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REINFORCEMENT LEARNING

▸ General framework to learn how to interact in complex, 
high-dimensional environments. 

TD-Gammon, Tesauro’92

Deepmind’17

Deepmind’16
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Deepmind’17
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REINFORCEMENT LEARNING

Chemical Retrosynthesis, Shreck et al. 

Integer Programming

Quantum Control 



RL TODAY

▸ Remarkable ability to discover useful policies in large 
environments. 

▸ High-dimensional, noisy, observations. 



RL TODAY

▸ Remarkable ability to discover useful policies in large 
environments. 

▸ High-dimensional, noisy, observations.  

▸ Yet, with  

▸ poor sample efficiency.  

▸ limited theoretical guarantees. 



MARKOV DECISION PROCESSES

▸ Mathematical Setup: 

▸   : state space (might be discrete or continuous). 

▸   : space of actions (assumed the same for all states). 

▸                    : Markov transition probability kernel. 

▸   : initial state distribution. 

▸               : instantaneous reward. 

▸   : discount factor, assume  

S
<latexit sha1_base64="1P/t7c46wrfWPU5LIXasEHhaZaQ=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+KrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+d9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs5qjctFHWU4gEM4Bg/OoQHX0IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9ApEJkW8=</latexit>

A
<latexit sha1_base64="vYFmxGzHCWUS+jn6el1uzHeawGk=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLqxmUF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+LrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+c9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs9qjatFHWU4gEM4Bg/OoQE30IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9AnWvkV0=</latexit>

P(s0 | s, a)
<latexit sha1_base64="7Gtn6ja5pOfL4f9nIveMtRVN2n0=">AAACBXicjVBNS8NAEN3Ur1q/oh71sFjECqUkKuix6MVjBfsBTSiT7bZdutmE3Y1QYi9e/CtePCji1f/gzX/jpu1BRcEHA4/3ZpiZF8ScKe04H1Zubn5hcSm/XFhZXVvfsDe3GipKJKF1EvFItgJQlDNB65ppTluxpBAGnDaD4UXmN2+oVCwS13oUUz+EvmA9RkAbqWPveiHoAQGe1sYldYC98q0prMoYDnHHLroVZwL8NymiGWod+93rRiQJqdCEg1Jt14m1n4LUjHA6LniJojGQIfRp21ABIVV+OvlijPeN0sW9SJoSGk/UrxMphEqNwsB0Zjern14m/ua1E90781Mm4kRTQaaLegnHOsJZJLjLJCWajwwBIpm5FZMBSCDaBFf4XwiNo4p7XHGvTorV81kcebSD9lAJuegUVdElqqE6IugOPaAn9GzdW4/Wi/U6bc1Zs5lt9A3W2ycdU5Ze</latexit>

⇢
<latexit sha1_base64="o5WERIAiJrvtXs+gncIv1hrMoPI=">AAAB63icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RTAwkS5idzGaHzGOZ6RVCyC948aCIV3/Im3/jbpKDioIFDUVVN91dUSqFQ9//8EpLyyura+X1ysbm1vZOdXev7UxmGW8xI43tRNRxKTRvoUDJO6nlVEWS30Wjq8K/u+fWCaNvcZzyUNGhFrFgFAupZxPTr9aCuj8D+ZvUYIFmv/reGxiWKa6RSepcN/BTDCfUomCSTyu9zPGUshEd8m5ONVXchZPZrVNylCsDEhubl0YyU79OTKhybqyivFNRTNxPrxB/87oZxhfhROg0Q67ZfFGcSYKGFI+TgbCcoRznhDIr8lsJS6ilDPN4Kv8LoX1SD07rwc1ZrXG5iKMMB3AIxxDAOTTgGprQAgYJPMATPHvKe/RevNd5a8lbzOzDN3hvnyUNjk0=</latexit>

R(s, a)
<latexit sha1_base64="CPfCOwy4wKO4HVijlJhs9sb71mg=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiBEkDCjgh6DXjxGMQskQ+jp9CRtehm6e4Qw5B+8eFDEq//jzb+xsxxUFHxQ8Hiviqp6UcKZsb7/4eUWFpeWV/KrhbX1jc2t4vZOw6hUE1oniivdirChnElat8xy2ko0xSLitBkNLyd+855qw5S8taOEhgL3JYsZwdZJjZuyOcKH3WIpqPhToL9JCeaodYvvnZ4iqaDSEo6NaQd+YsMMa8sIp+NCJzU0wWSI+7TtqMSCmjCbXjtGB07poVhpV9Kiqfp1IsPCmJGIXKfAdmB+ehPxN6+d2vg8zJhMUkslmS2KU46sQpPXUY9pSiwfOYKJZu5WRAZYY2JdQIX/hdA4rgQnleD6tFS9mMeRhz3YhzIEcAZVuIIa1IHAHTzAEzx7ynv0XrzXWWvOm8/swjd4b59tx45f</latexit>

�
<latexit sha1_base64="re8g9skc7NvNXmX6hI1lGdQHLzY=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJpOT9Kml6G7RwhD/sGLB0W8+j/e/Bsny0FFwQcFj/eqqKoXJYJb5/sfXmFpeWV1rbhe2tjc2t4p7+41rU4NZQ2qhTbtCC0TXLGG406wdmIYykiwVjS6mvqte2Ys1+rWjRMWShwoHnOKLpea3QFKib1yJaj6M5C/SQUWqPfK792+pqlkylGB1nYCP3FhhsZxKtik1E0tS5COcMA6OVUomQ2z2bUTcpQrfRJrk5dyZKZ+nchQWjuWUd4p0Q3tT28q/uZ1UhdfhBlXSeqYovNFcSqI02T6Oulzw6gT45wgNTy/ldAhGqQuD6j0vxCaJ9XgtBrcnFVql4s4inAAh3AMAZxDDa6hDg2gcAcP8ATPnvYevRfvdd5a8BYz+/AN3tsnjEyPGw==</latexit>

M = (S,A,P, R, �, ⇢)
<latexit sha1_base64="8clj+YwML1vWJhrfIcLfIaNLPjk=">AAACLXicjVDLSgMxFM34rPVVdekmWIQKUmZU0I1QHws3Qn30Ae1Q7qRpG5rMDElGKMP8kBt/RQQXFXHrb5g+KFUUPBByzrn3kpvjhZwpbdt9a2Z2bn5hMbWUXl5ZXVvPbGyWVRBJQksk4IGseqAoZz4taaY5rYaSgvA4rXjdi0G98kClYoF/r3shdQW0fdZiBLSxGpnLugDdIcDj6+Q0NxF3yT6eiLNpUTTi1ug2CAHmlp1gr5HJOnl7CPw3yaIxio3MS70ZkEhQXxMOStUcO9RuDFIzwmmSrkeKhkC60KY1Q30QVLnx8LcJ3jVOE7cCaY6v8dCdnohBKNUTnukcLK1+1gbmb7VapFsnbsz8MNLUJ6OHWhHHOsCD6HCTSUo07xkCRDKzKyYdkEC0CTj9vxDKB3nnMO/cHGUL5+M4Umgb7aAcctAxKqArVEQlRNAjekZ99GY9Wa/Wu/Uxap2xxjNb6Buszy+Lmaei</latexit>

AGENT

ENVIRONMENT

a
<latexit sha1_base64="Jh2lm+g5RTWkKoxKRyUFOcz+tho=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqpznqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJyL6M6w==</latexit>

s,R
<latexit sha1_base64="jOztVGM5a412m4NYXuwYWv3LAzs=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBg5TECnosevFYxX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoeVBR8MPB4b4aZeUEshUXX/XAKS8srq2vF9dLG5tb2Tnl3r2WjxDDeZJGMTCeglkuheRMFSt6JDacqkLwdjK9yv33PjRWRvsNJzH1Fh1qEglHMJXtCbvvlild1ZyB/kwos0OiX33uDiCWKa2SSWtv13Bj9lBoUTPJpqZdYHlM2pkPezaimils/nd06JUeZMiBhZLLSSGbq14mUKmsnKsg6FcWR/enl4m9eN8Hwwk+FjhPkms0XhYkkGJH8cTIQhjOUk4xQZkR2K2EjaijDLJ7S/0JonVa9WtW7OavULxdxFOEADuEYPDiHOlxDA5rAYAQP8ATPjnIenRfndd5acBYz+/ANztsnRB+NuQ==</latexit>

0  � < 1.
<latexit sha1_base64="3WZh4MTrOcwq7yvLUZ7qf740muA=">AAAB+nicjVC7SgNBFL0bXzG+NlraDAbBatlVQQuLoI1lBPOAZAmzk9lkyMzsOjOrhDWfYmOhiK1fYuffOHkUKgoeuHA4517u4UQpZ9r4/odTWFhcWl4prpbW1jc2t9zydkMnmSK0ThKeqFaENeVM0rphhtNWqigWEafNaHgx8Zu3VGmWyGszSmkocF+ymBFsrNR1y36H0xvU6WMhMDpDgdd1K4HnT4H+JhWYo9Z13zu9hGSCSkM41rod+KkJc6wMI5yOS51M0xSTIe7TtqUSC6rDfBp9jPat0kNxouxIg6bq14scC61HIrKbApuB/ulNxN+8dmbi0zBnMs0MlWT2KM44Mgma9IB6TFFi+MgSTBSzWREZYIWJsW2V/ldC49ALjrzg6rhSPZ/XUYRd2IMDCOAEqnAJNagDgTt4gCd4du6dR+fFeZ2tFpz5zQ58g/P2Cft+koM=</latexit>



MARKOV DECISION PROCESSES

▸ Mathematical Setup: 

▸   : state space (might be discrete or continuous). 

▸   : space of actions (assumed the same for all states). 

▸                    : Markov transition probability kernel. 

▸   : initial state distribution. 

▸               : instantaneous reward. 

▸   : discount factor, assume   

▸ Goal: Find a policy                      that maximizes expected 
sum of discounted rewards:

S
<latexit sha1_base64="1P/t7c46wrfWPU5LIXasEHhaZaQ=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+KrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+d9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs5qjctFHWU4gEM4Bg/OoQHX0IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9ApEJkW8=</latexit>

A
<latexit sha1_base64="vYFmxGzHCWUS+jn6el1uzHeawGk=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLqxmUF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+LrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+c9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs9qjatFHWU4gEM4Bg/OoQE30IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9AnWvkV0=</latexit>

P(s0 | s, a)
<latexit sha1_base64="7Gtn6ja5pOfL4f9nIveMtRVN2n0=">AAACBXicjVBNS8NAEN3Ur1q/oh71sFjECqUkKuix6MVjBfsBTSiT7bZdutmE3Y1QYi9e/CtePCji1f/gzX/jpu1BRcEHA4/3ZpiZF8ScKe04H1Zubn5hcSm/XFhZXVvfsDe3GipKJKF1EvFItgJQlDNB65ppTluxpBAGnDaD4UXmN2+oVCwS13oUUz+EvmA9RkAbqWPveiHoAQGe1sYldYC98q0prMoYDnHHLroVZwL8NymiGWod+93rRiQJqdCEg1Jt14m1n4LUjHA6LniJojGQIfRp21ABIVV+OvlijPeN0sW9SJoSGk/UrxMphEqNwsB0Zjern14m/ua1E90781Mm4kRTQaaLegnHOsJZJLjLJCWajwwBIpm5FZMBSCDaBFf4XwiNo4p7XHGvTorV81kcebSD9lAJuegUVdElqqE6IugOPaAn9GzdW4/Wi/U6bc1Zs5lt9A3W2ycdU5Ze</latexit>

⇢
<latexit sha1_base64="o5WERIAiJrvtXs+gncIv1hrMoPI=">AAAB63icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RTAwkS5idzGaHzGOZ6RVCyC948aCIV3/Im3/jbpKDioIFDUVVN91dUSqFQ9//8EpLyyura+X1ysbm1vZOdXev7UxmGW8xI43tRNRxKTRvoUDJO6nlVEWS30Wjq8K/u+fWCaNvcZzyUNGhFrFgFAupZxPTr9aCuj8D+ZvUYIFmv/reGxiWKa6RSepcN/BTDCfUomCSTyu9zPGUshEd8m5ONVXchZPZrVNylCsDEhubl0YyU79OTKhybqyivFNRTNxPrxB/87oZxhfhROg0Q67ZfFGcSYKGFI+TgbCcoRznhDIr8lsJS6ilDPN4Kv8LoX1SD07rwc1ZrXG5iKMMB3AIxxDAOTTgGprQAgYJPMATPHvKe/RevNd5a8lbzOzDN3hvnyUNjk0=</latexit>

R(s, a)
<latexit sha1_base64="CPfCOwy4wKO4HVijlJhs9sb71mg=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiBEkDCjgh6DXjxGMQskQ+jp9CRtehm6e4Qw5B+8eFDEq//jzb+xsxxUFHxQ8Hiviqp6UcKZsb7/4eUWFpeWV/KrhbX1jc2t4vZOw6hUE1oniivdirChnElat8xy2ko0xSLitBkNLyd+855qw5S8taOEhgL3JYsZwdZJjZuyOcKH3WIpqPhToL9JCeaodYvvnZ4iqaDSEo6NaQd+YsMMa8sIp+NCJzU0wWSI+7TtqMSCmjCbXjtGB07poVhpV9Kiqfp1IsPCmJGIXKfAdmB+ehPxN6+d2vg8zJhMUkslmS2KU46sQpPXUY9pSiwfOYKJZu5WRAZYY2JdQIX/hdA4rgQnleD6tFS9mMeRhz3YhzIEcAZVuIIa1IHAHTzAEzx7ynv0XrzXWWvOm8/swjd4b59tx45f</latexit>

�
<latexit sha1_base64="re8g9skc7NvNXmX6hI1lGdQHLzY=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJpOT9Kml6G7RwhD/sGLB0W8+j/e/Bsny0FFwQcFj/eqqKoXJYJb5/sfXmFpeWV1rbhe2tjc2t4p7+41rU4NZQ2qhTbtCC0TXLGG406wdmIYykiwVjS6mvqte2Ys1+rWjRMWShwoHnOKLpea3QFKib1yJaj6M5C/SQUWqPfK792+pqlkylGB1nYCP3FhhsZxKtik1E0tS5COcMA6OVUomQ2z2bUTcpQrfRJrk5dyZKZ+nchQWjuWUd4p0Q3tT28q/uZ1UhdfhBlXSeqYovNFcSqI02T6Oulzw6gT45wgNTy/ldAhGqQuD6j0vxCaJ9XgtBrcnFVql4s4inAAh3AMAZxDDa6hDg2gcAcP8ATPnvYevRfvdd5a8BYz+/AN3tsnjEyPGw==</latexit>

M = (S,A,P, R, �, ⇢)
<latexit sha1_base64="8clj+YwML1vWJhrfIcLfIaNLPjk=">AAACLXicjVDLSgMxFM34rPVVdekmWIQKUmZU0I1QHws3Qn30Ae1Q7qRpG5rMDElGKMP8kBt/RQQXFXHrb5g+KFUUPBByzrn3kpvjhZwpbdt9a2Z2bn5hMbWUXl5ZXVvPbGyWVRBJQksk4IGseqAoZz4taaY5rYaSgvA4rXjdi0G98kClYoF/r3shdQW0fdZiBLSxGpnLugDdIcDj6+Q0NxF3yT6eiLNpUTTi1ug2CAHmlp1gr5HJOnl7CPw3yaIxio3MS70ZkEhQXxMOStUcO9RuDFIzwmmSrkeKhkC60KY1Q30QVLnx8LcJ3jVOE7cCaY6v8dCdnohBKNUTnukcLK1+1gbmb7VapFsnbsz8MNLUJ6OHWhHHOsCD6HCTSUo07xkCRDKzKyYdkEC0CTj9vxDKB3nnMO/cHGUL5+M4Umgb7aAcctAxKqArVEQlRNAjekZ99GY9Wa/Wu/Uxap2xxjNb6Buszy+Lmaei</latexit>

