYuNdg=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQi6EKh6MZlBdMWmlAm05t26OTBzEQsoT8huNI/cSdu/QB/xLWTNgvbeuDC4Zx7ufceP+FMKsv6Nkorq2vrG+XNytb2zu5edf+gJeNUUHBozGPR8YkEziJwFFMcOokAEvoc2v7oNvfbjyAki6MHNU7AC8kgYgGjRGmp4wLn7tW13avWrLo1BV4mdkFqqECzV/1x+zFNQ4gU5UTKrm0lysuIUIxymFTcVEJC6IgMoKtpREKQXja9d4JPtNLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtM7qtlW3789rjZsisjI6QsfoFNnoAjXQHWoiB1HE0TN6RW/Gi/FufBifs9aSUcwcojkYX784VZ5e</latexit>

`=2
<latexit sha1_base64="vNnSh2thESoVDM28PeTPJ4QARTo=">AAACE3icbVDLSsNAFJ34rPVVdelmsAiumqQIulAounFZwbSFJpTJ9KYdOnkwMxFL6E8IrvRP3IlbP8Afce2kzcK2HrhwOOde7r3HTziTyrK+jZXVtfWNzdJWeXtnd2+/cnDYknEqKDg05rHo+EQCZxE4iikOnUQACX0ObX90m/vtRxCSxdGDGifghWQQsYBRorTUcYFz9+q63qtUrZo1BV4mdkGqqECzV/lx+zFNQ4gU5UTKrm0lysuIUIxymJTdVEJC6IgMoKtpREKQXja9d4JPtdLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtOo126rZ9+fVxk0RWQkdoxN0hmx0gRroDjWRgyji6Bm9ojfjxXg3PozPWeuKUcwcoTkYX785/Z5f</latexit><latexit sha1_base64="vNnSh2thESoVDM28PeTPJ4QARTo=">AAACE3icbVDLSsNAFJ34rPVVdelmsAiumqQIulAounFZwbSFJpTJ9KYdOnkwMxFL6E8IrvRP3IlbP8Afce2kzcK2HrhwOOde7r3HTziTyrK+jZXVtfWNzdJWeXtnd2+/cnDYknEqKDg05rHo+EQCZxE4iikOnUQACX0ObX90m/vtRxCSxdGDGifghWQQsYBRorTUcYFz9+q63qtUrZo1BV4mdkGqqECzV/lx+zFNQ4gU5UTKrm0lysuIUIxymJTdVEJC6IgMoKtpREKQXja9d4JPtdLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtOo126rZ9+fVxk0RWQkdoxN0hmx0gRroDjWRgyji6Bm9ojfjxXg3PozPWeuKUcwcoTkYX785/Z5f</latexit><latexit sha1_base64="vNnSh2thESoVDM28PeTPJ4QARTo=">AAACE3icbVDLSsNAFJ34rPVVdelmsAiumqQIulAounFZwbSFJpTJ9KYdOnkwMxFL6E8IrvRP3IlbP8Afce2kzcK2HrhwOOde7r3HTziTyrK+jZXVtfWNzdJWeXtnd2+/cnDYknEqKDg05rHo+EQCZxE4iikOnUQACX0ObX90m/vtRxCSxdGDGifghWQQsYBRorTUcYFz9+q63qtUrZo1BV4mdkGqqECzV/lx+zFNQ4gU5UTKrm0lysuIUIxymJTdVEJC6IgMoKtpREKQXja9d4JPtdLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtOo126rZ9+fVxk0RWQkdoxN0hmx0gRroDjWRgyji6Bm9ojfjxXg3PozPWeuKUcwcoTkYX785/Z5f</latexit><latexit sha1_base64="vNnSh2thESoVDM28PeTPJ4QARTo=">AAACE3icbVDLSsNAFJ34rPVVdelmsAiumqQIulAounFZwbSFJpTJ9KYdOnkwMxFL6E8IrvRP3IlbP8Afce2kzcK2HrhwOOde7r3HTziTyrK+jZXVtfWNzdJWeXtnd2+/cnDYknEqKDg05rHo+EQCZxE4iikOnUQACX0ObX90m/vtRxCSxdGDGifghWQQsYBRorTUcYFz9+q63qtUrZo1BV4mdkGqqECzV/lx+zFNQ4gU5UTKrm0lysuIUIxymJTdVEJC6IgMoKtpREKQXja9d4JPtdLHQSx0RQpP1b8TGQmlHIe+7gyJGspFLxf/87qpCi69jEVJqiCis0VByrGKcf487jMBVPGxJoQKpm/FdEgEoUpHNLfFdKSWTMEkMzlR8GSKPOaJDspejGWZtOo126rZ9+fVxk0RWQkdoxN0hmx0gRroDjWRgyji6Bm9ojfjxXg3PozPWeuKUcwcoTkYX785/Z5f</latexit>

`=3
<latexit sha1_base64="xAnfXKBknJY/53R4lG+wn+uucaM=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQq6EKh6MZlBWMLTSiT6U07dPJgZiKW0J8QXOmfuBO3foA/4tpJm4VtPXDhcM693HuPn3AmlWV9G6Wl5ZXVtfJ6ZWNza3unurv3IONUUHBozGPR9okEziJwFFMc2okAEvocWv7wJvdbjyAki6N7NUrAC0k/YgGjRGmp7QLn7uXVabdas+rWBHiR2AWpoQLNbvXH7cU0DSFSlBMpO7aVKC8jQjHKYVxxUwkJoUPSh46mEQlBetnk3jE+0koPB7HQFSk8Uf9OZCSUchT6ujMkaiDnvVz8z+ukKrjwMhYlqYKIThcFKccqxvnzuMcEUMVHmhAqmL4V0wERhCod0cwW05FaMgWTzOREwZMp8pjHOih7PpZF8nBSt626fXdWa1wXkZXRATpEx8hG56iBblETOYgijp7RK3ozXox348P4nLaWjGJmH83A+PoFO6WeYA==</latexit><latexit sha1_base64="xAnfXKBknJY/53R4lG+wn+uucaM=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQq6EKh6MZlBWMLTSiT6U07dPJgZiKW0J8QXOmfuBO3foA/4tpJm4VtPXDhcM693HuPn3AmlWV9G6Wl5ZXVtfJ6ZWNza3unurv3IONUUHBozGPR9okEziJwFFMc2okAEvocWv7wJvdbjyAki6N7NUrAC0k/YgGjRGmp7QLn7uXVabdas+rWBHiR2AWpoQLNbvXH7cU0DSFSlBMpO7aVKC8jQjHKYVxxUwkJoUPSh46mEQlBetnk3jE+0koPB7HQFSk8Uf9OZCSUchT6ujMkaiDnvVz8z+ukKrjwMhYlqYKIThcFKccqxvnzuMcEUMVHmhAqmL4V0wERhCod0cwW05FaMgWTzOREwZMp8pjHOih7PpZF8nBSt626fXdWa1wXkZXRATpEx8hG56iBblETOYgijp7RK3ozXox348P4nLaWjGJmH83A+PoFO6WeYA==</latexit><latexit sha1_base64="xAnfXKBknJY/53R4lG+wn+uucaM=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQq6EKh6MZlBWMLTSiT6U07dPJgZiKW0J8QXOmfuBO3foA/4tpJm4VtPXDhcM693HuPn3AmlWV9G6Wl5ZXVtfJ6ZWNza3unurv3IONUUHBozGPR9okEziJwFFMc2okAEvocWv7wJvdbjyAki6N7NUrAC0k/YgGjRGmp7QLn7uXVabdas+rWBHiR2AWpoQLNbvXH7cU0DSFSlBMpO7aVKC8jQjHKYVxxUwkJoUPSh46mEQlBetnk3jE+0koPB7HQFSk8Uf9OZCSUchT6ujMkaiDnvVz8z+ukKrjwMhYlqYKIThcFKccqxvnzuMcEUMVHmhAqmL4V0wERhCod0cwW05FaMgWTzOREwZMp8pjHOih7PpZF8nBSt626fXdWa1wXkZXRATpEx8hG56iBblETOYgijp7RK3ozXox348P4nLaWjGJmH83A+PoFO6WeYA==</latexit><latexit sha1_base64="xAnfXKBknJY/53R4lG+wn+uucaM=">AAACE3icbVDLSsNAFJ3UV62vqks3g0Vw1SQq6EKh6MZlBWMLTSiT6U07dPJgZiKW0J8QXOmfuBO3foA/4tpJm4VtPXDhcM693HuPn3AmlWV9G6Wl5ZXVtfJ6ZWNza3unurv3IONUUHBozGPR9okEziJwFFMc2okAEvocWv7wJvdbjyAki6N7NUrAC0k/YgGjRGmp7QLn7uXVabdas+rWBHiR2AWpoQLNbvXH7cU0DSFSlBMpO7aVKC8jQjHKYVxxUwkJoUPSh46mEQlBetnk3jE+0koPB7HQFSk8Uf9OZCSUchT6ujMkaiDnvVz8z+ukKrjwMhYlqYKIThcFKccqxvnzuMcEUMVHmhAqmL4V0wERhCod0cwW05FaMgWTzOREwZMp8pjHOih7PpZF8nBSt626fXdWa1wXkZXRATpEx8hG56iBblETOYgijp7RK3ozXox348P4nLaWjGJmH83A+PoFO6WeYA==</latexit>

