
Research Assistant Professor

Division of Applied Mathematics

Brown University

maziar_raissi@brown.edu

Maziar Raissi

Hidden Physics Models

Senior Software Engineer

mraissi@nvidia.com

NVIDIA

The ORACLE TEAM USA crew flying their AC72 “17” on foils.



Machine/Deep Learning



Surface Piercing 
Super-Cavitating Hydrofoils 

Counter-Canted Struts 

Turbo Jet Engines

Hydrodynamic Chord = 0.66 m 

z x

y

y

Root Chord c
R
= 0.9 m 

Angle Of Attack 
8 deg

Face Cavitator
Flow Direction

Sweep Angle 

 c
T
= c

R
/

x
s
(i)

z

L
e
a
d
in

g
 E

d
g
e

T
ra

ilin
g
 E

d
g
e

Dihedral Angle : 40 deg

Leading E
dge

Trailing Edge

sp
a

n
 c

o
s(


)

x

Design Optimization

Flow Direction

Face
Back

Face Tail
Back Tail

x
1

x
5

m
1

x
4

x
8

m
4

x
3

x
7

m
3

x
2

x
6

m
2

x
9

m
5

x
12

x
15

m
8

x
11

x
14

m
7

x
10

x
13

m
6



Flow Direction 

x
15

m
9

x
15

m
10

x

y

lift/drag



Rasmussen, Carl Edward, and Christopher KI Williams. Gaussian processes for machine learning. Vol. 1. Cambridge: MIT press, 2006.

f(x) ⇠ GP (0, k(x, x0; ✓))
<latexit sha1_base64="2YoWHQxYkZhFKn3BeVhQ58pAS+Q=">AAACHHicbVDLSgNBEJyN7/iKevQyGMQEQthVQcGL6EGPEUwMZEOYnfQmQ2YfzPRKwpIP8eKvePGgiBcPgn/j5HFQY8FAUdVNT5UXS6HRtr+szNz8wuLS8kp2dW19YzO3tV3TUaI4VHkkI1X3mAYpQqiiQAn1WAELPAl3Xu9y5N/dg9IiCm9xEEMzYJ1Q+IIzNFIrd+QX+kXqahFQN2DY5UymV5WhK8HHgl3qFfql/sGZi11AVnSV6HSx2Mrl7bI9Bp0lzpTkyRSVVu7DbUc8CSBELpnWDceOsZkyhYJLGGbdREPMeI91oGFoyALQzXQcbkj3jdKmfqTMC5GO1Z8bKQu0HgSemRwF0H+9kfif10jQP22mIowThJBPDvmJpBjRUVO0LRRwlANDGFfC/JXyLlOMo+kza0pw/kaeJbXDsmOXnZvj/PnFtI5lskv2SIE45ISck2tSIVXCyQN5Ii/k1Xq0nq03630ymrGmOzvkF6zPb3dNoFw=</latexit><latexit sha1_base64="2YoWHQxYkZhFKn3BeVhQ58pAS+Q=">AAACHHicbVDLSgNBEJyN7/iKevQyGMQEQthVQcGL6EGPEUwMZEOYnfQmQ2YfzPRKwpIP8eKvePGgiBcPgn/j5HFQY8FAUdVNT5UXS6HRtr+szNz8wuLS8kp2dW19YzO3tV3TUaI4VHkkI1X3mAYpQqiiQAn1WAELPAl3Xu9y5N/dg9IiCm9xEEMzYJ1Q+IIzNFIrd+QX+kXqahFQN2DY5UymV5WhK8HHgl3qFfql/sGZi11AVnSV6HSx2Mrl7bI9Bp0lzpTkyRSVVu7DbUc8CSBELpnWDceOsZkyhYJLGGbdREPMeI91oGFoyALQzXQcbkj3jdKmfqTMC5GO1Z8bKQu0HgSemRwF0H+9kfif10jQP22mIowThJBPDvmJpBjRUVO0LRRwlANDGFfC/JXyLlOMo+kza0pw/kaeJbXDsmOXnZvj/PnFtI5lskv2SIE45ISck2tSIVXCyQN5Ii/k1Xq0nq03630ymrGmOzvkF6zPb3dNoFw=</latexit><latexit sha1_base64="2YoWHQxYkZhFKn3BeVhQ58pAS+Q=">AAACHHicbVDLSgNBEJyN7/iKevQyGMQEQthVQcGL6EGPEUwMZEOYnfQmQ2YfzPRKwpIP8eKvePGgiBcPgn/j5HFQY8FAUdVNT5UXS6HRtr+szNz8wuLS8kp2dW19YzO3tV3TUaI4VHkkI1X3mAYpQqiiQAn1WAELPAl3Xu9y5N/dg9IiCm9xEEMzYJ1Q+IIzNFIrd+QX+kXqahFQN2DY5UymV5WhK8HHgl3qFfql/sGZi11AVnSV6HSx2Mrl7bI9Bp0lzpTkyRSVVu7DbUc8CSBELpnWDceOsZkyhYJLGGbdREPMeI91oGFoyALQzXQcbkj3jdKmfqTMC5GO1Z8bKQu0HgSemRwF0H+9kfif10jQP22mIowThJBPDvmJpBjRUVO0LRRwlANDGFfC/JXyLlOMo+kza0pw/kaeJbXDsmOXnZvj/PnFtI5lskv2SIE45ISck2tSIVXCyQN5Ii/k1Xq0nq03630ymrGmOzvkF6zPb3dNoFw=</latexit><latexit sha1_base64="2YoWHQxYkZhFKn3BeVhQ58pAS+Q=">AAACHHicbVDLSgNBEJyN7/iKevQyGMQEQthVQcGL6EGPEUwMZEOYnfQmQ2YfzPRKwpIP8eKvePGgiBcPgn/j5HFQY8FAUdVNT5UXS6HRtr+szNz8wuLS8kp2dW19YzO3tV3TUaI4VHkkI1X3mAYpQqiiQAn1WAELPAl3Xu9y5N/dg9IiCm9xEEMzYJ1Q+IIzNFIrd+QX+kXqahFQN2DY5UymV5WhK8HHgl3qFfql/sGZi11AVnSV6HSx2Mrl7bI9Bp0lzpTkyRSVVu7DbUc8CSBELpnWDceOsZkyhYJLGGbdREPMeI91oGFoyALQzXQcbkj3jdKmfqTMC5GO1Z8bKQu0HgSemRwF0H+9kfif10jQP22mIowThJBPDvmJpBjRUVO0LRRwlANDGFfC/JXyLlOMo+kza0pw/kaeJbXDsmOXnZvj/PnFtI5lskv2SIE45ISck2tSIVXCyQN5Ii/k1Xq0nq03630ymrGmOzvkF6zPb3dNoFw=</latexit>
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f(x0)

�
⇠ N
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0
0

�
,
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k(x, x; ✓) k(x, x0; ✓)
k(x0, x; ✓) k(x0, x0; ✓)
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<latexit sha1_base64="c5vNdjpESiJAYqNlMQNwbvEphbo="></latexit><latexit sha1_base64="c5vNdjpESiJAYqNlMQNwbvEphbo="></latexit><latexit sha1_base64="c5vNdjpESiJAYqNlMQNwbvEphbo="></latexit><latexit sha1_base64="c5vNdjpESiJAYqNlMQNwbvEphbo="></latexit>

k(x, x0; �,!) = �2 exp
�
�0.5 !2(x� x0)2

�
<latexit sha1_base64="bW/OGTQhp06bmmVC4E5dNQ5WKa0="></latexit><latexit sha1_base64="bW/OGTQhp06bmmVC4E5dNQ5WKa0="></latexit><latexit sha1_base64="bW/OGTQhp06bmmVC4E5dNQ5WKa0="></latexit><latexit sha1_base64="bW/OGTQhp06bmmVC4E5dNQ5WKa0="></latexit>

yi = f(xi) + ✏i, ✏i ⇠ N
�
0,�2

�
, i = 1, . . . , N

<latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit><latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit><latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit><latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit>

y = f(x) + ✏, ✏ ⇠ N
�
0,�2I

�
<latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit><latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit><latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit><latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit>

