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1. Non-stationary time series analysis
. General talk about time series (polynomial regression, AIC,...)
. Non-stationary modeling
. K-means: unsupervised clustering algorithm
. FEM-H1, FEM-BV

2. Scalable Probabilistic Approximation (SPA)
. Exact Law of the Total Probability
. Clustering = the cure for the curse of dimensionality?
. Soft (probabilistic) K-means without Jensen inequality
. Compressing the pipeline:
the combination of optimal discretization with Markov model



Regime-based non-stationary time series analysis with

regularization
(FEM-H1, FEM-BV)



Time series analysis
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* time series = data measured in intervals over a period of time
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Time series analysis
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 Example: linear regression

,u(t,_ 9{],, 91) — Hlt + 9()

* time series = data measured in intervals over a period of time

e choose model



Time series analysis
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 Example: linear regression

00, 01] =

,u(t_._ to, 91) — 01t + 6

T
arg min E |2y — pu(t, o, 91)”2
fo.01 —

time series = data measured in intervals over a period of time

choose model
find parameters of (optimal) model
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Time series analysis
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more "sophisticated" parametric models:

general polynomial regression
autoregressive models
Hidden Markov models
Neural Networks



Time series analysis
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Time series analysis
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Time series analysis
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* more "sophisticated" parametric models:

general polynomial regression
autoregressive models
Hidden Markov models
Neural Networks



Time series analysis
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general polynomial regression
autoregressive models
Hidden Markov models
Neural Networks



* ingeneral:

more parameters = lower modeling error @



Time series analysis

* ingeneral:
more parameters = lower modeling error

* noise reduction ?
e overfitting ?
* interpretation of results ?



Time series analysis

* ingeneral:
more parameters = lower modeling error

more parameters = more unknowns

* |arger optimization problem
* harder to solve



Time series analysis

* ingeneral:

more parameters = lower modeling error

more parameters = more unknowns

* larger optimization problem

 harder to solve

Example - polynomial regression

P
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Time series analysis

* ingeneral:
more parameters = lower modeling error

more parameters = more unknowns




Time series analysis

* ingeneral:
more parameters = lower modeling error

more parameters = more unknowns

Occam's razor:
Among competing hypotheses, the one with the fewest assumptions should be selected.

* Akaike H.: Information theory and an extension of the maximum likelihood
principle, (1971)




Example: Moore’s law

Moore's law:

»the number of transistors in a dense integrated circuit doubles about every two years.”

I Stuttering Chip introduction
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* H. Khan, D. Hounshell, E. Fuchs: Science and research policy at the end of
Moore’s law, Nature Electronics, 1: 14-21, (2018)




Example

Filtering Example: signal/noise = 2/1
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Example

_Filtering Example: signal/moise = 1/20

— true signal +noise

Neurosciences: signal/moise =~ 1/10-1/100

— truesignal

LI H extracted signal
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MIT Mﬂt]lllli‘ Learning Toolbox: Gaussian smoothing and HMM-Gauss in optmlal setting



FEM-H1: demonstration by results
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——eXact
——recovered

15

0.2 04 0.6 0.8 1 1.2 14 1.6 1.8 2
t x10°
10° ¢
—o— fFourier
—e— Fourier L2
107 ¢ —e— Fourier Sobolev
=== Fourier TVR
. =—8— Bayesian HMM
o 10 ¢ = FEM-H1
-
[
D10 |
=
=t
E 0L
1071
*  Pospisil L., Gagliardini P., Sawyer W., Horenko I.: On a 107 ‘ . ‘
4 -3 -2 -1
scalable nonparametric denoising of time series signals. 10 'signal-to-noise ratio (SNR) 0
3 R R R ] Figure  Dependence of the mean filtering error from the original
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From non-stationary models to clustering

T
O(t) = ' — u(t
(t) argmén;nxt u(t.

"constant" regression in regimes

13

9(75))”2 (non-stationary model)

i T

Vt € Ty, : O(t) =0y (constant on k-th cluster)

K
O = argminz Z 2 (t) — 6i|)*?

k=1tel

1 |
800 1000

non-stationary <—> locally stationary




From non-stationary models to clustering

~ : 2 . :
O(t) = arg min E |z — p(t, O(t))| regime indicator function:
- (1) = 1 if x; belongs to k-th regime
TE = 0 elsewhere
"constant" regression in regimes
T K
[©,T'] = argmin E E Ve (t) - |lze — 0k)?
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K-means algorithm: unsupervised clustering

* Lloyd, Stuart P. : Least squares quantization in PCM. Information Theory, IEEE
Transactions on 28.2 (1982): 129-137.




