PEX R
e OB S

et A

S

BING WEN BRUNTON
Associlate Professor
University of Washington, Seattle

Dept. of Biology

Allen School of Comp Sci & Eng. (ad]
Dept. of Applied Math (ad]

UW Institute of Neuroengineering

Data Science Fellow, eScience Institute
Graduate Program in Neuroscience

—O
—O
F——oJA o

BIOLOGY UWI n UNIVERSITY of WASHINGTON

eScience Institute

2019-11-01
IPAM MLP workshop
UCLA



Steve Nathan Kutz Rajesh Rao
Brunton Applied Computer
Mech Eng Math OCI™E=EFIT.

Washington Research

F

EE 3k N R A 8B & K SN

ALFRED P. SLOAN
FOUNDATION

Jeff Ojemann
Neurosurgery

BURROUGHS
WELLCOME

FUND

Bill Moody
Biology

National Institute
of Mental Health




short-tailed star-nosed

smoky hamster mole

rat
shrew shrew mouse | eastern mole
< @& - ®» u D» -
0.176g 0347g o0416g 1.020g 0802g 1.802g 0.999¢g
36 M 52 M 1M o0 M 131 M 200 M 204 M

guinea pig marmoset agouti galago owl monkey
3.759 g 7.78 g ‘ |H e \
18.365 g 10029 15.73 g
<M 634 M 857 M 936 M
1468 M
capybara squirrel monkey

capuchin monkey

76.036 g
1600 M

macaque monkey

86000 M

Herculano-Houzel 20089.



Size (mm)

The brain has
multi-scale structures in space...

1000 body

_____ a
brain
100 o
R )
|Obe [ﬁiF BA7a 1 ‘ “ [STPOIT 111 - {
' wiil J
10

1 nucleus

SOt HIAINIOT e

01 layer

diy

sl

'i’Q’
. ke
L i
k } | "r e !'_q

44
001 neuron i
b ;
:;

i

:ﬁ'i‘.,"{ .

Joaniln )
e

‘.vsgp‘b'«
J‘.l .‘1‘3 -
‘l‘

&
o

}
)
H
)

¥

iR DA
ot
)

SR
o

g

J .
bl
s,hh -
o,

3 ()

: 1
2 f
EERAY 7

i

B TR0 SAs

VIR B

——

dendrites

T

0.001

synapse

0.0001




... and multi-scale dynamics In time
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Data-driven dynamic models
to understand neural computations
underlying naturalistic behavior







Principal Component Analysis

Simple Example: PCA
Dimensionality |
Reduction ..

6400-dimensional data,
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Dynamic Mode Decomposition (DMD)
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Rowley et al., J Fluid Mechanics 2009.
Schmid, J Fluid Mechanics 2010

Dynamic Mode Decomposition (DMD): Tu ot al, J Comp Dyn 2014
] ] Kutz, S. Brunton, BWB & Proctor SIAM 2016.
Dynamical system of coupled spatial-temporal modes

data 1dnd Y(t) — tZ()

snapshots
in time
A L7 To compute DMD:
B - svd 1. X =UXV* Y =AUZV’
X=\|lxg 1 - ZTy_1 3
‘O ‘ 7 * 2. U*YVE ' =U*AU = A
eig 3. AW =
o \ IR
Y = |2y 20 - oz, * 4._YV2 W
] ] eigenvalues: growth/decay, oscillations
Y = AX DMD modes: spatial correlations between

measurements



Dynamic Mode Decomposition (DMD):
Dynamical system of coupled spatial-temporal modes

A
data
snapshots
N time
L7
Principal B e
- - COMPONEe. transform
: L \ analysis (PCA)
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MODE . X = |Zo T tm—1
DECOMPOSITION ‘ ‘ ‘

Data-Driven Modeling of Complex Systems

J. Nathan Kutz

Steven L. Brunton
Bingni W. Brunton
Joshua L. Proctor

http://dmdbook.com



When the rank of X is insufficient to capture dynamics: () Al
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The DMD Spectrum
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Sleep spindle networks in ECoG
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Extracting spindle network stereotypes by clustering
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Subject A

O

Subject B

Spindle Network 1

Spindle Network 1

Spindle Network 2

Spindle Network 2

Spindle Network 3

Spindle Network 3

Spindle Network 4

magnitude
of network
stereotype

Spindle Network 4

BWB, Johnson, Ojemann & Kutz, J Neurosci Methods 2016.