Gaussian Process Regression

y ⇠ N (0,K) , K = k(x,x; ✓) + �2I
<latexit sha1_base64="9b9rduAbueZ2i0yvyfKZp7CyqRw="></latexit><latexit sha1_base64="9b9rduAbueZ2i0yvyfKZp7CyqRw="></latexit><latexit sha1_base64="9b9rduAbueZ2i0yvyfKZp7CyqRw="></latexit><latexit sha1_base64="9b9rduAbueZ2i0yvyfKZp7CyqRw="></latexit>
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✓,�

y0K�1y + log |K|
<latexit sha1_base64="xQFCv2iYwMWNYyBAv+lLQd3BaIs="></latexit><latexit sha1_base64="xQFCv2iYwMWNYyBAv+lLQd3BaIs="></latexit><latexit sha1_base64="xQFCv2iYwMWNYyBAv+lLQd3BaIs="></latexit><latexit sha1_base64="xQFCv2iYwMWNYyBAv+lLQd3BaIs="></latexit>
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�
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0
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<latexit sha1_base64="GTuKsQtIehhuxJ0B2nP67fhQwmc="></latexit><latexit sha1_base64="GTuKsQtIehhuxJ0B2nP67fhQwmc="></latexit><latexit sha1_base64="GTuKsQtIehhuxJ0B2nP67fhQwmc="></latexit><latexit sha1_base64="GTuKsQtIehhuxJ0B2nP67fhQwmc="></latexit>

m(x⇤) = k(x⇤,x)K�1y
<latexit sha1_base64="ZRtw/Zux8dRRSXx9XXA+EdNHLHM=">AAACHHicbZBLS8NAEMc39VXrK+rRy2IRWtGSqKAXoehF8FLBPqBNy2a7aZduHuxupCXkg3jxq3jxoIgXD4Lfxk2bgrYOLPz2PzPMzN8OGBXSML61zMLi0vJKdjW3tr6xuaVv79SEH3JMqthnPm/YSBBGPVKVVDLSCDhBrs1I3R5cJ/n6A+GC+t69HAXEclHPow7FSCqpo5+6hWH7sAgv4SCBo5aLZN92omFcnOJt3I6OzXj6HcUdPW+UjHHAeTBTyIM0Kh39s9X1cegST2KGhGiaRiCtCHFJMSNxrhUKEiA8QD3SVOghlwgrGh8XwwOldKHjc/U8Ccfq744IuUKMXFtVJhuK2Vwi/pdrhtK5sCLqBaEkHp4MckIGpQ8Tp2CXcoIlGylAmFO1K8R9xBGWys+cMsGcPXkeaicl0yiZd2f58lVqRxbsgX1QACY4B2VwAyqgCjB4BM/gFbxpT9qL9q59TEozWtqzC/6E9vUDdE2hDg==</latexit><latexit sha1_base64="ZRtw/Zux8dRRSXx9XXA+EdNHLHM=">AAACHHicbZBLS8NAEMc39VXrK+rRy2IRWtGSqKAXoehF8FLBPqBNy2a7aZduHuxupCXkg3jxq3jxoIgXD4Lfxk2bgrYOLPz2PzPMzN8OGBXSML61zMLi0vJKdjW3tr6xuaVv79SEH3JMqthnPm/YSBBGPVKVVDLSCDhBrs1I3R5cJ/n6A+GC+t69HAXEclHPow7FSCqpo5+6hWH7sAgv4SCBo5aLZN92omFcnOJt3I6OzXj6HcUdPW+UjHHAeTBTyIM0Kh39s9X1cegST2KGhGiaRiCtCHFJMSNxrhUKEiA8QD3SVOghlwgrGh8XwwOldKHjc/U8Ccfq744IuUKMXFtVJhuK2Vwi/pdrhtK5sCLqBaEkHp4MckIGpQ8Tp2CXcoIlGylAmFO1K8R9xBGWys+cMsGcPXkeaicl0yiZd2f58lVqRxbsgX1QACY4B2VwAyqgCjB4BM/gFbxpT9qL9q59TEozWtqzC/6E9vUDdE2hDg==</latexit><latexit sha1_base64="ZRtw/Zux8dRRSXx9XXA+EdNHLHM=">AAACHHicbZBLS8NAEMc39VXrK+rRy2IRWtGSqKAXoehF8FLBPqBNy2a7aZduHuxupCXkg3jxq3jxoIgXD4Lfxk2bgrYOLPz2PzPMzN8OGBXSML61zMLi0vJKdjW3tr6xuaVv79SEH3JMqthnPm/YSBBGPVKVVDLSCDhBrs1I3R5cJ/n6A+GC+t69HAXEclHPow7FSCqpo5+6hWH7sAgv4SCBo5aLZN92omFcnOJt3I6OzXj6HcUdPW+UjHHAeTBTyIM0Kh39s9X1cegST2KGhGiaRiCtCHFJMSNxrhUKEiA8QD3SVOghlwgrGh8XwwOldKHjc/U8Ccfq744IuUKMXFtVJhuK2Vwi/pdrhtK5sCLqBaEkHp4MckIGpQ8Tp2CXcoIlGylAmFO1K8R9xBGWys+cMsGcPXkeaicl0yiZd2f58lVqRxbsgX1QACY4B2VwAyqgCjB4BM/gFbxpT9qL9q59TEozWtqzC/6E9vUDdE2hDg==</latexit><latexit sha1_base64="ZRtw/Zux8dRRSXx9XXA+EdNHLHM=">AAACHHicbZBLS8NAEMc39VXrK+rRy2IRWtGSqKAXoehF8FLBPqBNy2a7aZduHuxupCXkg3jxq3jxoIgXD4Lfxk2bgrYOLPz2PzPMzN8OGBXSML61zMLi0vJKdjW3tr6xuaVv79SEH3JMqthnPm/YSBBGPVKVVDLSCDhBrs1I3R5cJ/n6A+GC+t69HAXEclHPow7FSCqpo5+6hWH7sAgv4SCBo5aLZN92omFcnOJt3I6OzXj6HcUdPW+UjHHAeTBTyIM0Kh39s9X1cegST2KGhGiaRiCtCHFJMSNxrhUKEiA8QD3SVOghlwgrGh8XwwOldKHjc/U8Ccfq744IuUKMXFtVJhuK2Vwi/pdrhtK5sCLqBaEkHp4MckIGpQ8Tp2CXcoIlGylAmFO1K8R9xBGWys+cMsGcPXkeaicl0yiZd2f58lVqRxbsgX1QACY4B2VwAyqgCjB4BM/gFbxpT9qL9q59TEozWtqzC/6E9vUDdE2hDg==</latexit>

S(x⇤, x⇤) = k(x⇤, x⇤)� k(x⇤,x)K�1k(x, x⇤)
<latexit sha1_base64="QKyFu2Eof6gNcDFfC6IdZ0eXe7g="></latexit><latexit sha1_base64="QKyFu2Eof6gNcDFfC6IdZ0eXe7g="></latexit><latexit sha1_base64="QKyFu2Eof6gNcDFfC6IdZ0eXe7g="></latexit><latexit sha1_base64="QKyFu2Eof6gNcDFfC6IdZ0eXe7g="></latexit>

f(x⇤)|x,y ⇠ N (m(x⇤), S(x⇤, x⇤))
<latexit sha1_base64="dngnxQt7OG4o4/5p2SbTm08B+os="></latexit><latexit sha1_base64="dngnxQt7OG4o4/5p2SbTm08B+os="></latexit><latexit sha1_base64="dngnxQt7OG4o4/5p2SbTm08B+os="></latexit><latexit sha1_base64="dngnxQt7OG4o4/5p2SbTm08B+os="></latexit>

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>

Prior

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>
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Multi-fidelity Bayesian Optimization

The multi-fidelity framework leads to 30% improvement in performance.
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)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>

Training

un(x⇤) | un ⇠ N (mn(x⇤), Sn,n(x⇤, x⇤))
<latexit sha1_base64="rWhpIXeOWg0WLjaGS7fspcr82n4="></latexit><latexit sha1_base64="rWhpIXeOWg0WLjaGS7fspcr82n4="></latexit><latexit sha1_base64="rWhpIXeOWg0WLjaGS7fspcr82n4="></latexit><latexit sha1_base64="rWhpIXeOWg0WLjaGS7fspcr82n4="></latexit>

mn(x⇤) = qTK�1


un

mn�1

�

<latexit sha1_base64="brjp2tQweovQWDeTVZmwBEGazKI="></latexit><latexit sha1_base64="brjp2tQweovQWDeTVZmwBEGazKI="></latexit><latexit sha1_base64="brjp2tQweovQWDeTVZmwBEGazKI="></latexit><latexit sha1_base64="brjp2tQweovQWDeTVZmwBEGazKI="></latexit>

Sn,n(x⇤, x⇤) = kn,n(x⇤, x⇤)� qTK�1q+ qTK�1


0 0
0 Sn�1,n�1

�
K�1q

<latexit sha1_base64="xHIFfms6PeXa3urecBX1cRzYlJU="></latexit><latexit sha1_base64="xHIFfms6PeXa3urecBX1cRzYlJU="></latexit><latexit sha1_base64="xHIFfms6PeXa3urecBX1cRzYlJU="></latexit><latexit sha1_base64="xHIFfms6PeXa3urecBX1cRzYlJU="></latexit>

qT =
⇥
kn,n(xn,xn) kn,n�1(xn,xn�1)