z }| {
<latexit sha1_base64="Ky83DCG08ZfdvXK/GAGwCr0FSS8=">AAACKHicbZBPS8MwGMZT/875r+pxl+IQPK3tEPQ48OJxgt0GWxlp9nYLS9OSpOIoE/w0gif9Jt5kVz+EZ9OtB7f5QODhed7wJr8gYVQqx5kZG5tb2zu7pb3y/sHh0bF5ctqScSoIeCRmsegEWAKjHDxFFYNOIgBHAYN2ML7N+/YjCElj/qAmCfgRHnIaUoKVjvpmpRfrOhCYQPa8rGnfrDo1Zy5r3biFqaJCzb750xvEJI2AK8KwlF3XSZSfYaEoYTAt91IJCSZjPISuthxHIP1s/ompdaGTgRXGQh+urHn690aGIyknUaAnI6xGcrXLw/+6bqrCGz+jPEkVcLJYFKbMUrGVE7EGVABRbKINJoLqt1pkhDURpbktbbE9qSNbUElthhU82SJnn4NyV7Gsm1a95jo19/6q2qgXyEqogs7RJXLRNWqgO9REHiLoBb2id/RhvBmfxpcxW4xuGMWdM7Qk4/sXROWpDQ==</latexit><latexit sha1_base64="Ky83DCG08ZfdvXK/GAGwCr0FSS8=">AAACKHicbZBPS8MwGMZT/875r+pxl+IQPK3tEPQ48OJxgt0GWxlp9nYLS9OSpOIoE/w0gif9Jt5kVz+EZ9OtB7f5QODhed7wJr8gYVQqx5kZG5tb2zu7pb3y/sHh0bF5ctqScSoIeCRmsegEWAKjHDxFFYNOIgBHAYN2ML7N+/YjCElj/qAmCfgRHnIaUoKVjvpmpRfrOhCYQPa8rGnfrDo1Zy5r3biFqaJCzb750xvEJI2AK8KwlF3XSZSfYaEoYTAt91IJCSZjPISuthxHIP1s/ompdaGTgRXGQh+urHn690aGIyknUaAnI6xGcrXLw/+6bqrCGz+jPEkVcLJYFKbMUrGVE7EGVABRbKINJoLqt1pkhDURpbktbbE9qSNbUElthhU82SJnn4NyV7Gsm1a95jo19/6q2qgXyEqogs7RJXLRNWqgO9REHiLoBb2id/RhvBmfxpcxW4xuGMWdM7Qk4/sXROWpDQ==</latexit><latexit sha1_base64="Ky83DCG08ZfdvXK/GAGwCr0FSS8=">AAACKHicbZBPS8MwGMZT/875r+pxl+IQPK3tEPQ48OJxgt0GWxlp9nYLS9OSpOIoE/w0gif9Jt5kVz+EZ9OtB7f5QODhed7wJr8gYVQqx5kZG5tb2zu7pb3y/sHh0bF5ctqScSoIeCRmsegEWAKjHDxFFYNOIgBHAYN2ML7N+/YjCElj/qAmCfgRHnIaUoKVjvpmpRfrOhCYQPa8rGnfrDo1Zy5r3biFqaJCzb750xvEJI2AK8KwlF3XSZSfYaEoYTAt91IJCSZjPISuthxHIP1s/ompdaGTgRXGQh+urHn690aGIyknUaAnI6xGcrXLw/+6bqrCGz+jPEkVcLJYFKbMUrGVE7EGVABRbKINJoLqt1pkhDURpbktbbE9qSNbUElthhU82SJnn4NyV7Gsm1a95jo19/6q2qgXyEqogs7RJXLRNWqgO9REHiLoBb2id/RhvBmfxpcxW4xuGMWdM7Qk4/sXROWpDQ==</latexit><latexit sha1_base64="Ky83DCG08ZfdvXK/GAGwCr0FSS8=">AAACKHicbZBPS8MwGMZT/875r+pxl+IQPK3tEPQ48OJxgt0GWxlp9nYLS9OSpOIoE/w0gif9Jt5kVz+EZ9OtB7f5QODhed7wJr8gYVQqx5kZG5tb2zu7pb3y/sHh0bF5ctqScSoIeCRmsegEWAKjHDxFFYNOIgBHAYN2ML7N+/YjCElj/qAmCfgRHnIaUoKVjvpmpRfrOhCYQPa8rGnfrDo1Zy5r3biFqaJCzb750xvEJI2AK8KwlF3XSZSfYaEoYTAt91IJCSZjPISuthxHIP1s/ompdaGTgRXGQh+urHn690aGIyknUaAnI6xGcrXLw/+6bqrCGz+jPEkVcLJYFKbMUrGVE7EGVABRbKINJoLqt1pkhDURpbktbbE9qSNbUElthhU82SJnn4NyV7Gsm1a95jo19/6q2qgXyEqogs7RJXLRNWqgO9REHiLoBb2id/RhvBmfxpcxW4xuGMWdM7Qk4/sXROWpDQ==</latexit>

F
<latexit sha1_base64="UsfLtOXyb8pZL9RRVCo89wgdimU=">AAACDHicbVBNS8NAEN3Ur1q/qh69BIvgqUmqoMeiIB5bMG2hDWWznbRLN5uwuxFL6C8QPOk/8SZe/Q/+Ec9u2hxs64OBx3szzMzzY0alsu1vo7C2vrG5Vdwu7ezu7R+UD49aMkoEAZdELBIdH0tglIOrqGLQiQXg0GfQ9se3md9+BCFpxB/UJAYvxENOA0qw0lLzrl+u2FV7BnOVODmpoByNfvmnN4hIEgJXhGEpu44dKy/FQlHCYFrqJRJiTMZ4CF1NOQ5Beuns0Kl5ppWBGURCF1fmTP07keJQykno684Qq5Fc9jLxP6+bqODaSymPEwWczBcFCTNVZGZfmwMqgCg20QQTQfWtJhlhgYnS2SxssVypJUtQSS2GFTxZIst3qoNylmNZJa1a1bmo1pqXlfpNHlkRnaBTdI4cdIXq6B41kIsIAvSMXtGb8WK8Gx/G57y1YOQzx2gBxtcvSBebww==</latexit>

F 0
1

<latexit sha1_base64="JoCdDhosBfbldO1FfcT6muuA3EI=">AAACEHicbVBNS8NAEN3Ur1q/qh69LBbBU5NUQY8FQTxWMK3QxrLZTtqlm03Y3Yil9DcInvSfeBOv/gP/iGc3bQ629cHA470ZZuYFCWdKO863VVhZXVvfKG6WtrZ3dvfK+wdNFaeSgkdjHsv7gCjgTICnmeZwn0ggUcChFQyvMr/1CFKxWNzpUQJ+RPqChYwSbSTv+sHput1yxak6U+Bl4uakgnI0uuWfTi+maQRCU06UartOov0xkZpRDpNSJ1WQEDokfWgbKkgEyh9Pj53gE6P0cBhLU0Ljqfp3YkwipUZRYDojogdq0cvE/7x2qsNLf8xEkmoQdLYoTDnWMc4+xz0mgWo+MoRQycytmA6IJFSbfOa22J4yki2ZYjYnGp5smWU8MUG5i7Esk2at6p5Va7fnlXotj6yIjtAxOkUuukB1dIMayEMUMfSMXtGb9WK9Wx/W56y1YOUzh2gO1tcvtDKc+Q==</latexit>

F 0
2

<latexit sha1_base64="kdt31cUDgHkWuzWe0c1leAV1bAo=">AAACEHicbVDLSgNBEOyNrxhfUY9eBoPgKftQ0GNAEI8R3ERI1jA7mU2GzD6YmRXDkm8QPOmfeBOv/oE/4tnZZA8msaChqOqmu8tPOJPKsr6N0srq2vpGebOytb2zu1fdP2jJOBWEuiTmsbj3saScRdRVTHF6nwiKQ5/Ttj+6yv32IxWSxdGdGifUC/EgYgEjWGnJvX6wek6vWrPq1hRomdgFqUGBZq/60+3HJA1ppAjHUnZsK1FehoVihNNJpZtKmmAywgPa0TTCIZVeNj12gk600kdBLHRFCk3VvxMZDqUch77uDLEaykUvF//zOqkKLr2MRUmqaERmi4KUIxWj/HPUZ4ISxceaYCKYvhWRIRaYKJ3P3BbTlVoyBZPM5FjRJ1PkGU90UPZiLMuk5dTts7pze15rOEVkZTiCYzgFGy6gATfQBBcIMHiGV3gzXox348P4nLWWjGLmEOZgfP0Ctdqc+g==</latexit>

F 0
3

<latexit sha1_base64="rHslixLJBANGQZAcJVGqXFDUHLs=">AAACEHicbVBNS8NAEN3Ur1q/qh69BIvgqUlaQY8FQTxWMG2hjWWz3bRLN5uwOxFL6G8QPOk/8SZe/Qf+Ec9u2hxs64OBx3szzMzzY84U2Pa3UVhb39jcKm6Xdnb39g/Kh0ctFSWSUJdEPJIdHyvKmaAuMOC0E0uKQ5/Ttj++zvz2I5WKReIeJjH1QjwULGAEg5bcmwe7X++XK3bVnsFcJU5OKihHs1/+6Q0ikoRUAOFYqa5jx+ClWAIjnE5LvUTRGJMxHtKupgKHVHnp7NipeaaVgRlEUpcAc6b+nUhxqNQk9HVniGGklr1M/M/rJhBceSkTcQJUkPmiIOEmRGb2uTlgkhLgE00wkUzfapIRlpiAzmdhi+UqLVmSKWZxDPTJklnGUx2UsxzLKmnVqk69Wru7qDRqeWRFdIJO0Tly0CVqoFvURC4iiKFn9IrejBfj3fgwPuetBSOfOUYLML5+AbeCnPs=</latexit>

F 1
1

<latexit sha1_base64="CU2EbVHuq9vtpaHwm8kxb0gkzfw=">AAACEHicbVBNS8NAEN3Ur1q/qh69LBbBU5NUQY8FQTxWMK3QxrLZbtqlm03YnYil9DcInvSfeBOv/gP/iGc3bQ629cHA470ZZuYFieAaHOfbKqysrq1vFDdLW9s7u3vl/YOmjlNFmUdjEav7gGgmuGQecBDsPlGMRIFgrWB4lfmtR6Y0j+UdjBLmR6QvecgpASN51w9u1+2WK07VmQIvEzcnFZSj0S3/dHoxTSMmgQqiddt1EvDHRAGngk1KnVSzhNAh6bO2oZJETPvj6bETfGKUHg5jZUoCnqp/J8Yk0noUBaYzIjDQi14m/ue1Uwgv/TGXSQpM0tmiMBUYYpx9jntcMQpiZAihiptbMR0QRSiYfOa22J42kq245rYgwJ5slWU8MUG5i7Esk2at6p5Va7fnlXotj6yIjtAxOkUuukB1dIMayEMUcfSMXtGb9WK9Wx/W56y1YOUzh2gO1tcvtdyc+g==</latexit>

F 1
2

<latexit sha1_base64="490l+zAM8pFKMKbY+JxqeuaIBCU=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoPgKftQ0GNAEI8R3ERI1jA76U2GzD6YmRXDkm8QPOmfeBOv/oE/4tnZZA8msaChqOqmu8tPOJPKsr6N0srq2vpGebOytb2zu1fdP2jJOBUUXBrzWNz7RAJnEbiKKQ73iQAS+hza/ugq99uPICSLozs1TsALySBiAaNEacm9frB7Tq9as+rWFHiZ2AWpoQLNXvWn249pGkKkKCdSdmwrUV5GhGKUw6TSTSUkhI7IADqaRiQE6WXTYyf4RCt9HMRCV6TwVP07kZFQynHo686QqKFc9HLxP6+TquDSy1iUpAoiOlsUpByrGOef4z4TQBUfa0KoYPpWTIdEEKp0PnNbTFdqyRRMMpMTBU+myDOe6KDsxViWScup22d15/a81nCKyMroCB2jU2SjC9RAN6iJXEQRQ8/oFb0ZL8a78WF8zlpLRjFziOZgfP0Ct4Sc+w==</latexit>

