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A  P R O B A B I L I S T I C  P I P E L I N E
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[Box, 1976]

Make assumptions Discover patterns

DATA

Predict & Explore
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the �’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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Criticize model

Revise

[Box, 1980; Rubin, 1984; Gelman et al., 1996; Blei, 2014]

Slide from David Blei, Rajesh Ranganath, Shakir Mohamed, Dustin Tran



R E I N F O R C E M E N T  L E A R N I N G  &  S C I E N T I F I C  M E T H O D

•Scientist trying to decide what experiment to do next
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decide which 
experiment to 
perform

perform experiment, 
gather data

updated knowledge 
based on analyzing 
data

statistical analysis



N O TAT I O N  /  T E R M I N O L O G Y

P R E D I C T I O N

I N F E R E N C E

x 
observed data 
simulated data

θ 
parameters of interest

forward modeling 
generation 
simulation

inverse problem 
measurement 

parameter estimation

p( x, z | θ, ν )

ν 
nuisance parameters

z 
latent variables



S TAT I S T I C A L  D E C I S I O N  T H E O R Y  I N  1  S L I D E

•Θ - States of nature;     X - possible observations;      A - action to be taken 

•p(x|θ) - statistical model (likelihood);          π(θ) - prior 

•δ: X → A - decision rule (take some action based on observation) 

•L: Θ x A → ℝ - loss function, real-valued function true parameter and 
action 

•R(θ,δ) = Ep(x|θ)[L(θ, δ)] - risk 

•r(π, δ) = Eπ(θ)[ R(θ,δ)] - Bayes risk  (expectation over θ w.r.t. prior and 
possible observations) 

•ρ(π, δ | x ) = Eπ(θ|x)[ L(θ,δ(x))] - expected loss (expectation over θ w.r.t. 
posterior π(θ|x) )
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E X P E C T E D  I N F O R M AT I O N  G A I N
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Active Learning & Control

Given data points           , how to select the next data point to fit the model?

Ex. Select data points which maximize expected information gain. [Lindley et al. 1956; 
Mackay 1992; Houthooft et al. 2016]

Uncertainty determines which x is most informative and, therefore, the model’s 
success.

new data point

[Hafner et al., 2019]

Slide from Dustin Tran at Hammers & Nails 2019



“ A C T I V E  S C I E N C I N G ”
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Perform 
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h t t p s : / / g i t h u b . c o m / c r a n m e r / a c t i v e _ s c i e n c i n g

https://github.com/cranmer/active_sciencing
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S Y N T H E S I S
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active learning / sequential design / black box optimization

reusable workflows

simulation-based / 
likelihood-free 

 inference engines

Active Sciencing



B AY E S I A N  O P T I M I Z AT I O N
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Where shall we sample next?
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Experimental Configuration

What experimental configuration should we evaluate next?



B AY E S I A N  O P T I M I Z AT I O N
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Build a probabilistic model for the objective function

This gives a posterior distribution over functions that could have
generated the observed data.
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Plugging everything together (t = 0)

xt+1 = argmaxx UCB(x)
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Use it to define an inexpensive acquisition function, and optimize that. 
Use this as next configuration to evaluate expensive EIG
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... and repeat until convergence (t = 1)
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Then evaluate EIG for that configuration. Repeat
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... and repeat until convergence (t = 5)
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... and repeat until convergence (t = 1)
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... and repeat until convergence (t = 5)
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Now that this experimental configuration is optimized (with simulation),  
we perform the actual experiment
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What is the probability model used for inference? 

Shouldn’t we use the same simulator we used to 
evaluate the expected information gain?
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T H E  C A U S A L ,  G E N E R AT I V E  M O D E L

•Conceptually: Prob(detector response | particles ) 

•Implementation: Monte Carlo integration over micro-physics 

•Consequence: evaluation of the likelihood is intractable 

•

!23



G A LT O N  B O A R D
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The probability of ending in bin  corresponds to the total probability of all the

paths  from start to .

x

z x

p(x∣θ) = p(x, z∣θ)dz =  θ (1 − θ)∫ (n

x
) x n−x

Say we want to infer θ,  the 
probability to bounce right
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U H  O H !

•The actual situation is much 
more complicated. 

•It’s not a Binomial distribution! 

•What is it? 

•I have no idea, but I could 
simulate it!
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A N I M AT I O N  B Y  AT I L I M  G Ü N EŞ  B AY D I N  



A N  I N T R A C TA B L E  I N T E G R A L

!26

The probability of ending in bin  still corresponds to the cumulative probability of

all the paths from start to :

But this integral can no longer be simpli�ed analytically!

As  grows larger, evaluating  becomes intractable since the number of

paths grows combinatorially.

Generating observations remains easy: drop the balls.

Since  cannot be evaluated, does this mean inference is no longer possible?

x

x

p(x∣θ) = p(x, z∣θ)dz∫

n p(x∣θ)

p(x∣θ)

What if we shift or remove some of the pins?
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E P I D E M I O L O G Y  &  P O P U L AT I O N  G E N E T I C S
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TA X O N O M Y  F O R  S I M U L AT I O N
•Deterministic: fluid mechanics, quantum state evolution, ODEs 
and PDEs 

• Often differentiable (at least in principle) 

•Stochastic: statistical physics (Ising model, etc.); particle 
scattering process, …  

• Non-differentiable elements due to probabilistic control 
flow (eg. if/then/else conditions) 

•Measurement noise: may or may not be included 

• eg. Use of ML for theoretical physics often treats system as if 
it can be exactly, directly observed
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A  C O M M O N  T H E M E ,  A  C O M M O N  L A N G U A G E
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Markov chain Monte Carlo without likelihoods
Paul Marjoram*, John Molitor*, Vincent Plagnol†, and Simon Tavaré†‡
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Many stochastic simulation approaches for generating observa-
tions from a posterior distribution depend on knowing a likelihood
function. However, for many complex probability models, such
likelihoods are either impossible or computationally prohibitive to
obtain. Here we present a Markov chain Monte Carlo method for
generating observations from a posterior distribution without the
use of likelihoods. It can also be used in frequentist applications, in
particular for maximum-likelihood estimation. The approach is
illustrated by an example of ancestral inference in population
genetics. A number of open problems are highlighted in the
discussion.

One of the basic problems in Bayesian statistics is the
computation of posterior distributions. We imagine data D

generated from a model M determined by parameters !, the
prior density of which is denoted by "(!). We assume unless
otherwise stated that the data are discrete. The posterior
distribution of interest is f(!!D), which is given by

f!!!D" # !!D!!""!!""!!D", [1]

where !(D) # $ !(D!!)"(!)d! is the normalizing constant.
In most scientific contexts, explicit formulae for such posterior

densities are few and far between, and we usually resort to
stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

Accepted observations have distribution f(!!D) (cf. ref. 1). The
computations can often be accelerated if an upper bound c for
!(D!!) is known; h then is replaced by h"c. If !̂ denotes the
maximum-likelihood estimator of !, we could take c # !(D!!̂).

There are many variations on this theme. Of particular
relevance here is the case in which the likelihood !(D!!) cannot
be computed explicitly. One obvious approach then is:

B1. Generate ! from "(!).
B2. Simulate D% from the model M with parameter !.
B3. Accept ! if D% # D; return to B1.

The success of this approach depends on the fact that the
underlying stochastic model M is easy to simulate. This approach
can be useful when computation of the likelihood is possible but
time-consuming.

The practicality of algorithms such as these depends crucially
on the size of !(D), because the probability of accepting an
observation is proportional to !(D). In cases where the accep-
tance rate is too small, one might resort to approximate methods
such as:

C1. Generate ! from "(!).
C2. Simulate D% from the model M with parameter !.
C3. Calculate the distance $(D, D%) between D% and D.
C4. Accept ! if $ % &; return to C1.

This approach requires selection of a suitable metric $ as well as
a choice of &. As &3 & it generates observations from the prior.
If & # 0, an observation D% is accepted only if D% # D, and then
accepted observations come from the density f(!!D). The choice

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
parison. On the other hand, sampling from the prior in
complex probability models is unlikely to be sensible when the
posterior is a long way from the prior. Later we discuss Markov
chain Monte Carlo (MCMC) algorithms and provide an
alternative MCMC approach that does not require the eval-
uation of likelihoods.

Examples from Evolutionary Biology
Examples of these algorithms have appeared in the evolutionary
genetics literature. For example, inference problems in molec-
ular population genetics can be described as follows. We sample
the molecular variation present at several loci in a population,
obtaining a discrete variation data set D (DNA sequence data,
for example). Inference and estimation for population parame-
ters of interest such as mutation rates, recombination rates,
migration rates, and demographic parameters are then based on
a stochastic model M for D.

The coalescent (2) provides a commonly used modeling
framework in this setting. The coalescent is a stochastic model
for the ancestral relationships between the sampled sequences.
In the absence of recombination, these ancestral relationships
form a binary branching tree. Because the tree is not observed,
inference for parameters of interest can be thought of as a

Abbreviations: MCMC, Markov chain Monte Carlo; MRCA, most recent common ancestor.
‡ To whom correspondence should be addressed at: Program in Molecular and Computa-
tional Biology, Department of Biological Sciences, SHS 172, University of Southern Cali-
fornia, 835 West 37th Street, Los Angeles, CA 90089-1340. E-mail: stavare@usc.edu.

© 2003 by The National Academy of Sciences of the USA

15324–15328 ! PNAS ! December 23, 2003 ! vol. 100 ! no. 26 www.pnas.org"cgi"doi"10.1073"pnas.0306899100



A B C

!33

Markov chain Monte Carlo without likelihoods
Paul Marjoram*, John Molitor*, Vincent Plagnol†, and Simon Tavaré†‡
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Many stochastic simulation approaches for generating observa-
tions from a posterior distribution depend on knowing a likelihood
function. However, for many complex probability models, such
likelihoods are either impossible or computationally prohibitive to
obtain. Here we present a Markov chain Monte Carlo method for
generating observations from a posterior distribution without the
use of likelihoods. It can also be used in frequentist applications, in
particular for maximum-likelihood estimation. The approach is
illustrated by an example of ancestral inference in population
genetics. A number of open problems are highlighted in the
discussion.

One of the basic problems in Bayesian statistics is the
computation of posterior distributions. We imagine data D

generated from a model M determined by parameters !, the
prior density of which is denoted by "(!). We assume unless
otherwise stated that the data are discrete. The posterior
distribution of interest is f(!!D), which is given by

f!!!D" # !!D!!""!!""!!D", [1]

where !(D) # $ !(D!!)"(!)d! is the normalizing constant.
In most scientific contexts, explicit formulae for such posterior

densities are few and far between, and we usually resort to
stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
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!(D!!) is known; h then is replaced by h"c. If !̂ denotes the
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There are many variations on this theme. Of particular
relevance here is the case in which the likelihood !(D!!) cannot
be computed explicitly. One obvious approach then is:

B1. Generate ! from "(!).
B2. Simulate D% from the model M with parameter !.
B3. Accept ! if D% # D; return to B1.

The success of this approach depends on the fact that the
underlying stochastic model M is easy to simulate. This approach
can be useful when computation of the likelihood is possible but
time-consuming.

The practicality of algorithms such as these depends crucially
on the size of !(D), because the probability of accepting an
observation is proportional to !(D). In cases where the accep-
tance rate is too small, one might resort to approximate methods
such as:

C1. Generate ! from "(!).
C2. Simulate D% from the model M with parameter !.
C3. Calculate the distance $(D, D%) between D% and D.
C4. Accept ! if $ % &; return to C1.

This approach requires selection of a suitable metric $ as well as
a choice of &. As &3 & it generates observations from the prior.
If & # 0, an observation D% is accepted only if D% # D, and then
accepted observations come from the density f(!!D). The choice

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
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for data D summarized by S:

D1. Generate ! from "(!).
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compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
parison. On the other hand, sampling from the prior in
complex probability models is unlikely to be sensible when the
posterior is a long way from the prior. Later we discuss Markov
chain Monte Carlo (MCMC) algorithms and provide an
alternative MCMC approach that does not require the eval-
uation of likelihoods.

Examples from Evolutionary Biology
Examples of these algorithms have appeared in the evolutionary
genetics literature. For example, inference problems in molec-
ular population genetics can be described as follows. We sample
the molecular variation present at several loci in a population,
obtaining a discrete variation data set D (DNA sequence data,
for example). Inference and estimation for population parame-
ters of interest such as mutation rates, recombination rates,
migration rates, and demographic parameters are then based on
a stochastic model M for D.

The coalescent (2) provides a commonly used modeling
framework in this setting. The coalescent is a stochastic model
for the ancestral relationships between the sampled sequences.
In the absence of recombination, these ancestral relationships
form a binary branching tree. Because the tree is not observed,
inference for parameters of interest can be thought of as a
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Many stochastic simulation approaches for generating observa-
tions from a posterior distribution depend on knowing a likelihood
function. However, for many complex probability models, such
likelihoods are either impossible or computationally prohibitive to
obtain. Here we present a Markov chain Monte Carlo method for
generating observations from a posterior distribution without the
use of likelihoods. It can also be used in frequentist applications, in
particular for maximum-likelihood estimation. The approach is
illustrated by an example of ancestral inference in population
genetics. A number of open problems are highlighted in the
discussion.