⇤
<latexit sha1_base64="i+bG0rhrXrM6jxIXjM7PIbpa7lQ="></latexit><latexit sha1_base64="i+bG0rhrXrM6jxIXjM7PIbpa7lQ="></latexit><latexit sha1_base64="i+bG0rhrXrM6jxIXjM7PIbpa7lQ="></latexit><latexit sha1_base64="i+bG0rhrXrM6jxIXjM7PIbpa7lQ="></latexit>

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>

Prediction

un ⇠ N (mn,Sn,n)
<latexit sha1_base64="hC/gC19TxAT7xVtQULMrj4ZpvDw="></latexit><latexit sha1_base64="hC/gC19TxAT7xVtQULMrj4ZpvDw="></latexit><latexit sha1_base64="hC/gC19TxAT7xVtQULMrj4ZpvDw="></latexit><latexit sha1_base64="hC/gC19TxAT7xVtQULMrj4ZpvDw="></latexit>

mn = mn(xn)
Sn,n = Sn,n(xn,xn)

<latexit sha1_base64="7TKMIR3JCzGq94SjV3IdmN5Xvkk="></latexit><latexit sha1_base64="7TKMIR3JCzGq94SjV3IdmN5Xvkk="></latexit><latexit sha1_base64="7TKMIR3JCzGq94SjV3IdmN5Xvkk="></latexit><latexit sha1_base64="7TKMIR3JCzGq94SjV3IdmN5Xvkk="></latexit>

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>
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1) Parametric Gaussian process 
(producer of the hypothetical data)


2) Classical Gaussian process 
(consumer of the hypothetical data)
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Parametric Gaussian Processes for Big Data



Goodfellow, Ian, et al. Deep learning. Vol. 1. Cambridge: MIT press, 2016.

y ⇠ N
�
f(x),�2I

�
<latexit sha1_base64="dcjAnjeG1cPrPC43GIrjC2YFIcs="></latexit><latexit sha1_base64="dcjAnjeG1cPrPC43GIrjC2YFIcs="></latexit><latexit sha1_base64="dcjAnjeG1cPrPC43GIrjC2YFIcs="></latexit><latexit sha1_base64="dcjAnjeG1cPrPC43GIrjC2YFIcs="></latexit>

min
W,b

(y � f(x))0(y � f(x))
<latexit sha1_base64="RsIAPbqCpGa54m7uqTDE9C1XBfY=">AAACLnicfVBbS8MwGE3nbc5b1UdfgmO4gY5WBH0ciuDjBHeBrYw0S7dgmpYkFUupf8gX/4o+CCriqz/DbCuim3ggcHJOPvKd44aMSmVZL0Zubn5hcSm/XFhZXVvfMDe3mjKIBCYNHLBAtF0kCaOcNBRVjLRDQZDvMtJyr89GfuuGCEkDfqXikDg+GnDqUYyUlnrmedenvJe09t0U3pW7PlJD10viFB5A7/t6m1Yqe/+ZPbNoVa0x4CyxM1IEGeo986nbD3DkE64wQ1J2bCtUToKEopiRtNCNJAkRvkYD0tGUI59IJxnHTWFJK33oBUIfruBY/TmRIF/K2NeJSqMd5bQ3Ev/yOpHyTpyE8jBShOPJR17EoArgqDvYp4JgxWJNEBZU7wrxEAmElW64oEuwpyPPkuZh1baq9uVRsXaa1ZEHO2AXlIENjkENXIA6aAAM7sEjeAVvxoPxbLwbH5OnOSOb2Qa/YHx+AQSap+I=</latexit><latexit sha1_base64="RsIAPbqCpGa54m7uqTDE9C1XBfY=">AAACLnicfVBbS8MwGE3nbc5b1UdfgmO4gY5WBH0ciuDjBHeBrYw0S7dgmpYkFUupf8gX/4o+CCriqz/DbCuim3ggcHJOPvKd44aMSmVZL0Zubn5hcSm/XFhZXVvfMDe3mjKIBCYNHLBAtF0kCaOcNBRVjLRDQZDvMtJyr89GfuuGCEkDfqXikDg+GnDqUYyUlnrmedenvJe09t0U3pW7PlJD10viFB5A7/t6m1Yqe/+ZPbNoVa0x4CyxM1IEGeo986nbD3DkE64wQ1J2bCtUToKEopiRtNCNJAkRvkYD0tGUI59IJxnHTWFJK33oBUIfruBY/TmRIF/K2NeJSqMd5bQ3Ev/yOpHyTpyE8jBShOPJR17EoArgqDvYp4JgxWJNEBZU7wrxEAmElW64oEuwpyPPkuZh1baq9uVRsXaa1ZEHO2AXlIENjkENXIA6aAAM7sEjeAVvxoPxbLwbH5OnOSOb2Qa/YHx+AQSap+I=</latexit><latexit sha1_base64="RsIAPbqCpGa54m7uqTDE9C1XBfY=">AAACLnicfVBbS8MwGE3nbc5b1UdfgmO4gY5WBH0ciuDjBHeBrYw0S7dgmpYkFUupf8gX/4o+CCriqz/DbCuim3ggcHJOPvKd44aMSmVZL0Zubn5hcSm/XFhZXVvfMDe3mjKIBCYNHLBAtF0kCaOcNBRVjLRDQZDvMtJyr89GfuuGCEkDfqXikDg+GnDqUYyUlnrmedenvJe09t0U3pW7PlJD10viFB5A7/t6m1Yqe/+ZPbNoVa0x4CyxM1IEGeo986nbD3DkE64wQ1J2bCtUToKEopiRtNCNJAkRvkYD0tGUI59IJxnHTWFJK33oBUIfruBY/TmRIF/K2NeJSqMd5bQ3Ev/yOpHyTpyE8jBShOPJR17EoArgqDvYp4JgxWJNEBZU7wrxEAmElW64oEuwpyPPkuZh1baq9uVRsXaa1ZEHO2AXlIENjkENXIA6aAAM7sEjeAVvxoPxbLwbH5OnOSOb2Qa/YHx+AQSap+I=</latexit><latexit sha1_base64="RsIAPbqCpGa54m7uqTDE9C1XBfY=">AAACLnicfVBbS8MwGE3nbc5b1UdfgmO4gY5WBH0ciuDjBHeBrYw0S7dgmpYkFUupf8gX/4o+CCriqz/DbCuim3ggcHJOPvKd44aMSmVZL0Zubn5hcSm/XFhZXVvfMDe3mjKIBCYNHLBAtF0kCaOcNBRVjLRDQZDvMtJyr89GfuuGCEkDfqXikDg+GnDqUYyUlnrmedenvJe09t0U3pW7PlJD10viFB5A7/t6m1Yqe/+ZPbNoVa0x4CyxM1IEGeo986nbD3DkE64wQ1J2bCtUToKEopiRtNCNJAkRvkYD0tGUI59IJxnHTWFJK33oBUIfruBY/TmRIF/K2NeJSqMd5bQ3Ev/yOpHyTpyE8jBShOPJR17EoArgqDvYp4JgxWJNEBZU7wrxEAmElW64oEuwpyPPkuZh1baq9uVRsXaa1ZEHO2AXlIENjkENXIA6aAAM7sEjeAVvxoPxbLwbH5OnOSOb2Qa/YHx+AQSap+I=</latexit>

min
W,b

NX

i=1

|yi � f(xi)|2
<latexit sha1_base64="akpaXgW46N/X/7AGwsUitR4lM0I="></latexit><latexit sha1_base64="akpaXgW46N/X/7AGwsUitR4lM0I="></latexit><latexit sha1_base64="akpaXgW46N/X/7AGwsUitR4lM0I="></latexit><latexit sha1_base64="akpaXgW46N/X/7AGwsUitR4lM0I="></latexit>

f(x⇤)
<latexit sha1_base64="3oUEzdWY4tyQ23vmOTHDYmG2kNI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHh1aObQ==</latexit><latexit sha1_base64="3oUEzdWY4tyQ23vmOTHDYmG2kNI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHh1aObQ==</latexit><latexit sha1_base64="3oUEzdWY4tyQ23vmOTHDYmG2kNI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHh1aObQ==</latexit><latexit sha1_base64="3oUEzdWY4tyQ23vmOTHDYmG2kNI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7RdBj0YvHCvYD2rVk02wbm02WJCuWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqRmWn+7PTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rx3Ip3e16qXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHh1aObQ==</latexit>

1) GPs are non-parametric while NNs are parametric regressors.