F 1
3

<latexit sha1_base64="WCns1V5E+eVjWBY3uszjJjTbn6w=">AAACEHicbVBNS8NAEN3Ur1q/qh69BIvgqUlaQY8FQTxWMG2hjWWz3bRLN5uwOxFL6G8QPOk/8SZe/Qf+Ec9u2hxs64OBx3szzMzzY84U2Pa3UVhb39jcKm6Xdnb39g/Kh0ctFSWSUJdEPJIdHyvKmaAuMOC0E0uKQ5/Ttj++zvz2I5WKReIeJjH1QjwULGAEg5bcmwenX++XK3bVnsFcJU5OKihHs1/+6Q0ikoRUAOFYqa5jx+ClWAIjnE5LvUTRGJMxHtKupgKHVHnp7NipeaaVgRlEUpcAc6b+nUhxqNQk9HVniGGklr1M/M/rJhBceSkTcQJUkPmiIOEmRGb2uTlgkhLgE00wkUzfapIRlpiAzmdhi+UqLVmSKWZxDPTJklnGUx2UsxzLKmnVqk69Wru7qDRqeWRFdIJO0Tly0CVqoFvURC4iiKFn9IrejBfj3fgwPuetBSOfOUYLML5+AbksnPw=</latexit>

F 1
4

<latexit sha1_base64="63SkUuguBeKiapPsvhtW2VGREKI=">AAACEHicbVDLSsNAFL2pr1pfVZduBovgqklqQZcFQVxWMG2hjWUynbRDJw9mJmIJ/QbBlf6JO3HrH/gjrp20WdjWAxcO59zLvfd4MWdSWda3UVhb39jcKm6Xdnb39g/Kh0ctGSWCUIdEPBIdD0vKWUgdxRSnnVhQHHictr3xdea3H6mQLArv1SSmboCHIfMZwUpLzs2D3a/3yxWras2AVomdkwrkaPbLP71BRJKAhopwLGXXtmLlplgoRjidlnqJpDEmYzykXU1DHFDpprNjp+hMKwPkR0JXqNBM/TuR4kDKSeDpzgCrkVz2MvE/r5so/8pNWRgnioZkvshPOFIRyj5HAyYoUXyiCSaC6VsRGWGBidL5LGwxHaklUzDJTI4VfTJFlvFUB2Uvx7JKWrWqfVGt3dUrjVoeWRFO4BTOwYZLaMAtNMEBAgye4RXejBfj3fgwPuetBSOfOYYFGF+/utSc/Q==</latexit>

F 2
1

<latexit sha1_base64="+bgZkfsrFOpGJxcdD1GvkFzX8io=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoPgKftQ0GNAEI8R3ERI1jA76U2GzD6YmRXDkm8QPOmfeBOv/oE/4tnZZA8msaChqOqmu8tPOJPKsr6N0srq2vpGebOytb2zu1fdP2jJOBUUXBrzWNz7RAJnEbiKKQ73iQAS+hza/ugq99uPICSLozs1TsALySBiAaNEacm9fnB6dq9as+rWFHiZ2AWpoQLNXvWn249pGkKkKCdSdmwrUV5GhGKUw6TSTSUkhI7IADqaRiQE6WXTYyf4RCt9HMRCV6TwVP07kZFQynHo686QqKFc9HLxP6+TquDSy1iUpAoiOlsUpByrGOef4z4TQBUfa0KoYPpWTIdEEKp0PnNbTFdqyRRMMpMTBU+myDOe6KDsxViWScup22d15/a81nCKyMroCB2jU2SjC9RAN6iJXEQRQ8/oFb0ZL8a78WF8zlpLRjFziOZgfP0Ct4ac+w==</latexit>

F 2
2

<latexit sha1_base64="C6UfKYXwLD/3HgniSWgPrhSW+Zc=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoPgKftQ0GNAEI8R3ERI1jA76U2GzD6YmRXDkm8QPOmfeBOv/oE/4tnZZA8msaChqOqmu8tPOJPKsr6N0srq2vpGebOytb2zu1fdP2jJOBUUXBrzWNz7RAJnEbiKKQ73iQAS+hza/ugq99uPICSLozs1TsALySBiAaNEacm9fnB6Tq9as+rWFHiZ2AWpoQLNXvWn249pGkKkKCdSdmwrUV5GhGKUw6TSTSUkhI7IADqaRiQE6WXTYyf4RCt9HMRCV6TwVP07kZFQynHo686QqKFc9HLxP6+TquDSy1iUpAoiOlsUpByrGOef4z4TQBUfa0KoYPpWTIdEEKp0PnNbTFdqyRRMMpMTBU+myDOe6KDsxViWScup22d15/a81nCKyMroCB2jU2SjC9RAN6iJXEQRQ8/oFb0ZL8a78WF8zlpLRjFziOZgfP0CuS6c/A==</latexit>

F 2
3

<latexit sha1_base64="5DJ00HVjnFd5mcj1OIs1iRU+5lc=">AAACEHicbVBNS8NAEN3Ur1q/qh69BIvgqUlaQY8FQTxWMG2hjWWz3bRLN5uwOxFL6G8QPOk/8SZe/Qf+Ec9u2hxs64OBx3szzMzzY84U2Pa3UVhb39jcKm6Xdnb39g/Kh0ctFSWSUJdEPJIdHyvKmaAuMOC0E0uKQ5/Ttj++zvz2I5WKReIeJjH1QjwULGAEg5bcm4dav94vV+yqPYO5SpycVFCOZr/80xtEJAmpAMKxUl3HjsFLsQRGOJ2WeomiMSZjPKRdTQUOqfLS2bFT80wrAzOIpC4B5kz9O5HiUKlJ6OvOEMNILXuZ+J/XTSC48lIm4gSoIPNFQcJNiMzsc3PAJCXAJ5pgIpm+1SQjLDEBnc/CFstVWrIkU8ziGOiTJbOMpzooZzmWVdKqVZ16tXZ3UWnU8siK6ASdonPkoEvUQLeoiVxEEEPP6BW9GS/Gu/FhfM5bC0Y+c4wWYHz9ArrWnP0=</latexit>

F 3
1

<latexit sha1_base64="HMv0QloxhK6VGU8Nm9E9Sx/mhTc=">AAACEHicbVBNS8NAEN3Ur1q/qh69BIvgqUlaQY8FQTxWMG2hjWWz3bRLN5uwOxFL6G8QPOk/8SZe/Qf+Ec9u2hxs64OBx3szzMzzY84U2Pa3UVhb39jcKm6Xdnb39g/Kh0ctFSWSUJdEPJIdHyvKmaAuMOC0E0uKQ5/Ttj++zvz2I5WKReIeJjH1QjwULGAEg5bcm4d63+mXK3bVnsFcJU5OKihHs1/+6Q0ikoRUAOFYqa5jx+ClWAIjnE5LvUTRGJMxHtKupgKHVHnp7NipeaaVgRlEUpcAc6b+nUhxqNQk9HVniGGklr1M/M/rJhBceSkTcQJUkPmiIOEmRGb2uTlgkhLgE00wkUzfapIRlpiAzmdhi+UqLVmSKWZxDPTJklnGUx2UsxzLKmnVqk69Wru7qDRqeWRFdIJO0Tly0CVqoFvURC4iiKFn9IrejBfj3fgwPuetBSOfOUYLML5+AbkwnPw=</latexit>



Group equivariant neural networks (Cohen & Welling, 2016)

Intertwiners between induced representations (Cohen, Geiger & Weiler, 2018)

Steerable CNNs (Cohen & Welling, 2017)

Harmonic networks: deep translation and rotation equivariance (Worrall, 
Garbin, Turmukhanbetov & Brostow, 2016)

3D steerable neural networks (Weiler, Geiger, Wellig, Boomsma & Cohen, 2018)

Gauge equivariant neural networks (Cohen, Weiler, Kicanaoglu, Welling, 2019)

N-body networks (K, 2018)

On the generalization of convolution and equivariance (K & Trivedi, 2018)

Tensor field networks (Thomas, Smidt, Kearns, Yang, Li Kohlhoff & 
Riley, 2018)

Cormorant (Anderson, Hy & K, 2019)