One of the basic problems in Bayesian statistics is the
computation of posterior distributions. We imagine data D

generated from a model M determined by parameters !, the
prior density of which is denoted by "(!). We assume unless
otherwise stated that the data are discrete. The posterior
distribution of interest is f(!!D), which is given by

f!!!D" # !!D!!""!!""!!D", [1]

where !(D) # $ !(D!!)"(!)d! is the normalizing constant.
In most scientific contexts, explicit formulae for such posterior

densities are few and far between, and we usually resort to
stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
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stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

Accepted observations have distribution f(!!D) (cf. ref. 1). The
computations can often be accelerated if an upper bound c for
!(D!!) is known; h then is replaced by h"c. If !̂ denotes the
maximum-likelihood estimator of !, we could take c # !(D!!̂).

There are many variations on this theme. Of particular
relevance here is the case in which the likelihood !(D!!) cannot
be computed explicitly. One obvious approach then is:

B1. Generate ! from "(!).
B2. Simulate D% from the model M with parameter !.
B3. Accept ! if D% # D; return to B1.

The success of this approach depends on the fact that the
underlying stochastic model M is easy to simulate. This approach
can be useful when computation of the likelihood is possible but
time-consuming.

The practicality of algorithms such as these depends crucially
on the size of !(D), because the probability of accepting an
observation is proportional to !(D). In cases where the accep-
tance rate is too small, one might resort to approximate methods
such as:

C1. Generate ! from "(!).
C2. Simulate D% from the model M with parameter !.
C3. Calculate the distance $(D, D%) between D% and D.
C4. Accept ! if $ % &; return to C1.

This approach requires selection of a suitable metric $ as well as
a choice of &. As &3 & it generates observations from the prior.
If & # 0, an observation D% is accepted only if D% # D, and then
accepted observations come from the density f(!!D). The choice

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
parison. On the other hand, sampling from the prior in
complex probability models is unlikely to be sensible when the
posterior is a long way from the prior. Later we discuss Markov
chain Monte Carlo (MCMC) algorithms and provide an
alternative MCMC approach that does not require the eval-
uation of likelihoods.

Examples from Evolutionary Biology
Examples of these algorithms have appeared in the evolutionary
genetics literature. For example, inference problems in molec-
ular population genetics can be described as follows. We sample
the molecular variation present at several loci in a population,
obtaining a discrete variation data set D (DNA sequence data,
for example). Inference and estimation for population parame-
ters of interest such as mutation rates, recombination rates,
migration rates, and demographic parameters are then based on
a stochastic model M for D.

The coalescent (2) provides a commonly used modeling
framework in this setting. The coalescent is a stochastic model
for the ancestral relationships between the sampled sequences.
In the absence of recombination, these ancestral relationships
form a binary branching tree. Because the tree is not observed,
inference for parameters of interest can be thought of as a
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Many stochastic simulation approaches for generating observa-
tions from a posterior distribution depend on knowing a likelihood
function. However, for many complex probability models, such
likelihoods are either impossible or computationally prohibitive to
obtain. Here we present a Markov chain Monte Carlo method for
generating observations from a posterior distribution without the
use of likelihoods. It can also be used in frequentist applications, in
particular for maximum-likelihood estimation. The approach is
illustrated by an example of ancestral inference in population
genetics. A number of open problems are highlighted in the
discussion.

One of the basic problems in Bayesian statistics is the
computation of posterior distributions. We imagine data D

generated from a model M determined by parameters !, the
prior density of which is denoted by "(!). We assume unless
otherwise stated that the data are discrete. The posterior
distribution of interest is f(!!D), which is given by

f!!!D" # !!D!!""!!""!!D", [1]

where !(D) # $ !(D!!)"(!)d! is the normalizing constant.
In most scientific contexts, explicit formulae for such posterior

densities are few and far between, and we usually resort to
stochastic simulation to generate observations from f. Perhaps
the simplest approach for this is the rejection method:

A1. Generate ! from "(!).
A2. Accept ! with probability h # !(D!!); return to A1.

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
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be computed explicitly. One obvious approach then is:

B1. Generate ! from "(!).
B2. Simulate D% from the model M with parameter !.
B3. Accept ! if D% # D; return to B1.

The success of this approach depends on the fact that the
underlying stochastic model M is easy to simulate. This approach
can be useful when computation of the likelihood is possible but
time-consuming.

The practicality of algorithms such as these depends crucially
on the size of !(D), because the probability of accepting an
observation is proportional to !(D). In cases where the accep-
tance rate is too small, one might resort to approximate methods
such as:

C1. Generate ! from "(!).
C2. Simulate D% from the model M with parameter !.
C3. Calculate the distance $(D, D%) between D% and D.
C4. Accept ! if $ % &; return to C1.

This approach requires selection of a suitable metric $ as well as
a choice of &. As &3 & it generates observations from the prior.
If & # 0, an observation D% is accepted only if D% # D, and then
accepted observations come from the density f(!!D). The choice

of & therefore reflects a tension between computability and
accuracy. The method is still honest in that, for a given $ and &,
we are generating independent and identically distributed ob-
servations from f(!!$(D, D%) % &).

When D is high-dimensional or continuous, this approach can
be impractical as well, and then the comparison of D% with D can
be made by using lower-dimensional summaries of the data. The
motivation for this approach is that if the set of statistics S # (S1,
. . . , Sp) is sufficient for !, in that !(D!S, !) is independent of
!, then f(!!D) # f(!!S). The normalizing constant !(S) is
typically larger than !(D), resulting in more acceptances. In
practice it will be hard, if not impossible, to identity a suitable
set of sufficient statistics, and we then might resort to a more
heuristic approach. Thus we seek to use knowledge of the
particular problem at hand to suggest summary statistics that
capture information about !. With these statistics in hand, we
have the following approximate Bayesian computation scheme
for data D summarized by S:

D1. Generate ! from "(!).
D2. Simulate D% from stochastic model M with parameter !, and

compute the corresponding statistics S%.
D3. Calculate the distance $(S, S%) between S and S%.
D4. Accept ! if $ % &, and return to D1.

There are several advantages to these rejection methods,
among them the fact that they are usually easy to code, they
generate independent observations (and thus can use embar-
rassingly parallel computation), and they readily provide
estimates of Bayes factors that can be used for model com-
parison. On the other hand, sampling from the prior in
complex probability models is unlikely to be sensible when the
posterior is a long way from the prior. Later we discuss Markov
chain Monte Carlo (MCMC) algorithms and provide an
alternative MCMC approach that does not require the eval-
uation of likelihoods.

Examples from Evolutionary Biology
Examples of these algorithms have appeared in the evolutionary
genetics literature. For example, inference problems in molec-
ular population genetics can be described as follows. We sample
the molecular variation present at several loci in a population,
obtaining a discrete variation data set D (DNA sequence data,
for example). Inference and estimation for population parame-
ters of interest such as mutation rates, recombination rates,
migration rates, and demographic parameters are then based on
a stochastic model M for D.

The coalescent (2) provides a commonly used modeling
framework in this setting. The coalescent is a stochastic model
for the ancestral relationships between the sampled sequences.
In the absence of recombination, these ancestral relationships
form a binary branching tree. Because the tree is not observed,
inference for parameters of interest can be thought of as a

Abbreviations: MCMC, Markov chain Monte Carlo; MRCA, most recent common ancestor.
‡ To whom correspondence should be addressed at: Program in Molecular and Computa-
tional Biology, Department of Biological Sciences, SHS 172, University of Southern Cali-
fornia, 835 West 37th Street, Los Angeles, CA 90089-1340. E-mail: stavare@usc.edu.
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http://reanahub.io 

Kyle Cranmer Gilles Louppe Juan Pavez Felix Kling Markus Stoye

Tilman Plehn Sally Dawson Sam Homiller

Irina Espejo

Josh Ruderman Duccio Pappadopulo Marco Farina

Zubair Bhatti

Sid Mishra-Sharma

The SCAILFIN Project 
scailfin.github.io

http://reanahub.io
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•Proof-of-principle algorithm can: 

• measure parameter of theory (eg. Weinberg angle in 
Standard Model of particle Physics) from raw data 

• optimize experiment (eg. beam energy) for most 
sensitive measurement

80                    90                   100

https://github.com/cranmer/active_sciencing




Reality check… 

Keep in mind  that 
 - the simulator model was specified 
 - the space of experimental 
configurations was well specified 

Still it was hard enough! 

Going to open world of experimental 
configurations and potential models 
much harder. 

Hypothesis generation also hard.



C O N S I D E R AT I O N S

•The computational cost of this workflow 
scales rapidly with computational cost 
of the LFI engine (c.f. nested loops) 

• Benefit to amortized approaches that pay an up-front 
training cost in return for faster repeated inference  

• Want the training techniques to be as sample efficient as 
possible when the simulator is computationally expensive 

• Anticipate a hierarchy of surrogate models: 

• likelihood, posterior, utility (EIG) surface, acquisition, … 
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• Approximate Bayesian 
Computation (ABC) 

• Probabilistic Programming 

• Adversarial Variational 
Optimization (AVO)
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Use simulator  
(much more efficiently)

Learn simulator  
(with deep learning)

• Generative Adversarial Networks (GANs), 
Variational Auto-Encoders (VAE) 

• Likelihood ratio from classifiers (CARL) 

• Autoregressive models,  
Normalizing Flows

[image credit: A.P. Goucher]

https://cp4space.wordpress.com/2016/02/06/deep-learning-with-the-analytical-engine/


P R O B A B I L I S T I C  P R O G R A M I N G  

• Neural Network 
powered inference 
engine (python)  

• real-world scientific 
simulator (C++)
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https://github.com/probprog/pyprob 

A9 A10988 A11988 A12988 A6711 A1

196

A13

81

A5

1157
11647

800

A14

436

1868

7412

A7

881

6167

A252043 A352043 A452043

11843

40200

A8

546

A15546

881

429

119

A16

7

115
2

A21
2

A17
27

A1827
A1927

9

18

A20

4

A22
42

2

2

2simulator C++

probprog/pyprob

Pythia / Sherpa / GEANT / …

NN

Our current tools:
- CPProb

- A new C++ PPL coupled with large-scale simulations using, e.g., 
SHERPA and GEANT

- PyTorch inference compilation backend
- Dynamic computation graphs for NN artifacts

Designed to run on Cori at NERSC using Shifter
shifterimg -v pull docker:gbaydin/pytorch-infcomp:latest
shifterimg -v pull docker:gbaydin/sherpa-infcomp-full:latest

NERSC, Lawrence Berkeley National Lab

•Idea: hijack the random number generators and use Neural 
Network to perform a very fancy type of importance sampling

arXiv:1807.07706 & 1907.03382
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• Approximate Bayesian 
Computation (ABC) 

• Probabilistic Programming 

• Adversarial Variational 
Optimization (AVO)
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Use simulator  
(much more efficiently)

Learn simulator  
(with deep learning)

• Generative Adversarial Networks (GANs), 
Variational Auto-Encoders (VAE) 

• Likelihood ratio from classifiers (CARL) 

• Autoregressive models,  
Normalizing Flows

[image credit: A.P. Goucher]

https://cp4space.wordpress.com/2016/02/06/deep-learning-with-the-analytical-engine/


• binary classifier: find function 
s(x) that minimizes loss: 
 
 

• i.e. approximate the Bayes 
optimal classifier 

• which is 1-to-1 with the 
likelihood ratio

L I K E L I H O O D  R AT I O  T R I C K
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.
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Figure 4: Example plots for classifier output distributions for signal and background events from the academic
test sample. Shown are likelihood (upper left), PDE range search (upper right), Multilayer perceptron (MLP
– lower left) and boosted decision trees.

• TMVA tutorial: https://twiki.cern.ch/twiki/bin/view/TMVA.

• An up-to-date reference of all configuration options for the TMVA Factory, the fitters, and all
the MVA methods: http://tmva.sourceforge.net/optionRef.html.

• On request, the TMVA methods provide a help message with a brief description of the method,
and hints for improving the performance by tuning the available configuration options. The
message is printed when the option ”H” is added to the configuration string while booking
the method (switch o↵ by setting ”!H”). The very same help messages are also obtained by
clicking the “info” button on the top of the reference tables on the options reference web page:
http://tmva.sourceforge.net/optionRef.html.

• The web address of this Users Guide: http://tmva.sourceforge.net/docu/TMVAUsersGuide.pdf.

• The TMVA talk collection: http://tmva.sourceforge.net/talks.shtml.
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Figure 5: Example for the background rejection versus signal e�ciency (“ROC curve”) obtained by cutting
on the classifier outputs for the events of the test sample.

• TMVA versions in ROOT releases: http://tmva.sourceforge.net/versionRef.html.