2) GPs are not scalable to Big dataset while NNs are scalable.

3) GPs quantify the uncertainty in their predictions while NNs do not.

Gaussian Processes vs Neural Networks

f(x) = WLhL + bL
<latexit sha1_base64="PFwbXK/xZ11ckFLAsLvE5uRINO4=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAIESHsiqAXIejFQw4RzAOSTZidzCZDZmeXmVkxhuCvePGgiFf/w5t/4yTZg0YLGoqqbrq7/JgzpR3ny8osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tuv+4Gri1++oVCwSt3oYUy/EPcECRrA2UsfeCwr3R+gC1dtl1Dd1jPx2uWPnnaIzBfpL3JTkIUWlY3+2uhFJQio04VippuvE2hthqRnhdJxrJYrGmAxwjzYNFTikyhtNrx+jQ6N0URBJU0KjqfpzYoRDpYahbzpDrPtq3puI/3nNRAfn3oiJONFUkNmiIOFIR2gSBeoySYnmQ0MwkczcikgfS0y0CSxnQnDnX/5LaidF1ym6N6f50mUaRxb24QAK4MIZlOAaKlAFAg/wBC/waj1az9ab9T5rzVjpzC78gvXxDbBGksk=</latexit><latexit sha1_base64="PFwbXK/xZ11ckFLAsLvE5uRINO4=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAIESHsiqAXIejFQw4RzAOSTZidzCZDZmeXmVkxhuCvePGgiFf/w5t/4yTZg0YLGoqqbrq7/JgzpR3ny8osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tuv+4Gri1++oVCwSt3oYUy/EPcECRrA2UsfeCwr3R+gC1dtl1Dd1jPx2uWPnnaIzBfpL3JTkIUWlY3+2uhFJQio04VippuvE2hthqRnhdJxrJYrGmAxwjzYNFTikyhtNrx+jQ6N0URBJU0KjqfpzYoRDpYahbzpDrPtq3puI/3nNRAfn3oiJONFUkNmiIOFIR2gSBeoySYnmQ0MwkczcikgfS0y0CSxnQnDnX/5LaidF1ym6N6f50mUaRxb24QAK4MIZlOAaKlAFAg/wBC/waj1az9ab9T5rzVjpzC78gvXxDbBGksk=</latexit><latexit sha1_base64="PFwbXK/xZ11ckFLAsLvE5uRINO4=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAIESHsiqAXIejFQw4RzAOSTZidzCZDZmeXmVkxhuCvePGgiFf/w5t/4yTZg0YLGoqqbrq7/JgzpR3ny8osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tuv+4Gri1++oVCwSt3oYUy/EPcECRrA2UsfeCwr3R+gC1dtl1Dd1jPx2uWPnnaIzBfpL3JTkIUWlY3+2uhFJQio04VippuvE2hthqRnhdJxrJYrGmAxwjzYNFTikyhtNrx+jQ6N0URBJU0KjqfpzYoRDpYahbzpDrPtq3puI/3nNRAfn3oiJONFUkNmiIOFIR2gSBeoySYnmQ0MwkczcikgfS0y0CSxnQnDnX/5LaidF1ym6N6f50mUaRxb24QAK4MIZlOAaKlAFAg/wBC/waj1az9ab9T5rzVjpzC78gvXxDbBGksk=</latexit><latexit sha1_base64="PFwbXK/xZ11ckFLAsLvE5uRINO4=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAIESHsiqAXIejFQw4RzAOSTZidzCZDZmeXmVkxhuCvePGgiFf/w5t/4yTZg0YLGoqqbrq7/JgzpR3ny8osLC4tr2RXc2vrG5tb9vZOTUWJJLRKIh7Jho8V5UzQqmaa00YsKQ59Tuv+4Gri1++oVCwSt3oYUy/EPcECRrA2UsfeCwr3R+gC1dtl1Dd1jPx2uWPnnaIzBfpL3JTkIUWlY3+2uhFJQio04VippuvE2hthqRnhdJxrJYrGmAxwjzYNFTikyhtNrx+jQ6N0URBJU0KjqfpzYoRDpYahbzpDrPtq3puI/3nNRAfn3oiJONFUkNmiIOFIR2gSBeoySYnmQ0MwkczcikgfS0y0CSxnQnDnX/5LaidF1ym6N6f50mUaRxb24QAK4MIZlOAaKlAFAg/wBC/waj1az9ab9T5rzVjpzC78gvXxDbBGksk=</latexit>

h1 = tanh(W 0x+ b0)
<latexit sha1_base64="SHi/Qbrby9tdu7uf6wvElYRxd4c=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIoJuhKIblxXsBdq0TKbTZuhkEmYmYgnduPFV3LhQxK3v4M63cdpmodUfBj7+cw5nzu/HnCntOF9WbmFxaXklv1pYW9/Y3LK3d+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8IdXk3rjjkrFInGrRzH1QjwQrM8I1sbq2vtBx0UXqK2xCEqNTuqM0T06Rv6Ejrp20Sk7U6G/4GZQhEzVrv3Z7kUkCanQhGOlWq4Tay/FUjPC6bjQThSNMRniAW0ZFDikykunV4zRoXF6qB9J84RGU/fnRIpDpUahbzpDrAM1X5uY/9Vaie6feykTcaKpILNF/YQjHaFJJKjHJCWajwxgIpn5KyIBlphoE1zBhODOn/wX6idl1ym7N6fFymUWRx724ABK4MIZVOAaqlADAg/wBC/waj1az9ab9T5rzVnZzC78kvXxDQV0llc=</latexit><latexit sha1_base64="SHi/Qbrby9tdu7uf6wvElYRxd4c=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIoJuhKIblxXsBdq0TKbTZuhkEmYmYgnduPFV3LhQxK3v4M63cdpmodUfBj7+cw5nzu/HnCntOF9WbmFxaXklv1pYW9/Y3LK3d+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8IdXk3rjjkrFInGrRzH1QjwQrM8I1sbq2vtBx0UXqK2xCEqNTuqM0T06Rv6Ejrp20Sk7U6G/4GZQhEzVrv3Z7kUkCanQhGOlWq4Tay/FUjPC6bjQThSNMRniAW0ZFDikykunV4zRoXF6qB9J84RGU/fnRIpDpUahbzpDrAM1X5uY/9Vaie6feykTcaKpILNF/YQjHaFJJKjHJCWajwxgIpn5KyIBlphoE1zBhODOn/wX6idl1ym7N6fFymUWRx724ABK4MIZVOAaqlADAg/wBC/waj1az9ab9T5rzVnZzC78kvXxDQV0llc=</latexit><latexit sha1_base64="SHi/Qbrby9tdu7uf6wvElYRxd4c=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIoJuhKIblxXsBdq0TKbTZuhkEmYmYgnduPFV3LhQxK3v4M63cdpmodUfBj7+cw5nzu/HnCntOF9WbmFxaXklv1pYW9/Y3LK3d+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8IdXk3rjjkrFInGrRzH1QjwQrM8I1sbq2vtBx0UXqK2xCEqNTuqM0T06Rv6Ejrp20Sk7U6G/4GZQhEzVrv3Z7kUkCanQhGOlWq4Tay/FUjPC6bjQThSNMRniAW0ZFDikykunV4zRoXF6qB9J84RGU/fnRIpDpUahbzpDrAM1X5uY/9Vaie6feykTcaKpILNF/YQjHaFJJKjHJCWajwxgIpn5KyIBlphoE1zBhODOn/wX6idl1ym7N6fFymUWRx724ABK4MIZVOAaqlADAg/wBC/waj1az9ab9T5rzVnZzC78kvXxDQV0llc=</latexit><latexit sha1_base64="SHi/Qbrby9tdu7uf6wvElYRxd4c=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUBFKIoJuhKIblxXsBdq0TKbTZuhkEmYmYgnduPFV3LhQxK3v4M63cdpmodUfBj7+cw5nzu/HnCntOF9WbmFxaXklv1pYW9/Y3LK3d+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8IdXk3rjjkrFInGrRzH1QjwQrM8I1sbq2vtBx0UXqK2xCEqNTuqM0T06Rv6Ejrp20Sk7U6G/4GZQhEzVrv3Z7kUkCanQhGOlWq4Tay/FUjPC6bjQThSNMRniAW0ZFDikykunV4zRoXF6qB9J84RGU/fnRIpDpUahbzpDrAM1X5uY/9Vaie6feykTcaKpILNF/YQjHaFJJKjHJCWajwxgIpn5KyIBlphoE1zBhODOn/wX6idl1ym7N6fFymUWRx724ABK4MIZVOAaqlADAg/wBC/waj1az9ab9T5rzVnZzC78kvXxDQV0llc=</latexit>