⇡ : S ! A
<latexit sha1_base64="/tE4dC3CQjzLEx/k4vDh7pPY4lc=">AAACCXicjVDLSsNAFL2pr1pfUZduBovgqiQqKK6qblxWtLbQhDKZTtqhk0mYmQglZOvGX3HjQhG3/oE7/8ZJW/CBggcGzpxzL/feEyScKe0471ZpZnZufqG8WFlaXllds9c3rlWcSkKbJOaxbAdYUc4EbWqmOW0nkuIo4LQVDM8Kv3VDpWKxuNKjhPoR7gsWMoK1kbo28hJ2jLwI6wHBPLvMkafjz/9J3rWrbs0ZA/1NqjBFo2u/eb2YpBEVmnCsVMd1Eu1nWGpGOM0rXqpogskQ92nHUIEjqvxsfEmOdozSQ2EszRMajdWvHRmOlBpFgaksVlQ/vUL8zeukOjzyMyaSVFNBJoPClCNzbBEL6jFJieYjQzCRzOyKyABLTLQJr/K/EK73au5+zb04qNZPp3GUYQu2YRdcOIQ6nEMDmkDgFu7hEZ6sO+vBerZeJqUla9qzCd9gvX4ADn2Z7w==</latexit>

max
⇡

E⇢,P
X

k

�kR(sk, ak) subject to
<latexit sha1_base64="U4dDd+ZBpvNSq7zVMBdDlAnfmmk="></latexit>

sk+1 ⇠ P(s0|sk, ak)
<latexit sha1_base64="+YDJmK8a46uiIhovzwJjEyhD9Ng=">AAACEnicjVDLSsNAFJ3UV62vqEs3g0VsUUqigi6LblxWsA9oQphMJ+2QmSTMTIQS8w1u/BU3LhRx68qdf+Ok7UJFwQMXDufcy733+AmjUlnWh1Gam19YXCovV1ZW19Y3zM2tjoxTgUkbxywWPR9JwmhE2ooqRnqJIIj7jHT98KLwuzdESBpH12qcEJejYUQDipHSkmfWpZeFB3YOHUk5dDhSI4xY1sprUO7DWyi98BAiL6xDz6zaDWsC+DepghlanvnuDGKcchIpzJCUfdtKlJshoShmJK84qSQJwiEakr6mEeJEutnkpRzuaWUAg1joihScqF8nMsSlHHNfdxY3y59eIf7m9VMVnLkZjZJUkQhPFwUpgyqGRT5wQAXBio01QVhQfSvEIyQQVjrFyv9C6Bw17OOGfXVSbZ7P4iiDHbALasAGp6AJLkELtAEGd+ABPIFn4954NF6M12lryZjNbINvMN4+AShBm9o=</latexit>

ak = ⇡(sk)
<latexit sha1_base64="MeZ7YZvKN3e+yzxc/FAnkuXOIOk=">AAAB9XicjVDLSgMxFL2pr1pfVZdugkWomzKjgm6EohuXFewD2nHIpJk2TCYzJBmlDP0PNy4Uceu/uPNvTB8LFQUPXDiccy/3cIJUcG0c5wMVFhaXlleKq6W19Y3NrfL2TksnmaKsSRORqE5ANBNcsqbhRrBOqhiJA8HaQXQ58dt3TGmeyBszSpkXk4HkIafEWOmW+BE+x72UV7UfHfrliltzpsB/kwrM0fDL771+QrOYSUMF0brrOqnxcqIMp4KNS71Ms5TQiAxY11JJYqa9fJp6jA+s0sdhouxIg6fq14ucxFqP4sBuxsQM9U9vIv7mdTMTnnk5l2lmmKSzR2EmsEnwpALc54pRI0aWEKq4zYrpkChCjS2q9L8SWkc197jmXp9U6hfzOoqwB/tQBRdOoQ5X0IAmUFDwAE/wjO7RI3pBr7PVAprf7MI3oLdP5UCRdw==</latexit>

s0 ⇠ ⇢
<latexit sha1_base64="ckI25joVuWCpCINqr1+VZ/dxMSk=">AAAB9HicjVDJSgNBFHwTtxi3qEcvjUHwFGZU0GPQi8cIZoHMEHo6PUmTXibdPYEw5Du8eFDEqx/jzb+xsxxUFCx4UFS9xysqTjkz1vc/vMLK6tr6RnGztLW9s7tX3j9oGpVpQhtEcaXbMTaUM0kblllO26mmWMSctuLhzcxvjak2TMl7O0lpJHBfsoQRbJ0Uma6PQsMECvVAdcuVoOrPgf4mFVii3i2/hz1FMkGlJRwb0wn81EY51pYRTqelMDM0xWSI+7TjqMSCmiifh56iE6f0UKK0G2nRXP16kWNhzETEblNgOzA/vZn4m9fJbHIV5UymmaWSLB4lGUdWoVkDqMc0JZZPHMFEM5cVkQHWmFjXU+l/JTTPqsF5Nbi7qNSul3UU4QiO4RQCuIQa3EIdGkBgBA/wBM/e2Hv0XrzXxWrBW94cwjd4b5/vi5GO</latexit>
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a
<latexit sha1_base64="Jh2lm+g5RTWkKoxKRyUFOcz+tho=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqpznqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJyL6M6w==</latexit>

s,R
<latexit sha1_base64="jOztVGM5a412m4NYXuwYWv3LAzs=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBg5TECnosevFYxX5AG8pmu2mX7m7C7kQooX/BiwdFvPqHvPlvTNoeVBR8MPB4b4aZeUEshUXX/XAKS8srq2vF9dLG5tb2Tnl3r2WjxDDeZJGMTCeglkuheRMFSt6JDacqkLwdjK9yv33PjRWRvsNJzH1Fh1qEglHMJXtCbvvlild1ZyB/kwos0OiX33uDiCWKa2SSWtv13Bj9lBoUTPJpqZdYHlM2pkPezaimils/nd06JUeZMiBhZLLSSGbq14mUKmsnKsg6FcWR/enl4m9eN8Hwwk+FjhPkms0XhYkkGJH8cTIQhjOUk4xQZkR2K2EjaijDLJ7S/0JonVa9WtW7OavULxdxFOEADuEYPDiHOlxDA5rAYAQP8ATPjnIenRfndd5acBYz+/ANztsnRB+NuQ==</latexit>

0  � < 1.
<latexit sha1_base64="3WZh4MTrOcwq7yvLUZ7qf740muA=">AAAB+nicjVC7SgNBFL0bXzG+NlraDAbBatlVQQuLoI1lBPOAZAmzk9lkyMzsOjOrhDWfYmOhiK1fYuffOHkUKgoeuHA4517u4UQpZ9r4/odTWFhcWl4prpbW1jc2t9zydkMnmSK0ThKeqFaENeVM0rphhtNWqigWEafNaHgx8Zu3VGmWyGszSmkocF+ymBFsrNR1y36H0xvU6WMhMDpDgdd1K4HnT4H+JhWYo9Z13zu9hGSCSkM41rod+KkJc6wMI5yOS51M0xSTIe7TtqUSC6rDfBp9jPat0kNxouxIg6bq14scC61HIrKbApuB/ulNxN+8dmbi0zBnMs0MlWT2KM44Mgma9IB6TFFi+MgSTBSzWREZYIWJsW2V/ldC49ALjrzg6rhSPZ/XUYRd2IMDCOAEqnAJNagDgTt4gCd4du6dR+fFeZ2tFpz5zQ58g/P2Cft+koM=</latexit>
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KEY CHALLENGES OF RL

▸ Exploration/Exploitation tradeoff:  

▸ Unknown environment, need to uncover potential rewards 
while exploiting known good strategies. 

▸ Credit Assignment  

▸ Valid strategies may pay off at later stages. 

▸ High-dimensional, complex observations.  

▸ Need to learn good state representations.



THREE PARADIGMS OF RL

▸ Model-based: estimate dynamics     and then solve the 
resulting optimal control problem (planning and simulation).

P̂
<latexit sha1_base64="aOcnU1CHZA4qISPk7zED0d5jUdY=">AAAB+nicjVDLSsNAFJ3UV62vVJdugkVwVRIVdFl047KCfUAbys100g6dTMLMjVJiPsWNC0Xc+iXu/BsnbRcqCh64cDjnXu7hBIngGl33wyotLa+srpXXKxubW9s7dnW3reNUUdaisYhVNwDNBJeshRwF6yaKQRQI1gkml4XfuWVK81je4DRhfgQjyUNOAY00sKv9MWDWjwDHFETWzPOBXfPq7gzO36RGFmgO7Pf+MKZpxCRSAVr3PDdBPwOFnAqWV/qpZgnQCYxYz1AJEdN+NoueO4dGGTphrMxIdGbq14sMIq2nUWA2i4z6p1eIv3m9FMNzP+MySZFJOn8UpsLB2Cl6cIZcMYpiaghQxU1Wh45BAUXTVuV/JbSP695J3bs+rTUuFnWUyT45IEfEI2ekQa5Ik7QIJXfkgTyRZ+veerRerNf5asla3OyRb7DePgHntpRq</latexit>



THREE PARADIGMS OF RL

▸ Model-based: estimate dynamics     and then solve the 
resulting optimal control problem (planning and simulation). 

▸ Approximate Dynamic Programming: Exploit recurrence 
structure in optimal policy (Q-learning): 

▸ Estimation: Given a policy    , compute the Value of a state s: 

▸ Temporal-Difference (TD) learning enforces        to satisfy rec.         

▸ Control: Modify     greedily from estimated value functions.

P̂
<latexit sha1_base64="aOcnU1CHZA4qISPk7zED0d5jUdY=">AAAB+nicjVDLSsNAFJ3UV62vVJdugkVwVRIVdFl047KCfUAbys100g6dTMLMjVJiPsWNC0Xc+iXu/BsnbRcqCh64cDjnXu7hBIngGl33wyotLa+srpXXKxubW9s7dnW3reNUUdaisYhVNwDNBJeshRwF6yaKQRQI1gkml4XfuWVK81je4DRhfgQjyUNOAY00sKv9MWDWjwDHFETWzPOBXfPq7gzO36RGFmgO7Pf+MKZpxCRSAVr3PDdBPwOFnAqWV/qpZgnQCYxYz1AJEdN+NoueO4dGGTphrMxIdGbq14sMIq2nUWA2i4z6p1eIv3m9FMNzP+MySZFJOn8UpsLB2Cl6cIZcMYpiaghQxU1Wh45BAUXTVuV/JbSP695J3bs+rTUuFnWUyT45IEfEI2ekQa5Ik7QIJXfkgTyRZ+veerRerNf5asla3OyRb7DePgHntpRq</latexit>

⇡
<latexit sha1_base64="K12/8xWwDdcvq0tiCr8ya/Gxz5M=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhs7PDTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7Ii2FRd//8ApLyyura8X10sbm1vZOeXevadPMMN5gqUxNO6KWS6F4AwVK3taG0ySSvBWNrqZ+654bK1J1h2PNw4QOlIgFo+ik264WvXIlqPozkL9JBRao98rv3X7KsoQrZJJa2wl8jWFODQom+aTUzSzXlI3ogHccVTThNsxnp07IkVP6JE6NK4Vkpn6dyGli7TiJXGdCcWh/elPxN6+TYXwR5kLpDLli80VxJgmmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRVHo3T</latexit>

V ⇡(s) := E
X

k

�kR(sk, ak); s0 = s, ak = ⇡(sk).
<latexit sha1_base64="REKZ8CKsumW3UI1GJOjdlZ84nYI="></latexit>

⇡
<latexit sha1_base64="K12/8xWwDdcvq0tiCr8ya/Gxz5M=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhs7PDTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7Ii2FRd//8ApLyyura8X10sbm1vZOeXevadPMMN5gqUxNO6KWS6F4AwVK3taG0ySSvBWNrqZ+654bK1J1h2PNw4QOlIgFo+ik264WvXIlqPozkL9JBRao98rv3X7KsoQrZJJa2wl8jWFODQom+aTUzSzXlI3ogHccVTThNsxnp07IkVP6JE6NK4Vkpn6dyGli7TiJXGdCcWh/elPxN6+TYXwR5kLpDLli80VxJgmmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRVHo3T</latexit>

V ⇡
<latexit sha1_base64="nJN1IvFyLNI+kaWTcjoSZpT9jes=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKpi20sWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jpu1BRcEHA4/3ZpiZF6ZSGHTdD6e0tLyyulZer2xsbm3vVHf3WibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFX47XuujUjULU5SHsR0qEQkGEUr+a27Xir61ZpXd2cgf5MaLNDsV997g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT47dkqOrDIgUaJtKSQz9etETmNjJnFoO2OKI/PTK8TfvG6G0UWQC5VmyBWbL4oySTAhxedkIDRnKCeWUKaFvZWwEdWUoc2n8r8QWid177Tu3ZzVGpeLOMpwAIdwDB6cQwOuoQk+MBDwAE/w7Cjn0XlxXuetJWcxsw/f4Lx9ArJBjps=</latexit>



THREE PARADIGMS OF RL

▸ Model-based: estimate dynamics     and then solve the 
resulting optimal control problem (planning and simulation). 

▸ Approximate Dynamic Programming: Exploit recurrence 
structure in optimal policy (Q-learning): 

▸ Estimation: Given a policy    , compute the Value of a state s: 

▸ Temporal-Difference (TD) learning enforces        to satisfy rec.         

▸ Control: Modify     greedily from estimated value functions. 

▸ Policy gradient: Bypass both model and value, optimize 
directly over parameters of policy. Essentially a derivative-
free method.

P̂
<latexit sha1_base64="aOcnU1CHZA4qISPk7zED0d5jUdY=">AAAB+nicjVDLSsNAFJ3UV62vVJdugkVwVRIVdFl047KCfUAbys100g6dTMLMjVJiPsWNC0Xc+iXu/BsnbRcqCh64cDjnXu7hBIngGl33wyotLa+srpXXKxubW9s7dnW3reNUUdaisYhVNwDNBJeshRwF6yaKQRQI1gkml4XfuWVK81je4DRhfgQjyUNOAY00sKv9MWDWjwDHFETWzPOBXfPq7gzO36RGFmgO7Pf+MKZpxCRSAVr3PDdBPwOFnAqWV/qpZgnQCYxYz1AJEdN+NoueO4dGGTphrMxIdGbq14sMIq2nUWA2i4z6p1eIv3m9FMNzP+MySZFJOn8UpsLB2Cl6cIZcMYpiaghQxU1Wh45BAUXTVuV/JbSP695J3bs+rTUuFnWUyT45IEfEI2ekQa5Ik7QIJXfkgTyRZ+veerRerNf5asla3OyRb7DePgHntpRq</latexit>

⇡
<latexit sha1_base64="K12/8xWwDdcvq0tiCr8ya/Gxz5M=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhs7PDTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7Ii2FRd//8ApLyyura8X10sbm1vZOeXevadPMMN5gqUxNO6KWS6F4AwVK3taG0ySSvBWNrqZ+654bK1J1h2PNw4QOlIgFo+ik264WvXIlqPozkL9JBRao98rv3X7KsoQrZJJa2wl8jWFODQom+aTUzSzXlI3ogHccVTThNsxnp07IkVP6JE6NK4Vkpn6dyGli7TiJXGdCcWh/elPxN6+TYXwR5kLpDLli80VxJgmmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRVHo3T</latexit>

V ⇡(s) := E
X

k

�kR(sk, ak); s0 = s, ak = ⇡(sk).
<latexit sha1_base64="REKZ8CKsumW3UI1GJOjdlZ84nYI="></latexit>

⇡
<latexit sha1_base64="K12/8xWwDdcvq0tiCr8ya/Gxz5M=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhs7PDTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7Ii2FRd//8ApLyyura8X10sbm1vZOeXevadPMMN5gqUxNO6KWS6F4AwVK3taG0ySSvBWNrqZ+654bK1J1h2PNw4QOlIgFo+ik264WvXIlqPozkL9JBRao98rv3X7KsoQrZJJa2wl8jWFODQom+aTUzSzXlI3ogHccVTThNsxnp07IkVP6JE6NK4Vkpn6dyGli7TiJXGdCcWh/elPxN6+TYXwR5kLpDLli80VxJgmmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRVHo3T</latexit>

V ⇡
<latexit sha1_base64="nJN1IvFyLNI+kaWTcjoSZpT9jes=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKpi20sWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jpu1BRcEHA4/3ZpiZF6ZSGHTdD6e0tLyyulZer2xsbm3vVHf3WibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFX47XuujUjULU5SHsR0qEQkGEUr+a27Xir61ZpXd2cgf5MaLNDsV997g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT47dkqOrDIgUaJtKSQz9etETmNjJnFoO2OKI/PTK8TfvG6G0UWQC5VmyBWbL4oySTAhxedkIDRnKCeWUKaFvZWwEdWUoc2n8r8QWid177Tu3ZzVGpeLOMpwAIdwDB6cQwOuoQk+MBDwAE/w7Cjn0XlxXuetJWcxsw/f4Lx9ArJBjps=</latexit>



THE CURSE OF DIMENSIONALITY IN RL

▸ State and Action Spaces can be huge (2170 for GO) or even 
infinite and high-dimensional.  

▸ In absence of structural/modeling assumptions, sample 
complexity will be at least linear with respect to                .|S| · |A|

<latexit sha1_base64="tUHYUOK6aGlpkPehNktNyMPyXhU=">AAACCXicjVDLSsNAFJ3UV62vqEs3g0VwVRIVdFl147KifUATymQyaYdOZsLMRChptm78FTcuFHHrH7jzb5y0XVRR8MCFwzn3cu89QcKo0o7zaZUWFpeWV8qrlbX1jc0te3unpUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0MLwu/fUekooLf6lFC/Bj1OY0oRtpIPRuOvRjpAUYsu8nHHg6FnpPO83HPrro1ZwL4N6mCGRo9+8MLBU5jwjVmSKmu6yTaz5DUFDOSV7xUkQThIeqTrqEcxUT52eSTHB4YJYSRkKa4hhN1fiJDsVKjODCdxY3qp1eIv3ndVEdnfkZ5kmrC8XRRlDKoBSxigSGVBGs2MgRhSc2tEA+QRFib8Cr/C6F1VHOPa+71SbV+MYujDPbAPjgELjgFdXAFGqAJMLgHj+AZvFgP1pP1ar1NW0vWbGYXfIP1/gWzqpr3</latexit>



THE CURSE OF DIMENSIONALITY IN RL

▸ State and Action Spaces can be huge (2170 for GO) or even 
infinite and high-dimensional.  