• Direct code views via ViewVC: http://tmva.svn.sourceforge.net/viewvc/tmva/trunk/TMVA.

• Class index of TMVA in ROOT: http://root.cern.ch/root/htmldoc/TMVA Index.html.

• Please send questions and/or report problems to the tmva-users mailing list:
http://sourceforge.net/mailarchive/forum.php?forum name=tmva-users (posting messages requires
prior subscription: https://lists.sourceforge.net/lists/listinfo/tmva-users).

3 Using TMVA

A typical TMVA classification or regression analysis consists of two independent phases: the training
phase, where the multivariate methods are trained, tested and evaluated, and an application phase,
where the chosen methods are applied to the concrete classification or regression problem they have
been trained for. An overview of the code flow for these two phases as implemented in the examples
TMVAClassification.C and TMVAClassificationApplication.C (for classification – see Sec. 2.5),
and TMVARegression.C and TMVARegressionApplication.C (for regression) are sketched in Fig. 7.
Multiclass classification does not di↵er much from two class classification from a technical point of
view and di↵erences will only be highlighted where neccessary.

In the training phase, the communication of the user with the data sets and the MVA methods
is performed via a Factory object, created at the beginning of the program. The TMVA Factory
provides member functions to specify the training and test data sets, to register the discriminating

Figure 1: Left: an example of the distributions f0(s|✓) and f1(s|✓) when the classifier s is
a boosted-decision tree (BDT). Right: the corresponding ROC curve (right) for this and
other classifiers. Figures taken from TMVA manual.

These steps lead to a subsequent statistical analysis where one observes in data {xe},
where e is an event index running from 1 to n. For each event, the classifier is evaluated and
one performs inference on a parameter µ related to the presence of the signal contribution.
In particular, one forms the statistical model

p({xe} |µ, ✓) =
nY

e=1

[µf1(s(xe) | ✓) + (1 � µ) f0(s(xe) | ✓) ] , (1)

where µ = 0 is the null (background-only) hypothesis and µ > 0 is the alternate (signal-
plus-background) hypothesis.1 Typically, we are interested in inference on µ and ✓ are
nuisance parameters; though, sometimes ✓ may include some components that we are also
wish to infer (like the mass of a new particle that a↵ects the distribution x for the signal
events).

1.2 Comments on typical usage of machine learning in HEP

Nuisance parameters are an after thought in the typical usage of machine learning in HEP.
In fact, most machine learning discussions would only consider f0(x) and f1(x). However,
as experimentalists we know that we must account for various forms of systematic uncer-
tainty, parametrized by ✓. In practice, we take the classifier as fixed and then propagate
uncertainty through the classifier as in Eq. 1. Building the distribution f(s(x)|✓) for values
of ✓ other than the nominal ✓0 used to train the classifier can be thought of as a calibration

1Sometimes there is an additional Poisson term when expected number of signal and background events
is known.

2

s        

⇡ 1

N

NX

i=1

(yi � s(xi))
2
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•The discriminator of a GAN approximates 

•Which is one-to-one with the likelihood ratio  

•Can do the same thing for any two points θ₀ & θ₁ in 
parameter space Θ. I call this a parametrized classifier 
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s(x; ✓0, ✓1) =
p(x|✓1)

p(x|✓0) + p(x|✓1)

K.C., G. Louppe, J. Pavez: Approximating Likelihood Ratios with Calibrated Discriminative Classifiers [arXiv:1506.02169]

s(x) =
p(x |G)

p(x |D) + p(x |G)

p(x |D)
p(x |G)

= 1 −
1

s(x)

http://arxiv.org/abs/1506.02169
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parameter

latent x
observable

The surrogate for the likelihood (ratio) used for inference 

Currently a 2-stage process: 
1. learning surrogate 
2. Inference on parameters of simulator 

Wanted: theory with joint treatment of the two stages

arXiv:1805.12244 
PRL, arXiv:1805.00013 
PRD, arXiv:1805.00020 

arXiv:1808.00973 
physics.aps.org/articles/v11/90 

https://physics.aps.org/articles/v11/90
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augmented data

Recently, we realized we can extract more from the simulator. 
We can use augmented data to improve training

arXiv:1805.12244 
PRL, arXiv:1805.00013 
PRD, arXiv:1805.00020 

arXiv:1808.00973 
physics.aps.org/articles/v11/90 

https://physics.aps.org/articles/v11/90
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•While implicit density is 
intractable  

•Some quantities conditioned on 
latent z are tractable: 

•and similar to REINFORCE 
policy gradient
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What if we shift or remove some of the pins?

4j

t(x, z|θ0) =
∇θp(x, z|θ)|θ0
p(x, z|θ0)

= ∇θ log p(x, z|θ)|θ0 .
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p(x|θ) =
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dzp(x, z|θ) .
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Figure 5: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left:
classifiers trained to distinguish two sets of events generated from different hypotheses (green dots)
converge to an optimal decision function s(x|✓0, ✓1) (in red) given in Eq. (17). This lets us extract
the likelihood ratio. Right: regression on the joint likelihood ratios r(xe, ze|✓0, ✓1) of the simulated

events (green dots) converges to the likelihood ratio r(x|✓0, ✓1) (red line).

2. Particle-physics structure

As we have argued in Sec. II C, particle physics processes have a specific structure that allow
us to extract additional information. Most processes satisfy the factorization of Eq. (2) with a
tractable parton-level likelihood p(z|✓). The generators do not only provide samples {xe}, but
also the corresponding parton-level momenta (latent variables) {ze} with (xe, ze) ⇠ p(x, z|✓0). By
evaluating the matrix elements at the generated momenta ze for different hypotheses ✓0 and ✓1,
we can extract the parton-level likelihood ratio p(ze|✓0)/p(ze|✓1). Since the distribution of x is
conditionally independent of the theory parameters, this is the same as the joint likelihood ratio

r(xe, zall e|✓0, ✓1) ⌘
p(xe, zdetector e, zshower e, ze|✓0)

p(xe, zdetector e, zshower e, ze|✓1)

=
p(xe|zdetector e)

p(xe|zdetector e)

p(zdetector e|zshower e)

p(zdetector e|zshower e)

p(zshower e|ze)

p(zshower e|ze)

p(ze|✓0)

p(ze|✓1)

=
p(ze|✓0)

p(ze|✓1)
. (19)

So while we cannot directly evaluate the likelihood ratio at the level of measured observables
r(x|✓0, ✓1), we can calculate the likelihood ratio for a generated event conditional on the latent
parton-level momenta.

The same is true for the score, i. e. the tangent vectors or relative change of the (log) likelihood
under infinitesimal changes of the parameters of interest. While the score t(xe|✓0) = r✓ log p(x|✓)|✓0

(a) Toy Simulator

zt x

⇡✓(zt|z<t)

p✓(x|z)

✓

t(x, z|✓)
r(x, z|✓, ✓1) ✓1

(b) Graphical Model Abstraction

Figure 1: (a) A toy simulation generalizing the Galton board where the transitions are biased left
(blue) or right (red) depending on the nail position and the value of at ✓. Two example latent
trajectories z are shown (blue and green) leading to the same observed value of x. Below, the
distribution for ✓0 = �0.8 and ✓1 = �0.6 (orange and red histograms). Finally, an example
empirical distribution from 100 runs of the simulator with ✓0 shows that the sample variance is much
larger than the differences from ✓0 vs. ✓1. (b) A graphical model representation of a density defined
implicitly by a stochastic simulator where the latent state zt evolves sequentially according to a
policy p(zt|z<t, ✓) and final observation model p(x|z, ✓). The joint score t(x, z|✓) and joint ratio
r(x, z|✓, ✓1) are tractable deterministic functions that can be extracted from the simulator code.

Often the likelihood is intractable exactly because the latent space z is enormous and it is infeasible
to explicitly calculate this integral. In real-world scientific simulators, the trajectory for a single
observation can involve many millions of latent variables.

As a motivating example, consider the simulation for a generalization of the Galton board, in which
a set of balls is dropped through a lattice of nails ending in one of several bins denoted by x.
The Galton board is commonly used to demonstrate the central limit theorem, and if the nails are
uniformly placed such that the probability of bouncing to the left is p, the sum over the latent space
is tractable analytically and the resulting distribution of x is a binomial distribution with Nrows trials
and probability p of success. However, if the nails are not uniformly placed, and the probability of
bouncing to the left is an arbitrary function of the nail position and some parameter ✓, the resulting
distribution requires an explicit sum over the latent paths z that might lead to a particular x. Such a
distribution would become intractable as Nrows, the size of the lattice of nails, increases. Figure 1a
shows an example of two latent trajectories that lead to the same x. In this toy example, the probability
p(zh, zv, ✓) of going left is given by (1�f(zv))/2+f(zv)�(5✓(zh�1/2)), where f(zv) = sin(⇡zv),
� is the sigmoid function, and zh and zv are the horizontal and vertical nail positions normalized
to [0, 1]. This leads to a non-trivial p(x|✓), which can even be bimodal. Code for simulation and
inference in this problem is available at Ref. [21].

While p(x|✓) is intractable, the joint score

t(x, z|✓0) ⌘ r✓ log p(x, z|✓)
����
✓0

. (2)

can be computed by accumulating the factors r✓ log p(zh, zv|✓) as the simulation runs forward
through its control flow conditioned on the random trajectory z. A similar trick can be applied to
extract the joint likelihood ratio

r(x, z|✓0, ✓1) ⌘
p(x, z|✓0)
p(x, z|✓1)

. (3)

2

can think of simulator 
as policy πθ in language of 
reinforcement learning
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True likelihoodWeak boson fusion, h → 4�
� Production vs decay

� hZZ decay vertex:
many angular structures

� Very clean

� Same operators as before:

OB = i
g
2
(Dµ�†

)(Dν�)Bµν OW = i
g
2
(Dµ�)†σ k

(Dν�)W k
µν

OBB = −
g′2
4
(�†�)Bµν Bµν

OWW = −
g2

4
(�†�)W k

µν W µν k

O� ,2 =
1
2
∂µ(�†�) ∂µ(�†�) OWW̃ = −

g2

4
(�†�)W k

µν W̃ µν k

� Setup as before, except:
� No backgrounds, no smearing
� L ⋅ ε = 100 fb−1
� Cuts: pT , j > 20 GeV, �η j � < 5.0, pT ,� > 10 GeV, �η� � < 2.5

W , Z

W , Z

h

Z

Z

q

q

q′
�−
�+
�−
�+

q′

��/��

(based on a 42-Dim observation x)
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J Brehmer, J Pavez, G Louppe, K.C. PRL & PRD 2018 [arXiv:1805.00013 & arXiv:1805.00020] 
“Better Higgs Measurements Through Information Geometry” [arXiv:1612.05261] & CARL  [arxiv:1506.02169] 

http://arxiv.org/abs/1506.02169






D A R K  M AT T E R

•Latent space Z: 
Number of dark matter 
sub halos and their mass 
and location lead to 
complex latent space for 
each image. 

•Goal is inference at the 
population-level 

!60

arXiv:1909.02005 

https://arxiv.org/abs/1909.02005
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Discriminative or Generative? 

• Advantages generative models:
• Inject expert knowledge 
• Model causal relations
• Interpretable
• Data efficient
• More robust to domain shift
• Facilitate un/semi-supervised learning

-Deep Learning

-Kernel Methods

-Random Forests

-Boosting

-Bayesian Networks

-Probabilistic Programs

-Simulator Models

• Advantages discriminative models:
• Flexible map from input to target (low bias)
• Efficient training algorithms available 
• Solve the problem you are evaluating on.
• Very successful and accurate!
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Variational Auto-Encoders
and Extensions

Diederik (Durk) 
Kingma 

Max 
Welling 



Deep Generative Models
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qφ(z|x) = N(μ,σ2) 
[μ, σ2] = f(z|x)(x,φ) = multilayer neural net 

Objective: lower bound of log p(x). 
Jointly optimized w.r.t. φ and θ 
This is approx. maximum likelihood 
Simple SGD: 

Sampling small minibatches of data 
Sampling from approx. posterior 

This also minimizes an expected KL 
divergence 
DKL(qφ(z|x)||p(z|x))  
-> gives us cheap approx. inference for new 
datapoints

x

z

N

θ

Auto-Encoding Variational Bayes
[Kingma and Welling, 2013/2014] 
[Rezende et al, 2014]

φ Conv. net as encoder/decoder, 
trained on faces

(trained by Alec Radford 2015)

[Slides from D. Kingma NIPS 2015]

Variational Auto-Encoders
and Extensions

Diederik (Durk) 
Kingma 

Max 
Welling 

Kingma and Welling, Auto-encoding Variational Bayes, ICLR 2014 
Rezende, Mohamed and Wierstra, Stochastic back-propagation and variational inference in deep latent Gaussian 

models, ICML 2014 

Danilo J. Rezende

http://dpkingma.com/wordpress/wp-content/uploads/2015/12/talk_nips_workshop_2015.pdf
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Z X

Catch me if you can

Leo is G Tom is D

5 / 13

Objective

• Consider the value function

V (D,G ) = Ex⇠pdata [log(D(x))] + Ez⇠pnoise [log(1� D(G (z)))];

• We want to
For fixed G , find D which maximizes V (D,G ),
For fixed D, find G which minimizes V (D,G );

• In other words, we are looking for the saddle point

(D⇤,G ⇤) = max
D

min
G

V (D,G ).