Extracting
time-resolved
resting-state

hetworks
using DMD

Kunert-Graf, ... BWB, Frontiers Comp Neurosci 2019.

Group-Level Clustering of DMD Modes (gDMD)
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Kunert-Graf, ... BWB, Frontiers Comp Neurosci 2019.



Dynamic Mode Decomposition (DMD):
Regression model on the dynamics

... however, often we are interested In
perturbations around fixed points or equilibria

Model with affine term
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Data Generation

Affine System
rjr1 = AZBj + b

Linear System
Tjr1 = Ax;

v Sometimes
(Theorem 4.5) | (Theorem 5.3)

DMD w/o
centering

Method

e v
(Theorem 5.2) | (Theorem 4.7)

DMD w/
centering

Centering improves the

Imag

dynamic mode decomposition

Hirsh, Harris, Kutz & BWB, arXiv:1906.05973.

Without Noise (o= 0.0)
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Applications to nonlinear

dynamical systems
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~—— DMD w/ Centering

Hirsh, Harris, Kutz & BWB, arXiv:1906.05973.

Lorenz: subtract center of data
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Brain recordings: subtract known 60Hz noise
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channel

Timeseries data
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time, windowed

Linear model

IN each window

Time-varying autoregression
with low-rank tensors (TVART)

Time-varying linear model

Tensor of
system matrices

Harris, Aravkin, Rao & BWB, arXiv:1905.08389.

x(t+1)~ Apx(t)
model for data
In window k

NxNxT

N = # channels
T = # windows

Assumptions on tensor

Low tensor rank

u(13) u§3) ug)
- @ © 2 7 - 2)
u U, U(R)
ugl) uél) ug)

VAR model: reproduce data in
each window (least squares)

R
A= a ) ouf? oufd
r=1

NxXNXT

N = # channels
T = # windows

Kameron
Decker Harris



Least-squares

optimization 111111
prob|em: .A: rank(.ﬁl):R

R
A = Z 117(,.1) o u?(a2) 5 117(03)
r=1

Harris, Aravkin, Rao & BWB, arXiv:1905.08389.



Regularized cost function:

1
2

T
1
C =5 3 IYk = AeXllf + 5= (IUDIE + [UD | + [UP)3) + BRUS),
k=1

Least squares error Tikhonov regularizer Temporal
smoothing
regularizer

..:...............:...............Fu?o-o-..-..-........:...............:...................

Smoothly varying:
Use spline penalty

Switching:
Use Total-Variation penalty

Ay T windows window k

Harris, Aravkin, Rao & BWB, arXiv:1905.08389.
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Dennis Tabuena

Bill Moody
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Tabuena, Huynh, Metcalf, Richner, Stroh, BWB, Moody & Easton, In review.
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Movie from supplemental material of
Tabuena, Huynh, Metcalf, Richner, Stroh, BWB, Moody & Easton, In review.



Mode 5

0.25

0.2

0.05 _

TVART MODES (3,4,5) SPACE

0.1 :

0.05

Mode“4

el -0.05
-0.05 i : )
D o Mode 3

0.05

0.1

0.15

dFoF (scaled from 0 to 1/2 global max, frame:12648

P
v i

Mode 3 Mode 4

Nate Linden



Networks of neurons and networks of brain
areas expand and contract the effective
dimensionality of their inputs, potentially
making their representations more linear.

Linearity in representation makes many tasks
easier, including classification,
modeling of dynamics, and control.

Koopman operator

States

Koopman
eigenfunctions :
(secret sauce) :

1 K 1
Observables i > Kg;

Koopman 1931.

Kernel methods

Prediction: ¢~ '(Ko(x,)) = X,,

yk+1

K linear

Output x,

Lusch et al., 2018.