...
<latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit><latexit sha1_base64="ocgiAjpDjkxJr5kPWC1BB+yVGnk=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eKxgP6ANZbPZtGs3u2F3Uiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo5bRmWasiZVQulOSAwTXLImchSsk2pGklCwdji6m/ntMdOGK/mIk5QFCRlIHnNK0Eqt3jhSaPqVqlfz5nBXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFruZYalhI7IgHUtlSRhJsjn107dc6tEbqy0LYnuXP09kZPEmEkS2s6E4NAsezPxP6+bYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpUOiCUUbUNmG4C+/vEpalzXfq/kPV9X6bRFHCU7hDC7Ah2uowz00oAkUnuAZXuHNUc6L8+58LFrXnGLmBP7A+fwBy2+PQg==</latexit>

hL = tanh(WL�1hL�1 + bL�1)
<latexit sha1_base64="/Pp33a3V4zcq9poQnYkgabu0MO0=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKmKZEUE3QtGNiy4q2Av0RiZNndBMZkjOCGXoG7jxVdy4UMStW3e+jWk7C209EPLx/+eQnN+LBNfgON9WZmFxaXklu5pbW9/Y3LK3d2o6jBVlVRqKUDU8opngklWBg2CNSDESeILVvcH12K8/MKV5KO9gGLF2QO4l73NKwEhd+9DvlPElbgGRfqHeScon7gj76X2MvSkdde28U3QmhefBTSGP0qp07a9WL6RxwCRQQbRuuk4E7YQo4FSwUa4VaxYROiD3rGlQkoDpdjLZZ4QPjNLD/VCZIwFP1N8TCQm0Hgae6QwI+HrWG4v/ec0Y+hfthMsoBibp9KF+LDCEeBwO7nHFKIihAUIVN3/F1CeKUDAR5kwI7uzK81A7LbpO0b09y5eu0jiyaA/towJy0TkqoRtUQVVE0SN6Rq/ozXqyXqx362PamrHSmV30p6zPH2xombo=</latexit><latexit sha1_base64="/Pp33a3V4zcq9poQnYkgabu0MO0=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKmKZEUE3QtGNiy4q2Av0RiZNndBMZkjOCGXoG7jxVdy4UMStW3e+jWk7C209EPLx/+eQnN+LBNfgON9WZmFxaXklu5pbW9/Y3LK3d2o6jBVlVRqKUDU8opngklWBg2CNSDESeILVvcH12K8/MKV5KO9gGLF2QO4l73NKwEhd+9DvlPElbgGRfqHeScon7gj76X2MvSkdde28U3QmhefBTSGP0qp07a9WL6RxwCRQQbRuuk4E7YQo4FSwUa4VaxYROiD3rGlQkoDpdjLZZ4QPjNLD/VCZIwFP1N8TCQm0Hgae6QwI+HrWG4v/ec0Y+hfthMsoBibp9KF+LDCEeBwO7nHFKIihAUIVN3/F1CeKUDAR5kwI7uzK81A7LbpO0b09y5eu0jiyaA/towJy0TkqoRtUQVVE0SN6Rq/ozXqyXqx362PamrHSmV30p6zPH2xombo=</latexit><latexit sha1_base64="/Pp33a3V4zcq9poQnYkgabu0MO0=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKmKZEUE3QtGNiy4q2Av0RiZNndBMZkjOCGXoG7jxVdy4UMStW3e+jWk7C209EPLx/+eQnN+LBNfgON9WZmFxaXklu5pbW9/Y3LK3d2o6jBVlVRqKUDU8opngklWBg2CNSDESeILVvcH12K8/MKV5KO9gGLF2QO4l73NKwEhd+9DvlPElbgGRfqHeScon7gj76X2MvSkdde28U3QmhefBTSGP0qp07a9WL6RxwCRQQbRuuk4E7YQo4FSwUa4VaxYROiD3rGlQkoDpdjLZZ4QPjNLD/VCZIwFP1N8TCQm0Hgae6QwI+HrWG4v/ec0Y+hfthMsoBibp9KF+LDCEeBwO7nHFKIihAUIVN3/F1CeKUDAR5kwI7uzK81A7LbpO0b09y5eu0jiyaA/towJy0TkqoRtUQVVE0SN6Rq/ozXqyXqx362PamrHSmV30p6zPH2xombo=</latexit><latexit sha1_base64="/Pp33a3V4zcq9poQnYkgabu0MO0=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKmKZEUE3QtGNiy4q2Av0RiZNndBMZkjOCGXoG7jxVdy4UMStW3e+jWk7C209EPLx/+eQnN+LBNfgON9WZmFxaXklu5pbW9/Y3LK3d2o6jBVlVRqKUDU8opngklWBg2CNSDESeILVvcH12K8/MKV5KO9gGLF2QO4l73NKwEhd+9DvlPElbgGRfqHeScon7gj76X2MvSkdde28U3QmhefBTSGP0qp07a9WL6RxwCRQQbRuuk4E7YQo4FSwUa4VaxYROiD3rGlQkoDpdjLZZ4QPjNLD/VCZIwFP1N8TCQm0Hgae6QwI+HrWG4v/ec0Y+hfthMsoBibp9KF+LDCEeBwO7nHFKIihAUIVN3/F1CeKUDAR5kwI7uzK81A7LbpO0b09y5eu0jiyaA/towJy0TkqoRtUQVVE0SN6Rq/ozXqyXqx362PamrHSmV30p6zPH2xombo=</latexit>

4) GPs automatically balance the tradeoff between data fit and model complexity.

Neural Networks Regression

yi = f(xi) + ✏i, ✏i ⇠ N
�
0,�2

�
, i = 1, . . . , N

<latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit><latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit><latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit><latexit sha1_base64="8HEBnleDeEMzZCD/CbwYCUSxfH4="></latexit>

y = f(x) + ✏, ✏ ⇠ N
�
0,�2I

�
<latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit><latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit><latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit><latexit sha1_base64="QyYcu8AXcsJ3zRN9yaRkX6PSnDM="></latexit>

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>

Training

Prediction

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>

Prior

)

<latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit><latexit sha1_base64="GagNauVuK8WBdEMNdICU22mCaLg=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz14rGC/ZAmlM12ky7d3YTdjVBCf4UXD4p49ed489+4aXPQ1gcDj/dmmJkXppxp47rfztr6xubWdmWnuru3f3BYOzru6iRThHZIwhPVD7GmnEnaMcxw2k8VxSLktBdObgu/90SVZol8MNOUBgLHkkWMYGOlR7/F4hj5s+qwVncb7hxolXglqUOJ9rD25Y8SkgkqDeFY64HnpibIsTKMcDqr+pmmKSYTHNOBpRILqoN8fvAMnVtlhKJE2ZIGzdXfEzkWWk9FaDsFNmO97BXif94gM9FNkDOZZoZKslgUZRyZBBXfoxFTlBg+tQQTxeytiIyxwsTYjIoQvOWXV0n3suG5De/+qt5slXFU4BTO4AI8uIYm3EEbOkBAwDO8wpujnBfn3flYtK455cwJ/IHz+QOztI+s</latexit>

D
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Raissi, Maziar, Paris Perdikaris, and George Em Karniadakis. "Physics-Informed Neural Networks: A Deep Learning Framework for Solving Forward and Inverse 
Problems Involving Nonlinear Partial Differential Equations." Journal of Computational Physics (2018).