▸ In absence of structural/modeling assumptions, sample 
complexity will be at least linear with respect to                . 

▸ Such structure can be incorporated by function 
approximation, ie appropriate parametrisations of value 
functions, policies, and model dynamics:  

▸ In generic cases, efficient function approximation will be non-
linear.  

▸ Deep RL: Use neural networks as function approximation. 

|S| · |A|
<latexit sha1_base64="tUHYUOK6aGlpkPehNktNyMPyXhU=">AAACCXicjVDLSsNAFJ3UV62vqEs3g0VwVRIVdFl147KifUATymQyaYdOZsLMRChptm78FTcuFHHrH7jzb5y0XVRR8MCFwzn3cu89QcKo0o7zaZUWFpeWV8qrlbX1jc0te3unpUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0MLwu/fUekooLf6lFC/Bj1OY0oRtpIPRuOvRjpAUYsu8nHHg6FnpPO83HPrro1ZwL4N6mCGRo9+8MLBU5jwjVmSKmu6yTaz5DUFDOSV7xUkQThIeqTrqEcxUT52eSTHB4YJYSRkKa4hhN1fiJDsVKjODCdxY3qp1eIv3ndVEdnfkZ5kmrC8XRRlDKoBSxigSGVBGs2MgRhSc2tEA+QRFib8Cr/C6F1VHOPa+71SbV+MYujDPbAPjgELjgFdXAFGqAJMLgHj+AZvFgP1pP1ar1NW0vWbGYXfIP1/gWzqpr3</latexit>

✓ 7! {V ⇡
✓ (s), s 2 S}.

<latexit sha1_base64="DqvihlN8+cYkIeTFvuHdi/uRlbg=">AAACH3icjVDLSsNAFJ34rPVVdelmsAgVJDQq6rLoxmVF+4Amhsl02g6dTMLMjVBC/sSNv+LGhSLirn/jpO1CRcEDA4dzzuXeOUEsuIZqdWzNzS8sLi0XVoqra+sbm6Wt7aaOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHiZ+617pjSP5C2MYuaFpC95j1MCRvJLpy4MGBDshiTWEGE3bd65MfenckUfHGKNXS7zAAwoEelN5ma2Xyo7dnUC/DcpoxnqfunD7UY0CZkEKojWHacag5cSBZwKlhXdRLOY0CHps46hkoRMe+nkfxneN0oX9yJlngQ8Ub9OpCTUehQGJplfqX96ufib10mgd+6lXMYJMEmni3qJwKaIvCzc5YpRECNDCFXc3IrpgChCwVRa/F8JzSPbObad65Ny7WJWRwHtoj1UQQ46QzV0heqogSh6QE/oBb1aj9az9Wa9T6Nz1mxmB32DNf4ESeqifg==</latexit>



THE CURSE OF DIMENSIONALITY IN RL

▸ State and Action Spaces can be huge (2170 for GO) or even 
infinite and high-dimensional.  

▸ In absence of structural/modeling assumptions, sample 
complexity will be at least linear with respect to                . 

▸ Such structure can be incorporated by function 
approximation, ie appropriate parametrisations of value 
functions, policies, and model dynamics:  

▸ In generic cases, efficient function approximation will be non-
linear.  

▸ Deep RL: Use neural networks as function approximation.  

▸ How to learn with guarantees using nonlinear approx?

|S| · |A|
<latexit sha1_base64="tUHYUOK6aGlpkPehNktNyMPyXhU=">AAACCXicjVDLSsNAFJ3UV62vqEs3g0VwVRIVdFl147KifUATymQyaYdOZsLMRChptm78FTcuFHHrH7jzb5y0XVRR8MCFwzn3cu89QcKo0o7zaZUWFpeWV8qrlbX1jc0te3unpUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0MLwu/fUekooLf6lFC/Bj1OY0oRtpIPRuOvRjpAUYsu8nHHg6FnpPO83HPrro1ZwL4N6mCGRo9+8MLBU5jwjVmSKmu6yTaz5DUFDOSV7xUkQThIeqTrqEcxUT52eSTHB4YJYSRkKa4hhN1fiJDsVKjODCdxY3qp1eIv3ndVEdnfkZ5kmrC8XRRlDKoBSxigSGVBGs2MgRhSc2tEA+QRFib8Cr/C6F1VHOPa+71SbV+MYujDPbAPjgELjgFdXAFGqAJMLgHj+AZvFgP1pP1ar1NW0vWbGYXfIP1/gWzqpr3</latexit>

✓ 7! {V ⇡
✓ (s), s 2 S}.

<latexit sha1_base64="DqvihlN8+cYkIeTFvuHdi/uRlbg=">AAACH3icjVDLSsNAFJ34rPVVdelmsAgVJDQq6rLoxmVF+4Amhsl02g6dTMLMjVBC/sSNv+LGhSLirn/jpO1CRcEDA4dzzuXeOUEsuIZqdWzNzS8sLi0XVoqra+sbm6Wt7aaOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHiZ+617pjSP5C2MYuaFpC95j1MCRvJLpy4MGBDshiTWEGE3bd65MfenckUfHGKNXS7zAAwoEelN5ma2Xyo7dnUC/DcpoxnqfunD7UY0CZkEKojWHacag5cSBZwKlhXdRLOY0CHps46hkoRMe+nkfxneN0oX9yJlngQ8Ub9OpCTUehQGJplfqX96ufib10mgd+6lXMYJMEmni3qJwKaIvCzc5YpRECNDCFXc3IrpgChCwVRa/F8JzSPbObad65Ny7WJWRwHtoj1UQQ46QzV0heqogSh6QE/oBb1aj9az9Wa9T6Nz1mxmB32DNf4ESeqifg==</latexit>



THIS WORK

▸ Focus on Value estimation with non-linear function 
approximation: convergence of non-linear TD learning.  

▸ Interplay between MDP and function approximation 
geometry: we establish convergence conditions. 

▸ Key geometric properties of function approximation: 

▸ Homogeneity 

▸ “Includes” linear functions —> Residual architecture. 



APPROXIMATE DYNAMIC PROGRAMMING: BELLMAN EQUATION

▸ Recall the value function associated to a current policy:
V ⇡(s) := E

X

k

�kR(sk, ak); s0 = s, ak = ⇡(sk).
<latexit sha1_base64="REKZ8CKsumW3UI1GJOjdlZ84nYI="></latexit>



APPROXIMATE DYNAMIC PROGRAMMING: BELLMAN EQUATION

▸ Recall the value function associated to a current policy: 

▸ It is the unique solution of the Bellman equation: 

V ⇡(s) := E
X

k

�kR(sk, ak); s0 = s, ak = ⇡(sk).
<latexit sha1_base64="REKZ8CKsumW3UI1GJOjdlZ84nYI="></latexit>

V ⇡(s) = R̄(s) + �Es0⇠P(·|s)V
⇡(s0) , with R̄(s) = ER(s,⇡(s)).

<latexit sha1_base64="yFrNfDk8aUqfqXfecP6L3PEPDyw="></latexit>



APPROXIMATE DYNAMIC PROGRAMMING: BELLMAN EQUATION

▸ Recall the value function associated to a current policy: 

▸ It is the unique solution of the Bellman equation:  

▸ The most popular algorithm to estimate it is Temporal-
Difference learning [Sutton, Samuel].  

▸ Given transition                         and step-size   

V ⇡(s) := E
X

k

�kR(sk, ak); s0 = s, ak = ⇡(sk).
<latexit sha1_base64="REKZ8CKsumW3UI1GJOjdlZ84nYI="></latexit>

(s, R̄(s), s0)
<latexit sha1_base64="4rYH+55r297N7QmiRAOU+dTr4YE=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBaxhVISFXRZdOOyin1AG8pkOmmHTiZhZiKWkF9x40IRt/6IO//G6WOhouCBC4dz7uUejh9zprTjfFi5peWV1bX8emFjc2t7x94ttlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttjy+nfvuOSsUicasnMfVCPBQsYARrI/XtYllVez6W6U1WVpUqUkeVvl1ya84M6G9SggUaffu9N4hIElKhCcdKdV0n1l6KpWaE06zQSxSNMRnjIe0aKnBIlZfOsmfo0CgDFETSjNBopn69SHGo1CT0zWaI9Uj99Kbib1430cG5lzIRJ5oKMn8UJBzpCE2LQAMmKdF8YggmkpmsiIywxESbugr/K6F1XHNPau71aal+sagjD/twAGVw4QzqcAUNaAKBe3iAJ3i2MuvRerFe56s5a3GzB99gvX0CmiWS2g==</latexit>

↵k
<latexit sha1_base64="LOcql+5d+lqA4bh221NELsTj7fo=">AAAB73icjVDLSgNBEOyJrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhs7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7wlQKYz3vgxSWlldW14rrpY3Nre2d8u5e0ySZZrzBEpnodoiGS6F4wworeTvVHONQ8lY4upr6rXuujUjUrR2nPIhxoEQkGFontbso0yH2Rr1yxa96M9C/SQUWqPfK791+wrKYK8skGtPxvdQGOWormOSTUjczPEU2wgHvOKow5ibIZ/dO6JFT+jRKtCtl6Uz9OpFjbMw4Dl1njHZofnpT8Tevk9noIsiFSjPLFZsvijJJbUKnz9O+0JxZOXYEmRbuVsqGqJFZF1HpfyE0T6r+adW/OavULhdxFOEADuEYfDiHGlxDHRrAQMIDPMEzuSOP5IW8zlsLZDGzD99A3j4BEimP/A==</latexit>

V ⇡(s) = R̄(s) + �Es0⇠P(·|s)V
⇡(s0) , with R̄(s) = ER(s,⇡(s)).

<latexit sha1_base64="yFrNfDk8aUqfqXfecP6L3PEPDyw="></latexit>

V (k+1)(s) = V (k)(s) + ↵k

⇣
R(s, a) + �V (k)(s0)� V (k)(s)

⌘
.

<latexit sha1_base64="HhOnvCDd4x/jg7x3Wh468FnhjFQ="></latexit>



APPROXIMATE DYNAMIC PROGRAMMING: BELLMAN EQUATION

▸ Recall the value function associated to a current policy: 

▸ It is the unique solution of the Bellman equation:  

▸ The most popular algorithm to estimate it is Temporal-
Difference learning [Sutton, Samuel].  

▸ Given transition                         and step-size    

▸ Under appropriate conditions, we have                                            .

V ⇡(s) := E
X

k

�kR(sk, ak); s0 = s, ak = ⇡(sk).
<latexit sha1_base64="REKZ8CKsumW3UI1GJOjdlZ84nYI="></latexit>

(s, R̄(s), s0)
<latexit sha1_base64="4rYH+55r297N7QmiRAOU+dTr4YE=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBaxhVISFXRZdOOyin1AG8pkOmmHTiZhZiKWkF9x40IRt/6IO//G6WOhouCBC4dz7uUejh9zprTjfFi5peWV1bX8emFjc2t7x94ttlSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttjy+nfvuOSsUicasnMfVCPBQsYARrI/XtYllVez6W6U1WVpUqUkeVvl1ya84M6G9SggUaffu9N4hIElKhCcdKdV0n1l6KpWaE06zQSxSNMRnjIe0aKnBIlZfOsmfo0CgDFETSjNBopn69SHGo1CT0zWaI9Uj99Kbib1430cG5lzIRJ5oKMn8UJBzpCE2LQAMmKdF8YggmkpmsiIywxESbugr/K6F1XHNPau71aal+sagjD/twAGVw4QzqcAUNaAKBe3iAJ3i2MuvRerFe56s5a3GzB99gvX0CmiWS2g==</latexit>

↵k
<latexit sha1_base64="LOcql+5d+lqA4bh221NELsTj7fo=">AAAB73icjVDLSgNBEOyJrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhs7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7wlQKYz3vgxSWlldW14rrpY3Nre2d8u5e0ySZZrzBEpnodoiGS6F4wworeTvVHONQ8lY4upr6rXuujUjUrR2nPIhxoEQkGFontbso0yH2Rr1yxa96M9C/SQUWqPfK791+wrKYK8skGtPxvdQGOWormOSTUjczPEU2wgHvOKow5ibIZ/dO6JFT+jRKtCtl6Uz9OpFjbMw4Dl1njHZofnpT8Tevk9noIsiFSjPLFZsvijJJbUKnz9O+0JxZOXYEmRbuVsqGqJFZF1HpfyE0T6r+adW/OavULhdxFOEADuEYfDiHGlxDHRrAQMIDPMEzuSOP5IW8zlsLZDGzD99A3j4BEimP/A==</latexit>

V (k) ! V as k ! 1
<latexit sha1_base64="B7BN3E4c0XiFn3pEtMsO4mpjqic=">AAACDnicjVBNS8NAEN3Ur1q/qh69LJZCvZRGBT0WvXisYNNCE8tmu2mXbjZhdyKWkF/gxb/ixYMiXj1789+4aXtQUfDBDI/3Ztid58eCa2g0PqzCwuLS8kpxtbS2vrG5Vd7ecXSUKMraNBKR6vpEM8ElawMHwbqxYiT0Bev44/Pc79wwpXkkr2ASMy8kQ8kDTgkYqV+uOtdpbXyQYRci7JjObiHFROMMj3PJ5TKASb9cseuNKfDfpILmaPXL7+4goknIJFBBtO7ZjRi8lCjgVLCs5CaaxYSOyZD1DJUkZNpLp+dkuGqUAQ4iZUoCnqpfN1ISaj0JfTMZEhjpn14u/ub1EghOvZTLOAEm6eyhIBHY3JlngwdcMQpiYgihipu/YjoiilAwCZb+F4JzWLeP6vblcaV5No+jiPbQPqohG52gJrpALdRGFN2hB/SEnq1769F6sV5nowVrvrOLvsF6+wRyX5sd</latexit>

[Robbins & Munro,50s]

V ⇡(s) = R̄(s) + �Es0⇠P(·|s)V
⇡(s0) , with R̄(s) = ER(s,⇡(s)).

<latexit sha1_base64="yFrNfDk8aUqfqXfecP6L3PEPDyw="></latexit>

V (k+1)(s) = V (k)(s) + ↵k

⇣
R(s, a) + �V (k)(s0)� V (k)(s)

⌘
.

<latexit sha1_base64="HhOnvCDd4x/jg7x3Wh468FnhjFQ="></latexit>



EXPECTED CONTINUOUS-TIME DYNAMICS

▸ This algorithm can be seen as taking a stochastic gradient 
step with respect to the expected squared Bellman error. 



EXPECTED CONTINUOUS-TIME DYNAMICS

▸ This algorithm can be seen as taking a stochastic gradient 
step with respect to the expected squared Bellman error.   

▸ Continuous-time interpretation: suppose     defines an  
aperiodic, irreducible Markov chain, with stationary 
distribution    .

P
<latexit sha1_base64="duFylyS5clGWFjqkjoRMt/ZHyDo=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozJvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnjHqRbA==</latexit>

µ
<latexit sha1_base64="Af2B2UPWsJ254eoHb9/J2kRo2L0=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsaXU391j03ViT6DscpDxUdaBELRtFJt12V9cqVoOrPQP4mFVig3iu/d/sJyxTXyCS1thP4KYY5NSiY5JNSN7M8pWxEB7zjqKaK2zCfnTohR07pkzgxrjSSmfp1IqfK2rGKXKeiOLQ/van4m9fJML4Ic6HTDLlm80VxJgkmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRiv43c</latexit>



EXPECTED CONTINUOUS-TIME DYNAMICS

▸ This algorithm can be seen as taking a stochastic gradient 
step with respect to the expected squared Bellman error.   

▸ Continuous-time interpretation: suppose     defines an  
aperiodic, irreducible Markov chain, with stationary 
distribution    . 

▸ as                , the expected dynamics of TD become ↵k ! 0
<latexit sha1_base64="U1ixOz1KLuznK5sJkwqNypIBnFI=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAdk19A7mU2GzM4uM7NKWPIfXjwo4tV/8ebfOHkcVBQsaCiquunuClPBtXHdD6ewtLyyulZcL21sbm3vlHf3WjrJFGVNmohEdULUTHDJmoYbwTqpYhiHgrXD0eXUb98xpXkib8w4ZUGMA8kjTtFY6dZHkQ6xNyK+SYjbK1e8qjsD+ZtUYIFGr/zu9xOaxUwaKlDrruemJshRGU4Fm5T8TLMU6QgHrGupxJjpIJ9dPSFHVumTKFG2pCEz9etEjrHW4zi0nTGaof7pTcXfvG5movMg5zLNDJN0vijKBLEvTiMgfa4YNWJsCVLF7a2EDlEhNTao0v9CaJ1UvdOqd12r1C8WcRThAA7hGDw4gzpcQQOaQEHBAzzBs3PvPDovzuu8teAsZvbhG5y3T5TOkec=</latexit>

P
<latexit sha1_base64="duFylyS5clGWFjqkjoRMt/ZHyDo=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozJvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnjHqRbA==</latexit>

V̇ (s) = µ(s)
�
R̄(s) + �Es0⇠P(.|s)[V (s0)]� V (s)

�
<latexit sha1_base64="4gx49efZ3lwKpsSqGTzS6lEhCbs="></latexit>

µ
<latexit sha1_base64="Af2B2UPWsJ254eoHb9/J2kRo2L0=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsaXU391j03ViT6DscpDxUdaBELRtFJt12V9cqVoOrPQP4mFVig3iu/d/sJyxTXyCS1thP4KYY5NSiY5JNSN7M8pWxEB7zjqKaK2zCfnTohR07pkzgxrjSSmfp1IqfK2rGKXKeiOLQ/van4m9fJML4Ic6HTDLlm80VxJgkmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRiv43c</latexit>



EXPECTED CONTINUOUS-TIME DYNAMICS

▸ This algorithm can be seen as taking a stochastic gradient 
step with respect to the expected squared Bellman error.   