6 / 13



T W O  O B S E R VAT I O N S

•GANs and VAEs use deep neural network to transform 
latent Z to observed X 

• But resulting density p(x) is intractable 

• Say the density is “implicit” 

• Not directly useful for likelihood-free inference 

• … and latent space z for GAN and VAE has no specific 
meaning or interpretation  

•Are there other deep generative models that can help?

!65
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•Autoregressive models defined by  

•have a tractable density. Train via 
maximum likelihood

Our analysis shows that the performance of
the neural machine translation model degrades
quickly as the length of a source sentence in-
creases. Furthermore, we find that the vocabulary
size has a high impact on the translation perfor-
mance. Nonetheless, qualitatively we find that the
both models are able to generate correct transla-
tions most of the time. Furthermore, the newly
proposed grConv model is able to learn, without
supervision, a kind of syntactic structure over the
source language.

2 Neural Networks for Variable-Length
Sequences

In this section, we describe two types of neural
networks that are able to process variable-length
sequences. These are the recurrent neural net-
work and the proposed gated recursive convolu-
tional neural network.

2.1 Recurrent Neural Network with Gated
Hidden Neurons

(a) (b)

Figure 1: The graphical illustration of (a) the re-
current neural network and (b) the hidden unit that
adaptively forgets and remembers.

A recurrent neural network (RNN, Fig. 1 (a))
works on a variable-length sequence x =
(x1,x2, · · · ,xT ) by maintaining a hidden state h
over time. At each timestep t, the hidden state h(t)

is updated by

h(t) = f
⇣
h(t�1),xt

⌘
,

where f is an activation function. Often f is as
simple as performing a linear transformation on
the input vectors, summing them, and applying an
element-wise logistic sigmoid function.

An RNN can be used effectively to learn a dis-
tribution over a variable-length sequence by learn-
ing the distribution over the next input p(xt+1 |
xt, · · · ,x1). For instance, in the case of a se-
quence of 1-of-K vectors, the distribution can be
learned by an RNN which has as an output

p(xt,j = 1 | xt�1, . . . ,x1) =
exp

�
wjhhti

�
PK

j0=1 exp
�
wj0hhti

� ,

for all possible symbols j = 1, . . . ,K, where wj

are the rows of a weight matrix W. This results in
the joint distribution

p(x) =
TY

t=1

p(xt | xt�1, . . . , x1).

Recently, in (Cho et al., 2014) a new activation
function for RNNs was proposed. The new activa-
tion function augments the usual logistic sigmoid
activation function with two gating units called re-
set, r, and update, z, gates. Each gate depends on
the previous hidden state h(t�1), and the current
input xt controls the flow of information. This is
reminiscent of long short-term memory (LSTM)
units (Hochreiter and Schmidhuber, 1997). For
details about this unit, we refer the reader to (Cho
et al., 2014) and Fig. 1 (b). For the remainder of
this paper, we always use this new activation func-
tion.

2.2 Gated Recursive Convolutional Neural
Network

Besides RNNs, another natural approach to deal-
ing with variable-length sequences is to use a re-
cursive convolutional neural network where the
parameters at each level are shared through the
whole network (see Fig. 2 (a)). In this section, we
introduce a binary convolutional neural network
whose weights are recursively applied to the input
sequence until it outputs a single fixed-length vec-
tor. In addition to a usual convolutional architec-
ture, we propose to use the previously mentioned
gating mechanism, which allows the recursive net-
work to learn the structure of the source sentences
on the fly.

Let x = (x1,x2, · · · ,xT ) be an input sequence,
where xt 2 Rd. The proposed gated recursive
convolutional neural network (grConv) consists of
four weight matrices Wl, Wr, Gl and Gr. At
each recursion level t 2 [1, T � 1], the activation
of the j-th hidden unit h(t)j is computed by

h(t)j = !ch̃
(t)
j + !lh

(t�1)
j�1 + !rh

(t�1)
j , (1)

where !c, !l and !r are the values of a gater that
sum to 1. The hidden unit is initialized as

h(0)j = Uxj ,

where U projects the input into a hidden space.
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this paper, we always use this new activation func-
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Network

Besides RNNs, another natural approach to deal-
ing with variable-length sequences is to use a re-
cursive convolutional neural network where the
parameters at each level are shared through the
whole network (see Fig. 2 (a)). In this section, we
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whose weights are recursively applied to the input
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works on a variable-length sequence x =
(x1,x2, · · · ,xT ) by maintaining a hidden state h
over time. At each timestep t, the hidden state h(t)

is updated by

h(t) = f
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h(t�1),xt

⌘
,

where f is an activation function. Often f is as
simple as performing a linear transformation on
the input vectors, summing them, and applying an
element-wise logistic sigmoid function.

An RNN can be used effectively to learn a dis-
tribution over a variable-length sequence by learn-
ing the distribution over the next input p(xt+1 |
xt, · · · ,x1). For instance, in the case of a se-
quence of 1-of-K vectors, the distribution can be
learned by an RNN which has as an output

p(xt,j = 1 | xt�1, . . . ,x1) =
exp

�
wjhhti

�
PK

j0=1 exp
�
wj0hhti

� ,

for all possible symbols j = 1, . . . ,K, where wj

are the rows of a weight matrix W. This results in
the joint distribution

p(x) =
TY

t=1

p(xt | xt�1, . . . , x1).

Recently, in (Cho et al., 2014) a new activation
function for RNNs was proposed. The new activa-
tion function augments the usual logistic sigmoid
activation function with two gating units called re-
set, r, and update, z, gates. Each gate depends on
the previous hidden state h(t�1), and the current
input xt controls the flow of information. This is
reminiscent of long short-term memory (LSTM)
units (Hochreiter and Schmidhuber, 1997). For
details about this unit, we refer the reader to (Cho
et al., 2014) and Fig. 1 (b). For the remainder of
this paper, we always use this new activation func-
tion.

2.2 Gated Recursive Convolutional Neural
Network

Besides RNNs, another natural approach to deal-
ing with variable-length sequences is to use a re-
cursive convolutional neural network where the
parameters at each level are shared through the
whole network (see Fig. 2 (a)). In this section, we
introduce a binary convolutional neural network
whose weights are recursively applied to the input
sequence until it outputs a single fixed-length vec-
tor. In addition to a usual convolutional architec-
ture, we propose to use the previously mentioned
gating mechanism, which allows the recursive net-
work to learn the structure of the source sentences
on the fly.

Let x = (x1,x2, · · · ,xT ) be an input sequence,
where xt 2 Rd. The proposed gated recursive
convolutional neural network (grConv) consists of
four weight matrices Wl, Wr, Gl and Gr. At
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Approximations using Change-of-variables

Exploit the rule for change of variables for random variables:

Ñ Begin with an initial distribution q0(z0|x).
Ñ Apply a sequence of K invertible functions fk.

z0

x

z1

…

zK

t = 0 t = 1 … t = T

q(z�) = q(z)

����det
�f

�z

����
�1

log qK(zK) = log q0(z0) �
K�

k=1

log det

����
�fk

�zk

����

zK = fK � . . . � f2 � f1(z0)
Sampling and Entropy

Distribution flows through a sequence of invertible transforms

[Rezende and Mohamed, 2015]

Choice of Transformation Function

L =Eq0(z0)[log p(x,zK)]�Eq0(z0)[log q0(z0)]�Eq0(z0)

ñ KX

k=1

logdet

����
@ fk
@ zk

����

ô

Ñ Begin with a fully-factorised Gaussian and improve by change of variables.
Ñ Triangular Jacobians allow for computational efficiency.

zk

h

+

zk+1

zk = zk�1 + uh(w�zk�1 + b)

Planar Flow

zk

t

concat

z1:d zd+1:D

+

y1:d

s ⦿

yd+1:D

zk+1

y1:d = zk�1,1:d

yd+1:D = t(zk�1,1:d) + zd+1:D � exp(s(zk�1,1:d))

Real NVP

zk z<k

har

μ σ

- ÷

zk+1

zk =
zk�1 � µk(z<k, x)

�k(z<k, x)

Inverse AR Flow

[Rezende and Mohamed, 2016; Dinh et al., 2016; Kingma et al., 2016]

Linear time computation of the determinant and its gradient.



F L O W S  W I T H  I N V E R T I B L E  C O N V O L U T I O N S  

!68

Emerging Convolutions for Generative Normalizing Flows

Emiel Hoogeboom
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Rianne van den Berg
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Max Welling
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Abstract

Generative flows are attractive because they admit
exact likelihood optimization and efficient image
synthesis. Recently, Kingma & Dhariwal (2018)
demonstrated with Glow that generative flows are
capable of generating high quality images. We
generalize the 1 ⇥ 1 convolutions proposed in
Glow to invertible d⇥ d convolutions, which are
more flexible since they operate on both chan-
nel and spatial axes. We propose two methods
to produce invertible convolutions that have re-
ceptive fields identical to standard convolutions:
Emerging convolutions are obtained by chaining
specific autoregressive convolutions, and periodic
convolutions are decoupled in the frequency do-
main. Our experiments show that the flexibility
of d⇥ d convolutions significantly improves the
performance of generative flow models on galaxy
images, CIFAR10 and ImageNet.

1. Introduction

Generative models aim to learn a representation of the data
p(x), in contrast with discriminative models that learn a
probability distribution of labels given data p(y|x). Gen-
erative modeling may be used for numerous applications
such as anomaly detection, denoising, inpainting, and super-
resolution. The task of generative modeling is challenging,
because data is often very high-dimensional, which makes
optimization and choosing a successful objective difficult.

Generative models based on normalizing flows (Rippel &
Adams, 2013) have several advantages over other generative
models: i) They optimize the log likelihood of a contin-
uous distribution exactly, as opposed to Variational Auto-
Encoders (VAEs) (Kingma & Welling, 2014; Rezende et al.,
2014) which optimize a lower bound to the log-likelihood.
ii) Drawing samples has a computational cost comparable
to inference, in contrast with PixelCNNs (Van Oord et al.,
2016). iii) Generative flows also have the potential for huge

1University of Amsterdam, Netherlands 2UvA-Bosch Delta Lab,
Netherlands 3Canadian Institute for Advanced Research (CIFAR).
Correspondence to: Emiel Hoogeboom <e.hoogeboom@uva.nl>.

Preprint. Work in progress
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Figure 1. Illustration of a square emerging convolution. The input
has spatial dimensions equal to 3 ⇥ 3, and two channels. Con-
volutions use one-pixel-wide zero padding at each border. Two
consecutive square autoregressive convolutions with filters k2 and
k1 have a receptive field identical to a standard convolution, with
filter k2 ⇤l k1, where ⇤l denotes a convolution layer. These opera-
tions are equivalent to the multiplication of matrices K2 · K1 and
a vectorized input signal ~x. Since the filters are learned decom-
posed, the Jacobian determinant and inverse are straightforward to
compute.

memory savings, because activations necessary in the back-
ward pass can be obtained by computing the inverse of
layers (Gomez et al., 2017; Li & Grathwohl, 2018).

The performance of density estimation models can be largely
attributed to Masked Autoregressive Flows (MAFs) (Papa-
makarios et al., 2017) and the coupling layers introduced
in NICE and RealNVP (Dinh et al., 2014; 2017). MAFs
contain flexible autoregressive transformations, but are com-
putationally expensive to invert, which is a disadvantage for
sampling high-dimensional data. Coupling layers transform
a subset of the dimensions of the data, parameterized by the
remaining dimensions. The inverse of coupling layers is
straightforward to compute, which makes them suitable for
generative flows. However, since coupling layers can only
operate on a subset of the dimensions of the data, they may
be limited in flexibility.

To improve their effectiveness, coupling layers are alter-
nated with less complex transformations that do operate on
all dimensions of the data. Dinh et al. (2017) use a fixed
channel permutation in Real NVP, and Kingma & Dhariwal
(2018) utilize learnable 1⇥ 1 convolutions in Glow.

However, 1 ⇥ 1 convolutions suffer from limited flexibil-
ity, and using standard convolutions is not straightforward
as they are very computationally expensive to invert. We
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Emerging Convolutions for Generative Normalizing Flows

Figure 9. 100 samples from a generative flow model utilizing
emerging convolutions, trained on CIFAR10.

Table 3. Performance of Emerging convolutions on CIFAR10, Im-
ageNet 32x32 and ImageNet 64x64 in bits per dimension (negative
log2-likelihood), and ± reports standard deviation.