1. Convolution

2. Linear part

3. Nonlinear part

4. Dirty Details

5. Cormorant



1.  Convolution



f0

f1

f2

Convolution

Filter at layer 
<̀latexit sha1_base64="AGT6dfSmVgSdL1tTuKh1dt0c4NU=">AAACF3icdVDLSsNAFJ3UV62vqks3wSK4ahIRdFnsxmUF0xbaUCbTm3boPMLMRCyhv+BW/Rp34talPyMmbYXWx4ELh3Pu5d57wphRbVz3wyqsrK6tbxQ3S1vbO7t75f2DppaJIuATyaRqh1gDowJ8Qw2DdqwA85BBKxzVc791B0pTKW7NOIaA44GgESXY5FIXGOuVK17VncJ2f5Fvq4LmaPTKn92+JAkHYQjDWnc8NzZBipWhhMGk1E00xJiM8AA6GRWYgw7S6a0T+yRT+nYkVVbC2FN1cSLFXOsxD7NOjs1Q//Ry8S+vk5joMkipiBMDgswWRQmzjbTzx+0+VUAMG2cEE0WzW20yxAoTk8WztMXxdSY5imrq1CXnUjgMG7h3VJ70pLQY2P+keVb13Kp3c16pXc2jK6IjdIxOkYcuUA1dowbyEUFD9IAe0ZP1bL1Yr9bbrLVgzWcO0RKs9y+t5qAD</latexit><latexit sha1_base64="AGT6dfSmVgSdL1tTuKh1dt0c4NU=">AAACF3icdVDLSsNAFJ3UV62vqks3wSK4ahIRdFnsxmUF0xbaUCbTm3boPMLMRCyhv+BW/Rp34talPyMmbYXWx4ELh3Pu5d57wphRbVz3wyqsrK6tbxQ3S1vbO7t75f2DppaJIuATyaRqh1gDowJ8Qw2DdqwA85BBKxzVc791B0pTKW7NOIaA44GgESXY5FIXGOuVK17VncJ2f5Fvq4LmaPTKn92+JAkHYQjDWnc8NzZBipWhhMGk1E00xJiM8AA6GRWYgw7S6a0T+yRT+nYkVVbC2FN1cSLFXOsxD7NOjs1Q//Ry8S+vk5joMkipiBMDgswWRQmzjbTzx+0+VUAMG2cEE0WzW20yxAoTk8WztMXxdSY5imrq1CXnUjgMG7h3VJ70pLQY2P+keVb13Kp3c16pXc2jK6IjdIxOkYcuUA1dowbyEUFD9IAe0ZP1bL1Yr9bbrLVgzWcO0RKs9y+t5qAD</latexit><latexit sha1_base64="AGT6dfSmVgSdL1tTuKh1dt0c4NU=">AAACF3icdVDLSsNAFJ3UV62vqks3wSK4ahIRdFnsxmUF0xbaUCbTm3boPMLMRCyhv+BW/Rp34talPyMmbYXWx4ELh3Pu5d57wphRbVz3wyqsrK6tbxQ3S1vbO7t75f2DppaJIuATyaRqh1gDowJ8Qw2DdqwA85BBKxzVc791B0pTKW7NOIaA44GgESXY5FIXGOuVK17VncJ2f5Fvq4LmaPTKn92+JAkHYQjDWnc8NzZBipWhhMGk1E00xJiM8AA6GRWYgw7S6a0T+yRT+nYkVVbC2FN1cSLFXOsxD7NOjs1Q//Ry8S+vk5joMkipiBMDgswWRQmzjbTzx+0+VUAMG2cEE0WzW20yxAoTk8WztMXxdSY5imrq1CXnUjgMG7h3VJ70pLQY2P+keVb13Kp3c16pXc2jK6IjdIxOkYcuUA1dowbyEUFD9IAe0ZP1bL1Yr9bbrLVgzWcO0RKs9y+t5qAD</latexit><latexit sha1_base64="AGT6dfSmVgSdL1tTuKh1dt0c4NU=">AAACF3icdVDLSsNAFJ3UV62vqks3wSK4ahIRdFnsxmUF0xbaUCbTm3boPMLMRCyhv+BW/Rp34talPyMmbYXWx4ELh3Pu5d57wphRbVz3wyqsrK6tbxQ3S1vbO7t75f2DppaJIuATyaRqh1gDowJ8Qw2DdqwA85BBKxzVc791B0pTKW7NOIaA44GgESXY5FIXGOuVK17VncJ2f5Fvq4LmaPTKn92+JAkHYQjDWnc8NzZBipWhhMGk1E00xJiM8AA6GRWYgw7S6a0T+yRT+nYkVVbC2FN1cSLFXOsxD7NOjs1Q//Ry8S+vk5joMkipiBMDgswWRQmzjbTzx+0+VUAMG2cEE0WzW20yxAoTk8WztMXxdSY5imrq1CXnUjgMG7h3VJ70pLQY2P+keVb13Kp3c16pXc2jK6IjdIxOkYcuUA1dowbyEUFD9IAe0ZP1bL1Yr9bbrLVgzWcO0RKs9y+t5qAD</latexit>

(f ⇤ g)(x) =
X

y2Z2

f(x� y) g(y)

<latexit sha1_base64="Xzo2Fk2Ht6wdDEL9ZoNdiqtzASw="></latexit>



Multiscale structure

f0
<latexit sha1_base64="ONCJ7ya5cph02irI4Nlu+rOesek=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDv/42R</latexit>

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

f2
<latexit sha1_base64="iT5im37nEEceY8JEjDik/YVPFZs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHzB42T</latexit>



Multiscale structure

f0
<latexit sha1_base64="ONCJ7ya5cph02irI4Nlu+rOesek=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDv/42R</latexit>

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

f2
<latexit sha1_base64="iT5im37nEEceY8JEjDik/YVPFZs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHzB42T</latexit>



Multiscale structure

f0
<latexit sha1_base64="ONCJ7ya5cph02irI4Nlu+rOesek=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDv/42R</latexit>

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

f2
<latexit sha1_base64="iT5im37nEEceY8JEjDik/YVPFZs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHzB42T</latexit>



Multiscale structure

f0
<latexit sha1_base64="ONCJ7ya5cph02irI4Nlu+rOesek=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDv/42R</latexit>

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

f2
<latexit sha1_base64="iT5im37nEEceY8JEjDik/YVPFZs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHzB42T</latexit>

Receptive domain 
(effective receptive field)



Equivariance (covariance)

f0
<latexit sha1_base64="ONCJ7ya5cph02irI4Nlu+rOesek=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDv/42R</latexit>

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

f2
<latexit sha1_base64="iT5im37nEEceY8JEjDik/YVPFZs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHzB42T</latexit>

[Cohen & Welling:  Group equivariant CNNs (ICML 2016)]



Equivariance (covariance)

f0
<latexit sha1_base64="ONCJ7ya5cph02irI4Nlu+rOesek=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDv/42R</latexit>

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

f2
<latexit sha1_base64="iT5im37nEEceY8JEjDik/YVPFZs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHzB42T</latexit>

[Cohen & Welling:  Steerable CNNs (ICLR 2017)]



2.  The linear part (on groups)



1. Our function lives on a space X
<latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit>

f : X ! C
<latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit>

X
<latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit>

2. We have a group      acting on G
<latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit>

x 7! Tg(x)
<latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit>

3. This induces an action on functions 

f

Tg7�! f

0
f

0(x) = f(T�1
g (x))

<latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit>

Tg
<latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit>

x

<latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit>



f

0(x) = f(x� t) t2R2
<latexit sha1_base64="QWOtxMoR7xCTfncGIaqGwLOJqF0="></latexit>

(f ⇤ g)(u) =
Z

G
f(uv�1) g(v) dµ(v)

<latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit>

f 0(u) = f(t�1u) t2G
<latexit sha1_base64="/MlT+vIf3QKWR+hY/DqoUVG9u5Y="></latexit>

Translation:

(f ⇤ g)(x) =
Z

f(x� y) g(y) dy
<latexit sha1_base64="GtNeFwQKUWByVhqBljLF5m9YPgs="></latexit>

Convolution:

(f 0 ⇤ g)(x) =
Z

f(x� t� y) g(y) dy =
<latexit sha1_base64="kfT7qIRYiieu/+2V/sNKq+FPMsQ="></latexit>

= (f ⇤ g)(x� t)
<latexit sha1_base64="RxRDwj605CUxZcuLQuwUItobsBY=">AAACHHicbZDLSgNBEEV7fMb4SNSlm8YgJAuTmSjoRgi6cRnBPCAZQk+nJ2nS86C7RhKGfIngSv/EnbgV/BHX9iSzMIkXCi63qqjiOKHgCkzz21hb39jc2s7sZHf39g9y+cOjpgoiSVmDBiKQbYcoJrjPGsBBsHYoGfEcwVrO6C7pt56YVDzwH2ESMtsjA5+7nBLQUS+fuym6XaIAD0rF8TmUevmCWTZnwqvGSk0Bpar38j/dfkAjj/lABVGqY5kh2DGRwKlg02w3UiwkdEQGrKOtTzym7Hj2+BSf6aSP3UDq8gHP0r8bMfGUmniOnvQIDNVyLwn/63UicK/tmPthBMyn80NuJDAEOKGA+1wyCmKiDaGS618xHRJJKGhWC1cqDaWjiuSKVwQBNq7IhPdUg7KWsayaZrVsXZSrD5eF2m2KLINO0CkqIgtdoRq6R3XUQBRF6Bm9ojfjxXg3PozP+eiake4cowUZX7/7SaDD</latexit>

Equivariance:



Z

G
f((t�1u)v�1) g(v) dv = (f ⇤ g)(t�1u)

<latexit sha1_base64="rZJbaRPj1RxFgikv1IaCwtE16pM="></latexit>

(f 0 ⇤ g)(u) =
Z

G
f(t�1(uv�1)) g(v) dv =

<latexit sha1_base64="XNhehQbCdt5G60oUYq5bpCEGy+I="></latexit>

f

0(x) = f(x� t) t2R2
<latexit sha1_base64="QWOtxMoR7xCTfncGIaqGwLOJqF0="></latexit>

(f ⇤ g)(u) =
Z

G
f(uv�1) g(v) dµ(v)

<latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit>

f 0(u) = f(t�1u) t2G
<latexit sha1_base64="/MlT+vIf3QKWR+hY/DqoUVG9u5Y="></latexit>

Translation:

(f ⇤ g)(x) =
Z

f(x� y) g(y) dy
<latexit sha1_base64="GtNeFwQKUWByVhqBljLF5m9YPgs="></latexit>

Convolution:

(f 0 ⇤ g)(x) =
Z

f(x� t� y) g(y) dy =
<latexit sha1_base64="kfT7qIRYiieu/+2V/sNKq+FPMsQ="></latexit>

= (f ⇤ g)(x� t)
<latexit sha1_base64="RxRDwj605CUxZcuLQuwUItobsBY=">AAACHHicbZDLSgNBEEV7fMb4SNSlm8YgJAuTmSjoRgi6cRnBPCAZQk+nJ2nS86C7RhKGfIngSv/EnbgV/BHX9iSzMIkXCi63qqjiOKHgCkzz21hb39jc2s7sZHf39g9y+cOjpgoiSVmDBiKQbYcoJrjPGsBBsHYoGfEcwVrO6C7pt56YVDzwH2ESMtsjA5+7nBLQUS+fuym6XaIAD0rF8TmUevmCWTZnwqvGSk0Bpar38j/dfkAjj/lABVGqY5kh2DGRwKlg02w3UiwkdEQGrKOtTzym7Hj2+BSf6aSP3UDq8gHP0r8bMfGUmniOnvQIDNVyLwn/63UicK/tmPthBMyn80NuJDAEOKGA+1wyCmKiDaGS618xHRJJKGhWC1cqDaWjiuSKVwQBNq7IhPdUg7KWsayaZrVsXZSrD5eF2m2KLINO0CkqIgtdoRq6R3XUQBRF6Bm9ojfjxXg3PozP+eiake4cowUZX7/7SaDD</latexit>

Equivariance:



b
f(k) =

Z
f(x) e�ikx

dx

<latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit>

b
f(⇢) =

Z
f(x) ⇢(x) dµ(x)

<latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit>

A representation of     is a functionG
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Fourier transform:



b
f(k) =

Z
f(x) e�ikx

dx
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b
f(⇢) =

Z
f(x) ⇢(x) dµ(x)
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Fourier transform:

[f ⇤ g(k) = bf(k) · bg(k)
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[f ⇤ g(⇢) = bf(⇢) bg(⇢)
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Convolution theorem:

bf 0(k) = e�ikt bf(k)
<latexit sha1_base64="hjy7gmuWyQGTpwury5Y/gYcAUSM="></latexit>

\f 0 ⇤ g(k) = e�ikt [f ⇤ g(k)
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Equivariance:

bf 0(⇢) = ⇢(t) bf(⇢)
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Theorem

A feed-forward neural network is equivariant to the action of a  
compact group      if and only if the linear operation in each 
layer is of the form

G
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[K and Trivedi, 2018]

where     denotes the generalization of convolution to 
homogeneous space of compact groups, defined
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(f ⇤ g)(u) =
Z

G
f"G(uv�1) g"G(v) dµ(v)
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matrix multiplication
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).