Physics Informed Neural Networks (PINNs)



iht + 0.5hxx + |h|2h = 0
<latexit sha1_base64="giOvmjiCkV1gi2z7o/tDhvfjRXU=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBGHIFEU3QtGNywr2Au04ZNJMJzRzIclIy7RbN76KGxeKuPUN3Pk2pu0stPWHwJf/nENyfi/hTCqEvo3C0vLK6lpxvbSxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nT619P6s0HKiSLozs1TKgT4l7EfEaw0pZrQgYDV8ETiKwzTdlgMNaXUTC6r8AAXkLkmmVkoangItg5lEGummt+dboxSUMaKcKxlG0bJcrJsFCMcDoudVJJE0z6uEfbGiMcUulk003G8Eg7XejHQp9Iwan7eyLDoZTD0NOdIVaBnK9NzP9q7VT5F07GoiRVNCKzh/yUQxXDSSywywQlig81YCKY/iskARaYKB1eSYdgz6+8CI2KZSPLvj0tV6/yOIrgAByCY2CDc1AFN6AG6oCAR/AMXsGb8WS8GO/Gx6y1YOQz++CPjM8fjTaXDA==</latexit><latexit sha1_base64="giOvmjiCkV1gi2z7o/tDhvfjRXU=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBGHIFEU3QtGNywr2Au04ZNJMJzRzIclIy7RbN76KGxeKuPUN3Pk2pu0stPWHwJf/nENyfi/hTCqEvo3C0vLK6lpxvbSxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nT619P6s0HKiSLozs1TKgT4l7EfEaw0pZrQgYDV8ETiKwzTdlgMNaXUTC6r8AAXkLkmmVkoangItg5lEGummt+dboxSUMaKcKxlG0bJcrJsFCMcDoudVJJE0z6uEfbGiMcUulk003G8Eg7XejHQp9Iwan7eyLDoZTD0NOdIVaBnK9NzP9q7VT5F07GoiRVNCKzh/yUQxXDSSywywQlig81YCKY/iskARaYKB1eSYdgz6+8CI2KZSPLvj0tV6/yOIrgAByCY2CDc1AFN6AG6oCAR/AMXsGb8WS8GO/Gx6y1YOQz++CPjM8fjTaXDA==</latexit><latexit sha1_base64="giOvmjiCkV1gi2z7o/tDhvfjRXU=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBGHIFEU3QtGNywr2Au04ZNJMJzRzIclIy7RbN76KGxeKuPUN3Pk2pu0stPWHwJf/nENyfi/hTCqEvo3C0vLK6lpxvbSxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nT619P6s0HKiSLozs1TKgT4l7EfEaw0pZrQgYDV8ETiKwzTdlgMNaXUTC6r8AAXkLkmmVkoangItg5lEGummt+dboxSUMaKcKxlG0bJcrJsFCMcDoudVJJE0z6uEfbGiMcUulk003G8Eg7XejHQp9Iwan7eyLDoZTD0NOdIVaBnK9NzP9q7VT5F07GoiRVNCKzh/yUQxXDSSywywQlig81YCKY/iskARaYKB1eSYdgz6+8CI2KZSPLvj0tV6/yOIrgAByCY2CDc1AFN6AG6oCAR/AMXsGb8WS8GO/Gx6y1YOQz++CPjM8fjTaXDA==</latexit><latexit sha1_base64="giOvmjiCkV1gi2z7o/tDhvfjRXU=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBGHIFEU3QtGNywr2Au04ZNJMJzRzIclIy7RbN76KGxeKuPUN3Pk2pu0stPWHwJf/nENyfi/hTCqEvo3C0vLK6lpxvbSxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nT619P6s0HKiSLozs1TKgT4l7EfEaw0pZrQgYDV8ETiKwzTdlgMNaXUTC6r8AAXkLkmmVkoangItg5lEGummt+dboxSUMaKcKxlG0bJcrJsFCMcDoudVJJE0z6uEfbGiMcUulk003G8Eg7XejHQp9Iwan7eyLDoZTD0NOdIVaBnK9NzP9q7VT5F07GoiRVNCKzh/yUQxXDSSywywQlig81YCKY/iskARaYKB1eSYdgz6+8CI2KZSPLvj0tV6/yOIrgAByCY2CDc1AFN6AG6oCAR/AMXsGb8WS8GO/Gx6y1YOQz++CPjM8fjTaXDA==</latexit>

MSE = MSE0 +MSEb +MSEf +MSEg
<latexit sha1_base64="FzoeIA7TnSdiZyUYkwpqOyrMPsY=">AAACDHicbVDLSgMxFL1TX7W+Rl26CRZBEMqMCLoRiiK4ESraB7RDyaSZNjSTGZKMUIZ+gBt/xY0LRdz6Ae78G9PpLLT1QnIO555Lco8fc6a043xbhYXFpeWV4mppbX1jc8ve3mmoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eTvrNByoVi8S9HsXUC3FfsIARrI3Utcs3d1foHJm766CjDP0cgxz7xuVUnKzQPHFzUoa8al37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNxqZMoGmMyxH3aNlTgkCovzZYZowOj9FAQSXOERpn6eyLFoVKj0DfOEOuBmu1NxP967UQHZ17KRJxoKsj0oSDhSEdokgzqMUmJ5iNDMJHM/BWRAZaYaJNfyYTgzq48TxrHFdepuLcn5epFHkcR9mAfDsGFU6jCNdSgDgQe4Rle4c16sl6sd+tjai1Y+cwu/Cnr8wfqMpcb</latexit><latexit sha1_base64="FzoeIA7TnSdiZyUYkwpqOyrMPsY=">AAACDHicbVDLSgMxFL1TX7W+Rl26CRZBEMqMCLoRiiK4ESraB7RDyaSZNjSTGZKMUIZ+gBt/xY0LRdz6Ae78G9PpLLT1QnIO555Lco8fc6a043xbhYXFpeWV4mppbX1jc8ve3mmoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eTvrNByoVi8S9HsXUC3FfsIARrI3Utcs3d1foHJm766CjDP0cgxz7xuVUnKzQPHFzUoa8al37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNxqZMoGmMyxH3aNlTgkCovzZYZowOj9FAQSXOERpn6eyLFoVKj0DfOEOuBmu1NxP967UQHZ17KRJxoKsj0oSDhSEdokgzqMUmJ5iNDMJHM/BWRAZaYaJNfyYTgzq48TxrHFdepuLcn5epFHkcR9mAfDsGFU6jCNdSgDgQe4Rle4c16sl6sd+tjai1Y+cwu/Cnr8wfqMpcb</latexit><latexit sha1_base64="FzoeIA7TnSdiZyUYkwpqOyrMPsY=">AAACDHicbVDLSgMxFL1TX7W+Rl26CRZBEMqMCLoRiiK4ESraB7RDyaSZNjSTGZKMUIZ+gBt/xY0LRdz6Ae78G9PpLLT1QnIO555Lco8fc6a043xbhYXFpeWV4mppbX1jc8ve3mmoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eTvrNByoVi8S9HsXUC3FfsIARrI3Utcs3d1foHJm766CjDP0cgxz7xuVUnKzQPHFzUoa8al37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNxqZMoGmMyxH3aNlTgkCovzZYZowOj9FAQSXOERpn6eyLFoVKj0DfOEOuBmu1NxP967UQHZ17KRJxoKsj0oSDhSEdokgzqMUmJ5iNDMJHM/BWRAZaYaJNfyYTgzq48TxrHFdepuLcn5epFHkcR9mAfDsGFU6jCNdSgDgQe4Rle4c16sl6sd+tjai1Y+cwu/Cnr8wfqMpcb</latexit><latexit sha1_base64="FzoeIA7TnSdiZyUYkwpqOyrMPsY=">AAACDHicbVDLSgMxFL1TX7W+Rl26CRZBEMqMCLoRiiK4ESraB7RDyaSZNjSTGZKMUIZ+gBt/xY0LRdz6Ae78G9PpLLT1QnIO555Lco8fc6a043xbhYXFpeWV4mppbX1jc8ve3mmoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eTvrNByoVi8S9HsXUC3FfsIARrI3Utcs3d1foHJm766CjDP0cgxz7xuVUnKzQPHFzUoa8al37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNxqZMoGmMyxH3aNlTgkCovzZYZowOj9FAQSXOERpn6eyLFoVKj0DfOEOuBmu1NxP967UQHZ17KRJxoKsj0oSDhSEdokgzqMUmJ5iNDMJHM/BWRAZaYaJNfyYTgzq48TxrHFdepuLcn5epFHkcR9mAfDsGFU6jCNdSgDgQe4Rle4c16sl6sd+tjai1Y+cwu/Cnr8wfqMpcb</latexit>