K-means algorithm: unsupervised clustering
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- we don't have any apriori classification for supervised learning
- each cluster consists of similar points (points in cluster are close to each other)
- each cluster can be characterised by mean value (“centroid”) of points inside it




K-means algorithm

K T
s i1, -2, YK = arg min Z’}’k(ﬂft)\lh — pk||
l Y /o Y / M1, 2, .- . HK ‘kzl t=1

0 T Vi, kv (z) € {0, 1} Y

set feasible initial approximation L'y

solve 0;; = arg mgin L(6,T;)

solve T';; = arg min L(6;,T)
FEQF
it =1t +1

endwhile

whaile ||L(F£t, 9”) — L(F'ét—lz a,;t_l)H > £

(with fixed Ty )
(with fixed 0;; )




K-means algorithm

otherwise

. [N 1 if k = arg, min ||z, — g |
E(.'It) .— 0 1<‘{5‘

set feasible initial approximation L'y

whaile ||L(F&t, Q&t) — L(F'ét—lz Qit—l)H > £
solve 0;; = arg mgin L(6,T;) (with fixed Ty )

solve T';; = arg I;niﬂn L(6;,T) (with fized 0y )
eiir

it =11t +1
endwhile




K-means algorithm

K T
Oir = &rgmgin; ; i (we) e — pel|”
N J

set feasible initial approximation L'y

solve 0;; = arg mgin L(6,T;)

solve T';; = arg min L(6;,T)
FEQI‘
it =1t +1

endwhile

whaile ||L(F&t, Q&t) — L(F'ét—lz Qit—l)H > £

(with fixed Ty )
(with fixed 0;; )




K-means algorithm for time-series problem
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K-means algorithm for time-series problem
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K-means algorithm for time-series problem
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K-means algorithm for time-series problem

- K-means ignores (doesn't take into account) the time

- we want to implement "rationality" of the cluster changes during time
(i.e. the time series is not jumping between clusters in crazy way)

|change of yi(x;) during t|| < |/change of z; during t||
A A

caused by the change of cluster (model) typically caused by the noise



K-means algorithm for time-series problem

Assumption:  smooth v, (t) =

regularisation

* enforce the persistency of underlying hidden switching process

T-1
V||, = \/Zl(%(Hl) — 7k(1))?
t=
T-1
vl BV == t; v (t+ 1) —(t)]
Examples:

<

I I I I ) I I I
0 200 400 600 800 1000 0 200 400 600 800

H.“I*HBV = 3.4290 - 103 H-’ffHBV = 319.2523
||| g1 = 1.7453 - 10 ||| 1 = 153.7537

T K T—1
[©,I(t)] = arg minz Z"}’k(t) @y — O] * 4 Z Z(qﬂ(f +1) = y(t))?

e.r

)
1000
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1k
05
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H:I:HBV = 15.9736
H.”I?H]ﬂ = 0.3152

K’

k=1 t=1

FEM-H1
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From non-stationaty models to clustering

K T-1
©,T] = arg 11111122’}’1: Ny — pu(t, 04)]]% + €2 Z Z("yk(t + 1) — v (t))?
T ot=1 k=1 k=1 t=1

s.t. () € {0,1}, Vt: Z’Yk

Assumption:  continuous real-valued functions vx(t) € [0,1] (probabilities)

K
0<w(t) <1, Vi)Y y(t) =1
k=1

* Horenko I.: Finite Element Approach to Clustering of Multidimensional Time
Series, SIAM J. Sci. Comp. 32(1), 62-83 (2010)




Optimization: solving the problem

T K K T-1
N T 2 2 2
O,1) =argmin > k() - [le — pult, 06+ D D (et +1) = (1))
 t=1 k=1 k=1 t=1 |
! K
(0,T) st 0< ()<L, Ve Y m(t) =1

: depends on model
while | L(O;, 1) — L(©;—1,Ti1)|| > &L / P
solve O, = arg ngn L(O©,T;) (with fized T';;)

solve I';; = arg n}in L(©;,T) (with fixed Oy )
it =1t + 1

endwhale
solve QP problem
' = argminy?  Hy + g7~
~
subject to By =cand v > 0



Spectral Projected Gradient method for QP

precision £ > 0, and initial step-size ap > 0.
k=0
gD = Az — b
fo = 1X2(go - er)
for k=0,1,...
d* := Po(z* — apg®) — z*

compute matriz-vector multiplication AdF
compute multiple dot-product (d*, {d*, Ad*, ¢*})

if \/(d*,d*) < e then stop.

fmax = max{f(z¥77):0 < j < min{k, m — 1}}
E_:: (fmax — fk)/(dk:Adk)

B = —(g". d")/(d", Ad¥)

B:=7B+4 /7282 + 2¢

choose By, € (o1, min{oa, f})

pFtl .= gk + ,Skdk

gk_l = gk + _;B’kAdk

PR = R 4 Bi(d®, g7 + B Bi(d”, AdR)
aprq = (d*,d*)/(d*, Ad®)

E:=k+1

endwhile

Return approzimation of solution x*.