CIFAR10 ImageNet
32x32

ImageNet
64x64

Real NVP 3.51 4.28 3.98
Glow 3.36 ±0.002 4.09 3.81

Emerging 3.34 ±0.002 4.09 3.81

more important, as evidenced by the increasing performance
gap (see Table 4).

5.3. Modeling and sample time comparison with MAF

Recall that the inverse of autoregressive convolutions re-
quires solving a sequential problem, which we have ac-
celerated with an inversion module that uses Cython and
parallelism across the minibatch. Considering CIFAR-10
and the same architecture as used in Table 3, it takes 39ms
to sample an image using our accelerated emerging inverses,
46 times faster than the naı̈vely obtained inverses using ten-
sorflow bijectors (see Table 5). As expected, sampling from
models using 1⇥ 1 convolutions remains faster and takes
5ms.

Table 4. Performance of generative flows models with different
architectures on CIFAR10, ImageNet 32x32 and ImageNet 64x64
in bits per dimension. Results are obtained by running 3 times
with different random seeds, ± reports standard deviation.

CIFAR10 ImageNet 32x32 D
1⇥1 (Glow) 3.46 ±0.005 4.18 ±0.003 8
Emerging 3.43 ±0.004 4.16 ±0.004 8
1⇥1 (Glow) 3.56 ±0.008 4.28 ±0.008 4
Emerging 3.51 ±0.001 4.25 ±0.002 4

Table 5. Comparison of 1⇥ 1, MAF and Emerging convolutions
on CIFAR-10. Performance is measured in bits per dimension, and
the time required to sample a datapoint, when computed in mini-
batches of size 100. The naı̈ve implementation uses Tensorflow
bijectors, and our accelerated implementation uses Cython with
MPI parallelization.

CIFAR10 bits/dim Naı̈ve
sample (ms)

Accelerated
sample (ms)

1⇥ 1 (Glow) 3.36 5 5
MAF & 1⇥ 1 3.33 3000 650
Emerging 3.34 1800 39

Masked Autoregressive Flows (MAFs) are a very flexible
method for density estimation, and they improve perfor-
mance over emerging convolutions slightly, 3.33 versus
3.34 bits per dimension. However, the width and depth of
MAFs makes them a poor choice for sampling, because it
considerably increases the time to compute their inverse:
3000ms per sample using a naı̈ve solution, and 650ms per
sample using our inversion module. Since emerging convo-
lutions operate on lower dimensions of the data, they are 17
times faster to invert than the MAFs.

5.4. QR 1 ⇥ 1 convolutions

QR 1⇥1 convolutions are compared with standard and PLU
convolutions on the CIFAR10 dataset. The models have 3
levels and 8 flows per level. Experiments confirm that our
stable QR decomposition achieves the same performance as
the standard parameterization, as shown in Table 6. This is
expected, since any real square matrix has a QR decompo-
sition. Furthermore, the experiments confirm that the less
flexible PLU parameterization leads to worse performance,
which is caused by the fixed permutation matrix.

Table 6. Comparison of standard, PLU and QR 1⇥ 1 convolutions.
Performance is measured in bits per dimension (negative log2-
likelihood). Results are obtained by running 3 times with different
random seeds, ± reports standard deviation.

Parametrization CIFAR10
W 3.46 ±0.005
PLU 3.47 ±0.006
QR 3.46 ±0.004

6. Conclusion

We have introduced three generative flows: i) d⇥ d emerg-
ing convolutions as invertible standard zero-padded convo-
lutions, ii) d ⇥ d periodic convolutions for periodic data
or data with minimal boundary variation, and iii) stable
and flexible 1⇥ 1 convolutions using a QR parametrization.
Our methods show consistent improvements over various
datasets using the same parameter budget, especially when
considering models constrained in size.

Emerging Convolutions for Generative Normalizing Flows
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Abstract

Generative flows are attractive because they admit
exact likelihood optimization and efficient image
synthesis. Recently, Kingma & Dhariwal (2018)
demonstrated with Glow that generative flows are
capable of generating high quality images. We
generalize the 1 ⇥ 1 convolutions proposed in
Glow to invertible d⇥ d convolutions, which are
more flexible since they operate on both chan-
nel and spatial axes. We propose two methods
to produce invertible convolutions that have re-
ceptive fields identical to standard convolutions:
Emerging convolutions are obtained by chaining
specific autoregressive convolutions, and periodic
convolutions are decoupled in the frequency do-
main. Our experiments show that the flexibility
of d⇥ d convolutions significantly improves the
performance of generative flow models on galaxy
images, CIFAR10 and ImageNet.

1. Introduction

Generative models aim to learn a representation of the data
p(x), in contrast with discriminative models that learn a
probability distribution of labels given data p(y|x). Gen-
erative modeling may be used for numerous applications
such as anomaly detection, denoising, inpainting, and super-
resolution. The task of generative modeling is challenging,
because data is often very high-dimensional, which makes
optimization and choosing a successful objective difficult.

Generative models based on normalizing flows (Rippel &
Adams, 2013) have several advantages over other generative
models: i) They optimize the log likelihood of a contin-
uous distribution exactly, as opposed to Variational Auto-
Encoders (VAEs) (Kingma & Welling, 2014; Rezende et al.,
2014) which optimize a lower bound to the log-likelihood.
ii) Drawing samples has a computational cost comparable
to inference, in contrast with PixelCNNs (Van Oord et al.,
2016). iii) Generative flows also have the potential for huge

1University of Amsterdam, Netherlands 2UvA-Bosch Delta Lab,
Netherlands 3Canadian Institute for Advanced Research (CIFAR).
Correspondence to: Emiel Hoogeboom <e.hoogeboom@uva.nl>.
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Figure 1. Illustration of a square emerging convolution. The input
has spatial dimensions equal to 3 ⇥ 3, and two channels. Con-
volutions use one-pixel-wide zero padding at each border. Two
consecutive square autoregressive convolutions with filters k2 and
k1 have a receptive field identical to a standard convolution, with
filter k2 ⇤l k1, where ⇤l denotes a convolution layer. These opera-
tions are equivalent to the multiplication of matrices K2 · K1 and
a vectorized input signal ~x. Since the filters are learned decom-
posed, the Jacobian determinant and inverse are straightforward to
compute.

memory savings, because activations necessary in the back-
ward pass can be obtained by computing the inverse of
layers (Gomez et al., 2017; Li & Grathwohl, 2018).

The performance of density estimation models can be largely
attributed to Masked Autoregressive Flows (MAFs) (Papa-
makarios et al., 2017) and the coupling layers introduced
in NICE and RealNVP (Dinh et al., 2014; 2017). MAFs
contain flexible autoregressive transformations, but are com-
putationally expensive to invert, which is a disadvantage for
sampling high-dimensional data. Coupling layers transform
a subset of the dimensions of the data, parameterized by the
remaining dimensions. The inverse of coupling layers is
straightforward to compute, which makes them suitable for
generative flows. However, since coupling layers can only
operate on a subset of the dimensions of the data, they may
be limited in flexibility.

To improve their effectiveness, coupling layers are alter-
nated with less complex transformations that do operate on
all dimensions of the data. Dinh et al. (2017) use a fixed
channel permutation in Real NVP, and Kingma & Dhariwal
(2018) utilize learnable 1⇥ 1 convolutions in Glow.

However, 1 ⇥ 1 convolutions suffer from limited flexibil-
ity, and using standard convolutions is not straightforward
as they are very computationally expensive to invert. We
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Abstract

Flow-based generative models (Dinh et al., 2014) are conceptually attractive due to
tractability of the exact log-likelihood, tractability of exact latent-variable inference,
and parallelizability of both training and synthesis. In this paper we propose Glow,
a simple type of generative flow using an invertible 1⇥ 1 convolution. Using our
method we demonstrate a significant improvement in log-likelihood on standard
benchmarks. Perhaps most strikingly, we demonstrate that a generative model
optimized towards the plain log-likelihood objective is capable of efficient realistic-
looking synthesis and manipulation of large images. The code for our model is
available at https://github.com/openai/glow.

1 Introduction

Two major unsolved problems in the field of machine learning are (1) data-efficiency: the ability to
learn from few datapoints, like humans; and (2) generalization: robustness to changes of the task or
its context. AI systems, for example, often do not work at all when given inputs that are different
from their training distribution. A promise of generative models, a major branch of machine learning,

⇤Equal contribution.

Preprint. Work in progress.

Figure 1: Synthetic celebrities sampled from our model; see Section 3 for architecture and method,
and Section 5 for more results.
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tractability of the exact log-likelihood, tractability of exact latent-variable inference,
and parallelizability of both training and synthesis. In this paper we propose Glow,
a simple type of generative flow using an invertible 1⇥ 1 convolution. Using our
method we demonstrate a significant improvement in log-likelihood on standard
benchmarks. Perhaps most strikingly, we demonstrate that a generative model
optimized towards the plain log-likelihood objective is capable of efficient realistic-
looking synthesis and manipulation of large images. The code for our model is
available at https://github.com/openai/glow.

1 Introduction

Two major unsolved problems in the field of machine learning are (1) data-efficiency: the ability to
learn from few datapoints, like humans; and (2) generalization: robustness to changes of the task or
its context. AI systems, for example, often do not work at all when given inputs that are different
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Figure 1: Synthetic celebrities sampled from our model; see Section 3 for architecture and method,
and Section 5 for more results.
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(a) One step of our flow.
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(b) Multi-scale architecture (Dinh et al., 2016).

Figure 2: We propose a generative flow where each step (left) consists of an actnorm step, followed
by an invertible 1 ⇥ 1 convolution, followed by an affine transformation (Dinh et al., 2014). This
flow is combined with a multi-scale architecture (right). See Section 3 and Table 1.

Table 1: The three main components of our proposed flow, their reverses, and their log-determinants.
Here, x signifies the input of the layer, and y signifies its output. Both x and y are tensors of
shape [h⇥ w ⇥ c] with spatial dimensions (h,w) and channel dimension c. With (i, j) we denote
spatial indices into tensors x and y. The function NN() is a nonlinear mapping, such as a (shallow)
convolutional neural network like in ResNets (He et al., 2016) and RealNVP (Dinh et al., 2016).

Description Function Reverse Function Log-determinant

Actnorm.
See Section 3.1.

8i, j : yi,j = s� xi,j + b 8i, j : xi,j = (yi,j � b)/s h · w · sum(log |s|)

Invertible 1⇥ 1 convolution.
W : [c⇥ c].
See Section 3.2.

8i, j : yi,j = Wxi,j 8i, j : xi,j = W�1yi,j h · w · log | det(W)|
or
h · w · sum(log |s|)
(see eq. (10))

Affine coupling layer.
See Section 3.3 and
(Dinh et al., 2014)

xa,xb = split(x)
(log s, t) = NN(xb)
s = exp(log s)
ya = s� xa + t
yb = xb

y = concat(ya,yb)

ya,yb = split(y)
(log s, t) = NN(yb)
s = exp(log s)
xa = (ya � t)/s
xb = yb

x = concat(xa,xb)

sum(log(|s|))

3 Proposed Generative Flow

We propose a new flow, building on the NICE and RealNVP flows proposed in (Dinh et al., 2014,
2016). It consists of a series of steps of flow, combined in a multi-scale architecture; see Figure 2.
Each step of flow consists of actnorm (Section 3.1) followed by an invertible 1 ⇥ 1 convolution
(Section 3.2), followed by a coupling layer (Section 3.3).

This flow is combined with a multi-scale architecture; due to space constraints we refer to (Dinh et al.,
2016) for more details. This architecture has a depth of flow K, and number of levels L (Figure 2).

3.1 Actnorm: scale and bias layer with data dependent initialization

In Dinh et al. (2016), the authors propose the use of batch normalization (Ioffe and Szegedy, 2015)
to alleviate the problems encountered when training deep models. However, since the variance of

4
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ABSTRACT

A promising class of generative models maps points from a simple distribution to
a complex distribution through an invertible neural network. Likelihood-based
training of these models requires restricting their architectures to allow cheap
computation of Jacobian determinants. Alternatively, the Jacobian trace can be
used if the transformation is specified by an ordinary differential equation. In this
paper, we use Hutchinson’s trace estimator to give a scalable unbiased estimate of
the log-density. The result is a continuous-time invertible generative model with
unbiased density estimation and one-pass sampling, while allowing unrestricted
neural network architectures. We demonstrate our approach on high-dimensional
density estimation, image generation, and variational inference, achieving the
state-of-the-art among exact likelihood methods with efficient sampling.

1 INTRODUCTION

Figure 1: FFJORD transforms a sim-
ple base distribution at t0 into the tar-
get distribution at t1 by integrating over
learned continuous dynamics.

Reversible generative models use cheaply invertible neu-
ral networks to transform samples from a fixed base distri-
bution. Examples include NICE (Dinh et al., 2014), Real
NVP (Dinh et al., 2017), and Glow (Kingma & Dhariwal,
2018). These models are easy to sample from, and can be
trained by maximum likelihood using the change of vari-
ables formula. However, this requires placing awkward
restrictions on their architectures, such as partitioning di-
mensions or using rank one weight matrices, in order to
avoid an O(D3) cost determinant computation.