▸ Continuous-time interpretation: suppose     defines an  
aperiodic, irreducible Markov chain, with stationary 
distribution    . 

▸ as                , the expected dynamics of TD become  

▸ In matrix form, using Bellman equation                                    , 

↵k ! 0
<latexit sha1_base64="U1ixOz1KLuznK5sJkwqNypIBnFI=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAdk19A7mU2GzM4uM7NKWPIfXjwo4tV/8ebfOHkcVBQsaCiquunuClPBtXHdD6ewtLyyulZcL21sbm3vlHf3WjrJFGVNmohEdULUTHDJmoYbwTqpYhiHgrXD0eXUb98xpXkib8w4ZUGMA8kjTtFY6dZHkQ6xNyK+SYjbK1e8qjsD+ZtUYIFGr/zu9xOaxUwaKlDrruemJshRGU4Fm5T8TLMU6QgHrGupxJjpIJ9dPSFHVumTKFG2pCEz9etEjrHW4zi0nTGaof7pTcXfvG5movMg5zLNDJN0vijKBLEvTiMgfa4YNWJsCVLF7a2EDlEhNTao0v9CaJ1UvdOqd12r1C8WcRThAA7hGDw4gzpcQQOaQEHBAzzBs3PvPDovzuu8teAsZvbhG5y3T5TOkec=</latexit>

P
<latexit sha1_base64="duFylyS5clGWFjqkjoRMt/ZHyDo=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozJvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnjHqRbA==</latexit>

V̇ (s) = µ(s)
�
R̄(s) + �Es0⇠P(.|s)[V (s0)]� V (s)

�
<latexit sha1_base64="4gx49efZ3lwKpsSqGTzS6lEhCbs="></latexit>

µ
<latexit sha1_base64="Af2B2UPWsJ254eoHb9/J2kRo2L0=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsaXU391j03ViT6DscpDxUdaBELRtFJt12V9cqVoOrPQP4mFVig3iu/d/sJyxTXyCS1thP4KYY5NSiY5JNSN7M8pWxEB7zjqKaK2zCfnTohR07pkzgxrjSSmfp1IqfK2rGKXKeiOLQ/van4m9fJML4Ic6HTDLlm80VxJgkmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRiv43c</latexit>

V ⇡ = R̄+ �PV ⇡
<latexit sha1_base64="bXBlTA9aEIT9P6DFNUP893J4Wcs=">AAACE3icjVDLSsNAFJ3UV62vqEs3g0UQhZKooBuh6MZlFfuAJpab6aQdOpOEmYlQQv7Bjb/ixoUibt24829M0i5UFDwwcDjnXO6d40WcKW1ZH0ZpZnZufqG8WFlaXlldM9c3WiqMJaFNEvJQdjxQlLOANjXTnHYiSUF4nLa90Xnut2+pVCwMrvU4oq6AQcB8RkBnUs/ca904EcOn2PFAJlcp3sfOAIQA7AjQQwI8aaS4CPXMql2zCuC/SRVN0eiZ704/JLGggSYclOraVqTdBKRmhNO04sSKRkBGMKDdjAYgqHKT4k8p3smUPvZDmb1A40L9OpGAUGosvCyZH6p+ern4m9eNtX/iJiyIYk0DMlnkxxzrEOcF4T6TlGg+zggQybJbMRmCBKKzGiv/K6F1ULMPa/blUbV+Nq2jjLbQNtpFNjpGdXSBGqiJCLpDD+gJPRv3xqPxYrxOoiVjOrOJvsF4+wQKJJ0H</latexit>

V̇ = Dµ(R̄+ �PV � V ) = �A(V � V ⇡), with
<latexit sha1_base64="XgXsPGSUqhRjERukt6TUInPQTRE="></latexit>

A := Dµ(I � �P), Dµ = diag(µ).
<latexit sha1_base64="vUBxTDs1YBhxhVD7PMP2yGDxRIE="></latexit>



CONSISTENCY OF TD-LEARNING: TABULAR CASE

▸ Fact:     is a “positive-definite”,  non-symmetric, matrix, ie A
<latexit sha1_base64="ujO9Du6lfavAxDcjNLH8IXpFlWc=">AAAB6HicjVDLSgNBEOyNrxhfqx69DAbBU9hVQY9RLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuClPBtfG8D6ewtLyyulZcL21sbm3vuLt7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqd+6x6V5om8NeMUg5gOJI84o8ZK9cueW/Yr3gzkb1KGBWo9973bT1gWozRMUK07vpeaIKfKcCZwUupmGlPKRnSAHUsljVEH+ezQCTmySp9EibIlDZmpXydyGms9jkPbGVMz1D+9qfib18lMdBHkXKaZQcnmi6JMEJOQ6dekzxUyI8aWUKa4vZWwIVWUGZtN6X8hNE8q/mnFr5+Vq1eLOIpwAIdwDD6cQxVuoAYNYIDwAE/w7Nw5j86L8zpvLTiLmX34BuftE5g+jMs=</latexit>

x>Ax > 0
<latexit sha1_base64="dy+yq/W6kix8rfyuLJ4URFaiEHc=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoCeJevEYwTwg2YTZySQZMruzzPRqwpL/8OJBEa/+izf/xsnjoKJgQUNR1U0XFcRSGHTdDyezsLi0vJJdza2tb2xu5bd3qkYlmvEKU1LpekANlyLiFRQoeT3WnIaB5LVgcDXxa3dcG6GiWxzF3A9pLxJdwShaqTVsNVHF5IIMyTlx2/mCV3SnIH+TAsxRbuffmx3FkpBHyCQ1puG5Mfop1SiY5ONcMzE8pmxAe7xhaURDbvx0mnpMDqzSIV2l7URIpurXi5SGxozCwG6GFPvmpzcRf/MaCXbP/FREcYI8YrNH3UQSVGRSAekIzRnKkSWUaWGzEtanmjK0ReX+V0L1qOgdF72bk0Lpcl5HFvZgHw7Bg1MowTWUoQIMNDzAEzw7986j8+K8zlYzzvxmF77BefsEiVeROA==</latexit>

when kxk > 0.
<latexit sha1_base64="w9quU5lvCP8GmIkpwmOV/r5Mmc8=">AAACAnicjVDLSgNBEJz1GeNr1ZN4GQyCp7Crgp4k6MVjBPOAJITZSScZMju7zPRqwhq8+CtePCji1a/w5t84eRxUFCxoKKq66e4KYikMet6HMzM7N7+wmFnKLq+srq27G5tlEyWaQ4lHMtLVgBmQQkEJBUqoxhpYGEioBL3zkV+5Bm1EpK5wEEMjZB0l2oIztFLT3a4j9DG96YKiQ1q/7duip9TL06ab8/PeGPRvkiNTFJvue70V8SQEhVwyY2q+F2MjZRoFlzDM1hMDMeM91oGapYqFYBrp+IUh3bNKi7YjbUshHatfJ1IWGjMIA9sZMuyan95I/M2rJdg+aaRCxQmC4pNF7URSjOgoD9oSGjjKgSWMa2FvpbzLNONoU8v+L4TyQd4/zPuXR7nC2TSODNkhu2Sf+OSYFMgFKZIS4eSOPJAn8uzcO4/Oi/M6aZ1xpjNb5Buct08yQpX6</latexit>

[Sutton,’88]



CONSISTENCY OF TD-LEARNING: TABULAR CASE

▸ Fact:     is a “positive-definite”,  non-symmetric, matrix, ie  

▸ Consequence:         converges (linearly) to       as              .

A
<latexit sha1_base64="ujO9Du6lfavAxDcjNLH8IXpFlWc=">AAAB6HicjVDLSgNBEOyNrxhfqx69DAbBU9hVQY9RLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuClPBtfG8D6ewtLyyulZcL21sbm3vuLt7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqd+6x6V5om8NeMUg5gOJI84o8ZK9cueW/Yr3gzkb1KGBWo9973bT1gWozRMUK07vpeaIKfKcCZwUupmGlPKRnSAHUsljVEH+ezQCTmySp9EibIlDZmpXydyGms9jkPbGVMz1D+9qfib18lMdBHkXKaZQcnmi6JMEJOQ6dekzxUyI8aWUKa4vZWwIVWUGZtN6X8hNE8q/mnFr5+Vq1eLOIpwAIdwDD6cQxVuoAYNYIDwAE/w7Nw5j86L8zpvLTiLmX34BuftE5g+jMs=</latexit>

x>Ax > 0
<latexit sha1_base64="dy+yq/W6kix8rfyuLJ4URFaiEHc=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoCeJevEYwTwg2YTZySQZMruzzPRqwpL/8OJBEa/+izf/xsnjoKJgQUNR1U0XFcRSGHTdDyezsLi0vJJdza2tb2xu5bd3qkYlmvEKU1LpekANlyLiFRQoeT3WnIaB5LVgcDXxa3dcG6GiWxzF3A9pLxJdwShaqTVsNVHF5IIMyTlx2/mCV3SnIH+TAsxRbuffmx3FkpBHyCQ1puG5Mfop1SiY5ONcMzE8pmxAe7xhaURDbvx0mnpMDqzSIV2l7URIpurXi5SGxozCwG6GFPvmpzcRf/MaCXbP/FREcYI8YrNH3UQSVGRSAekIzRnKkSWUaWGzEtanmjK0ReX+V0L1qOgdF72bk0Lpcl5HFvZgHw7Bg1MowTWUoQIMNDzAEzw7986j8+K8zlYzzvxmF77BefsEiVeROA==</latexit>

when kxk > 0.
<latexit sha1_base64="w9quU5lvCP8GmIkpwmOV/r5Mmc8=">AAACAnicjVDLSgNBEJz1GeNr1ZN4GQyCp7Crgp4k6MVjBPOAJITZSScZMju7zPRqwhq8+CtePCji1a/w5t84eRxUFCxoKKq66e4KYikMet6HMzM7N7+wmFnKLq+srq27G5tlEyWaQ4lHMtLVgBmQQkEJBUqoxhpYGEioBL3zkV+5Bm1EpK5wEEMjZB0l2oIztFLT3a4j9DG96YKiQ1q/7duip9TL06ab8/PeGPRvkiNTFJvue70V8SQEhVwyY2q+F2MjZRoFlzDM1hMDMeM91oGapYqFYBrp+IUh3bNKi7YjbUshHatfJ1IWGjMIA9sZMuyan95I/M2rJdg+aaRCxQmC4pNF7URSjOgoD9oSGjjKgSWMa2FvpbzLNONoU8v+L4TyQd4/zPuXR7nC2TSODNkhu2Sf+OSYFMgFKZIS4eSOPJAn8uzcO4/Oi/M6aZ1xpjNb5Buct08yQpX6</latexit>

[Sutton,’88]

V (t)
<latexit sha1_base64="2mWwyJpwFpVIbk223B8gqVxILgg=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBahXkpiBT0WvXisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCCWwqLrfjiFldW19Y3iZmlre2d3r7x/0LZRYhhvsUhGphtQy6XQvIUCJe/GhlMVSN4JJte537nnxopI3+E05r6iIy1CwSjmUruKp4Nyxau5c5C/SQWWaA7K7/1hxBLFNTJJre15box+Sg0KJvms1E8sjymb0BHvZVRTxa2fzm+dkZNMGZIwMllpJHP160RKlbVTFWSdiuLY/vRy8Tevl2B46adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk/pfyG0z2pevebdnlcaV8s4inAEx1AFDy6gATfQhBYwGMMDPMGzo5xH58V5XbQWnOXMIXyD8/YJUzyNww==</latexit>

V ⇡
<latexit sha1_base64="nJN1IvFyLNI+kaWTcjoSZpT9jes=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKpi20sWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jpu1BRcEHA4/3ZpiZF6ZSGHTdD6e0tLyyulZer2xsbm3vVHf3WibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFX47XuujUjULU5SHsR0qEQkGEUr+a27Xir61ZpXd2cgf5MaLNDsV997g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT47dkqOrDIgUaJtKSQz9etETmNjJnFoO2OKI/PTK8TfvG6G0UWQC5VmyBWbL4oySTAhxedkIDRnKCeWUKaFvZWwEdWUoc2n8r8QWid177Tu3ZzVGpeLOMpwAIdwDB6cQwOuoQk+MBDwAE/w7Cjn0XlxXuetJWcxsw/f4Lx9ArJBjps=</latexit>

t ! 1
<latexit sha1_base64="uM7Z/LeuPirWnKkJpzQUXhQz6e0=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8pH4mBBfqAjzQbXm1d05yN+kBku0BtV3f5iwLOYKmaTG9D03xaCgGgWTfFrxM8NTyiZ0xPuWKhpzExTzm6fkxCpDEiXalkIyV79OFDQ2Jo9D2xlTHJuf3kz8zetnGF0GhVBphlyxxaIok8T+OQuADIXmDGVuCWVa2FsJG1NNGdqYKv8LoXNW987r3m2j1rxaxlGGIziGU/DgAppwAy1oA4MUHuAJnp3MeXRenNdFa8lZzhzCNzhvn6qrkXE=</latexit>



CONSISTENCY OF TD-LEARNING: TABULAR CASE

▸ Fact:     is a “positive-definite”,  non-symmetric, matrix, ie  

▸ Consequence:         converges (linearly) to       as              . 

▸ However, this algorithm currently computes an 
independent quantity for each             (the “tabular” case). 

A
<latexit sha1_base64="ujO9Du6lfavAxDcjNLH8IXpFlWc=">AAAB6HicjVDLSgNBEOyNrxhfqx69DAbBU9hVQY9RLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuClPBtfG8D6ewtLyyulZcL21sbm3vuLt7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqd+6x6V5om8NeMUg5gOJI84o8ZK9cueW/Yr3gzkb1KGBWo9973bT1gWozRMUK07vpeaIKfKcCZwUupmGlPKRnSAHUsljVEH+ezQCTmySp9EibIlDZmpXydyGms9jkPbGVMz1D+9qfib18lMdBHkXKaZQcnmi6JMEJOQ6dekzxUyI8aWUKa4vZWwIVWUGZtN6X8hNE8q/mnFr5+Vq1eLOIpwAIdwDD6cQxVuoAYNYIDwAE/w7Nw5j86L8zpvLTiLmX34BuftE5g+jMs=</latexit>

x>Ax > 0
<latexit sha1_base64="dy+yq/W6kix8rfyuLJ4URFaiEHc=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoCeJevEYwTwg2YTZySQZMruzzPRqwpL/8OJBEa/+izf/xsnjoKJgQUNR1U0XFcRSGHTdDyezsLi0vJJdza2tb2xu5bd3qkYlmvEKU1LpekANlyLiFRQoeT3WnIaB5LVgcDXxa3dcG6GiWxzF3A9pLxJdwShaqTVsNVHF5IIMyTlx2/mCV3SnIH+TAsxRbuffmx3FkpBHyCQ1puG5Mfop1SiY5ONcMzE8pmxAe7xhaURDbvx0mnpMDqzSIV2l7URIpurXi5SGxozCwG6GFPvmpzcRf/MaCXbP/FREcYI8YrNH3UQSVGRSAekIzRnKkSWUaWGzEtanmjK0ReX+V0L1qOgdF72bk0Lpcl5HFvZgHw7Bg1MowTWUoQIMNDzAEzw7986j8+K8zlYzzvxmF77BefsEiVeROA==</latexit>

when kxk > 0.
<latexit sha1_base64="w9quU5lvCP8GmIkpwmOV/r5Mmc8=">AAACAnicjVDLSgNBEJz1GeNr1ZN4GQyCp7Crgp4k6MVjBPOAJITZSScZMju7zPRqwhq8+CtePCji1a/w5t84eRxUFCxoKKq66e4KYikMet6HMzM7N7+wmFnKLq+srq27G5tlEyWaQ4lHMtLVgBmQQkEJBUqoxhpYGEioBL3zkV+5Bm1EpK5wEEMjZB0l2oIztFLT3a4j9DG96YKiQ1q/7duip9TL06ab8/PeGPRvkiNTFJvue70V8SQEhVwyY2q+F2MjZRoFlzDM1hMDMeM91oGapYqFYBrp+IUh3bNKi7YjbUshHatfJ1IWGjMIA9sZMuyan95I/M2rJdg+aaRCxQmC4pNF7URSjOgoD9oSGjjKgSWMa2FvpbzLNONoU8v+L4TyQd4/zPuXR7nC2TSODNkhu2Sf+OSYFMgFKZIS4eSOPJAn8uzcO4/Oi/M6aZ1xpjNb5Buct08yQpX6</latexit>