Given cost function f : R"™ — R, initial approrimation = 2, projection onto feasible set
Po(x), parameters m € N, 7 € (0,1), safequarding parameters 1,00 € R : 0 < 01 < 09 < 1,

1)

Q
oy - Barzilai-Borwein step-length

2.)

B Xks1

find B € (0,1] such that
f(@* 4 Brd®) < fuax +Be(V f(2*), d*)

* Birgin E.G., Martinez J.M., Raydan M.: Nonmonotone spectral projected gradient methods on convex sets, (2000)
* Birgin E.G., Raydan M., Martinez J.M.: Spectral Projected Gradient Methods: Review and Perspectives, (2014)
*  Pospisil L.: Development of Algorithms for Solving Minimizing Problems with Convex Quadratic Function on Special

Convex Sets and Applications, PhD thesis, supervised by Z. Dostadl (2015)




Feasible set — separable simplexes

K
0< () <1, VEi)y w(t) =1
k=1

T separable simplexes (hypertriangles) = fully parallel projection

By =cand v >0

{1 1 1 T '1]‘
T T T T
B: C = >—T
] 1 1 1 1
\ I ) =
\ Y : Y v
\ T T T }
Y




Regularization parameter

T K
A T _ 2
0,17 = I(I)HDZZ% e — pu(t, 0p) (17 +

r
t=1 k=1
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Regularization parameter: error curve
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Regularization parameter: L-curve

modelling error

K T-1
©,T] = arg mm Z Z Yie(t) - ||z — pu(t, 0,)|* + €2 Z (v (t 4+ 1) — y(1))?
ot | t=1 k=1 ] k:l t=1
V }
|
linear term = modeling error guadratic term = (non)smoothness

3.5

2.5

1.5

0.5

—6— S ©-ai

0 . . . . |
0 50 100 150 200 250 300 350 400

smoothness

Hansen P.C. and D. P. O'Leary D.P.: The use of the L-curve in the regularization of
discrete ill-posed problems, SIAM J. Sci. Comp. 14, (1993)




Regularization parameter: L-curve
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Possible extension: spatial regularization

-

time-persistent/metastable models graph-persistent/metastable models
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Gerber S., Horenko I.: Improving Clustering by Imposing Network Information,
Sciences Advances (AAAS), 1(7):e1500163, (2015)




Possible extension: general non-stationary models

K K
(O, 1) =argmin » > i) - [lze — p(t, 0) |7+ D Y (vt +1) = (1))

250

original
reconstructed

Piecewise linear regression

ap1 +ajt+e(t) forxeT
x(t) =1 ag2+ajot+e(t) forxzeT;
aps +aygt+e(t) forxz e T;

error = |x(t) — &(t)|| = 307.1922

AICKk = 2-6-2-10g(307.1922) = 0.5451

r r r c r c r r r ¢
100 200 300 400 500 600 700 800 900 1000
t

To compare: Polynomial regression

original
reconstructed P=50||

x(t) = ag + a1t + ast’> + ... aptt + e(t)

150 -

error = ||x(t) — &(t)| = 309.4182

x(t)

100 -

AICp = 2-51—2-10g(309.4182) = 90.5306 *

-50

c r r c r r c r r r
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Possible extension: general non-stationary models

T K K T-1
0.7 = argmin > " 3e(t) - 2 — pult O)I2 +2 3 D" (et +1) = (1))°
R k=1 t=1

TV-Entropy (regime-based non-stationary Entropy)
_— fi(z) = exp [— Z )\j(t)zz:j]

max { B H fi(@)|| = fi(z)In fi(z) dx } =0
ft(x)’w{ rlell=#l, L YU S
i=1

s.t. / 2! fi(x) de = pi(t) V5 €{0,...,k},

p
—_ %i(t) €{0,11, > v(t) = 1.
i=1
TV-Entropy identifies memoryless models o[ saPs00 et
that are simpler and better then the state-of- | e eame pan
the-art for all of the financial benchmark data Al
considered. Al
| ‘ |
* Marchenko G., Gagliardini P,, Horenko I.: ’.H‘MMI'-"M'WWII”H’IIIMW'WW~-r.w.wm-w-m..mm-m-.""ﬂMIMF' M ikt
Towards a Computationally Tractable A ' | |
Maximum Entropy Principle for Nonstationary 4t
Financial Time Series, SIAM J. Finan. Math., 61
9(4), 1249-1285, (2018) 8|
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Scalable Probabilistic Approximation
(SPA)