Recently, Chen et al. (2018) introduced a continuous-time
analog of normalizing flows, defining the mapping from
latent variables to data using ordinary differential equa-
tions (ODEs). In their model, the likelihood can be com-
puted using relatively cheap trace operations. A more
flexible, but still restricted, family of network architec-
tures can be used to avoid this O(D2) time cost.

Extending this work, we introduce an unbiased stochas-
tic estimator of the likelihood that has O(D) time cost,
allowing completely unrestricted architectures. Further-
more, we have implemented GPU-based adaptive ODE
solvers to train and evaluate these models on modern
hardware. We call our approach Free-form Jacobian of
Reversible Dynamics (FFJORD).

⇤Equal contribution. Order determined by coin toss. {wgrathwohl, rtqichen}@cs.toronto.edu
†University of Toronto and Vector Institute
‡OpenAI
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Method Train on
data

One-pass
Sampling

Exact log-
likelihood

Free-form
Jacobian

Variational Autoencoders 3 3 7 3

Generative Adversarial Nets 3 3 7 3

Likelihood-based Autoregressive 3 7 3 7

C
ha

ng
e

of
Va

ria
bl

es

Normalizing Flows 7 3 3 7

Reverse-NF, MAF, TAN 3 7 3 7

NICE, Real NVP, Glow, Planar CNF 3 3 3 7

FFJORD 3 3 3 3

Table 1: A comparison of the abilities of generative modeling approaches.

Given a datapoint x, we can compute both the point z0 which generates x, as well as log p(x) under
the model by solving the initial value problem:


z0
log p(x)� log pz0(z0)

�

| {z }
solutions

=

Z
t0

t1

"
f(z(t), t; ✓)

�Tr
⇣

@f

@z(t)

⌘
#
dt

| {z }
dynamics

,


z(t1)

log p(x)� log p(z(t1))

�
=


x
0

�

| {z }
initial values

(4)

which integrates the combined dynamics of z(t) and the log-density of the sample backwards in
time from t1 to t0. We can then compute log p(x) using the solution of (4) and adding log pz0(z0).
The existence and uniqueness of (4) require that f and its first derivatives be Lipschitz continu-
ous (Khalil, 2002), which can be satisfied in practice using neural networks with smooth Lipschitz
activations.

2.2.1 BACKPROPAGATING THROUGH ODE SOLUTIONS WITH THE ADJOINT METHOD

CNFs are trained to maximize (3). This objective involves the solution to an initial value problem
with dynamics parameterized by ✓. For any scalar loss function which operates on the solution to an
initial value problem

L(z(t1)) = L

✓Z
t1

t0

f(z(t), t; ✓)dt

◆
(5)

then Pontryagin (1962) shows that its derivative takes the form of another initial value problem

dL

d✓
= �

Z
t0

t1

✓
@L

@z(t)

◆T
@f(z(t), t; ✓)

@✓
dt. (6)

The quantity �@L/@z(t) is known as the adjoint state of the ODE. Chen et al. (2018) use a black-box
ODE solver to compute z(t1), and then another call to a solver to compute (6) with the initial value
@L/@z(t1). This approach is a continuous-time analog to the backpropgation algorithm (Rumelhart
et al., 1986; Andersson, 2013) and can be combined with gradient-based optimization methods to fit
the parameters ✓.

3 SCALABLE DENSITY EVALUATION WITH UNRESTRICTED ARCHITECTURES

Switching from discrete-time dynamics to continuous-time dynamics reduces the primary computa-
tional bottleneck of normalizing flows from O(D3) to O(D2), at the cost of introducing a numerical
ODE solver. This allows the use of more expressive architectures. For example, each layer of the
original normalizing flows model of Rezende & Mohamed (2015) is a one-layer neural network with
only a single hidden unit. In contrast, the instantaneous transformation used in planar continuous
normalizing flows (Chen et al., 2018) is a one-layer neural network with many hidden units. In this
section, we construct an unbiased estimate of the log-density with O(D) cost, allowing completely
unrestricted neural network architectures to be used.

3
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Algorithm 1 Unbiased stochastic log-density estimation using the FFJORD model
Require: dynamics f✓, start time t0, stop time t1, minibatch of samples x.

✏ sample unit variance(x.shape) . Sample ✏ outside of the integral
function faug([zt, log pt], t): . Augment f with log-density dynamics.

ft  f✓(z(t), t) . Evaluate dynamics
g  ✏T @f

@z

��
z(t)

. Compute vector-Jacobian product with automatic differentiation
eTr = matrix multiply(g, ✏) . Unbiased estimate of Tr(@f

@z ) with ✏T @f

@z ✏

return [ft,� eTr] . Concatenate dynamics of state and log-density
end function

[z,�logp] odeint(faug , [x,~0], t0, t1) . Solve the ODE, ie.
R
t1

t0
faug([z(t), log p(z(t))], t) dt

log p̂(x) log pz0(z) - �logp . Add change in log-density
return log p̂(x)

4 EXPERIMENTS Data Glow FFJORD

Figure 2: Comparison of trained FFJORD and
Glow models on 2-dimensional distributions in-
cluding multi-modal and discontinuous densities.

We demonstrate the power of FFJORD on a va-
riety of density estimation tasks as well as ap-
proximate inference within variational autoen-
coders (Kingma & Welling, 2014). Experi-
ments were conducted using a suite of GPU-
based ODE-solvers and an implementation of
the adjoint method for backpropagation 1. In
all experiments the Runge-Kutta 4(5) algorithm
with the tableau from Shampine (1986) was
used to solve the ODEs. We ensure tolerance
is set low enough so numerical error is negligi-
ble; see Appendix C.

We used Hutchinson’s trace estimator (7) dur-
ing training and the exact trace when report-
ing test results. This was done in all experi-
ments except for our density estimation models
trained on MNIST and CIFAR10 where com-
puting the exact Jacobian trace was not compu-
tationally feasible. There, we observed that the
variance of the log-likelihood over the valida-
tion set induced by the trace estimator is less
than 10�4.

The dynamics of FFJORD are defined by a neural network f which takes as input the current state
z(t) 2 RD and the current time t 2 R. We experimented with several ways to incorporate t as an
input to f , such as hyper-networks, but found that simply concatenating t on to z(t) at the input to
every layer worked well and was used in all of our experiments.

4.1 DENSITY ESTIMATION ON TOY 2D DATA

We first train on 2 dimensional data to visualize the model and the learned dynamics.2 In Figure 2,
we show that by warping a simple isotropic Gaussian, FFJORD can fit both multi-modal and even
discontinuous distributions. The number of evaluations of the ODE solver is roughly 70-100 on all
datasets, so we compare against a Glow model with 100 discrete layers.

The learned distributions of both FFJORD and Glow can be seen in Figure 2. Interestingly, we
find that Glow learns to stretch the single mode base distribution into multiple modes but has trouble
modeling the areas of low probability between disconnected regions. In contrast, FFJORD is capable

1We plan on releasing the full code, including our GPU-based implementation of ODE solvers and the
adjoint method, upon publication.

2Videos of the learned dynamics can be found at https://imgur.com/a/Rtr3Mbq.
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bution. Examples include NICE (Dinh et al., 2014), Real
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2018). These models are easy to sample from, and can be
trained by maximum likelihood using the change of vari-
ables formula. However, this requires placing awkward
restrictions on their architectures, such as partitioning di-
mensions or using rank one weight matrices, in order to
avoid an O(D3) cost determinant computation.

Recently, Chen et al. (2018) introduced a continuous-time
analog of normalizing flows, defining the mapping from
latent variables to data using ordinary differential equa-
tions (ODEs). In their model, the likelihood can be com-
puted using relatively cheap trace operations. A more
flexible, but still restricted, family of network architec-
tures can be used to avoid this O(D2) time cost.

Extending this work, we introduce an unbiased stochas-
tic estimator of the likelihood that has O(D) time cost,
allowing completely unrestricted architectures. Further-
more, we have implemented GPU-based adaptive ODE
solvers to train and evaluate these models on modern
hardware. We call our approach Free-form Jacobian of
Reversible Dynamics (FFJORD).
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Figure 2: Learning with Hamiltonians H(q, p) = K(p) + U(q). A: Learning a density with known SO(2)
symmetry. First two columns: training and test log-likelihoods of models with different constraint precision  in
the regime of infinite and finite data. Adding the symmetry constraint increases both train and test data efficiency.
In the finite data regime it prevents over-fitting. Second two columns: KDE estimators of the target and learnt
densities; learned kinetic energy K(p) and potential energy U(q). B: Multimodal density learning. First two
columns: KDE estimators of the target and learnt densities; learned kinetic energy K(p) and potential energy
U(q). Last column: single Leap-Frog step and integrated flow. The potential energy learned multiple attractors,
also clearly visible in the integrated flow plot. The basins of attraction are centred at the modes of the data.

when the Hamiltonian H(q,p) is factored as a "kinetic" K(p), and "potential" U(q) energy terms,
H(q,p)=K(p)+U(q).4

Connections to disentangling: Given a decomposition of a continuous group into a direct product of
subgroups, the actions of the generators of these subgroups can be modelled by independent generators
T ✏

w
and T ✏

g
such that {T ✏

w
,T ✏

g
}=0. By definition in [10], these will act on independent subspaces of

a disentangled q. Since equivariant flows preserve the action of the generators, they will preserve the
disentanglement of the representation.

3 Experiments

For all experiments the Hamitonian was of the form H(q,p)=K(p)+U(q). The kinetic energy term
K and the potential energy term U are soft-plus MLPs5 with layer-sizes [d,128,128,1] where d is the
dimension of the data. The encoder network was parametrized as h(p|q) =N(p;µ(q),�(q)), where
µ and � are relu MLPs with size [d,128,128,d]. The Hamiltonian flow T dt

H
, was approximated using

a Leap-Frog integrator [22] since it preserves volume and is invertible for any dt. We found that only
two Leap-Frog steps where sufficient for all our examples. Parameters were optimised using Adam
[15] (learning rate 3e-4) and Lagrange multipliers were optimised using the same method as [12].
The initial density ⇡ was chosen separately for each dataset.

Domain knowledge via generators: In this experiment, we test the main idea of this paper where
we want to learn a target density which is symmetric with respect to the SO(2) group of 2D rotations.
In Figure 2A we show the target density. The Lie-algebra of the SO(2) group has a single generator
which we express as g(q,p)=q1p2�q2p1. For this experiment, the base density is a spherical normal
⇡(s) = N(s; 0, I) since it has SO(2) symmetry. Our results demonstrate that the inclusion of the
symmetry constraint increases the data-efficiency of the model in the infinite data regime and, most
importantly, substantially reduces overfitting in the finite data-regime.

Multimodal density Learning: In this experiment we to assess the expressivity of Hamiltonian
flows. We demonstrate in Figure 2B that it can transform a soft-uniform6 ⇡(s;�,�) into a new density
with arbitrary number of modes. Furthermore, the resulting model is nicely interpretable: The learned
potential energy U(q) learned to have several local minima, one for each mode of the data. As a
consequence, the trajectory of the initial samples through the flow has attractors at the modes of the
data.

4This condition puts a constraint on the Hamiltonian to ensure that any learnt generator will induce an action on
q such that the marginal distribution is invariant under that action. Alternatively, we could have put a constraint on
the type of generators (namely only consider those g such that @

2
g

@pi@pj
=0, 8i,j) such that any learnt Hamiltonian

will do. This condition is also satisfied in our experiments.
5Due to the Poisson bracket, optimisation of Hamiltonian flows involves second-order derivatives of the MLPs

used for Hamiltonians and generators, so relu non-linearities are not suitable.
6The soft-uniform density ⇡(s;�,�)/ f(�(s+� 1

2 ))f(��(s�� 1
2 )), where f is the sigmoid function was

chosen to make it easier to visualise the learned attractors. The experiment also work if we start from other
densities such as a Normal.
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Abstract

This paper introduces equivariant hamiltonian flows, a method for learning
expressive densities that are invariant with respect to a known Lie-algebra of local
symmetry transformations while providing an equivariant representation of the
data. We provide proof of principle demonstrations of how such flows can be learnt,
as well as how the addition of symmetry invariance constraints can improve data
efficiency and generalisation. Finally, we make connections to disentangled repre-
sentation learning and show how this work relates to a recently proposed definition.