[Sutton,’88]

V (t)
<latexit sha1_base64="2mWwyJpwFpVIbk223B8gqVxILgg=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBahXkpiBT0WvXisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCCWwqLrfjiFldW19Y3iZmlre2d3r7x/0LZRYhhvsUhGphtQy6XQvIUCJe/GhlMVSN4JJte537nnxopI3+E05r6iIy1CwSjmUruKp4Nyxau5c5C/SQWWaA7K7/1hxBLFNTJJre15box+Sg0KJvms1E8sjymb0BHvZVRTxa2fzm+dkZNMGZIwMllpJHP160RKlbVTFWSdiuLY/vRy8Tevl2B46adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk/pfyG0z2pevebdnlcaV8s4inAEx1AFDy6gATfQhBYwGMMDPMGzo5xH58V5XbQWnOXMIXyD8/YJUzyNww==</latexit>

V ⇡
<latexit sha1_base64="nJN1IvFyLNI+kaWTcjoSZpT9jes=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKpi20sWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jpu1BRcEHA4/3ZpiZF6ZSGHTdD6e0tLyyulZer2xsbm3vVHf3WibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFX47XuujUjULU5SHsR0qEQkGEUr+a27Xir61ZpXd2cgf5MaLNDsV997g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT47dkqOrDIgUaJtKSQz9etETmNjJnFoO2OKI/PTK8TfvG6G0UWQC5VmyBWbL4oySTAhxedkIDRnKCeWUKaFvZWwEdWUoc2n8r8QWid177Tu3ZzVGpeLOMpwAIdwDB6cQwOuoQk+MBDwAE/w7Cjn0XlxXuetJWcxsw/f4Lx9ArJBjps=</latexit>

t ! 1
<latexit sha1_base64="uM7Z/LeuPirWnKkJpzQUXhQz6e0=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8pH4mBBfqAjzQbXm1d05yN+kBku0BtV3f5iwLOYKmaTG9D03xaCgGgWTfFrxM8NTyiZ0xPuWKhpzExTzm6fkxCpDEiXalkIyV79OFDQ2Jo9D2xlTHJuf3kz8zetnGF0GhVBphlyxxaIok8T+OQuADIXmDGVuCWVa2FsJG1NNGdqYKv8LoXNW987r3m2j1rxaxlGGIziGU/DgAppwAy1oA4MUHuAJnp3MeXRenNdFa8lZzhzCNzhvn6qrkXE=</latexit>

s 2 S
<latexit sha1_base64="T3wqOlmml8jVJC21qktDWCWz4x0=">AAAB+nicjVDLSsNAFL3xWesr1aWbwSK4KokKuiy6cVnRPqAJZTKdtEMnM2FmopTYT3HjQhG3fok7/8ZJ24WKggcuHM65l3s4UcqZNp734SwsLi2vrJbWyusbm1vbbmWnpWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2NLgq/fUuVZlLcmHFKwwQPBIsZwcZKPbeiUcAEChJshgTz/HrSc6t+zZsC/U2qMEej574HfUmyhApDONa663upCXOsDCOcTspBpmmKyQgPaNdSgROqw3wafYIOrNJHsVR2hEFT9etFjhOtx0lkN4uI+qdXiL953czEZ2HORJoZKsjsUZxxZCQqekB9pigxfGwJJorZrIgMscLE2LbK/yuhdVTzj2v+1Um1fj6vowR7sA+H4MMp1OESGtAEAnfwAE/w7Nw7j86L8zpbXXDmN7vwDc7bJ+Gzk8I=</latexit>



CONSISTENCY OF TD-LEARNING: TABULAR CASE

▸ Fact:     is a “positive-definite”,  non-symmetric, matrix, ie  

▸ Consequence:         converges (linearly) to       as              . 

▸ However, this algorithm currently computes an 
independent quantity for each             (the “tabular” case).   

▸ Infeasible in any typical large-scale scenario. 

A
<latexit sha1_base64="ujO9Du6lfavAxDcjNLH8IXpFlWc=">AAAB6HicjVDLSgNBEOyNrxhfqx69DAbBU9hVQY9RLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuClPBtfG8D6ewtLyyulZcL21sbm3vuLt7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqd+6x6V5om8NeMUg5gOJI84o8ZK9cueW/Yr3gzkb1KGBWo9973bT1gWozRMUK07vpeaIKfKcCZwUupmGlPKRnSAHUsljVEH+ezQCTmySp9EibIlDZmpXydyGms9jkPbGVMz1D+9qfib18lMdBHkXKaZQcnmi6JMEJOQ6dekzxUyI8aWUKa4vZWwIVWUGZtN6X8hNE8q/mnFr5+Vq1eLOIpwAIdwDD6cQxVuoAYNYIDwAE/w7Nw5j86L8zpvLTiLmX34BuftE5g+jMs=</latexit>

x>Ax > 0
<latexit sha1_base64="dy+yq/W6kix8rfyuLJ4URFaiEHc=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoCeJevEYwTwg2YTZySQZMruzzPRqwpL/8OJBEa/+izf/xsnjoKJgQUNR1U0XFcRSGHTdDyezsLi0vJJdza2tb2xu5bd3qkYlmvEKU1LpekANlyLiFRQoeT3WnIaB5LVgcDXxa3dcG6GiWxzF3A9pLxJdwShaqTVsNVHF5IIMyTlx2/mCV3SnIH+TAsxRbuffmx3FkpBHyCQ1puG5Mfop1SiY5ONcMzE8pmxAe7xhaURDbvx0mnpMDqzSIV2l7URIpurXi5SGxozCwG6GFPvmpzcRf/MaCXbP/FREcYI8YrNH3UQSVGRSAekIzRnKkSWUaWGzEtanmjK0ReX+V0L1qOgdF72bk0Lpcl5HFvZgHw7Bg1MowTWUoQIMNDzAEzw7986j8+K8zlYzzvxmF77BefsEiVeROA==</latexit>

when kxk > 0.
<latexit sha1_base64="w9quU5lvCP8GmIkpwmOV/r5Mmc8=">AAACAnicjVDLSgNBEJz1GeNr1ZN4GQyCp7Crgp4k6MVjBPOAJITZSScZMju7zPRqwhq8+CtePCji1a/w5t84eRxUFCxoKKq66e4KYikMet6HMzM7N7+wmFnKLq+srq27G5tlEyWaQ4lHMtLVgBmQQkEJBUqoxhpYGEioBL3zkV+5Bm1EpK5wEEMjZB0l2oIztFLT3a4j9DG96YKiQ1q/7duip9TL06ab8/PeGPRvkiNTFJvue70V8SQEhVwyY2q+F2MjZRoFlzDM1hMDMeM91oGapYqFYBrp+IUh3bNKi7YjbUshHatfJ1IWGjMIA9sZMuyan95I/M2rJdg+aaRCxQmC4pNF7URSjOgoD9oSGjjKgSWMa2FvpbzLNONoU8v+L4TyQd4/zPuXR7nC2TSODNkhu2Sf+OSYFMgFKZIS4eSOPJAn8uzcO4/Oi/M6aZ1xpjNb5Buct08yQpX6</latexit>

[Sutton,’88]

V (t)
<latexit sha1_base64="2mWwyJpwFpVIbk223B8gqVxILgg=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBahXkpiBT0WvXisYD+gDWWz3bRLdzdhdyKU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCCWwqLrfjiFldW19Y3iZmlre2d3r7x/0LZRYhhvsUhGphtQy6XQvIUCJe/GhlMVSN4JJte537nnxopI3+E05r6iIy1CwSjmUruKp4Nyxau5c5C/SQWWaA7K7/1hxBLFNTJJre15box+Sg0KJvms1E8sjymb0BHvZVRTxa2fzm+dkZNMGZIwMllpJHP160RKlbVTFWSdiuLY/vRy8Tevl2B46adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk/pfyG0z2pevebdnlcaV8s4inAEx1AFDy6gATfQhBYwGMMDPMGzo5xH58V5XbQWnOXMIXyD8/YJUzyNww==</latexit>

V ⇡
<latexit sha1_base64="nJN1IvFyLNI+kaWTcjoSZpT9jes=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKpi20sWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jpu1BRcEHA4/3ZpiZF6ZSGHTdD6e0tLyyulZer2xsbm3vVHf3WibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfFX47XuujUjULU5SHsR0qEQkGEUr+a27Xir61ZpXd2cgf5MaLNDsV997g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGupojE3QT47dkqOrDIgUaJtKSQz9etETmNjJnFoO2OKI/PTK8TfvG6G0UWQC5VmyBWbL4oySTAhxedkIDRnKCeWUKaFvZWwEdWUoc2n8r8QWid177Tu3ZzVGpeLOMpwAIdwDB6cQwOuoQk+MBDwAE/w7Cjn0XlxXuetJWcxsw/f4Lx9ArJBjps=</latexit>

t ! 1
<latexit sha1_base64="uM7Z/LeuPirWnKkJpzQUXhQz6e0=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8pH4mBBfqAjzQbXm1d05yN+kBku0BtV3f5iwLOYKmaTG9D03xaCgGgWTfFrxM8NTyiZ0xPuWKhpzExTzm6fkxCpDEiXalkIyV79OFDQ2Jo9D2xlTHJuf3kz8zetnGF0GhVBphlyxxaIok8T+OQuADIXmDGVuCWVa2FsJG1NNGdqYKv8LoXNW987r3m2j1rxaxlGGIziGU/DgAppwAy1oA4MUHuAJnp3MeXRenNdFa8lZzhzCNzhvn6qrkXE=</latexit>

s 2 S
<latexit sha1_base64="T3wqOlmml8jVJC21qktDWCWz4x0=">AAAB+nicjVDLSsNAFL3xWesr1aWbwSK4KokKuiy6cVnRPqAJZTKdtEMnM2FmopTYT3HjQhG3fok7/8ZJ24WKggcuHM65l3s4UcqZNp734SwsLi2vrJbWyusbm1vbbmWnpWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2NLgq/fUuVZlLcmHFKwwQPBIsZwcZKPbeiUcAEChJshgTz/HrSc6t+zZsC/U2qMEej574HfUmyhApDONa663upCXOsDCOcTspBpmmKyQgPaNdSgROqw3wafYIOrNJHsVR2hEFT9etFjhOtx0lkN4uI+qdXiL953czEZ2HORJoZKsjsUZxxZCQqekB9pigxfGwJJorZrIgMscLE2LbK/yuhdVTzj2v+1Um1fj6vowR7sA+H4MMp1OESGtAEAnfwAE/w7Nw7j86L8zpbXXDmN7vwDc7bJ+Gzk8I=</latexit>



FUNCTION APPROXIMATION

▸ To overcome such blowup, one considers function 
approximation. Let               and                             
differentiable. 

✓ 2 Rd
<latexit sha1_base64="rpwOVrVSBvw6rbqGVEG+2IjBBQA=">AAACAHicjVBNS8NAEN34WetX1IMHL4tF8FQSFfRY9OKxiv2AJpbNZtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpe1BR8MHA470ZZuYFqeAaHOfDmptfWFxarqxUV9fWNzbtre22TjJFWYsmIlHdgGgmuGQt4CBYN1WMxIFgnWB0UfqdO6Y0T+QNjFPmx2QgecQpASP17V0PhgwI9rjEXkxgGAT5dXEb9u2aW3cmwH+TGpqh2bffvTChWcwkUEG07rlOCn5OFHAqWFH1Ms1SQkdkwHqGShIz7eeTBwp8YJQQR4kyJQFP1K8TOYm1HseB6Sxv1D+9UvzN62UQnfk5l2kGTNLpoigTGBJcpoFDrhgFMTaEUMXNrZgOiSIUTGbV/4XQPqq7x3X36qTWOJ/FUUF7aB8dIhedoga6RE3UQhQV6AE9oWfr3nq0XqzXaeucNZvZQd9gvX0CdpuWUg==</latexit>

✓ 7! V✓ 2 R|S|
<latexit sha1_base64="uPvkxluSrFJR7pxPCp1wKf2KNEo=">AAACH3icjZDLSgMxFIYz9VbrbdSlm2ARXJUZFXVZdOOyXnqBtg6ZNG1DM5khOSOU6byJG1/FjQtFxF3fxkxbQUXBHwIn338OOfn9SHANjjO2cnPzC4tL+eXCyura+oa9uVXTYawoq9JQhKrhE80El6wKHARrRIqRwBes7g/OM79+x5TmobyBYcTaAelJ3uWUgEGefdyCPgOCWwGJNIS45n0CLjMIfd9PrtLbZDS5UCKS63SUenbRLTkT4b+LIpqp4tnvrU5I44BJoIJo3XSdCNoJUcCpYGmhFWsWETogPdY0pSQB0+1k8r8U7xnSwd1QmSMBT+jXiYQEWg8D33RmS+qfXgZ/85oxdE/bCZdRDEzS6UPdWGATRBYW7nDFKIihKQhV3OyKaZ8oQsFEWvhfCLWDkntYci+PiuWzWRx5tIN20T5y0QkqowtUQVVE0T16RM/oxXqwnqxX623amrNmM9vom6zxB4P0o+w=</latexit>



FUNCTION APPROXIMATION

▸ To overcome such blowup, one considers function 
approximation. Let               and                             
differentiable.  

▸ TD(0) “semi-gradient” algorithm [Sutton]: 

✓ 2 Rd
<latexit sha1_base64="rpwOVrVSBvw6rbqGVEG+2IjBBQA=">AAACAHicjVBNS8NAEN34WetX1IMHL4tF8FQSFfRY9OKxiv2AJpbNZtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpe1BR8MHA470ZZuYFqeAaHOfDmptfWFxarqxUV9fWNzbtre22TjJFWYsmIlHdgGgmuGQt4CBYN1WMxIFgnWB0UfqdO6Y0T+QNjFPmx2QgecQpASP17V0PhgwI9rjEXkxgGAT5dXEb9u2aW3cmwH+TGpqh2bffvTChWcwkUEG07rlOCn5OFHAqWFH1Ms1SQkdkwHqGShIz7eeTBwp8YJQQR4kyJQFP1K8TOYm1HseB6Sxv1D+9UvzN62UQnfk5l2kGTNLpoigTGBJcpoFDrhgFMTaEUMXNrZgOiSIUTGbV/4XQPqq7x3X36qTWOJ/FUUF7aB8dIhedoga6RE3UQhQV6AE9oWfr3nq0XqzXaeucNZvZQd9gvX0CdpuWUg==</latexit>

✓ 7! V✓ 2 R|S|
<latexit sha1_base64="uPvkxluSrFJR7pxPCp1wKf2KNEo=">AAACH3icjZDLSgMxFIYz9VbrbdSlm2ARXJUZFXVZdOOyXnqBtg6ZNG1DM5khOSOU6byJG1/FjQtFxF3fxkxbQUXBHwIn338OOfn9SHANjjO2cnPzC4tL+eXCyura+oa9uVXTYawoq9JQhKrhE80El6wKHARrRIqRwBes7g/OM79+x5TmobyBYcTaAelJ3uWUgEGefdyCPgOCWwGJNIS45n0CLjMIfd9PrtLbZDS5UCKS63SUenbRLTkT4b+LIpqp4tnvrU5I44BJoIJo3XSdCNoJUcCpYGmhFWsWETogPdY0pSQB0+1k8r8U7xnSwd1QmSMBT+jXiYQEWg8D33RmS+qfXgZ/85oxdE/bCZdRDEzS6UPdWGATRBYW7nDFKIihKQhV3OyKaZ8oQsFEWvhfCLWDkntYci+PiuWzWRx5tIN20T5y0QkqowtUQVVE0T16RM/oxXqwnqxX623amrNmM9vom6zxB4P0o+w=</latexit>

✓(k+1) = ✓(k) + ↵kr✓V✓(k)(s)
�
R̄(s) + �V✓(k)(s0)� V✓(k)(s)

�
.

<latexit sha1_base64="lrrudhXfhuKf3gmYyDwEWTlOJ9U="></latexit>



FUNCTION APPROXIMATION

▸ To overcome such blowup, one considers function 
approximation. Let               and                             
differentiable.  