A Common Machine Learning Pipeline:

feature discretization model training
selection (dimension reduction) (and validation)




A Common Machine Learning Pipeline:

feature discretization
selection (dimension reduction)

model training

(and validation)

rnweR"t=1,....,. T =~ S, eR"k=1,...,K KT
K-means?
T K
* k] _ : _ 2
[57,T7] = argmin t§_1:;I‘k,tllzt Skll3

I+ - probability for the system to be in particular state Sj at the instance ¢
(K-means: = probability of z; to belong to k-th cluster)



A Common Machine Learning Pipeline:

feature discretization
selection (dimension reduction)

vy eR"t=1,.... T = S,eR"k=1,....K

K-means?

T K

* k] : . 2
[S*,T ]—argrg,lgl;;n,tllmt Skll3

I+ - probability for the system to be in particular state Sj at the instance ¢

|

(K-means: = probability of observing error ||z; — Sk|3)

model training

(and validation)

KT



Reduction of the data — K-means revisited

A Common Machine Learning Pipeline:

feature
selection '

z€R"t=1,... T =~ SicR'k=1,....K K<T

(5™, T ]—arg Yj?jlkt”a:t Skl

_ t=1 k=1

I'x + - probability for the system to be in particular state Sj at the instance ¢

% . ikl . s Set3) h
Ty = Zrk,tsk
k=1

(S*,T*] = arg mmz |z: — ZF" ¢Sk |2

k=1

Gerber S., Pospisil L., Navandar M., Horenko I.: Low-cost scalable discretization, prediction and
feature selection for complex systems, accepted in Science Advances, (2019),
http://www.biorxiv.org/content/10.1101/720441v1




Scalable Probabilistic Approximation (SPA)

K

T K
($*,T*] = arg Igilpz lze — > " Tr.eSkll3 st. Vi:y Tpy=1, Vk:Ty, €[0,1]
‘t:l k=1 | k=1

|

L l|lwe — Skll2

B
[M]=

Jensen inequality: =

t=1

E
|
-

(K-means is suboptimal)

:;_:

I'pe€{0,1}: Litllze — SAH%

I
\M“ﬂ

o~
|
[ury
-
Il
—

* GerberS., Pospisil L., Navandar M., Horenko |.: Low-cost scalable discretization, prediction and
feature selection for complex systems, accepted in Science Advances, (2019),
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Scalable Probabilistic Approximation (SPA)

T K K
(5%, T*] = arg ngllp; |z — ;rk,,t5k||§ st. Vt:y Tp,=1, Vk:Tp, €[0,1]
= v= k=1

General SPA:

[S*, T7] :==arg min L(S,T)
reQr

T
L(S.T) =Y dists(X (1), T(#)) + e2®s(S) + 2bp(T)

t=1

Set a feasible initial approximation T° € Qp

while |L(S* T*) — L(S*L.T* 1) > ¢
solve S¥ = arg 11}5111 L(S.T*=1)  (with fixed T*—1)

solve TF = arg min L(S*.T) (with fixed S*)
reQr

endwhile

Return an approximation of the data representation vectors S* and an approximation of cluster
affiliation probability vectors T¥.
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Scalable Probabilistic Approximation (SPA)

K
(S*,T*] = arg mmz |xe — ZFA +Sk||3 s.t. Vit ZF"“=" =1, Vk: T}, €[0,1]
t=1 k k=1
| J
R
- — J.
X — SI||7 2 = are min T Ay — b7~
”F y; = arg %16151]&1 T Ay — bl
= XTT (T‘TT)+ + o RT. with parameter o € R™™, A= 2‘3’T b, = STz, B:=1% ¢

A\ _—

Set a feasible Witial approximation T° € Qr

while |L(S™\T*) — L(s*1 "1

solve S¥ = arg ming(S. %) (with fixed T*—1)

solve TF = arg min L(S*.T)  (with fixed S*)
reQr
endwhile

Return an approximation of the data representation vectors S* and an approximation of cluster

affiliation probability vectors T¥.
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Scalable Probabilistic Approximation (SPA)