u = Real(h), v = Imag(h)
<latexit sha1_base64="QPCbDhLAGFK1bK8O+OojEiK64j0=">AAACE3icbVDJSgNBFOyJW4xb1KOXxiBEkTAjgl6EoBe9RTELJCH0dF6SJj0L3W+CYUi+wYu/4sWDIl69ePNv7CyIRgsaiqpXvH7lhlJotO1PKzE3v7C4lFxOrayurW+kN7dKOogUhyIPZKAqLtMghQ9FFCihEipgniuh7HYvRn65B0qLwL/Ffgh1j7V90RKcoZEa6YOIntEawh3GN8DkINvZP6TD4ZD2vvUrExnpjXTGztlj0L/EmZIMmaLQSH/UmgGPPPCRS6Z11bFDrMdMoeASBqlapCFkvMvaUDXUZx7oejy+aUD3jNKkrUCZ5yMdqz8TMfO07nuumfQYdvSsNxL/86oRtk7rsfDDCMHnk0WtSFIM6Kgg2hQKOMq+IYwrYf5KeYcpxtHUmDIlOLMn/yWlo5xj55zr40z+fFpHkuyQXZIlDjkheXJJCqRIOLknj+SZvFgP1pP1ar1NRhPWNLNNfsF6/wKlbpzA</latexit><latexit sha1_base64="QPCbDhLAGFK1bK8O+OojEiK64j0=">AAACE3icbVDJSgNBFOyJW4xb1KOXxiBEkTAjgl6EoBe9RTELJCH0dF6SJj0L3W+CYUi+wYu/4sWDIl69ePNv7CyIRgsaiqpXvH7lhlJotO1PKzE3v7C4lFxOrayurW+kN7dKOogUhyIPZKAqLtMghQ9FFCihEipgniuh7HYvRn65B0qLwL/Ffgh1j7V90RKcoZEa6YOIntEawh3GN8DkINvZP6TD4ZD2vvUrExnpjXTGztlj0L/EmZIMmaLQSH/UmgGPPPCRS6Z11bFDrMdMoeASBqlapCFkvMvaUDXUZx7oejy+aUD3jNKkrUCZ5yMdqz8TMfO07nuumfQYdvSsNxL/86oRtk7rsfDDCMHnk0WtSFIM6Kgg2hQKOMq+IYwrYf5KeYcpxtHUmDIlOLMn/yWlo5xj55zr40z+fFpHkuyQXZIlDjkheXJJCqRIOLknj+SZvFgP1pP1ar1NRhPWNLNNfsF6/wKlbpzA</latexit><latexit sha1_base64="QPCbDhLAGFK1bK8O+OojEiK64j0=">AAACE3icbVDJSgNBFOyJW4xb1KOXxiBEkTAjgl6EoBe9RTELJCH0dF6SJj0L3W+CYUi+wYu/4sWDIl69ePNv7CyIRgsaiqpXvH7lhlJotO1PKzE3v7C4lFxOrayurW+kN7dKOogUhyIPZKAqLtMghQ9FFCihEipgniuh7HYvRn65B0qLwL/Ffgh1j7V90RKcoZEa6YOIntEawh3GN8DkINvZP6TD4ZD2vvUrExnpjXTGztlj0L/EmZIMmaLQSH/UmgGPPPCRS6Z11bFDrMdMoeASBqlapCFkvMvaUDXUZx7oejy+aUD3jNKkrUCZ5yMdqz8TMfO07nuumfQYdvSsNxL/86oRtk7rsfDDCMHnk0WtSFIM6Kgg2hQKOMq+IYwrYf5KeYcpxtHUmDIlOLMn/yWlo5xj55zr40z+fFpHkuyQXZIlDjkheXJJCqRIOLknj+SZvFgP1pP1ar1NRhPWNLNNfsF6/wKlbpzA</latexit><latexit sha1_base64="QPCbDhLAGFK1bK8O+OojEiK64j0=">AAACE3icbVDJSgNBFOyJW4xb1KOXxiBEkTAjgl6EoBe9RTELJCH0dF6SJj0L3W+CYUi+wYu/4sWDIl69ePNv7CyIRgsaiqpXvH7lhlJotO1PKzE3v7C4lFxOrayurW+kN7dKOogUhyIPZKAqLtMghQ9FFCihEipgniuh7HYvRn65B0qLwL/Ffgh1j7V90RKcoZEa6YOIntEawh3GN8DkINvZP6TD4ZD2vvUrExnpjXTGztlj0L/EmZIMmaLQSH/UmgGPPPCRS6Z11bFDrMdMoeASBqlapCFkvMvaUDXUZx7oejy+aUD3jNKkrUCZ5yMdqz8TMfO07nuumfQYdvSsNxL/86oRtk7rsfDDCMHnk0WtSFIM6Kgg2hQKOMq+IYwrYf5KeYcpxtHUmDIlOLMn/yWlo5xj55zr40z+fFpHkuyQXZIlDjkheXJJCqRIOLknj+SZvFgP1pP1ar1NRhPWNLNNfsF6/wKlbpzA</latexit>

Raissi, Maziar, Paris Perdikaris, and George Em Karniadakis. "Physics-Informed Neural Networks: A Deep Learning Framework for Solving Forward and Inverse 
Problems Involving Nonlinear Partial Differential Equations." Journal of Computational Physics (2018).
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Deep Learning of High-dimensional Partial Differential Equations

dXt = µ(t,Xt, Yt, Zt)dt+ �(t,Xt, Yt)dWt

X0 = ⇠
dYt = '(t,Xt, Yt, Zt)dt+ Z 0

t�(t,Xt, Yt)dWt

YT = g(XT )
<latexit sha1_base64="Ec+gOu0xM/m/UowFOV1sA/Hi/DQ="></latexit><latexit sha1_base64="Ec+gOu0xM/m/UowFOV1sA/Hi/DQ="></latexit><latexit sha1_base64="Ec+gOu0xM/m/UowFOV1sA/Hi/DQ="></latexit><latexit sha1_base64="Ec+gOu0xM/m/UowFOV1sA/Hi/DQ="></latexit>

Forward-Backward Stochastic 
Differential Equation

Quasi-Linear Partial Differential Equation

@u
@t = '(t, x, u,Du)� µ(t, x, u,Du)0Du� 1

2Tr[�(t, x, u)�(t, x, u)
0D2u]

u(T, x) = g(x)
<latexit sha1_base64="nerv9izjw3CErpe07wzVyAn76as="></latexit><latexit sha1_base64="nerv9izjw3CErpe07wzVyAn76as="></latexit><latexit sha1_base64="nerv9izjw3CErpe07wzVyAn76as="></latexit><latexit sha1_base64="nerv9izjw3CErpe07wzVyAn76as="></latexit>

Yt = u(t,Xt)
Zt = Du(t,Xt)

<latexit sha1_base64="9GEzG9eJVcCWerHD5giV652NR4Q=">AAACKXicbVDLSgMxFM34dnxVXboJFkFByowIuhGKunBZwWq1U4ZMeluDmcyQ3BHK0N9x46+4UVDUrT9i2g74PBA4nHNPknuiVAqDnvfmjI1PTE5Nz8y6c/MLi0ul5ZVzk2SaQ50nMtGNiBmQQkEdBUpopBpYHEm4iG6OBv7FLWgjEnWGvRRaMesq0RGcoZXCUjWIoCtUzrRmvX4u++5liPSAZpu4TRshbgWBezVUjr80NwDVLiJhqexVvCHoX+IXpEwK1MLSU9BOeBaDQi6ZMU3fS7Flb0PBJfTdIDOQMn7DutC0VLEYTCsfbtqnG1Zp006i7VFIh+r3RM5iY3pxZCdjhtfmtzcQ//OaGXb2W7lQaYag+OihTiYpJnRQG20LDRxlzxLGtbB/pfyaacbRluvaEvzfK/8l5zsV36v4p7vl6mFRxwxZI+tkk/hkj1TJCamROuHkjjyQZ/Li3DuPzqvzPhodc4rMKvkB5+MTDSCkoA==</latexit><latexit sha1_base64="9GEzG9eJVcCWerHD5giV652NR4Q=">AAACKXicbVDLSgMxFM34dnxVXboJFkFByowIuhGKunBZwWq1U4ZMeluDmcyQ3BHK0N9x46+4UVDUrT9i2g74PBA4nHNPknuiVAqDnvfmjI1PTE5Nz8y6c/MLi0ul5ZVzk2SaQ50nMtGNiBmQQkEdBUpopBpYHEm4iG6OBv7FLWgjEnWGvRRaMesq0RGcoZXCUjWIoCtUzrRmvX4u++5liPSAZpu4TRshbgWBezVUjr80NwDVLiJhqexVvCHoX+IXpEwK1MLSU9BOeBaDQi6ZMU3fS7Flb0PBJfTdIDOQMn7DutC0VLEYTCsfbtqnG1Zp006i7VFIh+r3RM5iY3pxZCdjhtfmtzcQ//OaGXb2W7lQaYag+OihTiYpJnRQG20LDRxlzxLGtbB/pfyaacbRluvaEvzfK/8l5zsV36v4p7vl6mFRxwxZI+tkk/hkj1TJCamROuHkjjyQZ/Li3DuPzqvzPhodc4rMKvkB5+MTDSCkoA==</latexit><latexit sha1_base64="9GEzG9eJVcCWerHD5giV652NR4Q=">AAACKXicbVDLSgMxFM34dnxVXboJFkFByowIuhGKunBZwWq1U4ZMeluDmcyQ3BHK0N9x46+4UVDUrT9i2g74PBA4nHNPknuiVAqDnvfmjI1PTE5Nz8y6c/MLi0ul5ZVzk2SaQ50nMtGNiBmQQkEdBUpopBpYHEm4iG6OBv7FLWgjEnWGvRRaMesq0RGcoZXCUjWIoCtUzrRmvX4u++5liPSAZpu4TRshbgWBezVUjr80NwDVLiJhqexVvCHoX+IXpEwK1MLSU9BOeBaDQi6ZMU3fS7Flb0PBJfTdIDOQMn7DutC0VLEYTCsfbtqnG1Zp006i7VFIh+r3RM5iY3pxZCdjhtfmtzcQ//OaGXb2W7lQaYag+OihTiYpJnRQG20LDRxlzxLGtbB/pfyaacbRluvaEvzfK/8l5zsV36v4p7vl6mFRxwxZI+tkk/hkj1TJCamROuHkjjyQZ/Li3DuPzqvzPhodc4rMKvkB5+MTDSCkoA==</latexit><latexit sha1_base64="9GEzG9eJVcCWerHD5giV652NR4Q=">AAACKXicbVDLSgMxFM34dnxVXboJFkFByowIuhGKunBZwWq1U4ZMeluDmcyQ3BHK0N9x46+4UVDUrT9i2g74PBA4nHNPknuiVAqDnvfmjI1PTE5Nz8y6c/MLi0ul5ZVzk2SaQ50nMtGNiBmQQkEdBUpopBpYHEm4iG6OBv7FLWgjEnWGvRRaMesq0RGcoZXCUjWIoCtUzrRmvX4u++5liPSAZpu4TRshbgWBezVUjr80NwDVLiJhqexVvCHoX+IXpEwK1MLSU9BOeBaDQi6ZMU3fS7Flb0PBJfTdIDOQMn7DutC0VLEYTCsfbtqnG1Zp006i7VFIh+r3RM5iY3pxZCdjhtfmtzcQ//OaGXb2W7lQaYag+OihTiYpJnRQG20LDRxlzxLGtbB/pfyaacbRluvaEvzfK/8l5zsV36v4p7vl6mFRxwxZI+tkk/hkj1TJCamROuHkjjyQZ/Li3DuPzqvzPhodc4rMKvkB5+MTDSCkoA==</latexit>