▸ TD(0) “semi-gradient” algorithm:  

▸ Such update approximates the stochastic gradient of the 
squared Bellman error

✓ 2 Rd
<latexit sha1_base64="rpwOVrVSBvw6rbqGVEG+2IjBBQA=">AAACAHicjVBNS8NAEN34WetX1IMHL4tF8FQSFfRY9OKxiv2AJpbNZtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpe1BR8MHA470ZZuYFqeAaHOfDmptfWFxarqxUV9fWNzbtre22TjJFWYsmIlHdgGgmuGQt4CBYN1WMxIFgnWB0UfqdO6Y0T+QNjFPmx2QgecQpASP17V0PhgwI9rjEXkxgGAT5dXEb9u2aW3cmwH+TGpqh2bffvTChWcwkUEG07rlOCn5OFHAqWFH1Ms1SQkdkwHqGShIz7eeTBwp8YJQQR4kyJQFP1K8TOYm1HseB6Sxv1D+9UvzN62UQnfk5l2kGTNLpoigTGBJcpoFDrhgFMTaEUMXNrZgOiSIUTGbV/4XQPqq7x3X36qTWOJ/FUUF7aB8dIhedoga6RE3UQhQV6AE9oWfr3nq0XqzXaeucNZvZQd9gvX0CdpuWUg==</latexit>

✓ 7! V✓ 2 R|S|
<latexit sha1_base64="uPvkxluSrFJR7pxPCp1wKf2KNEo=">AAACH3icjZDLSgMxFIYz9VbrbdSlm2ARXJUZFXVZdOOyXnqBtg6ZNG1DM5khOSOU6byJG1/FjQtFxF3fxkxbQUXBHwIn338OOfn9SHANjjO2cnPzC4tL+eXCyura+oa9uVXTYawoq9JQhKrhE80El6wKHARrRIqRwBes7g/OM79+x5TmobyBYcTaAelJ3uWUgEGefdyCPgOCWwGJNIS45n0CLjMIfd9PrtLbZDS5UCKS63SUenbRLTkT4b+LIpqp4tnvrU5I44BJoIJo3XSdCNoJUcCpYGmhFWsWETogPdY0pSQB0+1k8r8U7xnSwd1QmSMBT+jXiYQEWg8D33RmS+qfXgZ/85oxdE/bCZdRDEzS6UPdWGATRBYW7nDFKIihKQhV3OyKaZ8oQsFEWvhfCLWDkntYci+PiuWzWRx5tIN20T5y0QkqowtUQVVE0T16RM/oxXqwnqxX623amrNmM9vom6zxB4P0o+w=</latexit>

✓(k+1) = ✓(k) + ↵kr✓V✓(k)(s)
�
R̄(s) + �V✓(k)(s0)� V✓(k)(s)

�
.

<latexit sha1_base64="lrrudhXfhuKf3gmYyDwEWTlOJ9U="></latexit>

�(✓) := kV✓ � R̄� �PV✓k2
<latexit sha1_base64="w9pvg3W/5eAixbgJBEJ2jqJu+dI="></latexit>



FUNCTION APPROXIMATION

▸ To overcome such blowup, one considers function 
approximation. Let               and                             
differentiable.  

▸ TD(0) “semi-gradient” algorithm:  

▸ Such update approximates the stochastic gradient of the 
squared Bellman error 

▸ Problem: an unbiased estimator of                  requires two 
samples      from the environment (“double-sample" problem):   

▸ This breaks convergence guarantees of stochastic optimization.

✓ 2 Rd
<latexit sha1_base64="rpwOVrVSBvw6rbqGVEG+2IjBBQA=">AAACAHicjVBNS8NAEN34WetX1IMHL4tF8FQSFfRY9OKxiv2AJpbNZtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpe1BR8MHA470ZZuYFqeAaHOfDmptfWFxarqxUV9fWNzbtre22TjJFWYsmIlHdgGgmuGQt4CBYN1WMxIFgnWB0UfqdO6Y0T+QNjFPmx2QgecQpASP17V0PhgwI9rjEXkxgGAT5dXEb9u2aW3cmwH+TGpqh2bffvTChWcwkUEG07rlOCn5OFHAqWFH1Ms1SQkdkwHqGShIz7eeTBwp8YJQQR4kyJQFP1K8TOYm1HseB6Sxv1D+9UvzN62UQnfk5l2kGTNLpoigTGBJcpoFDrhgFMTaEUMXNrZgOiSIUTGbV/4XQPqq7x3X36qTWOJ/FUUF7aB8dIhedoga6RE3UQhQV6AE9oWfr3nq0XqzXaeucNZvZQd9gvX0CdpuWUg==</latexit>

✓ 7! V✓ 2 R|S|
<latexit sha1_base64="uPvkxluSrFJR7pxPCp1wKf2KNEo=">AAACH3icjZDLSgMxFIYz9VbrbdSlm2ARXJUZFXVZdOOyXnqBtg6ZNG1DM5khOSOU6byJG1/FjQtFxF3fxkxbQUXBHwIn338OOfn9SHANjjO2cnPzC4tL+eXCyura+oa9uVXTYawoq9JQhKrhE80El6wKHARrRIqRwBes7g/OM79+x5TmobyBYcTaAelJ3uWUgEGefdyCPgOCWwGJNIS45n0CLjMIfd9PrtLbZDS5UCKS63SUenbRLTkT4b+LIpqp4tnvrU5I44BJoIJo3XSdCNoJUcCpYGmhFWsWETogPdY0pSQB0+1k8r8U7xnSwd1QmSMBT+jXiYQEWg8D33RmS+qfXgZ/85oxdE/bCZdRDEzS6UPdWGATRBYW7nDFKIihKQhV3OyKaZ8oQsFEWvhfCLWDkntYci+PiuWzWRx5tIN20T5y0QkqowtUQVVE0T16RM/oxXqwnqxX623amrNmM9vom6zxB4P0o+w=</latexit>

✓(k+1) = ✓(k) + ↵kr✓V✓(k)(s)
�
R̄(s) + �V✓(k)(s0)� V✓(k)(s)

�
.

<latexit sha1_base64="lrrudhXfhuKf3gmYyDwEWTlOJ9U="></latexit>

�(✓) := kV✓ � R̄� �PV✓k2
<latexit sha1_base64="w9pvg3W/5eAixbgJBEJ2jqJu+dI="></latexit>

r✓�(✓) := 2(V✓ � R̄� �PV✓) · (r✓V✓ � �Pr✓V✓)
<latexit sha1_base64="CmS4LiQLeT9vlNHY9hPctfyYjfQ="></latexit>

r✓�(✓)
<latexit sha1_base64="DR656UPctM0T4FvuLbPIFp+/5fM=">AAACBXicjVA9SwNBEN3zM8avqKUWi0GITcipoGVQC8sI5gNyIcxt5pIle3vH7pwQQhob/4qNhSK2/gc7/42Xj0JFwQcDb9+bYXaeHytpqVT6cObmFxaXljMr2dW19Y3N3NZ2zUaJEVgVkYpMwweLSmqskiSFjdgghL7Cut+/GPv1WzRWRvqGBjG2QuhqGUgBlErt3J6nwVfQ9qiHBNy7REVQmL4O27m8WyxNwP8meTZDpZ179zqRSELUJBRY23RLMbWGYEgKhaOsl1iMQfShi82UagjRtoaTK0b8IFU6PIhMWpr4RP06MYTQ2kHop50hUM/+9Mbib14zoeCsNZQ6Tgi1mC4KEsUp4uNIeEcaFKQGKQFhZPpXLnpgQFAaXPZ/IdSOiu5x0b0+yZfPZ3Fk2C7bZwXmslNWZleswqpMsDv2wJ7Ys3PvPDovzuu0dc6Zzeywb3DePgHNSZgd</latexit>

s0
<latexit sha1_base64="Toq3yNQ6h3uIwNPQy/QgS8nhDhQ=">AAAB6XicjVDLSgNBEOzxGeMr6tHLYBA9hV0V9Bj04jGKeUCyhNnJbDJkdnaZ6RXCkj/w4kERr/6RN//GyeOgomBBQ1HVTXdXmCpp0fM+yMLi0vLKamGtuL6xubVd2tlt2CQzXNR5ohLTCpkVSmpRR4lKtFIjWBwq0QyHVxO/eS+MlYm+w1Eqgpj1tYwkZ+ikW3vULZX9ijcF/ZuUYY5at/Te6SU8i4VGrpi1bd9LMciZQcmVGBc7mRUp40PWF21HNYuFDfLppWN66JQejRLjSiOdql8nchZbO4pD1xkzHNif3kT8zWtnGF0EudRphkLz2aIoUxQTOnmb9qQRHNXIEcaNdLdSPmCGcXThFP8XQuOk4p9W/JuzcvVyHkcB9uEAjsGHc6jCNdSgDhwieIAneCZD8kheyOusdYHMZ/bgG8jbJ0SIjS4=</latexit>



CONSISTENCY IN THE LINEAR CASE

▸ In continuous time, the corresponding ODE becomes

✓̇ = �rV (✓)>A(V (✓)� V ⇡)
<latexit sha1_base64="U5Iy84IbGPLsw7ZD1ftDr2fa+lI=">AAACJnicjVDLSgMxFM34rPVVdekmWIS6sHRU0E2h6sZlBfuATi130rQNzWSG5I5Qhn6NG3/FjYuKiDs/xfQBPlDwQOBwzrncm+NHUhgsFN6cufmFxaXl1Ep6dW19YzOztV01YawZr7BQhrrug+FSKF5BgZLXI80h8CWv+f3LsV+749qIUN3gIOLNALpKdAQDtFIrU/TaISYe9jjCkBbpIfUU+BJoNTcVD249DCN6TnOfkk1Vb71IHLQyWTdfmID+TbJkhnIrM7L7WBxwhUyCMQ23EGEzAY2CST5Me7HhEbA+dHnDUgUBN81k8s0h3bdKm3ZCbZ9COlG/TiQQGDMIfJsMAHvmpzcWf/MaMXbOmolQUYxcsemiTiwphnTcGW0LzRnKgSXAtLC3UtYDDQxts+n/lVA9yrvHeff6JFu6mNWRIrtkj+SIS05JiVyRMqkQRu7JIxmRZ+fBeXJenNdpdM6ZzeyQb3DePwDtiqLr</latexit>



CONSISTENCY IN THE LINEAR CASE

▸ In continuous time, the corresponding ODE becomes 

▸ Two known regimes where this ODE converges: 

▸ Linear function approximation [Tsitsiklis & Van Roy’97]:

✓̇ = �rV (✓)>A(V (✓)� V ⇡)
<latexit sha1_base64="U5Iy84IbGPLsw7ZD1ftDr2fa+lI=">AAACJnicjVDLSgMxFM34rPVVdekmWIS6sHRU0E2h6sZlBfuATi130rQNzWSG5I5Qhn6NG3/FjYuKiDs/xfQBPlDwQOBwzrncm+NHUhgsFN6cufmFxaXl1Ep6dW19YzOztV01YawZr7BQhrrug+FSKF5BgZLXI80h8CWv+f3LsV+749qIUN3gIOLNALpKdAQDtFIrU/TaISYe9jjCkBbpIfUU+BJoNTcVD249DCN6TnOfkk1Vb71IHLQyWTdfmID+TbJkhnIrM7L7WBxwhUyCMQ23EGEzAY2CST5Me7HhEbA+dHnDUgUBN81k8s0h3bdKm3ZCbZ9COlG/TiQQGDMIfJsMAHvmpzcWf/MaMXbOmolQUYxcsemiTiwphnTcGW0LzRnKgSXAtLC3UtYDDQxts+n/lVA9yrvHeff6JFu6mNWRIrtkj+SIS05JiVyRMqkQRu7JIxmRZ+fBeXJenNdpdM6ZzeyQb3DePwDtiqLr</latexit>

V (✓) = �✓ �! ✓̇ = ��>A�(✓ � ✓⇤) , ✓⇤ = (�>A�)�1�>AV ⇡.
<latexit sha1_base64="F2AOzcpbXJ0XogUM2WcmXgamgOE=">AAACfnicjVHNThsxEPYulEKgkMKRiyEqSigJWajUXJACXDimEvmRsknkdZyshdde2bOtolV4C16MG8/CBWeTSCltpY5k6fP3oxnNBLHgBqrVF8ddW/+w8XFzK7e982l3L/95v2VUoilrUiWU7gTEMMElawIHwTqxZiQKBGsHD7czvf2TacOVvIdJzHoRGUs+4pSApQb5p1bRh5ABKeEr7DdCjudf7Aslx5qPQyBaq1/YHypI59 rUWsuZue+DivF1hovLZHkB+qelx7MltJHiH5FSPy1701W21fdjXsGDfMGrVLPC/wYFtKjGIP9s56NJxCRQQYzpetUYeinRwKlg05yfGBYT+kDGrGuhJBEzvTRb3xR/scwQj5S2TwLO2NVESiJjJlFgnRGB0LzXZuTftG4Co1ov5TJOgEk6bzRKBAaFZ7fAQ64ZBTGxgFDN7ayYhkQTCvZiuf9bQuui4l1WvB/fCvWbxTo20SE6RkXkoe+oju5QAzURRa/OkXPqfHWRe+KW3fO51XUWmQP0W7m1N9K0vH4=</latexit>



CONSISTENCY IN THE LINEAR CASE

▸ In continuous time, the corresponding ODE becomes 

▸ Two known regimes where this ODE converges: 

▸ Linear function approximation [Tsitsiklis & Van Roy’97]: 

▸ Reversible Markov Chain [Ollivier,’18]. 

✓̇ = �rV (✓)>A(V (✓)� V ⇡)
<latexit sha1_base64="U5Iy84IbGPLsw7ZD1ftDr2fa+lI=">AAACJnicjVDLSgMxFM34rPVVdekmWIS6sHRU0E2h6sZlBfuATi130rQNzWSG5I5Qhn6NG3/FjYuKiDs/xfQBPlDwQOBwzrncm+NHUhgsFN6cufmFxaXl1Ep6dW19YzOztV01YawZr7BQhrrug+FSKF5BgZLXI80h8CWv+f3LsV+749qIUN3gIOLNALpKdAQDtFIrU/TaISYe9jjCkBbpIfUU+BJoNTcVD249DCN6TnOfkk1Vb71IHLQyWTdfmID+TbJkhnIrM7L7WBxwhUyCMQ23EGEzAY2CST5Me7HhEbA+dHnDUgUBN81k8s0h3bdKm3ZCbZ9COlG/TiQQGDMIfJsMAHvmpzcWf/MaMXbOmolQUYxcsemiTiwphnTcGW0LzRnKgSXAtLC3UtYDDQxts+n/lVA9yrvHeff6JFu6mNWRIrtkj+SIS05JiVyRMqkQRu7JIxmRZ+fBeXJenNdpdM6ZzeyQb3DePwDtiqLr</latexit>

V (✓) = �✓ �! ✓̇ = ��>A�(✓ � ✓⇤) , ✓⇤ = (�>A�)�1�>AV ⇡.
<latexit sha1_base64="F2AOzcpbXJ0XogUM2WcmXgamgOE=">AAACfnicjVHNThsxEPYulEKgkMKRiyEqSigJWajUXJACXDimEvmRsknkdZyshdde2bOtolV4C16MG8/CBWeTSCltpY5k6fP3oxnNBLHgBqrVF8ddW/+w8XFzK7e982l3L/95v2VUoilrUiWU7gTEMMElawIHwTqxZiQKBGsHD7czvf2TacOVvIdJzHoRGUs+4pSApQb5p1bRh5ABKeEr7DdCjudf7Aslx5qPQyBaq1/YHypI59 rUWsuZue+DivF1hovLZHkB+qelx7MltJHiH5FSPy1701W21fdjXsGDfMGrVLPC/wYFtKjGIP9s56NJxCRQQYzpetUYeinRwKlg05yfGBYT+kDGrGuhJBEzvTRb3xR/scwQj5S2TwLO2NVESiJjJlFgnRGB0LzXZuTftG4Co1ov5TJOgEk6bzRKBAaFZ7fAQ64ZBTGxgFDN7ayYhkQTCvZiuf9bQuui4l1WvB/fCvWbxTo20SE6RkXkoe+oju5QAzURRa/OkXPqfHWRe+KW3fO51XUWmQP0W7m1N9K0vH4=</latexit>

A = A> �! ✓̇ = �rkV (✓)� V ⇡k2A , (hx, yiA := x>Ay).
<latexit sha1_base64="cjeGboIiLkECChBdohHr4PQnhUQ="></latexit>



CONSISTENCY IN THE LINEAR CASE

▸ In continuous time, the corresponding ODE becomes 

▸ Two known regimes where this ODE converges: 

▸ Linear function approximation [Tsitsiklis & Van Roy’97]: 

▸ Reversible Markov Chain [Ollivier,’18].  