3.  The nonlinear part



Pointwise:

h(u) = ReLU(f(u))
<latexit sha1_base64="Rfb+qbnXHB2m++945uygphW78d4=">AAACJXicbZA9SwNBEIb34nf8itoINodBSJrkLgraCKKNhUUUzwSSI+xt5pIlex/szonhOH+NYKX/xE4EK/+FtZuYQo0vLLy8M8PMPl4suELLejdyM7Nz8wuLS/nlldW19cLG5o2KEsnAYZGIZNOjCgQPwUGOApqxBBp4Ahre4GxUb9yCVDwKr3EYgxvQXsh9zijqqFPY7peS8nEb4Q5lkF7BhZOVfB2VO4WiVbHGMqeNPTFFMlG9U/hsdyOWBBAiE1Splm3F6KZUImcCsnw7URBTNqA9aGkb0gCUm45/kJl7OumafiT1C9Ecpz8nUhooNQw83RlQ7Ku/tVH4X62VoH/kpjyME4SQfS/yE2FiZI5wmF0ugaEYakOZ5PpWk/WppAw1tF9bqo7SUVVyxauCamBVOQKfaVD2XyzT5qZWsfcrtcuD4snpBNki2SG7pERsckhOyDmpE4cwck8eyBN5Nh6NF+PVePtuzRmTmS3yS8bHF6c0pMw=</latexit>

h(u� t) = ReLU(f(u� t))
<latexit sha1_base64="uwgmlAGVdTTquJ01S6S6/aztSeI="></latexit>

In Fourier space:

h(u) = (f(u))2
<latexit sha1_base64="rAecJzMCRr6m8gsoPzAdjS3b9XQ=">AAACGHicbZDNTsJAFIWn+If4h7p0M5GYwIa2aKIbE6Ibl5hYIIFKpsMUJkyndWZqJA3PYeJK38SdcevOF3HtFLoQ8CYzOTnn3tybz4sYlcqyvo3cyura+kZ+s7C1vbO7V9w/aMowFpg4OGShaHtIEkY5cRRVjLQjQVDgMdLyRtdp3nokQtKQ36lxRNwADTj1KUZKW+6wHFcuy77+K/e1XrFkVa1pwWVhZ6IEsmr0ij/dfojjgHCFGZKyY1uRchMkFMWMTArdWJII4REakI6WHAVEusn06Ak80U4f+qHQjys4df9OJCiQchx4ujNAaigXs9T8L+vEyr9wE8qjWBGOZ4v8mEEVwpQA7FNBsGJjLRAWVN8K8RAJhJXmNLfFdKS2TEElNRlS5MkUKeuJBmUvYlkWzVrVPq3Wbs9K9asMWR4cgWNQBjY4B3VwAxrAARg8gGfwCt6MF+Pd+DA+Z605I5s5BHNlfP0CZfqfbQ==</latexit>

bh(k) =
Z

k0

bf(k � k0) bf(k0) dk0
<latexit sha1_base64="UPh14ZkK8/4vJLOvXNHsyl/UMqM="></latexit>

Nonlinearities



Sn > Sn�1 > Sn�2 > . . . S1
<latexit sha1_base64="VoAhq0/vBC8c1cbEMcRscBMhzQw=">AAACO3icjZHLSgMxFIYzXmu9VV26CRbBjZ3OKOhKCm5cVrQXaIeSyWTa0ExmSM6IZehb+DSCK30J1+7Era5NL6AVBQ8Efr7/HE7yx08E11AuP1tz8wuLS8u5lfzq2vrGZmFru67jVFFWo7GIVdMnmgkuWQ04CNZMFCORL1jD75+P/MYNU5rH8hoGCfMi0pU85JSAQZ1CqX3l+51MDs+m4tD5kq6RIohB4wlxhp1C0SmVx4X/FkU0rWqn8NEOYppGTAIVROuWU07Ay4gCTgUb5tupZgmhfdJlLSMliZj2svG7hnjfkACHsTJHAh7T7xMZibQeRL7pjAj09E9vBH/zWimEp17GZZICk3SyKEwFhhiPQsIBV4yCGBhBqOLmrpj2iCIUTJQzW+yaNshWXHNbEGC3thp9xz+Dqrsl56jkXh4XK+40shzaRXvoADnoBFXQBaqiGqLoDt2jR/RkPVgv1qv1Nmmds6YzO2imrPdPEgauHw==</latexit>

[Aside: FFTs on groups]

[Healy, Rockmore & Moore, 1996]



Clebsch-Gordan nonlinearities

⇢1(g)⌦ ⇢2(g) = C⇢1,⇢2

hM

⇢

(⇢)M

1

⇢(g)
i
C†

⇢1,⇢2

<latexit sha1_base64="dA6kgQ67FfvP2lpXAQFhuY/MYA8="></latexit>



Clebsch-Gordan nonlinearities

bf1(⇢1)⌦ bf2(⇢2) = C⇢1,⇢2

hM

⇢

(⇢)M

1

bh(⇢)
i
C†

⇢1,⇢2

<latexit sha1_base64="+wLGl/9N4u5/0zrANOZhkNeHLlQ="></latexit>



D`1(↵,�, �)⌦D`2(↵,�, �) = C`1,`2

 `1+`2M

`=|`1�`2|

D`(↵,�, �)

�
C†

`1,`2

<latexit sha1_base64="q6VrVACeExORIqCqv87YL9ixKYI="></latexit>

The SO(3) case







c.f. [Cohen, Geiger, Köhler & Welling, 2018] [Esteves,  
Allen-Blanchette, Makadia, Daniilidis, 2017]



4.  Dirty details



Theory

Implementation

Experiment



FastCG

There are 5 basic types in FastCG:

•Rscalar<TYPE>
•Cscalar<TYPE>
•Ctensor<TYPE>
•SO3part<TYPE>
•SO3vec<TYPE>

SO3part and SO3vec are full fledged arithmetic 
types with a lot of optimization behind them, not 
just collections of tensors.



int main(int argc, char** argv){

  SO3type tau({1,1,1});

  SO3vec<float> v(tau, fill::gaussian);

  cout<<v<<endl;

}

Part l=0:
  [ (-1.23974,-0.407472) ]
Part l=1:
  [ (1.61201,0.399771) (1.3828,0.0523187) (-0.904146,1.87065) ]
Part l=2:
  [ (-1.66043,-0.688081) (0.0757219,1.47339) (0.097221,-0.89237) (-0.228782,1.16493) 
(0.584898,-0.660558) ]



SO3vec<float> u({1,1},fill::gaussian);
SO3vec<float> v({1,1},fill::gaussian);

SO3vecVar<float> w=u+v;
cout<<"w="<<w<<endl;

SO3vecVar<float> cg=CGproduct(u,v);
cout<<"cg="<<cg<<endl;

Part l=0:
  [ (1.77812,1.52962) ]
  [ (-2.21719,1.05355) ]
Part l=1:
  [ (0.506489,-1.85747) (-0.484144,1.06669) (0.758306,-1.35099) ]
  [ (-2.40155,-1.77298) (-2.26004,-1.03835) (2.78843,-2.48396) ]
  [ (-0.343542,2.43316) (-1.40725,-2.10501) (1.38502,-0.431477) ]
Part l=2:
  [ (-0.466953,2.40539) (0.382606,0.453766) (-1.34596,-0.7601) (0.851431,1.82971) (-1.97233,-1.48124) ]



class MyNet: public NeuralNet<SO3vec<float>>{
public:

  MyNet(){

    Input<SO3vec<float>> v1;
    Input<SO3vec<float>> v2;
    SO3vecVar<float> w=v1+v2;

    SO3vecVar<float> u=CGproduct(w,v1+w);

    output[0]=u;

  }

};



class MyNet: public NeuralNet<SO3vec<float>>{
public:

  MyNet(){

    Input<SO3vec<float>> v1;
    Input<SO3vec<float>> v2;
    SO3vecVar<float> w=v1+v2;

    SO3vecVar<float> u=CGproduct(w,v1+w);

    output[0]=u;

  }

};

SO3vec<float> a({2,3},fill::gaussian);
SO3vec<float> b({1,0,1},fill::gaussian);

MyNet<SO3vec<float>> my_net;
cout<<my_net(a,b)<<endl;

SO3vec<float> g({2,6,4,3},fill::gaussian);
auto pack=my_net.backward(g);
cout<<pack[0]<<endl;



GPU friendly storage
Band offsets

Nfragments Part offsets



However, a tensor product of representations is itself a representation of SO(3), therefore, similarly to (3),
w must have a decomposition of the form

w = S
[ L⊕

ℓ=0

τℓ⊕

m=1

wℓ
m

]
, (5)

where each wℓ
m is irreducible. This is called the Clebsch–Gordan decomposition or Clebsch–Gordan

transform. FastCG addresses the problem of efficiently computing this transform. More specifically, it
provides routines for computing the {wℓ

m} irreducible fragments of w from the irreducible fragments of
v1, . . . ,vk:

{{[v1]
ℓ
m}ℓ,m, . . . , {[vk]

ℓ
m}ℓ,m} !−→ {wℓ

m}ℓ,m. (6)

An important special case is when v1 =v2 = . . .=vk =v , i.e., when w is the k’th tensor power

w = v⊗k = v ⊗ v ⊗ . . .⊗ v︸ ︷︷ ︸
k

. (7)

The fact that factors in the product are the same induces symmetries in w that can be exploited computa-
tionally. For this reason, FastCG treats tensor products and tensor powers separately.

Products of vectors consisting of a single fragment

The simplest type of Clebsch–Gordan decomposition occurs when we take the product of two vectors u and
v, each consisting of just a single fragment uℓ1 and vℓ2 . Representation theory tells us that in this case
when we decompose z = u ⊗ v into irreducible fragments, we get exactly one fragment for each value of ℓ
from | ℓ1 − ℓ2 | to ℓ1 + ℓ2:

u⊗ v =
ℓ1+ℓ2⊕

ℓ=|ℓ1−ℓ2|

zℓ. (8)

In this equation and those that follow, to simplify the notation, we leave the S transformation matrix that
appeared in (5) implicit. The actual elements of z can be computed relatively easily from uℓ1 and vℓ2 , since
for this case there are explicit formulae for the elements of S (we will denote the entry of S connecting
[uℓ1 ]i1 [v

ℓ2 ]i2 with [zℓ]i as C(ℓ1, i1, ℓ2, i2 ; ℓ, i).)