1 Introduction

Learning generative models with structured latent representations is important for interpretability, data
efficiency, and generalisation [2, 7]. One kind of structural bias that has been shown to work well in the
past is that of invariance or equivariance with respect to a group of transformations. For example, con-
volutional neural networks [20] are invariant to the group of translations by construction, while disen-
tangled representations learn equivariance to more general transformations [10]. In order to learn such
structured latent representations, however, often a trade-off has to be made in terms of latent expressiv-
ity. For example, most of the disentangling models to date use a unit Gaussian prior [9, 14, 3]. Normal-
izing flows [26, 11, 5, 18, 4, 24, 16] provide a simple mechanism to build expressive density estimators
in problems without much domain knowledge. But it remains a challenge to embed flow-based models
with domain knowledge such as data on specific manifolds [6] and known symmetries or factorisation
of the target density. In this paper we focus on problems where there is domain knowledge in the form
of known invariances of a target density which we wish to learn. This is the typical case in many mod-
elling problems, such as density over molecular structures with various rotational SO(n) symmetries,
lattice-QCD [1] with internal gauge symmetries (e.g. U(n) and SU(n)), etc. The challenge we address
is the following: suppose that we start from a base distribution ⇡(z) that is invariant with respect to a
group of transformations. If we transform this density via a generic normalizing flow f(z), there will
be no guarantees that the transformed density p(z)=⇡(f�1(z))/det|Jac| will be invariant as well.

Our main contributions are: (i) Introduce equivariant Hamiltonian flows; (ii) Propose a general
algorithm for enforcing equivariance in learned Hamiltonian flows with respect to any connected
Lie-Group; and (iii) Prove a simple lemma that allow us to construct invariant densities from
equivariant flows. The result of this are flows that transform a simple density that is invariant with
respect to the actions of a known symmetry group, into another invariant density that is arbitrarily
complex. We demonstrate that learning latent representations with the known equivariance structure
helps with data efficiency and generalisation. Finally, we connect this work to the recent definition of
disentangled representations [10].

2 Methods

We first revise the notion of Hamiltonian dynamics from physics [8]. In physics the Hamiltonian for-
malism is used to model energy conserving continuous dynamics in an abstract state space s=(q,p)
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Abstract

Flows are exact-likelihood generative neural networks that transform samples from
a simple prior distribution to the samples of the probability distribution of interest.
Boltzmann Generators (BG) combine flows and statistical mechanics to sample
equilibrium states of strongly interacting many-body systems such as proteins with
1000 atoms. In order to scale and generalize these results, it is essential that the
natural symmetries of the probability density – in physics defined by the invariances
of the energy function – are built into the flow. Here we develop theoretical tools for
constructing such equivariant flows and demonstrate that a BG that is equivariant
with respect to rotations and particle permutations can generalize to sampling
nontrivially new configurations where a nonequivariant BG cannot.

1 Introduction

Generative learning using exact-likelihood methods based on invertible transformations has had
remarkable success in domains like accurately representing images [5, 9, 8], audio [16], 3D point
cloud data [11, 12] as well as applications in physics [15, 1, 12].

Recently, Boltzmann Generators (BG) [12] have been introduced for sampling Boltzmann type distri-
butions p(x) / exp(�u(x)) of high-dimensional multi-body problems, such as valid conformations
of proteins. In contrast to typical generative learning problems, the target density p(x) is specified
by definition of the multi-body energy function u(x) and the difficulty lies is learning to sample it
efficiently. BGs do that in two steps: (1) An exact-likelihood method that generates samples from
a density qX,✓(x) that approximates the Boltzmann density p(x). (2) An algorithm to reweigh the
generated density to the target density p(x).

In [12], it has been demonstrated that such BGs can be trained to efficiently sample prototypical
many-body systems such as proteins in implicit solvent and condensed matter systems. In order
to make further progress, it is essential to develop exact-likelihood generative models that respect
the symmetries of u(x), for example invariance of the energy with respect to global rotation or
permutations of identical particles.

In this work, we derive a sufficient criterion to design symmetry invariant BGs and design a simple
instance that is symmetric with respect to translations, rotations and permutations. By comparing this
model with the non-symmetric approach based on RealNVP layers [5] as used in [12], we show that
encoding symmetries in the model is critical for generalization.
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Theorem 2. Let f be a G-equivariant dynamics function. If qZ(z) is a G-invariant prior density, z
is sampled from qZ(z) and x is obtained from z by solving (1). Then x is distributed according to a
G-invariant density.

3.3 Modeling symmetric multi-body systems with normalizing flows

In this work we concentrate on modeling the equilibrium distribution of multi-body systems of K
particles x = (x1, . . . , xK) 2 RK⇥D (D = 2, 3), interacting with each other via a potential energy
function u(x1, . . . , xK). The equilibrium distribution of such a system is given by a Boltzmann-type
distribution p(x) / exp (�u(x)) with an a priori defined energy u(x). u(x) is typically invariant
with respect to certain transformations, here we assume the invariances of a molecule described by
quantum mechanics without external field:

1. Permutation invariance: Swapping the labels of any two interchangeable particles
(x1, . . . , xK) ! (x�(1), . . . , x�(K)).

2. Rotation invariance: Any 2D/3D rotation of the system Rx = (Rx1, . . . , RxK).
3. Translation invariance: Any 2D/3D translation x+ v = (x1 + v, . . . , xK + v).

A natural prior distribution qZ(z) being invariant to all these symmetries and thus satisfying the
conditions of thm. 1 can be obtained by sampling z0 = (z01, . . . , z

0
N ) ⇠ N (0, ID⇥D) i.i.d. and

subtract its center of mass µ(x) :=
PK

i=1 xi yielding z = z0 � µ(z0). For a mean-free configuration
z, we can evaluate its likelihood by log qZ(z) = �1/2

PK
i kzik2 + const., which is invariant with

respect to the symmetries 1.-3. above.

3.4 Equivariant flows for multi-body systems

We give a simple example of an equivariant flow which obeys the symmetries 1.-3. above. For this,
we employ thms. 1 & 2 to design equivariant dynamics functions with tractable exact traces.

Each particle is updated using a vector field in radial direction

@xi(t)

@t
= g✓(x(t), t)i :=

KX

j=1

 ✓ (kxi � xjk2) (xi � xj) (3)

where  ✓ : R�0 ! R can be an arbitrary scalar function. These dynamics correspond to particle
updates due to a conservative force generated by a potential that depends on particle distances. The
divergence is then given by

div g✓(x(t), t) =
KX

i=1

KX

j=1

@ ✓(kxi � xjk2)
@kxi � xjk2

kxi � xjk2 +D
KX

i=1

KX

j=1

 ✓(kxi � xjk2), (4)

which can be computed exactly in an efficient way using one backpropagation pass through the graph.

It is simple to see that this vector field is equivariant with respect to symmetries 1.-3.. Further this
field does not alter the center of mass of a particle system, thus integrating mean-free states along it
will always result in mean-free states.

4 Experiments

Using a simple 2D toy system, we show empirically, that a Boltzmann Generator using an equivariant
flow encoding the symmetries of the system’s energy function explicitly as given in the last section
(eqBG) can generalize beyond the training data whereas a non-equivariant approach (furthermore
abbreviated as nBG) based on RealNVP transformations cannot.

Our system (N = 4, D = 2) is given by the pairwise potential

u(x) =
NX

i=1,j=1,j 6=i

�4 (kxi � xjk2 � 4)2 + 0.9 (kxi � xjk2 � 4)4,

3



Q U A N T U M  F L O W S

•Can we use the idea for flows directly on an orthonormal 
basis of complex quantum wave functions? 

• instead of p(z) → p(x) can we do φi(z) → ψi(x) ? 

• yes! 

•1) Start with: 

•2) Change variables: 

•3) Profit:
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complex! 
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orthonormal!

1.3 Orthonormal basis of quantum flows

If we wish to build a flexibly orthonormal basis of wave functions ψi(x), we can extend the pre-
vious result. We begin with a fixed orthonormal basis φi(z), where the orthogonality condition
is:

∫
dz φi(z)φ∗

j (z) = δij (7)

If we change variables from z to x = f−1(z) we have:
∫

dz φi(z)φ∗
j (z) =

∫
dx

∣∣∣∣det
∂ f
∂x

∣∣∣∣φi( f (x))φ∗
j ( f (x)) = δij (8)

Thus, by using a common flow f :X → Z, the orthogonality is maintained

ψi(x) = φi( f (x))
∣∣∣∣det

∂ f
∂x

∣∣∣∣

1
2

(9)

1.4 Adding phase degrees of freedom

The orthonomral basis can be extended by multiplying by a common phase

ψi(x) = φi( f (x))
∣∣∣∣det

∂ f
∂x

∣∣∣∣

1
2

eiη(x) (10)

for an arbitrary ηθ :X → R.

1.5 Comparison to an alternative approach

An alternative approach would be to build the family as

ψ(x) =
√

pX(x)eiη(x) (11)

where the density pX(x) may itself be defined by a flow. Note, in "Neural Network Quantum
State Tomography" pX(x) and η(x) were modeled with an RBM as x was discrete. This approach is
expressive for a single wave function, but imposing the ornogonality condition on multiple wave
functions is challenging.
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FIG. 1. Comparison of estimates of several of the lowest energy eigenstates of the anharmonic oscillator problem estimated
using di↵erent methods. The results for ‘QML (Hermite + flow)’ (dotted blue lines) are only included in the first 3 eigenstates.
The eigenstate number is indicated in the top left of each inset, and we provide a larger format of the n = 8 eigenstate to reveal
the small di↵erences between QML (Hermite + superposition + flow) and the QVI approach.

FIG. 2. The magnitude of the expansion coe�cients ãj,n of
the putative eigenstates expanded in terms of the Hermite
functions before (left) and after (right) implementing quan-
tum flows.

ing precision of 10�5, both in terms of eigenvalues and
eigenstates. The QML method with quantum flows ap-
plied to the Hermite polynomials for the corresponding
energy eigenstate of the simple harmonic oscillator per-
forms the worst. This is expected due the limitations
associated to flows that we discussed in Sec. IIID. On
the other hand, once we allow for superpositions of the
quantum flows we see a dramatic improvement in the
accuracy of the variational family. This improvement is
noticeable as early as the first excited state where we can
see wobbles in the tails of the mixed Hermite results.

Augmenting the expressivity of the parametrized fam-
ily with flows can dramatically increase the accuracy of
the eigenvalue estimation, especially for the higher ex-
cited states. Fig. 2 shows the magnitude of the expansion
coe�cients ãj,n with and without quantum flows. We can
see that using quantum flows, results in a more e�cient
approximation of the eigenstates. Instead of modeling
the perturbations of the anharmonic potential as a com-
plicated superposition of eigenstates for the simple har-
monic oscillator, the quantum flows are able to perturb
the basis states themselves. This is manifest with the

ãj,n for the right plot being more closely to be propor-
tional to the diagonal �j,n. This illustrates how quantum
flows applied to a basis known to be relevant to the sys-
tem provide an opportunity to inject expert knowledge
while maintaining expressivity in the variational family.
The relative error between the estimated eigenvalues and
eigenvectors of the QML and QVI methods is given in
Fig. 3.

A. Comparison to traditional lattice approach

Numerical lattice techniques [15] (see also [24] for a
very pedagogic introduction) can also be used to approx-
imate the energy levels of the Hamiltonian in Eq. 3.
The starting point is the evaluation of the ⌧ depen-

dence of the correlation function of judiciously chosen
operators O

C(⌧ ;T ) ⌘ hO(0)O(⌧)i⇢T (35)

where 0  ⌧  � ⌘ 1/T . These correlation functions play
the role of summary statistics and the choice of operators
is analogous to feature engineering in machine learning
applications.
Lattice technique use the fact that Eq. 35 can be writ-

ten in two di↵erent ways. The first one is in terms of the
Gibbs ensemble density matrix ⇢T as

C(⌧ ;T ) = Tr [⇢T O(0)O(⌧)]. (36)

By expanding ⇢T on an energy basis and using time evo-
lution to write O(⌧) = eĤ⌧Oe�Ĥ⌧ , O ⌘ O(0), the trace
in Eq. 36 can be rewritten as

C(⌧ ;T ) = Z�1
X

n

e�En�
X

m

e�(Em�En)⌧ |hn|O|mi|2,

(37)



Correlation ≠ Causation
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Level Typical Typical Questions Examples
(Symbol) Activity
1. Association
P(� |x)

Seeing What is?
How would seeing X
change my belief inY?

What does a symptom tell me about
a disease?
What does a survey tell us about the
election results?

2. Intervention
P(� |do(x), z)

Doing
Intervening

What if?
What if I do X?

What if I take aspirin, will my
headache be cured?
What if we ban cigarettes?

3. Counterfactuals
P(�x |x 0,�0)

Imagining,
Retrospection

Why?
Was it X that caused Y?
What if I had acted
di�erently?

Was it the aspirin that stopped my
headache?
Would Kennedy be alive had Os-
wald not shot him?
What if I had not been smoking the
past 2 years?