▸ Alternative Strategies to TD to ensure convergence: 

▸ “Two-time-scale” algorithms [Dai et al., Borkar et al, Chung et al]

✓̇ = �rV (✓)>A(V (✓)� V ⇡)
<latexit sha1_base64="U5Iy84IbGPLsw7ZD1ftDr2fa+lI=">AAACJnicjVDLSgMxFM34rPVVdekmWIS6sHRU0E2h6sZlBfuATi130rQNzWSG5I5Qhn6NG3/FjYuKiDs/xfQBPlDwQOBwzrncm+NHUhgsFN6cufmFxaXl1Ep6dW19YzOztV01YawZr7BQhrrug+FSKF5BgZLXI80h8CWv+f3LsV+749qIUN3gIOLNALpKdAQDtFIrU/TaISYe9jjCkBbpIfUU+BJoNTcVD249DCN6TnOfkk1Vb71IHLQyWTdfmID+TbJkhnIrM7L7WBxwhUyCMQ23EGEzAY2CST5Me7HhEbA+dHnDUgUBN81k8s0h3bdKm3ZCbZ9COlG/TiQQGDMIfJsMAHvmpzcWf/MaMXbOmolQUYxcsemiTiwphnTcGW0LzRnKgSXAtLC3UtYDDQxts+n/lVA9yrvHeff6JFu6mNWRIrtkj+SIS05JiVyRMqkQRu7JIxmRZ+fBeXJenNdpdM6ZzeyQb3DePwDtiqLr</latexit>

V (✓) = �✓ �! ✓̇ = ��>A�(✓ � ✓⇤) , ✓⇤ = (�>A�)�1�>AV ⇡.
<latexit sha1_base64="F2AOzcpbXJ0XogUM2WcmXgamgOE=">AAACfnicjVHNThsxEPYulEKgkMKRiyEqSigJWajUXJACXDimEvmRsknkdZyshdde2bOtolV4C16MG8/CBWeTSCltpY5k6fP3oxnNBLHgBqrVF8ddW/+w8XFzK7e982l3L/95v2VUoilrUiWU7gTEMMElawIHwTqxZiQKBGsHD7czvf2TacOVvIdJzHoRGUs+4pSApQb5p1bRh5ABKeEr7DdCjudf7Aslx5qPQyBaq1/YHypI59 rUWsuZue+DivF1hovLZHkB+qelx7MltJHiH5FSPy1701W21fdjXsGDfMGrVLPC/wYFtKjGIP9s56NJxCRQQYzpetUYeinRwKlg05yfGBYT+kDGrGuhJBEzvTRb3xR/scwQj5S2TwLO2NVESiJjJlFgnRGB0LzXZuTftG4Co1ov5TJOgEk6bzRKBAaFZ7fAQ64ZBTGxgFDN7ayYhkQTCvZiuf9bQuui4l1WvB/fCvWbxTo20SE6RkXkoe+oju5QAzURRa/OkXPqfHWRe+KW3fO51XUWmQP0W7m1N9K0vH4=</latexit>

A = A> �! ✓̇ = �rkV (✓)� V ⇡k2A , (hx, yiA := x>Ay).
<latexit sha1_base64="cjeGboIiLkECChBdohHr4PQnhUQ="></latexit>



CONSISTENCY IN THE GENERAL CASE? 



CONSISTENCY IN THE GENERAL CASE? 

▸ Convergence is not generic. 



CONSISTENCY IN THE GENERAL CASE? 

Tabular Case Nonlinear Function Approximation

▸ Convergence is not generic.  

▸ Divergence example from [Tsitsiklis & van Roy]:

Reversible Case



HOMOGENEOUS NON-LINEAR MODELS

▸                         is h-homogenous for             if   

▸ If     is a homogeneous activation function, then neural 
networks using     are also homogeneous (wrt parameters).   

f : Rk ! Rm
<latexit sha1_base64="mSOQ8UbESO3nAceoJT5ZlMbO3Bg=">AAACCnicjVBNS8NAEJ3Ur1q/oh69rBbBU0lUUDwVvXisYj+giWWz3bRLd5OwuxFK6NmLf8WLB0W8+gu8+W/ctD1UUfDBwOO9GWbmBQlnSjvOp1WYm19YXCoul1ZW19Y37M2thopTSWidxDyWrQAryllE65ppTluJpFgEnDaDwUXuN++oVCyObvQwob7AvYiFjGBtpI69G54hT2DdD4LsenQ7QJ6OZwWBOnbZrThjoL9JGaaodewPrxuTVNBIE46VartOov0MS80Ip6OSlyqaYDLAPdo2NMKCKj8bvzJC+0bpojCWpiKNxursRIaFUkMRmM78SPXTy8XfvHaqw1M/Y1GSahqRyaIw5ci8m+eCukxSovnQEEwkM7ci0scSE23SK/0vhMZhxT2quFfH5er5NI4i7MAeHIALJ1CFS6hBHQjcwyM8w4v1YD1Zr9bbpLVgTWe24Rus9y9prJoW</latexit>

h 2 R
<latexit sha1_base64="BPLpgWXEwK7upJQwU2Ss2A6znPo=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiF49VbCs0pWy2L+3SzSbsbgol9J948aCIV/+JN/+Nm7YHFQUHHgwz7/GGCVPBtfG8D6e0tLyyulZer2xsbm3vuLt7LZ1kimGTJSJR9yHVKLjEpuFG4H2qkMahwHY4uir89hiV5om8M5MUuzEdSB5xRo2Veq47JAGXJIipGYZhfjvtuVW/5s1A/iZVWKDRc9+DfsKyGKVhgmrd8b3UdHOqDGcCp5Ug05hSNqID7FgqaYy6m8+ST8mRVfokSpQdachM/XqR01jrSRzazSKh/ukV4m9eJzPRRTfnMs0MSjZ/FGWCmIQUNZA+V8iMmFhCmeI2K2FDqigztqzK/0pondT805p/c1atXy7qKMMBHMIx+HAOdbiGBjSBwRge4Amendx5dF6c1/lqyVnc7MM3OG+fABeTQA==</latexit>

8x , f(x) = hrf(x)x.
<latexit sha1_base64="76pk//FKObEscJHXk2mFhMwbRgo=">AAACEHicjVDLSgMxFM34rPVVdekmWMQKZeiooBuh6MZlBfuAzlDupJk2NJMZkoy0DP0EN/6KGxeKuHXpzr8xnXahouCBCyfn3EvuPX7MmdKVyoc1N7+wuLScW8mvrq1vbBa2thsqSiShdRLxSLZ8UJQzQeuaaU5bsaQQ+pw2/cHlxG/eUqlYJG70KKZeCD3BAkZAG6lTOHCDSALn2C3joVsuB6XhIT7HfewK8Dng7D3EdqdQdOxKBvw3KaIZap3Cu9uNSBJSoQkHpdpOJdZeClIzwuk47yaKxkAG0KNtQwWEVHlpdtAY7xuli81mpoTGmfp1IoVQqVHom84QdF/99Cbib1470cGZlzIRJ5oKMv0oSDjWEZ6kg7tMUqL5yBAgkpldMemDBKJNhvn/hdA4sp1j27k+KVYvZnHk0C7aQyXkoFNURVeohuqIoDv0gJ7Qs3VvPVov1uu0dc6azeygb7DePgGkTpnK</latexit>

8x, 8↵ > 0 , f(↵x) = ↵hf(x)
<latexit sha1_base64="EqRlIhEa+Ypp4l6pIWL6VAbKkyM=">AAACI3icjVDLSgMxFM34rPU16tJNsAgtlDKjgiIoRTcuK9gHdMZyJ820oZkHSUZaSv/Fjb/ixoVS3LjwX0zbEVQUPHDh5Jx7yb3HizmTyrLejLn5hcWl5cxKdnVtfWPT3NquySgRhFZJxCPR8EBSzkJaVUxx2ogFhcDjtO71Lid+/Y4KyaLwRg1i6gbQCZnPCCgttcxTx48EcI77xU/mAI+7cG45xaJT9POzJ+4X8Flq3Xaxn+8XWmbOLllT4L9JDqWotMyx045IEtBQEQ5SNm0rVu4QhGKE01HWSSSNgfSgQ5uahhBQ6Q6nN47wvlbaWK+oK1R4qn6dGEIg5SDwdGcAqit/ehPxN6+ZKP/EHbIwThQNyewjP+FYRXgSGG4zQYniA02ACKZ3xaQLAojSsWb/F0LtoGQfluzro1z5Io0jg3bRHsojGx2jMrpCFVRFBN2jR/SMXowH48kYG6+z1jkjndlB32C8fwB2XqJC</latexit>

�
<latexit sha1_base64="q/RRvlQM9TN8MlZ924oGnSW/WLw=">AAAB7XicjVDJSgNBEK2OW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7y0FFwQcFj/eqqKoXp4JbFwQfqLC0vLK6VlwvbWxube+Ud/eaVmeGsgbVQpt2TCwTXLGG406wdmoYkbFgrXh0NfVb98xYrtWtG6cskmSgeMIpcV5qdi0fSNIrV8JqMAP+m1RggXqv/N7ta5pJphwVxNpOGKQuyolxnAo2KXUzy1JCR2TAOp4qIpmN8tm1E3zklT5OtPGlHJ6pXydyIq0dy9h3SuKG9qc3FX/zOplLLqKcqzRzTNH5oiQT2Gk8fR33uWHUibEnhBrub8V0SAyhzgdU+l8IzZNqeFoNb84qtctFHEU4gEM4hhDOoQbXUIcGULiDB3iCZ6TRI3pBr/PWAlrM7MM3oLdPocCPKQ==</latexit>

�
<latexit sha1_base64="q/RRvlQM9TN8MlZ924oGnSW/WLw=">AAAB7XicjVDJSgNBEK2OW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7y0FFwQcFj/eqqKoXp4JbFwQfqLC0vLK6VlwvbWxube+Ud/eaVmeGsgbVQpt2TCwTXLGG406wdmoYkbFgrXh0NfVb98xYrtWtG6cskmSgeMIpcV5qdi0fSNIrV8JqMAP+m1RggXqv/N7ta5pJphwVxNpOGKQuyolxnAo2KXUzy1JCR2TAOp4qIpmN8tm1E3zklT5OtPGlHJ6pXydyIq0dy9h3SuKG9qc3FX/zOplLLqKcqzRzTNH5oiQT2Gk8fR33uWHUibEnhBrub8V0SAyhzgdU+l8IzZNqeFoNb84qtctFHEU4gEM4hhDOoQbXUIcGULiDB3iCZ6TRI3pBr/PWAlrM7MM3oLdPocCPKQ==</latexit>



HOMOGENEOUS NON-LINEAR MODELS

▸                         is h-homogenous for             if   

▸ If     is a homogeneous activation function, then neural 
networks using     are also homogeneous (wrt parameters).    

▸ Homogeneous function approximation prevents divergence:

f : Rk ! Rm
<latexit sha1_base64="mSOQ8UbESO3nAceoJT5ZlMbO3Bg=">AAACCnicjVBNS8NAEJ3Ur1q/oh69rBbBU0lUUDwVvXisYj+giWWz3bRLd5OwuxFK6NmLf8WLB0W8+gu8+W/ctD1UUfDBwOO9GWbmBQlnSjvOp1WYm19YXCoul1ZW19Y37M2thopTSWidxDyWrQAryllE65ppTluJpFgEnDaDwUXuN++oVCyObvQwob7AvYiFjGBtpI69G54hT2DdD4LsenQ7QJ6OZwWBOnbZrThjoL9JGaaodewPrxuTVNBIE46VartOov0MS80Ip6OSlyqaYDLAPdo2NMKCKj8bvzJC+0bpojCWpiKNxursRIaFUkMRmM78SPXTy8XfvHaqw1M/Y1GSahqRyaIw5ci8m+eCukxSovnQEEwkM7ci0scSE23SK/0vhMZhxT2quFfH5er5NI4i7MAeHIALJ1CFS6hBHQjcwyM8w4v1YD1Zr9bbpLVgTWe24Rus9y9prJoW</latexit>

h 2 R
<latexit sha1_base64="BPLpgWXEwK7upJQwU2Ss2A6znPo=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiF49VbCs0pWy2L+3SzSbsbgol9J948aCIV/+JN/+Nm7YHFQUHHgwz7/GGCVPBtfG8D6e0tLyyulZer2xsbm3vuLt7LZ1kimGTJSJR9yHVKLjEpuFG4H2qkMahwHY4uir89hiV5om8M5MUuzEdSB5xRo2Veq47JAGXJIipGYZhfjvtuVW/5s1A/iZVWKDRc9+DfsKyGKVhgmrd8b3UdHOqDGcCp5Ug05hSNqID7FgqaYy6m8+ST8mRVfokSpQdachM/XqR01jrSRzazSKh/ukV4m9eJzPRRTfnMs0MSjZ/FGWCmIQUNZA+V8iMmFhCmeI2K2FDqigztqzK/0pondT805p/c1atXy7qKMMBHMIx+HAOdbiGBjSBwRge4Amendx5dF6c1/lqyVnc7MM3OG+fABeTQA==</latexit>

8x , f(x) = hrf(x)x.
<latexit sha1_base64="76pk//FKObEscJHXk2mFhMwbRgo=">AAACEHicjVDLSgMxFM34rPVVdekmWMQKZeiooBuh6MZlBfuAzlDupJk2NJMZkoy0DP0EN/6KGxeKuHXpzr8xnXahouCBCyfn3EvuPX7MmdKVyoc1N7+wuLScW8mvrq1vbBa2thsqSiShdRLxSLZ8UJQzQeuaaU5bsaQQ+pw2/cHlxG/eUqlYJG70KKZeCD3BAkZAG6lTOHCDSALn2C3joVsuB6XhIT7HfewK8Dng7D3EdqdQdOxKBvw3KaIZap3Cu9uNSBJSoQkHpdpOJdZeClIzwuk47yaKxkAG0KNtQwWEVHlpdtAY7xuli81mpoTGmfp1IoVQqVHom84QdF/99Cbib1470cGZlzIRJ5oKMv0oSDjWEZ6kg7tMUqL5yBAgkpldMemDBKJNhvn/hdA4sp1j27k+KVYvZnHk0C7aQyXkoFNURVeohuqIoDv0gJ7Qs3VvPVov1uu0dc6azeygb7DePgGkTpnK</latexit>

Theorem [BB’19]: Let ✓ 7! V (✓) be h-homogeneous and

l-Holder. Then for each ✏ > 0 and any initial ✓0, we have
<latexit sha1_base64="r0i3rSr8qVp9mfmJChgtIw7O5rs="></latexit>

lim inf
t!1

kV (✓t)kµ  kR̄kµ
1� �

+ ✏ .
<latexit sha1_base64="TRI9HRUCuULpx5nLx7ApVF4qF1A="></latexit>

8x, 8↵ > 0 , f(↵x) = ↵hf(x)
<latexit sha1_base64="EqRlIhEa+Ypp4l6pIWL6VAbKkyM=">AAACI3icjVDLSgMxFM34rPU16tJNsAgtlDKjgiIoRTcuK9gHdMZyJ820oZkHSUZaSv/Fjb/ixoVS3LjwX0zbEVQUPHDh5Jx7yb3HizmTyrLejLn5hcWl5cxKdnVtfWPT3NquySgRhFZJxCPR8EBSzkJaVUxx2ogFhcDjtO71Lid+/Y4KyaLwRg1i6gbQCZnPCCgttcxTx48EcI77xU/mAI+7cG45xaJT9POzJ+4X8Flq3Xaxn+8XWmbOLllT4L9JDqWotMyx045IEtBQEQ5SNm0rVu4QhGKE01HWSSSNgfSgQ5uahhBQ6Q6nN47wvlbaWK+oK1R4qn6dGEIg5SDwdGcAqit/ehPxN6+ZKP/EHbIwThQNyewjP+FYRXgSGG4zQYniA02ACKZ3xaQLAojSsWb/F0LtoGQfluzro1z5Io0jg3bRHsojGx2jMrpCFVRFBN2jR/SMXowH48kYG6+z1jkjndlB32C8fwB2XqJC</latexit>

�
<latexit sha1_base64="q/RRvlQM9TN8MlZ924oGnSW/WLw=">AAAB7XicjVDJSgNBEK2OW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7y0FFwQcFj/eqqKoXp4JbFwQfqLC0vLK6VlwvbWxube+Ud/eaVmeGsgbVQpt2TCwTXLGG406wdmoYkbFgrXh0NfVb98xYrtWtG6cskmSgeMIpcV5qdi0fSNIrV8JqMAP+m1RggXqv/N7ta5pJphwVxNpOGKQuyolxnAo2KXUzy1JCR2TAOp4qIpmN8tm1E3zklT5OtPGlHJ6pXydyIq0dy9h3SuKG9qc3FX/zOplLLqKcqzRzTNH5oiQT2Gk8fR33uWHUibEnhBrub8V0SAyhzgdU+l8IzZNqeFoNb84qtctFHEU4gEM4hhDOoQbXUIcGULiDB3iCZ6TRI3pBr/PWAlrM7MM3oLdPocCPKQ==</latexit>

�
<latexit sha1_base64="q/RRvlQM9TN8MlZ924oGnSW/WLw=">AAAB7XicjVDJSgNBEK2OW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7y0FFwQcFj/eqqKoXp4JbFwQfqLC0vLK6VlwvbWxube+Ud/eaVmeGsgbVQpt2TCwTXLGG406wdmoYkbFgrXh0NfVb98xYrtWtG6cskmSgeMIpcV5qdi0fSNIrV8JqMAP+m1RggXqv/N7ta5pJphwVxNpOGKQuyolxnAo2KXUzy1JCR2TAOp4qIpmN8tm1E3zklT5OtPGlHJ6pXydyIq0dy9h3SuKG9qc3FX/zOplLLqKcqzRzTNH5oiQT2Gk8fR33uWHUibEnhBrub8V0SAyhzgdU+l8IzZNqeFoNb84qtctFHEU4gEM4hhDOoQbXUIcGULiDB3iCZ6TRI3pBr/PWAlrM7MM3oLdPocCPKQ==</latexit>



HOMOGENEOUS NON-LINEAR MODELS

▸                         is h-homogenous for             if   

▸ If     is a homogeneous activation function, then neural 
networks using     are also homogeneous (wrt parameters).    