Koopman

DMD

-
N

Data Dynamics
Nonlinear ( Koopman Model \
Ay =YY
Observables Y

2X) 5 Y. Y g(xk+1) ~ Kg(xx)

Complex System
Data Matrices Measurements X2‘ ........
_ "

X, X’

-
\

Observables

X, X’

Xk+1 Ft Xk

X1 (unknown dynam1cs

4 DMD Model \
Xpi1 ~ Axp

AT )

Kutz, Brunton, BWB, & Proctor, SIAM 2016.



Movie by S. Brunton



Hankel alternative view of Koopman (HAVOK)  Representations and Time-Delays

S. Brunton, BWB, Proctor, Kaiser & Kutz, Nat Comm 2017.

Related to:

Takens 1981.

Crutchfield & McNamara, 1987.
Abarbanel et al. 1993.
Sugihara et al. 2012

Ye et al., 2015
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Hankel alternative view of Koopman (HAVOK)
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Steve
Brunton

Measure

Delay

embedding

Representations and ime-Delays

Delay -
coordinates

X () x(t) i
x () X (t,)
X (t,.,) x(t,)

Singular value
decomposition

S. Brunton, BWB, Proctor, Kaiser & Kutz, Nat Comm 2017.

Related to:

Takens 1981.

Crutchfield & McNamara, 1987.
Abarbanel et al. 1993.
Sugihara et al. 2012

Ye et al., 2015



Hankel alternative view of Koopman (HAVOK)

Time-delay coordinates, ;_5‘ Measure coo[zgilr?gtes x(t)  x(t)  x(t) - x(t) ]
Hankel matrices, \ | x(t)  x(t)  x(t) o x(t,,)
and Koopman operators : : : i3 :
x(t)  x(t,.) x(t,) - x(t) .
. » X

Singular value
decomposition

Chaos as an Delay D
. . embedding
intermittently
forced linear
system
Regression model v /7 —\. Predicted attractor
_ - - 1 y I V77~
4 V . ¥/ 2N\
1 1 Linear 720\ =
Vs Vs dynamics ! fk \ 3 '
i V3 = A V3 . - N\
dt , y <
: X ' Intermittent --- Gaussian
Intermittent <4— switching | \ —V
(D]« Mocng + v/

S. Brunton, BWB, Proctor, Kaiser & Kutz, Nat Comm 2017.



Embedded Model and Reconstructed Forcing
System Time series attractor forcing attractor statistics

Lorenz

Rossler

Double
pendulum

Magnetic
field

ECG

Sleep
EEG

Measles
outbreaks

S. Brunton, BWB, Proctor, Kaiser & Kutz, Nat Comm 2017.



Hankel alternative view of Koopman (HAVOK)
Model predicts lobe switching
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Lorenz

Sleep Magnetic Double
EEG ECG field pendulum Rossler

Measles
outbreaks

System

Time series

Embedded
attractor

Model and Reconstructed Forcing Nonlinear
forcing attractor statistics regions

S. Brunton, BWB, Proctor, Kaiser & Kutz, Nat Comm 2017.



Regression model v
— T [ | 1
Vi Vi > Linear >
Vs Vs dynamics :
% V3 | = Vs
: : v
: X ' Intermittent --- Gaussian
, — Intermittent <4— switching | \—V
Vi ) = “tocing € v/ '
Why is this A matrix skew symmetric?
\ (V). /) Connecting time-delay coordinates and the
SVD to geometric mechanics and curvature
v, v, 60 in Frenet-Serret coordinates:
v, Vs
V, Vs
"4 V4 - -
" V“ 30 0  ki(t) 0
5 5
Vs Ve — K1 t
E Vs ~ V. . y ) K(t) — ( )
dt | Vs | Vs 15 0 /ir_l(t)
Y9 Yo 0 Ry (t 0
Vio Vio _ r ( ) |
Vi1 Vi1 -30
Vy, Vio
Vi3 Vi3 Hirsch et al., preprint soon!
v v | ] _
| 14 | 14 —60 Seth Hirsh
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