Assuming for the sake of example that ℓ1 = ℓ2 = 1, we can depict the Clebsch–Gordan decomposition of
u⊗ v graphically as

u1 ⊗ v1 !→

z0

z1

z2

Note that the multiplicity of each irrep on the right hand side of (8) is one (or zero). Also note that the
dimensionality of the vectors on the two sides of the arrow match up. On the left hand side we have the
product of a 2ℓ1 +1 dimensional vector with a 2ℓ2 +1 dimensional vector, so u ⊗ v is (2ℓ1 +1)(2ℓ2 +1)
dimensional. The dimensionality of the right hand side (assuming without loss of generality that l2 ≤ l1) is

ℓ1+ℓ2∑

ℓ=ℓ1−ℓ2

(2ℓ+ 1) =
((2(ℓ1+ℓ2)+1) + (2(ℓ1−ℓ2)+1)

2
((ℓ1+ℓ2)− (ℓ1−ℓ2)+1) = (2ℓ1+1)(2ℓ2+1).



As a simple example, the product of two vectors u and v, both of type τ = (1, 2) is of the form

u0
1

u1
1 u1

2

⊗
v0
1

v1
1 v1

2

"→

z01

u0
1⊗v0

1

z02

u0
1⊗v1

1

z03

u0
1⊗v1

2

z04

u1
1⊗v0

1

z05

u1
2⊗v1

2

z11

u0
1⊗v1

1

z12

u0
1⊗v1

2

z13

u1
1⊗v0

1

z14

u1
2⊗v0

1

z15

u1
1⊗v1

1

z16

u1
1⊗v1

2

z17

u1
2⊗v1

1

z18

u1
2⊗v1

1

z21

u1
1⊗v1

1

z22

u1
1⊗v1

2

z23

u1
2⊗v1

1

z24

u1
2⊗v1

2

Once again, the dimensionalities match up, since on the left hand side we have (1+ 2×3)× (1+ 2×3) = 49,
while on the right hand side, 5×1 + 8×3 + 4× 5 = 49.

Naturally, in higher order Clebsch–Gordan products, some of the Zℓ
I subparts will be composed of multiple

fragments. For example, taking the product of u,v and w, each of type (1, 1), gives

u0

u1

⊗
v0

v1

⊗
w0

w1

"→

u0⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v0⊗w1 u0⊗v1⊗w0 u1⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u1⊗v1⊗w1

Once again, (1+3)× (1+3)× (1+3) = 64 and (5×1) + (9×3) + (5×5) + (1×7) = 64.



Computation graphs
As discussed in Part 1, higher order CG-product and CG-power computations break down into a sequence of
elementary Clebsch–Gordan transforms. One of the key features of FastCG is that it constructs an explicit
computation graph to represent this. For example, the actual graph used by FastCG to compute the product
of three vectors u,v and w, each of type (1, 1) is the following:

u0 u1 v0 v1 w0 w1

TP0
TP1

TP2
TP3

TP4
TP5

TP6 TP7 TP8

TP9
TP10

TP11
TP12

z0 z1 z2 z3

Here TP0–TP12 are TPnode<TYPE> objects, and each pair of incoming arrows signifies that the values of the
parent nodes are to be combined with an elementary CG transform to yield the appropriate part of the child
node’s value. Each TPnode holds the following information:

◦ A pointer to an SO3part object that holds the value of the node.
◦ A pointer to an SO3part object that holds the gradient at the node if backpropagation is required.
◦ Pointers to each pair of nodes that must be combined to compute the value of the node.

In contrast, the dashed arrows signify that the data matrices of the inputs/outputs are shared with the
TPnode, obviating the expense of explicit copying.



1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0 ,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0 ,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1 ,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1 ,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2 ,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2 ,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.



or, specializing to the case ℓ1 = ℓ2 = ℓ0,

C(ℓ0, i1, ℓ0, i2 ; ℓ, i) = (−1)2l0−ℓ C(ℓ0, i2, ℓ0, i1 ; ℓ, i).

Plugging in to (11), this implies that when 2ℓ0− ℓ is odd, the constribution of any [vℓ0 ]i1 [v
ℓ0 ]i2 term will be

exactly cancelled out by the corresponding [vℓ0 ]i2 [v
ℓ0 ]i1 term. In other words, when 2ℓ0 − ℓ is odd, wℓ =0.

As a simple example, if ℓ0 =1,

v1 ⊗ v1 #→

w0

w1

w2

where the ℓ = 1 has been shaded to show that it vanishes. FastCG’s CGpower function recognizes this
phenomenon and does not compute fragments that are structurally zero in this sense. Hence, the ouput of
a call to CGpower in this case would just be an SO(3)–vector of type (1, 0, 1).

In higher order tensor powers symmetries can also manifest in less obvious forms. Continuing the above
example, consider the third order tensor power v⊗v⊗v (where again v consists of a single ℓ=1 fragment).
Breaking up the product in the form (v⊗v)⊗v and using our above result on the form of v⊗v would seem
to give

v1 ⊗ v1 ⊗ v1 #→

u0

u2

⊗ v1 #→

w1
1 w1

2

w2

w3

u0⊗v1 u2⊗v1

u2⊗v1

u2⊗v1

#→
w̃1

1

w̃3

However, a careful analysis shows that actually (a) the two ℓ=1 components in the result are scalar multiples
of each other and (b) the ℓ= 2 component is structurally zero. Therefore, the correct reduced type of w is
(0, 1, 0, 1).

Finding the symmetries of higher order tensor powers requires determining how the symmetric group acts on
each isotypic part of the product vector. Solving this problem analytically is fairly involved. Instead of an
analytic solution, the CGpower routines in FastCG run a series of empirical tests on random SO(3)–vectors
to find rank deficient SO(3)–parts (both in the final result and in the intermediate stages of the computation)
and reduce them by the appropriate basis transformation. Since this process needs only be carried out once
for tensor powers of a given type, the result and subsequently reused. This strategy considerably accelerates
the computation of high order CG powers.



As a simple example, the product of two vectors u and v, both of type τ = (1, 2) is of the form

u0
1

u1
1 u1

2

⊗
v0
1

v1
1 v1

2

"→

z01

u0
1⊗v0

1

z02

u0
1⊗v1

1

z03

u0
1⊗v1

2

z04

u1
1⊗v0

1

z05

u1
2⊗v1

2

z11

u0
1⊗v1

1

z12

u0
1⊗v1

2

z13

u1
1⊗v0

1

z14

u1
2⊗v0

1

z15

u1
1⊗v1

1

z16

u1
1⊗v1

2

z17

u1
2⊗v1

1

z18

u1
2⊗v1

1

z21

u1
1⊗v1

1

z22

u1
1⊗v1

2

z23

u1
2⊗v1

1

z24

u1
2⊗v1

2

Once again, the dimensionalities match up, since on the left hand side we have (1+ 2×3)× (1+ 2×3) = 49,
while on the right hand side, 5×1 + 8×3 + 4× 5 = 49.

Naturally, in higher order Clebsch–Gordan products, some of the Zℓ
I subparts will be composed of multiple

fragments. For example, taking the product of u,v and w, each of type (1, 1), gives

u0

u1

⊗
v0

v1

⊗
w0

w1

"→

u0⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v0⊗w1 u0⊗v1⊗w0 u1⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u1⊗v1⊗w1

Once again, (1+3)× (1+3)× (1+3) = 64 and (5×1) + (9×3) + (5×5) + (1×7) = 64.



L= (1, 1), S = {}L= (1, 1), S = {(1, 2)}

L= (1, 1, 1), S = {(1, 2)}

L= (1, 1, 1), S = {(2, 3)}

L= (1, 1, 1), S = {(1, 2, 3)}

Figure 2: The compute-graph for computing the symmetrized third order CG-power of an SO(3)-vector of
type (0, 2). SPnodes sharing the same major label L and symmetry label S are grouped together with blue
dashed rectangles.



1 SPprogram TensorPower3 (){
2 Snode0 () () (l=0) (0x1){
3 input (0);
4 }
5 Snode1 () () (l=1) (2x1){
6 input (1);
7 }
8 Snode2 (1,1) () (l=2) (1x1) weave (0){
9 (1 ,1)[0];

10 }
11 Snode3 (1,1) () (l=1) (1x1) weave (0){
12 (1 ,1)[0];
13 }
14 Snode4 (1,1) () (l=0) (1x1) weave (0){
15 (1 ,1)[0];
16 }
17 Snode5 (1,1) ((0 ,1)) (l=2) (2x1) weave (1){
18 (1 ,1)[0];
19 }
20 Snode6 (1,1) ((0 ,1)) (l=0) (2x1) weave (1){
21 (1 ,1)[0];
22 }
23 Snode7 (1,1,1) ((1 ,2)) (l=3) (1x1) weave (2){
24 (1 ,5)[0];
25 }
26 Snode8 (1,1,1) ((1 ,2)) (l=2) (1x1) weave (2){
27 (1 ,5)[0];
28 }
29 Snode9 (1,1,1) ((1 ,2)) (l=1) (1x2) weave (2){
30 (1 ,5)[0];
31 (1 ,6)[1];
32 }
33 Snode10 (1,1,1) ((0 ,1 ,2)) (l=3) (2x1) weave (3){
34 (1 ,5)[0];
35 }
36 Snode11 (1,1,1) ((0 ,1 ,2)) (l=1) (2x2) weave (3){
37 (1 ,5)[0];
38 (1 ,6)[1];
39 }
40 Snode12 (1,1,1) ((0 ,1 ,2)) (l=1) (2x1) Q(0){
41 (11 ,0)[0];
42 }
43 Snode13 (1,1,1) ((0 ,1)) (l=3) (1x1) weave (4){
44 (1 ,2)[0];
45 }
46 Snode14 (1,1,1) ((0 ,1)) (l=2) (1x2) weave (4){
47 (1 ,2)[0];
48 (1 ,3)[1];
49 }
50 Snode15 (1,1,1) ((0 ,1)) (l=2) (1x1) Q(1){
51 (14 ,0)[0];
52 }
53 Snode16 (1,1,1) ((0 ,1)) (l=1) (1x3) weave (4){
54 (1 ,2)[0];
55 (1 ,3)[1];
56 (1 ,4)[2];
57 }
58 Snode17 (1,1,1) ((0 ,1)) (l=1) (1x2) Q(2){
59 (16 ,0)[0];
60 }
61 weave0 ={[0 ,[1 ,2]]};
62 weave1 ={[0 ,[0 ,1]][1 ,[1 ,2]]};
63 weave2 ={[0 ,[1 ,2]]};
64 weave3 ={[0 ,[0 ,1]][1 ,[1 ,2]]};
65 weave4 ={[0 ,[0 ,1]]};
66 Q0=
67 [ ( -0.486 ,0.456) ( -0.544 ,0.510) ]
68 Q1=
69 [ ( -0.454 , -0.210) ( -0.786 , -0.365) ]
70 Q2=
71 [ ( -0.131 , -0.163) ( -0.506 , -0.351) ( -0.584 , -0.486) ]
72 [ (0.179 , -0.713) ( -0.099 ,0.601) (0.114 , -0.276) ]
73 }

