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Gaussian Process Regression

. 2
yi = f(:) + €, €iNN(O,O'2), i=1,...,N o y~N(0,K), K==Fkxx;0)+0c°1 3
Ty =)
y:f(X)_|_€7 ENN(O,O'QI) Q Iglln le—ly_I_log|K| 8

16 e ([0 ez b))

F(2) ~ GP (0, k(z,';6) y of [kixa) K
-
f(x) ~N< 0] [k(z,z;0) k(x,2';0) ) . f(@®)lx,y ~ N (m(z7), S(z7, 7)) 2
f(x') O’ (k(2',z;0) k(z',2";0) o g..

m(z*) = k(z*, x) K 'y

k(z,2';v,w) = v7 exp (—0.5 w?(z — z')?)
S(z*,z*) = k(z*,2*) — k(z*, x) K k(x, z*)

Rasmussen, Carl Edward, and Christopher Kl Williams. Gaussian processes for machine learning. Vol. 1. Cambridge: MIT press, 20006.



Gaussian Process Regression
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Multi-fidelity Modeling
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Kennedy, Marc C., and Anthony O'Hagan. “Predicting the output from a complex computer code when fast approximations are available.” Biometrika 87.1 (2000): 1-13.
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Multi-fidelity Bayesian Optimization
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The multi-fidelity framework leads to 30% improvement in performance.
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Numerical Gaussian Processes

<

u™ + At (u Ml — (0.01/m)ul,) = u

M0 =k 4+ At (u™ Tk — (0.01/m) kg )

U + utty — (0.01/m)up, = 0

u” ~ GP (0, k(x,x";0))

~o7

i 1m k.n,’n,—l

kn—l,n kn—l,n—l

10l pawuoju] soisAyd

Time: 0.00
24 training points

g5

LT L]

—1<x<1

Time: 0.60
31 artificial data

—1<z<1

Time: 0.20
31 artificial data

—1<z<1

Time: 0.80
31 artificial data

—1<x<1

Time: 0.40
31 artificial data

L L L P P 1
—1<x<1

Time: 1.00
31 artificial data

—1<z<1
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Hidden Physics Models
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Hidden Physics Models
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Parametric Gaussian Processes for Big Data
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Raissi, Maziar. "Parametric Gaussian Process Regression for Big Data." Computational Mechanics (2018).
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Neural Networks Regression

v, = f(x;) + €, EiNN(O,O'Z), 1=1,..., N S YNN(f(X),O'ZI)
"y D
y= () e en N (0.0°0 win = S0 OG-S 8 gy B
N N :
. o 5
f(x) =W*hht +b* Wb Z:Zl vi — f(xi)]

h* = tanh(W*"~'h* 1 + o571

Gaussian Processes vs Neural Networks

loLid

1) GPs are non-parametric while NNs are parametric regressors.

2) GPs are not scalable to Big dataset while NNs are scalable.

h' = tanh(W'z + b°)

3) GPs quantify the uncertainty in their predictions while NNs do not.

4) GPs automatically balance the tradeoff between data fit and model complexity.

Goodfellow, lan, et al. Deep learning. Vol. 1. Cambridge: MIT press, 2016.



Physics Informed Neural Networks (PINNs)
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Raissi, Maziar, Paris Perdikaris, and George Em Karniadakis. "Physics-Informed Neural Networks: A Deep Learning Framework for Solving Forward and Inverse
Problems Involving Nonlinear Partial Differential Equations." Journal of Computational Physics (2018).



Physics Informed Neural Networks (PINNs)
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Physics Informed Neural Networks (PINNs) @2

FEMIFVM/FDM _ |PINNs ~ |ROMs
Solution Space  |Basis Functions Neural Networks Smart Basis Functions
Differential Operators |Discretization/Weak-form [Automatic Differentiation Discretization/Weak-form
Solver Linear/non-linear/Iterative |Gradient Descent (Training) [Linear/non-linear/Iterative
Evaluate Interpolation |Inference Interpolation




Forward-Backward Stochastic Neural Networks @2

100-dimensional Black-Scholes-Barenblatt

Deep Learning of High-dimensional Partial Differential Equations
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Raissi, Maziar. "Forward-Backward Stochastic Neural Networks: Deep Learning of High-dimensional Partial Differential Equations." arXiv preprint arXiv:
1804.070170 (2018).
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Physics Informed Neural Networks (PINNs)
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Physics Informed Neural Networks (PINNs)

Exact pressure at time t = 0.00. Learned pressure at time ¢ = 0.00.
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Hidden Fluid Mechanics >
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Hidden Fluid Mechanics
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Deep Learning of Vortex Induced Vibrations
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Eulerian-Lagrangian Neural Networks
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Deep Learning of Turbulent Scalar Mixing
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Multi-step Neural Networks
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Deep Hidden Physics Models
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