▸ Homogeneous function approximation prevents divergence: 

▸ In the worst case, homogeneous TD is not worse than 
using the 0 function baseline:  

▸ Stronger baseline? 

f : Rk ! Rm
<latexit sha1_base64="mSOQ8UbESO3nAceoJT5ZlMbO3Bg=">AAACCnicjVBNS8NAEJ3Ur1q/oh69rBbBU0lUUDwVvXisYj+giWWz3bRLd5OwuxFK6NmLf8WLB0W8+gu8+W/ctD1UUfDBwOO9GWbmBQlnSjvOp1WYm19YXCoul1ZW19Y37M2thopTSWidxDyWrQAryllE65ppTluJpFgEnDaDwUXuN++oVCyObvQwob7AvYiFjGBtpI69G54hT2DdD4LsenQ7QJ6OZwWBOnbZrThjoL9JGaaodewPrxuTVNBIE46VartOov0MS80Ip6OSlyqaYDLAPdo2NMKCKj8bvzJC+0bpojCWpiKNxursRIaFUkMRmM78SPXTy8XfvHaqw1M/Y1GSahqRyaIw5ci8m+eCukxSovnQEEwkM7ci0scSE23SK/0vhMZhxT2quFfH5er5NI4i7MAeHIALJ1CFS6hBHQjcwyM8w4v1YD1Zr9bbpLVgTWe24Rus9y9prJoW</latexit>

h 2 R
<latexit sha1_base64="BPLpgWXEwK7upJQwU2Ss2A6znPo=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiF49VbCs0pWy2L+3SzSbsbgol9J948aCIV/+JN/+Nm7YHFQUHHgwz7/GGCVPBtfG8D6e0tLyyulZer2xsbm3vuLt7LZ1kimGTJSJR9yHVKLjEpuFG4H2qkMahwHY4uir89hiV5om8M5MUuzEdSB5xRo2Veq47JAGXJIipGYZhfjvtuVW/5s1A/iZVWKDRc9+DfsKyGKVhgmrd8b3UdHOqDGcCp5Ug05hSNqID7FgqaYy6m8+ST8mRVfokSpQdachM/XqR01jrSRzazSKh/ukV4m9eJzPRRTfnMs0MSjZ/FGWCmIQUNZA+V8iMmFhCmeI2K2FDqigztqzK/0pondT805p/c1atXy7qKMMBHMIx+HAOdbiGBjSBwRge4Amendx5dF6c1/lqyVnc7MM3OG+fABeTQA==</latexit>

8x , f(x) = hrf(x)x.
<latexit sha1_base64="76pk//FKObEscJHXk2mFhMwbRgo=">AAACEHicjVDLSgMxFM34rPVVdekmWMQKZeiooBuh6MZlBfuAzlDupJk2NJMZkoy0DP0EN/6KGxeKuHXpzr8xnXahouCBCyfn3EvuPX7MmdKVyoc1N7+wuLScW8mvrq1vbBa2thsqSiShdRLxSLZ8UJQzQeuaaU5bsaQQ+pw2/cHlxG/eUqlYJG70KKZeCD3BAkZAG6lTOHCDSALn2C3joVsuB6XhIT7HfewK8Dng7D3EdqdQdOxKBvw3KaIZap3Cu9uNSBJSoQkHpdpOJdZeClIzwuk47yaKxkAG0KNtQwWEVHlpdtAY7xuli81mpoTGmfp1IoVQqVHom84QdF/99Cbib1470cGZlzIRJ5oKMv0oSDjWEZ6kg7tMUqL5yBAgkpldMemDBKJNhvn/hdA4sp1j27k+KVYvZnHk0C7aQyXkoFNURVeohuqIoDv0gJ7Qs3VvPVov1uu0dc6azeygb7DePgGkTpnK</latexit>

Theorem [BB’19]: Let ✓ 7! V (✓) be h-homogeneous and

l-Holder. Then for each ✏ > 0 and any initial ✓0, we have
<latexit sha1_base64="r0i3rSr8qVp9mfmJChgtIw7O5rs="></latexit>

lim inf
t!1

kV (✓t)kµ  kR̄kµ
1� �

+ ✏ .
<latexit sha1_base64="TRI9HRUCuULpx5nLx7ApVF4qF1A="></latexit>

k0� V ⇤kµ ' kR̄kµ
1� �

<latexit sha1_base64="mRRkgFRa36GBZyBCGbXKRKt3Taw=">AAACI3icjZBLSwMxFIUzPmt9VV26CRZBBMuMCoqrohuXVWwrNLXcSTM1NJkZk4xQpvNf3PhX3LhQihsX/hfTx0JFwQOBwzn3kuTzY8G1cd13Z2p6ZnZuPreQX1xaXlktrK3XdJQoyqo0EpG69kEzwUNWNdwIdh0rBtIXrO53z4Z9/Z4pzaPwyvRi1pTQCXnAKRgbtQonpO/iPVy72cWk3yIywURzye4wCRTQlPQx8UGll9mkzlJvj3RASshahaJXckfCf5simqjSKgxIO6KJZKGhArRueG5smikow6lgWZ4kmsVAu9BhDWtDkEw309EfM7xtkzYOImVPaPAo/bqRgtS6J307KcHc6p/dMPytayQmOG6mPIwTw0I6vihIBDYRHgLDba4YNaJnDVDF7VsxvQULx1is+f9BqO2XvIOSd3FYLJ9OcOTQJtpCO8hDR6iMzlEFVRFFD+gJvaBX59F5dgbO23h0ypnsbKBvcj4+AX9Vo6U=</latexit>

8x, 8↵ > 0 , f(↵x) = ↵hf(x)
<latexit sha1_base64="EqRlIhEa+Ypp4l6pIWL6VAbKkyM=">AAACI3icjVDLSgMxFM34rPU16tJNsAgtlDKjgiIoRTcuK9gHdMZyJ820oZkHSUZaSv/Fjb/ixoVS3LjwX0zbEVQUPHDh5Jx7yb3HizmTyrLejLn5hcWl5cxKdnVtfWPT3NquySgRhFZJxCPR8EBSzkJaVUxx2ogFhcDjtO71Lid+/Y4KyaLwRg1i6gbQCZnPCCgttcxTx48EcI77xU/mAI+7cG45xaJT9POzJ+4X8Flq3Xaxn+8XWmbOLllT4L9JDqWotMyx045IEtBQEQ5SNm0rVu4QhGKE01HWSSSNgfSgQ5uahhBQ6Q6nN47wvlbaWK+oK1R4qn6dGEIg5SDwdGcAqit/ehPxN6+ZKP/EHbIwThQNyewjP+FYRXgSGG4zQYniA02ACKZ3xaQLAojSsWb/F0LtoGQfluzro1z5Io0jg3bRHsojGx2jMrpCFVRFBN2jR/SMXowH48kYG6+z1jkjndlB32C8fwB2XqJC</latexit>

�
<latexit sha1_base64="q/RRvlQM9TN8MlZ924oGnSW/WLw=">AAAB7XicjVDJSgNBEK2OW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7y0FFwQcFj/eqqKoXp4JbFwQfqLC0vLK6VlwvbWxube+Ud/eaVmeGsgbVQpt2TCwTXLGG406wdmoYkbFgrXh0NfVb98xYrtWtG6cskmSgeMIpcV5qdi0fSNIrV8JqMAP+m1RggXqv/N7ta5pJphwVxNpOGKQuyolxnAo2KXUzy1JCR2TAOp4qIpmN8tm1E3zklT5OtPGlHJ6pXydyIq0dy9h3SuKG9qc3FX/zOplLLqKcqzRzTNH5oiQT2Gk8fR33uWHUibEnhBrub8V0SAyhzgdU+l8IzZNqeFoNb84qtctFHEU4gEM4hhDOoQbXUIcGULiDB3iCZ6TRI3pBr/PWAlrM7MM3oLdPocCPKQ==</latexit>

�
<latexit sha1_base64="q/RRvlQM9TN8MlZ924oGnSW/WLw=">AAAB7XicjVDJSgNBEK2OW4xb1KOXxiB4CjMq6DHoxWMEs0AyhJ5OT9Kml6G7RwhD/sGLB0W8+j/e/Bs7y0FFwQcFj/eqqKoXp4JbFwQfqLC0vLK6VlwvbWxube+Ud/eaVmeGsgbVQpt2TCwTXLGG406wdmoYkbFgrXh0NfVb98xYrtWtG6cskmSgeMIpcV5qdi0fSNIrV8JqMAP+m1RggXqv/N7ta5pJphwVxNpOGKQuyolxnAo2KXUzy1JCR2TAOp4qIpmN8tm1E3zklT5OtPGlHJ6pXydyIq0dy9h3SuKG9qc3FX/zOplLLqKcqzRzTNH5oiQT2Gk8fR33uWHUibEnhBrub8V0SAyhzgdU+l8IzZNqeFoNb84qtctFHEU4gEM4hhDOoQbXUIcGULiDB3iCZ6TRI3pBr/PWAlrM7MM3oLdPocCPKQ==</latexit>



HOMOGENEOUS RESIDUAL MODELS

▸                                       is residual-homogeneous if f : Rk1 ⇥ Rk2 ! Rm
<latexit sha1_base64="cD8FBnDlrw2s8lNTn4CZqJBHlFo=">AAACJnicjZDLSgMxFIYz9VbrbdSlm2ARXJVOFRRBKLpxWcVeoDMOmTTThiaZIckIZZinceOruHFREXHno5hpu6hFwQOBn++cQ/7zBzGjSlern1ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHw+u8334kUtFI3OtRTDyO+oKGFCNtkG9fhhfQ5UgPgiC9yx7Soe9k0NWUE7XAazmP5iGHvl12KtVJwb9FGcyq4dtjtxfhhBOhMUNKdZ1qrL0USU0xI1nJTRSJER6iPukaKZDx4aWTMzN4ZEgPhpE0T2g4ofMbKeJKjXhgJnOTarGXw9963USH515KRZxoIvD0ozBh0JybZwZ7VBKs2cgIhCU1XiEeIImwNsmW/hdCq1ZxTirO7Wm5fjWLowgOwCE4Bg44A3VwAxqgCTB4Ai9gDN6sZ+vVerc+pqMFa7azD36U9fUNmCKl2g==</latexit>

f(x1, x2) = �x1 + g(x2), with g homogeneous.
<latexit sha1_base64="oRszuh+qM9LkN63nbATAwzZOMKk="></latexit>
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▸                                       is residual-homogeneous if  

▸ With residual-homogeneous, we are provably not worse 
than using linear models: 

▸ Similar guarantee as in non-convex optimization using Resnets 
[Shamir’18]. 
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<latexit sha1_base64="oRszuh+qM9LkN63nbATAwzZOMKk="></latexit>

Theorem [BB’19]: Let (✓1, ✓2) 7! V (✓1, ✓2) be residual-homogeneous

and l-Holder. Then for each ✏ > 0 and any initial ✓0, we have
<latexit sha1_base64="0u1FXY3pG314f63l+NNf7tGIM/c="></latexit>

lim inf
t!1

kV (✓t)� V ⇡kµ  2kV ⇡ �⇧�V ⇡kµ
1� �

+ ✏ .
<latexit sha1_base64="4vLKIORrTbgh6/Xt864QX9GLudM="></latexit>
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▸                                       is residual-homogeneous if  

▸ With residual-homogeneous, we are provably not worse 
than using linear models: 

▸ Similar guarantee as in non-convex optimization using Resnets 
[Shamir’18].  

▸ Generically, no global convergence. Role of 
overparametrisation?
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f(x1, x2) = �x1 + g(x2), with g homogeneous.
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and l-Holder. Then for each ✏ > 0 and any initial ✓0, we have
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▸   Definition: The reversibility coe�cient of a
Markov Chain P is
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⇢(P) = inf
v2Rn\{0}

kSAvk2 + kAvk2

kRAvk2
,with

<latexit sha1_base64="VYhYNxoa4996r/01cUgZQuVlQ4k="></latexit>

A = Dµ(I � �P), SA = (A+A>)/2, RA = (A�A>)/2.
<latexit sha1_base64="vpW3+rK42lxK5FxMezHdxY+hKO0="></latexit>
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▸ Global convergence with well-conditioned function 
approximation:

Definition: The reversibility coe�cient of a
Markov Chain P is
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Theorem [BB’19]: Assume that (rV (✓)rV (✓)>) < ⇢(P)
for all ✓. Then V (✓(t)) ! V ⇡ as t ! 1.
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INTERPLAY BETWEEN MDP AND FUNCTION GEOMETRY

▸ Recall that reversible dynamics result in gradient descent 
[Ollivier’18]. Can we leverage this property?  

▸    

▸ Global convergence with well-conditioned function 
approximation: 

▸ Observe that                                                    requires                . 

▸ Open: underparametrised case with extra smoothness? 

Definition: The reversibility coe�cient of a
Markov Chain P is
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⇢(P) = inf
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kSAvk2 + kAvk2

kRAvk2
,with
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A = Dµ(I � �P), SA = (A+A>)/2, RA = (A�A>)/2.
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Theorem [BB’19]: Assume that (rV (✓)rV (✓)>) < ⇢(P)
for all ✓. Then V (✓(t)) ! V ⇡ as t ! 1.

<latexit sha1_base64="vfkq6u4gNCf4VeJp6K9lbdHTk40="></latexit>

(rV (✓)rV (✓)>) < 1
<latexit sha1_base64="I8oWG++bB2kfLF4wUrmRCP/Uyqw=">AAACJHicjZBLSwMxFIUz9VXrq+rSTbAKdVM6daGgi6IblxXsAzq13EkzbWgmE5I7Qin9MW78K25c+MCFG3+L08fCJ3ggcPjOvSQ5vpbCYrH45qTm5hcWl9LLmZXVtfWN7OZWzUaxYbzKIhmZhg+WS6F4FQVK3tCGQ+hLXvf75+O8fsONFZG6woHmrRC6SgSCASaonT3Z8/qgNeSpp8CXQGt5D3sc4eAHuPYw0gf0lHpCBTjYo+1szi0UJ6J/mxyZqdLOPnudiMUhV8gkWNt0ixpbQzAomOSjjBdbroH1ocubiVUQctsaTj45ovsJ6dAgMslRSCf088YQQmsHoZ9MhoA9+z0bw9+yZozBcWsolI6RKza9KIglxYiOG6MdYThDOUgMMCOSt1LWAwMMk14z/yuhViq4hwX3spQrn83qSJMdskvyxCVHpEwuSIVUCSO35J48kifnznlwXpzX6WjKme1sky9y3j8AC1ailA==</latexit>

d > |S|
<latexit sha1_base64="+v6DpNYZzjpP1AeiV8MHaHD6cEM=">AAAB/HicjVBNS8NAFHypX7V+RXv0stgKnkpTD3qSohePFW0ttKFsNpt26WYTdjdCSOtf8eJBEa/+EG/+GzdtDyoKDjwYZt7jDePFnCldr39YhaXlldW14nppY3Nre8fe3euoKJGEtknEI9n1sKKcCdrWTHPajSXFocfprTe+yP3bOyoVi8SNTmPqhngoWMAI1kYa2OWqj87QpB9iPSKYZ9fTSXVgV5xafQb0N6nAAq2B/d73I5KEVGjCsVI9px5rN8NSM8LptNRPFI0xGeMh7RkqcEiVm83CT9GhUXwURNKM0Gimfr3IcKhUGnpmMw+pfnq5+JvXS3Rw6mZMxImmgswfBQlHOkJ5E8hnkhLNU0MwkcxkRWSEJSba9FX6XwmdRs05rjlXjUrzfFFHEfbhAI7AgRNowiW0oA0EUniAJ3i27q1H68V6na8WrMVNGb7BevsEjL2UEA==</latexit>
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BEYOND CONVERGENCE

▸ Convergence of Value Estimation is the weakest possible 
guarantee.  

▸ Rate of convergence currently only known for linear 
models [Bandhari et al.’18]. Non-linear case?  

▸ Preliminary analysis: does not measure sample efficiency. 

▸ Sample Complexity of “model-free” RL 

▸ Tabular Case [Jin et al.’18], [Azar et al.’17], [Brunskill et al.]. 

▸ Linear Function Approximation [Jin et al.’19], [Brandfonbrener 
et al.’19]  

▸ Policy Gradients [Argawal et al.’19] 



CONCLUSIONS

▸ Analysis of TD-learning using nonlinear function 
approximation.  

▸ Interplay between geometry of function approximation 
(homogeneity, conditioning, linear baseline) and 
environment (reversibility). 

▸ Learning with guarantees under such conditions.  

▸ Next: Further exploit regularity of reward/environment to 
reduce overparametrisation. 

▸ Next: From of value estimation to policy update, tighter 
link between environment and network parametrisation. 



Thanks! 
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“Geometric Insights into the convergence of  nonlinear TD learning”, D. 
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