K

T K
[S*, %] = arglggl; |z — ;Fk,t&cu% st Vi:Y Tpe=1, Vk:Ty, € 0,1]
\= = , k=1

I

—||X

— ST|%

Q*:‘XFT(FFTy%+cﬂYF1 with parameter oo € R™™,

Introducing regularization:

n K K feature
1,— 1= .:

D2 ‘l‘
v _ Vv ry—1 — T I .
S —}iF HE .Hg. I'r -I—?II{(I{_I)(IXIK,K ]lh,h}
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SPA in action

Exact Law of the Total Probability in a matrix notation:

—_—

y(t)

PIY™=y,]

P[Y*=V]

—_—

A
MYy | Pyl ||| B |

—_—

P[Y=y,[X=x;] P[Y'=y,|X=x,]

PIY'=yu/X=x,]  P[Y=y,|X=x,]

PD’t:yzlxt:Xn]

PIY'=y, X'=x,]

—_—

Tiy(t) -
P[Xt=x,|

P[X'=x,]




SPA in action

Exact Law of the Total Probability in a matrix notation:

oy A (Y
BIYy] PR PVl . BV PIX)
PIYw] ||| PYewXow] PYepX-wel . PVewNewm) | XS]
BYiyal | PYonNenl PYenenl . MYenien] | P[X,
Iy + - probability for the system to be in particular state Sy at the instance ¢ [yt = P(zy = Sk)

[Vt:r}j:Arg’;J

Markov model: Y (t) := X(t + 1)



SPA in action

Exact Law of the Total Probability in a matrix notation:

oy A (Y
PIY=y] | PIY=yX=x]  P[Y'=y,[X'=x] PY'=y,|X"=x,] P[X'=x,]
P[Y'=Vu] PIY'=ym/X'=x;]  P[Y'=ya/X'=x)] P[Y'=y/X=x,] P[X'=x,]

—_— —_— e

Iy + - probability for the system to be in particular state Sy at the instance ¢

Y(t)eR™ t=1,....T

|Y —SYTY || — min

Markov model:

Y(t):=

a[w:r}j:z\rft}—

X(t+1)

—_— e —_

Fk‘,t = P(It = Sk)

X(t)eR"t=1,...,T
SY¥eR"  k=1,...,Kx
|X — S*TX||p — min




Results

* X(t) is continuous (and real valued) set * X(t) contains genetic expression levels
of collected 32 image features for 25’000 genes

* indext denotes patients and goes from * index t goes from 1 to 300 (there are
1 to 569 300 single cell probes),

. . . { . ) { . ) . .
* Y(t) is binary: ‘benign’ or ‘malignant * Y(t) is a label denoting one of the 11
{ ) ( M Vi
cell types (e.g., ‘blood cell’, ‘glia 25 cell’,
etc.)
a) breast cancer diagnostics (569 patients, 32 features, b) single cell human mRNA classification (25°000 genes, 11 cell
WDBC data) types, 300 cell samples)
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a) Lorenz-96 1D turbulence model (weakly-chaotic regime) b) Lorenz-96 1D turbulence model (strongly-chaotic regime)
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c) surface temperature dynamics over Europe (1979-2010, 20x30 grid ECMWF resimulation data)
prediction
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of e) EEG dynamics in a brain-computer interface (BCI2000 data)

d) molecular dynamics simulation of 10-Alanine in water
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SPA in action: compressing the pipeline

Exact Law of the Total Probability in a matrix notation:

oy A (Y
BIYy] PR PVl . BV PIX)
PIYw] ||| PYewXow] PYepX-wel . PVewNewm) | XS]
BYiyal | PYonNenl PYenenl . MYenien] | P[X,
Iy + - probability for the system to be in particular state Sy at the instance ¢ [yt = P(zy = Sk)

Y(t)eR™ t=1,...,T X(t)eRt=1,....T
? . a{w:r}j :AI‘;’ftJ<— SXeR"k=1,...,Kx
|X —S¥*T¥||p — min

A Common Machine Learning Pipeline:

feature
selection # #




SPA in action: compressing the pipeline

[S2. 0%, 85T =arg_min_ [|Y —S,T,[|7 +<[|X —SIFIH%,

L o
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Y S,A
[ eX ] N { ESI ] FI F
\ ]
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= || X - ST|%

|Y —SYTY || — min

Y(t)eR™ t=1,...,T »
S{eRm,k=1,...,Ky4)[ Vt:I‘:, = AI";

feature
selection '

X(t)eR"t=1,...,T
SY¥eR"k=1,...,Kx
|X — S*TX||p — min

A Common Machine Learning Pipeline:
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