Figure 3: The SPprogram for computing the third order SP-power of a vector of type (0, 1).
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Physical interactions

the advantage of using “Fourier space” activations, i.e., expressing the activations of neurons in a39

basis defined by the irreducible representations of the underlying symmetry group (see also [Esteves40

et al., 2017]), and these ideas were later generalized to the entire SE(3) group [Weiler and Welling].41

Kondor and Trivedi [2018] gave a complete characterization of what operations are allowable in42

Fourier space neural networks to preserve covariance, and Cohen et al generalized the framework43

even further to arbitrary gauge fields [Cohen et al., 2019]. There have also been some recent works44

where even the nonlinear part of the neural network’s operation is performed in Fourier space:45

independently of each other [Thomas et al., 2018] and [Anonymous, 2018] were to first to use46

the Clebsch–Gordan transform inside rotationally covariant neural networks for learning physical47

systems, while [Kondor et al., 2018] showed that in spherical CNNs the Clebsch–Gordan transform48

is sufficient to serve as the sole source of nonlinearity.49

The Cormorant neural network architecture proposed in the present paper combines some of the50

insights gained from the various force field and potential learning efforts with the emerging theory51

of Fourier space covariant/equivariant neural networks. The important point that we stress in the52

following pages is that by setting up the network in such a way that each neuron corresponds to53

an actual set of physical atoms, and that each activation is covariant to symmetries (rotation and54

translation), we get a network in which the “laws” that individual neurons learn resemble known55

physical interactions. In addition, amongst algorithms for learning molecular properties that fully56

respect invariances, Cormorant is arguably one of the most general. Our experiments show that this57

generality pays off in terms of performance on standard benchmark datasets.58

2 The nature of physical interactions in molecules59

Ultimately interactions in molecular systems arise from the quantum structure of electron clouds60

around constituent atoms. However, from a chemical point of view, effective atom-atom interactions61

break down into a few simple classes based upon symmetry. Here we review a few of these classes in62

the context of the multipole expansion, whose structure will inform the design of our neural network.63

Scalar interactions. The simplest type of physical interaction is that between two particles that64

are pointlike and have no internal directional degrees of freedom (spin). A classical example is the65

electrostatic attraction/repulsion between two charges described by the Coulomb energy66

VC = − 1

4πϵ0

qAqB
|rAB |

. (1)

Here qA and qB are the charges of the two particles, rA and rB are their position vectors, rAB =67

rA−rB , and ϵ0 is a universal constant. Note that this equation already reflects symmetries: the fact68

that (1) only depends on the length of rAB and not its direction or the position vectors individually69

guarantees that the potential is invariant under both translations and rotations.70

Dipole/dipole interactions. One step up from the scalar case is the interaction between two71

dipoles. In general, the electrostatic dipole moment of a set of N charged particles relative to their72

center of mass r is just the first moment of their position vectors weighted by their charges:73

µ =
N∑

i=1

qi(ri − r).

The dipole/dipole contribution to the electrostatic potential energy between two sets of particles A74

and B separated by a vector rAB is then given by75

Vd/d =
1

4πϵ0

[
µA · µB

|rAB |3
− 3

(µA · rAB)(µB · rAB)

|rAB |5

]
. (2)

One reason why dipole/dipole interactions are indispensible for capturing the energetics of76

molecules is that most chemical bonds are polarized. However, dipole/dipole interactions also occur77

in other contexts, such as the interaction between the magnetic spins of electrons.78

Quadropole/quadropole interactions. One more step up the multipole hierarchy is the interac-79

tion between quadropole moments. In the electrostatic case, the quadropole moment is the second80

2

Monopole:
moments of the charge density (corrected to remove the trace), described by the matrix81

Θ =
N∑

i=1

qi(3rir
⊤
i − |ri|2I).

Quadropole/quadropole interactions appear for example when describing the interaction between82

benzene rings, but the general formula for the corresponding potential is quite complicated. As83

a simplification, [Stone, 1997] only considers the special case when in some coordinate system84

aligned with the structure of A, and at polar angle (θA,φA) relative to the vector rAB connect-85

ing A and B, ΘA can be transformed into a form that is diagonal, with [ΘA]zz = ϑA and86

[ΘA]xx = [ΘA]yy =−ϑA/2. We make a similar assumption about the quadropole moment of B.87

In this case the interaction energy becomes88

Vq/q =
3

4

ϑAϑB

4πϵ0 |rAB |5
[
1− 5 cosθA−5 cos2 θB − 15 cos2 θA cos2 θB+

2(4 cos θAθB − sin θA sin θB cos(φA−φB))2
]
. (3)

Higher order interactions involve moment tensors of order 3,4,5, and so on. One can appreciate that89

the corresponding formulae, especially when considering not just electrostatics but other types of90

interactions as well (dispersion, exchange interaction, etc), quickly become very involved.91

3 Spherical tensors and representation theory92

Fortunately, there is an alternative formalism for expressing molecular interactions, that of spherical93

tensors, which makes the general form of physically allowable interactions more transparent. This94

formalism also forms the basis of the our Cormorant networks described in the next section.95

The key to spherical tensors is understanding how physical quantities transform under rotations.96

Specifically, in our case, under a rotation R:97

q "−→ q µ "−→ Rµ Θ "−→ RΘR⊤ rAB "−→ RrAB .

Flattening Θ into a vector Θ∈R9, its transformation rule can equivalently be written as98

Θ "→ (R⊗R)Θ, showing its similarity to the other three cases. In general, a k’th order Cartesian99

moment tensor T (k) ∈R3×3×...×3 in vector form transforms as T (k) "→ (R⊗R⊗ . . .⊗R)T (k).100

Recall that given a group G, a representation ρ of G is a matrix valued function ρ : G → Cd×d101

obeying ρ(xy) = ρ(x)ρ(y) for any two group elements x, y ∈ G. It is easy to see that R, and102

consequently R ⊗ . . . ⊗R are representations of the three dimensional rotation group SO(3). We103

also know that because SO(3) is a compact group, it has a countable sequence of unitary so-called104

irreducible representations (irreps), and, up to a similarity transformation, any representation can105

be reduced to a direct sum of irreps. In the specific case of SO(3), the irreps are called Wigner106

D-matrices and for any positive integer ℓ = 0, 1, 2, . . . there is a single corresponding irrep Dℓ(R),107

which is a (2ℓ+1) dimensional representation (i.e., as a function, Dℓ : SO(3)→ C(2ℓ+1)×(2ℓ+1)).108

The ℓ=0 irrep is the trivial irrep D0(R) = (1).109

The above imply that there is a fixed unitary transformation matrix C(k) which reduces the k’th110

order rotation operator into a direct sum of irreducible representations:111

R⊗R⊗ . . .⊗R︸ ︷︷ ︸
k

= C(k)
[⊕

ℓ

τℓ⊕

i=1

Dℓ(R)
]
C(k)†.

For our present purposes knowing the actual values of the τℓ multiplicites is not that important,112

except that τk = 1 and that for any ℓ > k, τℓ = 0. What is important is that the vectorized form of113

the Cartesian moment tensor has a corresponding decomposition114

T (k) = C(k)
[⊕

ℓ

τℓ⊕

i=1

Qℓ,i

]
. (4)

This is nice, because using the unitarity of Qℓi , it shows that under rotations the individual Qℓ,i115

components transform independently as Qℓ,i "→ Dℓ(R)Qℓ,i.116

3

Quadropole:

the advantage of using “Fourier space” activations, i.e., expressing the activations of neurons in a39

basis defined by the irreducible representations of the underlying symmetry group (see also [Esteves40

et al., 2017]), and these ideas were later generalized to the entire SE(3) group [Weiler and Welling].41

Kondor and Trivedi [2018] gave a complete characterization of what operations are allowable in42

Fourier space neural networks to preserve covariance, and Cohen et al generalized the framework43

even further to arbitrary gauge fields [Cohen et al., 2019]. There have also been some recent works44

where even the nonlinear part of the neural network’s operation is performed in Fourier space:45

independently of each other [Thomas et al., 2018] and [Anonymous, 2018] were to first to use46

the Clebsch–Gordan transform inside rotationally covariant neural networks for learning physical47

systems, while [Kondor et al., 2018] showed that in spherical CNNs the Clebsch–Gordan transform48

is sufficient to serve as the sole source of nonlinearity.49

The Cormorant neural network architecture proposed in the present paper combines some of the50

insights gained from the various force field and potential learning efforts with the emerging theory51

of Fourier space covariant/equivariant neural networks. The important point that we stress in the52

following pages is that by setting up the network in such a way that each neuron corresponds to53

an actual set of physical atoms, and that each activation is covariant to symmetries (rotation and54

translation), we get a network in which the “laws” that individual neurons learn resemble known55

physical interactions. In addition, amongst algorithms for learning molecular properties that fully56

respect invariances, Cormorant is arguably one of the most general. Our experiments show that this57

generality pays off in terms of performance on standard benchmark datasets.58

2 The nature of physical interactions in molecules59

Ultimately interactions in molecular systems arise from the quantum structure of electron clouds60

around constituent atoms. However, from a chemical point of view, effective atom-atom interactions61

break down into a few simple classes based upon symmetry. Here we review a few of these classes in62

the context of the multipole expansion, whose structure will inform the design of our neural network.63

Scalar interactions. The simplest type of physical interaction is that between two particles that64

are pointlike and have no internal directional degrees of freedom (spin). A classical example is the65

electrostatic attraction/repulsion between two charges described by the Coulomb energy66

VC = − 1

4πϵ0

qAqB
|rAB |

. (1)

Here qA and qB are the charges of the two particles, rA and rB are their position vectors, rAB =67

rA−rB , and ϵ0 is a universal constant. Note that this equation already reflects symmetries: the fact68

that (1) only depends on the length of rAB and not its direction or the position vectors individually69

guarantees that the potential is invariant under both translations and rotations.70

Dipole/dipole interactions. One step up from the scalar case is the interaction between two71

dipoles. In general, the electrostatic dipole moment of a set of N charged particles relative to their72

center of mass r is just the first moment of their position vectors weighted by their charges:73

µ =
N∑

i=1

qi(ri − r).

The dipole/dipole contribution to the electrostatic potential energy between two sets of particles A74

and B separated by a vector rAB is then given by75

Vd/d =
1

4πϵ0

[
µA · µB

|rAB |3
− 3

(µA · rAB)(µB · rAB)

|rAB |5

]
. (2)

One reason why dipole/dipole interactions are indispensible for capturing the energetics of76

molecules is that most chemical bonds are polarized. However, dipole/dipole interactions also occur77

in other contexts, such as the interaction between the magnetic spins of electrons.78

Quadropole/quadropole interactions. One more step up the multipole hierarchy is the interac-79

tion between quadropole moments. In the electrostatic case, the quadropole moment is the second80

2

Dipole:

[Thomas et al: Tensor Field Networks (2018)]
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jj
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the radial filters of [Thomas et al., 2018].
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only contains terms of the form F

j1⌦cgFj2 ,
where j1 6= j2 6= i.