u(t, x)
<latexit sha1_base64="h0DjPijq10AT3x+hMhD3yogZki8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgCWF2MpuMmZ1dZnrFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zUeujYjUPY5j3g3pQIlAMIpWaiRlPHs67RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns2gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5O+kJzhnJsCWVa2FsJG1JNGdqACjYEb/HlZdI4r3huxbu7KFWvszjycATHUAYPLqEKt1CDOjB4gGd4hTcncl6cd+dj3ppzsplD+APn8wfCm46U</latexit><latexit sha1_base64="h0DjPijq10AT3x+hMhD3yogZki8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgCWF2MpuMmZ1dZnrFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zUeujYjUPY5j3g3pQIlAMIpWaiRlPHs67RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns2gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5O+kJzhnJsCWVa2FsJG1JNGdqACjYEb/HlZdI4r3huxbu7KFWvszjycATHUAYPLqEKt1CDOjB4gGd4hTcncl6cd+dj3ppzsplD+APn8wfCm46U</latexit><latexit sha1_base64="h0DjPijq10AT3x+hMhD3yogZki8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgCWF2MpuMmZ1dZnrFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zUeujYjUPY5j3g3pQIlAMIpWaiRlPHs67RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns2gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5O+kJzhnJsCWVa2FsJG1JNGdqACjYEb/HlZdI4r3huxbu7KFWvszjycATHUAYPLqEKt1CDOjB4gGd4hTcncl6cd+dj3ppzsplD+APn8wfCm46U</latexit><latexit sha1_base64="h0DjPijq10AT3x+hMhD3yogZki8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgCWF2MpuMmZ1dZnrFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zUeujYjUPY5j3g3pQIlAMIpWaiRlPHs67RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns2gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5O+kJzhnJsCWVa2FsJG1JNGdqACjYEb/HlZdI4r3huxbu7KFWvszjycATHUAYPLqEKt1CDOjB4gGd4hTcncl6cd+dj3ppzsplD+APn8wfCm46U</latexit>

Deep Neural Network
Du(t, x)

<latexit sha1_base64="GQVAtEmvg2FUuGRZWhkIF0qYp60=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6GbqNx+5NiJSDziOuR/SgRJ9wShaqXmblPHs6bRbLLkVdwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NwJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6O+kJzRnKsSWUaWFvJWxINWVoEyrYELzFl5dJ47ziuRXv/qJUvc7iyMMRHEMZPLiEKtxBDerAYATP8ApvTuy8OO/Ox7w152Qzh/AHzucPUECO4g==</latexit><latexit sha1_base64="GQVAtEmvg2FUuGRZWhkIF0qYp60=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6GbqNx+5NiJSDziOuR/SgRJ9wShaqXmblPHs6bRbLLkVdwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NwJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6O+kJzRnKsSWUaWFvJWxINWVoEyrYELzFl5dJ47ziuRXv/qJUvc7iyMMRHEMZPLiEKtxBDerAYATP8ApvTuy8OO/Ox7w152Qzh/AHzucPUECO4g==</latexit><latexit sha1_base64="GQVAtEmvg2FUuGRZWhkIF0qYp60=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6GbqNx+5NiJSDziOuR/SgRJ9wShaqXmblPHs6bRbLLkVdwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NwJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6O+kJzRnKsSWUaWFvJWxINWVoEyrYELzFl5dJ47ziuRXv/qJUvc7iyMMRHEMZPLiEKtxBDerAYATP8ApvTuy8OO/Ox7w152Qzh/AHzucPUECO4g==</latexit><latexit sha1_base64="GQVAtEmvg2FUuGRZWhkIF0qYp60=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoM6sFjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6GbqNx+5NiJSDziOuR/SgRJ9wShaqXmblPHs6bRbLLkVdwayTLyMlCBDrVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NwJObFKj/QjbUshmam/J1IaGjMOA9sZUhyaRW8q/ue1E+xf+alQcYJcsfmifiIJRmT6O+kJzRnKsSWUaWFvJWxINWVoEyrYELzFl5dJ47ziuRXv/qJUvc7iyMMRHEMZPLiEKtxBDerAYATP8ApvTuy8OO/Ox7w152Qzh/AHzucPUECO4g==</latexit>
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Forward-Backward Stochastic Neural Networks



ut + �1(uux + vuy) = �px + �2(uxx + uyy)
vt + �1(uvx + vvy) = �py + �2(vxx + vyy)
ux + vy = 0
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f := ut + �1(uux + vuy) + px � �2(uxx + uyy)
g := vt + �1(uvx + vvy) + py � �2(vxx + vyy)
h := ux + vy

Raissi, Maziar, Paris Perdikaris, and George Em Karniadakis. "Physics-Informed Neural Networks: A Deep Learning Framework for Solving Forward and Inverse 
Problems Involving Nonlinear Partial Differential Equations." Journal of Computational Physics (2018).
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Raissi, Maziar, Alireza Yazdani, and George Em Karniadakis. 
"Hidden Fluid Mechanics: A Navier-Stokes Informed Deep 
Learning Framework for Assimilating Flow Visualization Data." 
arXiv preprint arXiv:1808.04327 (2018).

SSE =
NX
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Raissi, Maziar, Zhicheng Wang, Michael S. Triantafyllou, and George 
Em Karniadakis. "Deep Learning of Vortex Induced Vibrations." 
Journal of Fluid Mechanics (2018).

Damping Sti↵ness
Exact b = 0.084 k = 2.2020
Learned b = 0.08600664 k = 2.2395933
Error 2.39% 1.71%
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Eulerian-Lagrangian Neural Networks



SSE =
NX

n=1

|P (tn,�n)� Pn|2 +
NX

n=1

|R(tn,�n)|2
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Deep Learning of Turbulent Scalar Mixing

Raissi, Maziar, Hessam Babaee, and Peyman Givi. "Deep Learning 
of Turbulent Scalar Mixing." Physical Review Fluids (to appear).
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Computational Physics (to appear).

ẋ = f(x)

xn+1 = xn +
�t

2

�
f(xn) + f(xn+1)

�

Multi-step Neural Networks

Navier-Stokes Equations



ut = N (t, x, u, ux, uxx, . . .)
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NX

i=1

|u(ti, xi)� ui|2 + |f(ti, xi)|2
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f = ut �N (t, x, u, ux, uxx, . . .)
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