We use the n-atom interactions �(n)
i

to design the CG layers in our Cormorant network. Note that
while these can be structurally identified with n-atom interactions, we encourage the reader to not
take the analogy too far. Each CG layer serves two purposes: (1) to build up a representation for
an atom’s local environment, and (2) to generate interactions between representations. Lower CG
layers likely serve to build up a good representation. Only at higher layers, when the features F

i

are well constructed is it likely that a clear mapping to physical degrees of freedom be possible. We
leave this connection to future work.

4.4 Covariant SO(3)-vector layers

We now focus on the specific implementation of the covariant CG layers acting on the SO(3)-
vector activations F
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. Our network is inspired by the n  3-atom interactions above. In practice,
computational limitations forced us to take only a subset of these operations, in particular:⇣
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This is the basic structure of the CGLayer-s we use in our networks.

4.4.1 Edge networks

Structurally, (11) looks similar to a message passing neural network [Gilmer et al., 2017a]),
where messages are CG-products acting on SO(3)-vector activations. In this framework, the term
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spired by this connection, we generalize our architecture to
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Following this idea, we can allow the edge network to be “self-consistently” updated based upon
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1. We are building a representation of atom i and atoms j ∈ Si in its local environment. We248

therefore use the direct sum when jk = i, and a normal sum otherwise.249

2. The form of Υ(n)
jj′ can be different for each n, and is constrained by symmetry, and unless250

otherwise noted we chose Υjj = 1.251

3. If we require Υ(n)
jj′ depend only on the relative position rjj′ = rj − rj′ for j ̸= j′, then Υ(n)

jj′252

must be constructed only from linear combinations of tensor powers of rjj′ . A decomposition of253 ⊕
k r

⊗k
jj′ into irreducibles generates terms proportional to rmjj′Y

ℓ(r̂jj′). We therefore chose the254

generic form Υ(n)
jj′ = Υ(n)(rjj′) =

⊕ℓmax

ℓ=0 Fℓ(rij)Y ℓ(r̂jj′), where Fℓ
c (r) are a set of (possibly255

learnable) radial basis functions.256

4. The one-body interaction Φ(1)
i = Fi ⊕

(∑
j Υ

(1)
ij ⊗cg Fj

)
contains a component analogous to257

the radial filters of [Thomas et al., 2018].258

5. Some of the information in higher order order interactions is induced from lower order terms.259

For example, Φ(2)
i =

(
Φ(1)

i

)⊗cg2⊕Φ̃(2)
i , where Φ̃(2)

i only contains terms of the form Fj1⊗cgFj2 ,260

where j1 ̸= j2 ̸= i.261

We use the n-atom interactions Φ(n)
i to design the CG layers in our Cormorant network. Note that262

while these can be structurally identified with n-atom interactions, we encourage the reader to not263

take the analogy too far. Each CG layer serves two purposes: (1) to build up a representation for264

an atom’s local environment, and (2) to generate interactions between representations. Lower CG265

layers likely serve to build up a good representation. Only at higher layers, when the features Fi266

are well constructed is it likely that a clear mapping to physical degrees of freedom be possible. We267

leave this connection to future work.268

4.4 Covariant SO(3)-vector layers269

We now focus on the specific implementation of the covariant CG layers acting on the SO(3)-270

vector activations Fi. Our network is inspired by the n ≤ 3-atom interactions above. In practice,271

computational limitations forced us to take only a subset of these operations, in particular:272
[(

Fi ⊕
(∑

j

Υ(1)
ij ⊗cg Fj

))

︸ ︷︷ ︸
one-body

⊕ (Fi ⊗cg Fi)︸ ︷︷ ︸
two-body

⊕
(∑

j

Fi ⊗cg Υ
(3)
ij ⊗cg (Fj)

⊗cg2
)

︸ ︷︷ ︸
three-body

]
·W (10)

For computational tractability, we replace Fi⊗cgΥ
(3)
ij ⊗cgFj by (Fi ·Fj)⊗cgΥ

(3)
ij in the three-body273

term. This can be be done using the properties of the CG transformation to give a unitary redefinition274

of W → W ′, followed by a projection into the subspace for which ℓmax = 0. After some algebra,275

we arrive at the form of our CGLayer:276

CGLayer({Fi, rij}) =
[
Fi ⊕

(
Fi ⊗cg Fi

)
⊕
(∑

j

(
Υ(1)

ij ⊕
(
Fi · Fj

)
Υ(3)

ij

)
⊗cg Fj

)]
·W ′ (11)

This is the basic structure of the CGLayer-s we use in our networks.277

4.4.1 Edge networks278

Structurally, (11) looks similar to a message passing neural network [Gilmer et al., 2017a]),279

where messages are CG-products acting on SO(3)-vector activations. In this framework, the term280

Υ(edge)
ij = Υ(1)

ij ⊕ (Fi · Fj)Υ
(3)
ij looks like an “edge network” with SO(3)-vector messages. In-281

spired by this connection, we generalize our architecture to282

CGLayer({Fi, rij}) =
[
Fi ⊕

(
Fi ⊗cg Fi

)
⊕

(∑

j

Υ(edge),s
ij ⊗cg Fj

)]
·W ′. (12)

Following this idea, we can allow the edge network to be “self-consistently” updated based upon283

the value at the previous level: Υ(edge),s
ij ≡

[
Υ(edge),s−1

ij ⊕ Υ(1),s
ij ⊕

(
Fi · Fj

)
Υ(3),s

ij

]
· Wedge284

is a “self-consistent” amplitude. In practice, we assume Υ(1,3),s
ij ∝ Y ℓ(r̂ij). We can there-285

fore calculate the edge network by defining Υ(edge),s
ij =

⊕ℓmax

ℓ=0 Es,ℓ
ij Y ℓ(r̂ij), and then updating286

Es
ij =

(
Es−1
ij ⊕ F (1),s

ij ⊕Ds
ij

)
·Wedge, where Ds

ij = (Fi · Fj).287
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QM-9 resultsTable 1: Mean absolute error of various prediction targets on QM-9 (left) and conformational
energies (in units of kcal/mol) on MD-17 (right). Results within 5% of the best model are indicated
in bold.

Cormorant SchNet NMP WaveScatt

↵ (bohr3) 0.092 0.235 0.092 0.160
�✏ (eV) 0.060 0.063 0.069 0.118
✏HOMO (eV) 0.036 0.041 0.043 0.085
✏LUMO (eV) 0.036 0.034 0.038 0.076
µ (D) 0.130 0.033 0.030 0.340
Cv (cal/mol K) 0.031 0.033 0.040 0.049
R2 (bohr2) 0.673 0.073 0.180 0.410
U0 (eV) 0.028 0.014 0.020 0.022
ZPVE (meV) 1.982 1.700 1.500 2.000

Cormorant DeepMD DTNN SchNet GDML

Aspirin 0.103 0.201 – 0.120 0.270
Benzene 0.035 0.065 0.040 0.070 0.070
Ethanol 0.029 0.055 – 0.050 0.150
Malonaldehyde 0.056 0.092 0.190 0.080 0.160
Naphthalene 0.043 0.095 – 0.110 0.120
Salicylic Acid 0.072 0.106 0.410 0.100 0.120
Toluene 0.042 0.085 0.180 0.090 0.120
Uracil 0.045 0.085 – 0.100 0.110

The functions ⌥
ij

define the position dependence of the interaction between atoms i and j. In
chemical environments, atoms that are separated by a significant distance will not talk to each other.
For this reason we include a soft mask ⌥

ij

! m

ij

⇥ ⌥
ij

, where m

ij

= �((rcut � r

ij

)/w), and
rcut, w are respectively learnable cutoffs and widths.

5 Experiments

We present experimental results on two datasets of interest to the computational chemistry com-
munity: MD-17 for learning molecular force fields and potential energy surfaces, and QM-9 for
learning the ground state properties of a set of molecules. The supplement provides a detailed sum-
mary of all hyperparameters, our training algorithm, and the details of the input/output levels used
in both cases.

QM9 [Ramakrishnan et al., 2014] is a dataset of approximately 134k small organic molecules con-
taining the atoms H, C, N, O, F. For each molecule, the ground state configuration is calculated
using DFT, along with a variety of molecular properties. We use the ground state configuration
as the input to our Cormorant, and use a common subset of properties in the literature as regres-
sion targets. (See the Supplement for more details, including units.) Table 1(a) presents our results
compared with SchNet [Schütt et al., 2017], MPNNs [Gilmer et al., 2017b], and wavelet scattering
networks [Hirn et al., 2017]. Of the nine regression targets considered, we achieve leading or com-
petitive results on five (↵, C

v

, �✏, ✏HOMO, ✏LUMO). These targets are all close enough with the
competing architectures are to be indistinguishable. The remaining four targets are within a factor
of two of the best result, with the exception of R2, which is much larger than the competitors.

MD-17 [Chmiela et al., 2016] is a dataset of eight small organic molecules (see Table 1(b)) con-
taining up to 17 total atoms composed of the atoms H, C, N, O, F. For each molecule, an ab

initio molecular dynamics simulation was run using DFT to calculate the ground state energy and
forces. At intermittent timesteps, the energy, forces, and configuration (positions of each atom) were
recorded. For each molecule we use a train/validation/test split of 50k/10k/10k atoms respectively.
The results of these experiments are presented in Table 1(b), where the mean-average error (MAE)
is plotted on the test set for each of molecules. (All units are in kcal/mol, as consistent with the
dataset and the literature.) To the best of our knowledge, the current state-of-the art algorithms on
this dataset are DeepMD [Zhang et al., 2017], DTNN [Schütt et al., 2017], SchNet [Schütt et al.,
2017] and GDML [Chmiela et al., 2016] Since training and testing set sizes were not consistent, we
used a training set of 50k molecules to compare with all neural network based approaches. As can
be seen from the table, our Cormorant network outperforms all competitors.

6 Conclusions

To the best of our knowledge, Cormorant is the first neural network architecture in which the opera-
tions implemented by the neurons is directly motivated by the form of known physical interactions.
Rotation and translation invariance are explicitly “baked into” the network by the fact all activations
are represented in spherical tensor form (SO(3)–vectors), and the neurons combine Clebsch–Gordan
products, concatenation of parts and mixing with learnable weights, all of which are covariant op-
erations. In future work we envisage the potentials learned by Cormorant to be directly integrated
in MD simulation frameworks. In this regard, it is very encouraging that on MD-17, which is the
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