Fig. 1. The Causal Hierarchy. �estions at level i can only be answered if information from level i or higher is available.

price? can be answered by asking the counterfactual question: What
would happen had the price been twice its current value? Likewise,
associational questions can be answered once we can answer in-
terventional questions; we simply ignore the action part and let
observations take over. The translation does not work in the oppo-
site direction. Interventional questions cannot be answered from
purely observational information (i.e., from statistical data alone).
No counterfactual question involving retrospection can be answered
from purely interventional information, such as that acquired from
controlled experiments; we cannot re-run an experiment on subjects
who were treated with a drug and see how they behave had they
not been given the drug. The hierarchy is therefore directional, with
the top level being the most powerful one.
Counterfactuals are the building blocks of scienti�c thinking as

well as legal and moral reasoning. In civil court, for example, the
defendant is considered to be the culprit of an injury if, but for
the defendant’s action, it is more likely than not that the injury
would not have occurred. The computational meaning of but for
calls for comparing the real world to an alternative world in which
the defendant action did not take place.
Each layer in the hierarchy has a syntactic signature that char-

acterizes the sentences admitted into that layer. For example, the
association layer is characterized by conditional probability sen-
tences, e.g., P(� |x) = p stating that: the probability of event Y = �
given that we observed event X = x is equal to p. In large sys-
tems, such evidential sentences can be computed e�ciently using
Bayesian Networks, or any number of machine learning techniques.

At the interventional layerwe �nd sentences of the type P(� |do(x),
z), which denotes “The probability of event Y = � given that we
intervene and set the value ofX to x and subsequently observe event
Z = z. Such expressions can be estimated experimentally from ran-
domized trials or analytically using Causal BayesianNetworks [Pearl
2000, Chapter 3]. A child learns the e�ects of interventions through
playful manipulation of the environment (usually in a deterministic
playground), and AI planners obtain interventional knowledge by

exercising their designated sets of actions. Interventional expres-
sions cannot be inferred from passive observations alone, regardless
of how big the data.
Finally, at the counterfactual level, we have expressions of the

type P(�x |x 0,�0) which stand for “The probability that event Y = �
would be observed had X been x , given that we actually observed X
to be x 0 and Y to be �0. For example, the probability that Joe’s salary
would be � had he �nished college, given that his actual salary is �0
and that he had only two years of college.” Such sentences can be
computed only when we possess functional or Structural Equation
models, or properties of such models [Pearl 2000, Chapter 7].
This hierarchy, and the formal restrictions it entails, explains

why machine learning systems, based only on associations, are
prevented from reasoning about actions, experiments and causal
explanations.2

THE SEVEN TOOLS OF CAUSAL INFERENCE (OR WHAT
YOU CAN DOWITH A CAUSAL MODEL THAT YOU
COULD NOT DO WITHOUT?)
Consider the following �ve questions:

• How e�ective is a given treatment in preventing a disease?
• Was it the new tax break that caused our sales to go up?
• What is the annual health-care costs attributed to obesity?
• Can hiring records prove an employer guilty of sex discrimi-
nation?

• I am about to quit my job, but should I?
The common feature of these questions is that they are concerned

with cause-and-e�ect relationships. We can recognize them through
words such as “preventing,” “cause,” “attributed to,” “discrimination,”
and “should I.” Such words are common in everyday language, and

2Some readers have pointed out to me that the limitation of level-1 of the hierarchy
can perhaps be alleviated by current deep learning techniques, which try to minimize
“over �t.” in contrast to classical statistical techniques which try to maximize “�t.”
Unfortunately, the theoretical barriers that separate the three layers in the hierarchy
tell us that the nature of our objective function does not matter. As long as our system
optimizes some property of the observed data, however noble or sophisticated, while
making no reference to the world outside the data, we are back to level-1 of the hierarchy
with all the limitations that this level entails.
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These impediments have changed 
dramatically in the past three de-
cades; for example, a mathemati-
cal language has been developed for 
managing causes and effects, ac-
companied by a set of tools that turn 
causal analysis into a mathematical 
game, like solving algebraic equa-
tions or finding proofs in high-school 
geometry. These tools permit scien-
tists to express causal questions for-
mally, codify their existing knowledge 
in both diagrammatic and algebraic 
forms, and then leverage data to esti-
mate the answers. Moreover, the the-
ory warns them when the state of ex-
isting knowledge or the available data 
is insufficient to answer their ques-
tions and then suggests additional 
sources of knowledge or data to make 
the questions answerable. 

The development of the tools has 
had a transformative impact on all da-
ta-intensive sciences, especially social 
science and epidemiology, in which 
causal diagrams have become a second 
language.14,34 In these disciplines, caus-
al diagrams have helped scientists ex-
tract causal relations from associations 
and deconstruct paradoxes that have 
baffled researchers for decades.23,25 

I call the mathematical framework 
that led to this transformation “struc-
tural causal models” (SCM), which con-
sists of three parts: graphical models, 
structural equations, and counterfac-
tual and interventional logic. Graphi-
cal models serve as a language for 
representing what agents know about 
the world. Counterfactuals help them 
articulate what they wish to know. And 
structural equations serve to tie the two 
together in a solid semantics. 

Figure 2 illustrates the operation 
of SCM in the form of an inference 
engine. The engine accepts three in-
puts—Assumptions, Queries, and 
Data—and produces three outputs—
Estimand, Estimate, and Fit indices. 

Questions Answered  
with a Causal Model 
Consider the following five questions: 

 ! How effective is a given treatment 
in preventing a disease?; 

 ! Was it the new tax break that 
caused our sales to go up?; 

 ! What annual health-care costs are 
attributed to obesity?; 

 ! Can hiring records prove an em-
ployer guilty of sex discrimination?; 
and 

 ! I am about to quit my job, but 
should I? 

The common feature of these ques-
tions concerns cause-and-effect rela-
tionships. We recognize them through 
such words as “preventing,” “cause,” 
“attributed to,” “discrimination,” and 
“should I.” Such words are common 

in everyday language, and modern so-
ciety constantly demands answers to 
such questions. Yet, until very recently, 
science gave us no means even to ar-
ticulate them, let alone answer them. 
Unlike the rules of geometry, mechan-
ics, optics, or probabilities, the rules of 
cause and effect have been denied the 
benefits of mathematical analysis. 

To appreciate the extent of this de-
nial readers would likely be stunned 
to learn that only a few decades ago 
scientists were unable to write down 
a mathematical equation for the ob-
vious fact that “Mud does not cause 
rain.” Even today, only the top echelon 
of the scientific community can write 
such an equation and formally distin-
guish “mud causes rain” from “rain 
causes mud.” 

Figure 1. The causal hierarchy. Questions at level 1 can be answered only if information 
from level i or higher is available. 

Level (Symbol) Typical Activity Typical Questions Examples

1.  Association  
P(y|x)

Seeing What is? How would 
seeing X change my 
belief inY?

What does a symptom 
tell me about a disease? 
What does a survey tell 
us about the election 
results?

2.  Intervention  
P(y|do(x), z)

Doing,
Intervening

What if? What if I do X? What if I take aspirin, 
will my headache be 
cured? What if we ban 
cigarettes?

3.  Counterfactuals 
P(yx|x′, y′)

Imagining, 
Retrospection

Why? Was it X that 
caused Y? What if I had 
acted differently?

Was it the aspirin that 
stopped my headache? 
Would Kennedy be alive 
had Oswald not shot 
him? What if I had not 
been smoking the past 
two years?

Figure 2. How the SCM “inference engine” combines data with a causal model (or assump-
tions) to produce answers to queries of interest. 

ES

F

E!S

Assumptions
(Graphical model)

Data Fit Indices

Estimate
(Answer to query)

Query
answering the query)

(Recipe for
Estimand

Inputs Outputs

 
Figure 3. Graphical model depicting 
causal assumptions about three variables; 
the task is to estimate the causal effect 
of X on Y from non-experimental data on 
{X, Y, Z}. 

X Y

Z
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Inductive Bias 

Compositionality 

Symmetry 

Causality



Richly structured models of objects and their relations are a powerful tool for 
reasoning about, and interacting with, the world.


• Objects and relations reflect decisions made by evolution, experience, and task demands 
about how to represent the world in an efficient and useful way


• Intelligence is about model-building, beyond just recognizing patterns (Tenenbaum)


• Combinatorial generalization via abstraction and compositionality ("infinite use of finite means”)

The message from human cognition:

Peter Battaglia



Insight of data generating process informs inductive bias on architecture
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Nodes: bodies

Edges: gravitational forces

Nodes: balls

Edges: rigid collisions between 
            balls, and walls

Nodes: masses

Edges: springs and rigid 

            collisions

Physical systems as graphs

Battaglia et al., 2016, NeurIPS
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•We incorporated two physically 
informed inductive biases 

• ODE integrators  

• Hamiltonian mechanics 

•into graph networks for learning 
simulation, and found they could 
improve performance, energy, and 
zero-shot time-step generalization. 
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),

Preprint. Under review.

Integrator
<latexit sha1_base64="tcBmATtGTuWdWxK1t1aUlGR5ygM=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVZIq6LLoRncV7APaUCbTSTt0MhNmboQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBDFnGlz32yqtrW9sbpW3Kzu7e/sH9uFRR8tEEdomkkvVC7CmnAnaBgac9mJFcRRw2g2mN7nffaRKMykeII2pH+GxYCEjGIw0tKuDCMNERdmdADpWGKSaDe2aW3fncFaJV5AaKtAa2l+DkSRJRAUQjrXue24MfoYVMMLprDJINI0xmeIx7RsqcES1n83Dz5xTo4ycUCrzBDhz9fdGhiOt0ygwk3lUvezl4n9eP4Hwys+YiBOggiwOhQl3QDp5E86IKUqAp4ZgopjJ6pAJVpiA6atiSvCWv7xKOo26d15v3F/UmtdFHWV0jE7QGfLQJWqiW9RCbURQip7RK3qznqwX6936WIyWrGKniv7A+vwBpEKVaQ==</latexit>

DeltaGN

GNV
<latexit sha1_base64="k0RMWANbUAilHNLtDMWGczJRz5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQldSwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6CbzW2OqNIvko5nE1Bd4IFnICDZW8rsCm6ES6e39tNfslcpuxZ0BLRMvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOi91E0xiTER7QjqUSC6r9dBZ6ik6t0kdhpOyTBs3U3xspFlpPRGAns5B60cvE/7xOYsIrP2UyTgyVZH4oTDgyEcoaQH2mKDF8YgkmitmsiAyxwsTYnoq2BG/xy8ukWa1455Xqw0W5dp3XUYBjOIEz8OASanAHdWgAgSd4hld4c8bOi/PufMxHV5x85wj+wPn8AdwNkic=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

(�q,�p)n
<latexit sha1_base64="ozUuZK2/Z71Fn+K9ydhiOe85b5g=">AAACEXicbVDLSsNAFL2pr1pfVZduBotQQUpSBV0WdeGygn1AE8pkOmmHTh7OTIQS8gtu/BU3LhRx686df+OkzUJbDwwczjmXufe4EWdSmea3UVhaXlldK66XNja3tnfKu3ttGcaC0BYJeSi6LpaUs4C2FFOcdiNBse9y2nHHV5nfeaBCsjC4U5OIOj4eBsxjBCst9cvVqn1NucLI9rEauV5yn56gOSlKj/s6WjFr5hRokVg5qUCOZr/8ZQ9CEvs0UIRjKXuWGSknwUIxwmlasmNJI0zGeEh7mgbYp9JJphel6EgrA+SFQr9Aoan6eyLBvpQT39XJbEk572Xif14vVt6Fk7AgihUNyOwjL+ZIhSirBw2YoETxiSaYCKZ3RWSEBSZKl1jSJVjzJy+Sdr1mndbqt2eVxmVeRxEO4BCqYME5NOAGmtACAo/wDK/wZjwZL8a78TGLFox8Zh/+wPj8AZdonOI=</latexit>

(q,p)n
<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Data
(q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

Physics
<latexit sha1_base64="Cd3MzIu//1eDOhxWmi8S256786g=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJ0zY0yQxJpjAM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OGHOmjed9O6WNza3tnfJuZW//4PDIPT5p6yhRhLZIxCPVDbGmnEnaMsxw2o0VxSLktBNO73O/M6NKs0g+mTSmgcBjyUaMYGOlgev2BTYTJbLmJNWM6PnArXo1bwG0TvyCVKFAc+B+9YcRSQSVhnCsdc/3YhNkWBlGOJ1X+ommMSZTPKY9SyUWVAfZIvkcXVhliEaRsk8atFB/b2RYaJ2K0E7mOfWql4v/eb3EjG6DjMk4MVSS5aFRwpGJUF4DGjJFieGpJZgoZrMiMsEKE2PLqtgS/NUvr5N2veZf1eqP19XGXVFHGc7gHC7BhxtowAM0oQUEZvAMr/DmZM6L8+58LEdLTrFzCn/gfP4AQPmUDw==</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit> (q,p)n

<latexit sha1_base64="mDYHmaB6e5AN+8rx0z7qL5H7VKM=">AAACBXicbZDLSsNAFIZP6q3WW9WlLgaLUEFKUgVdFt24rGAv0IYwmU7aoZNJnJkIJWTjxldx40IRt76DO9/G6UXQ6g8DH/85hznn92POlLbtTyu3sLi0vJJfLaytb2xuFbd3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5fjeuuOSsUicaNHMXVD3BcsYARrY3nF/XI3xHrgB+ltdoy+Oc6OvFRkXrFkV+yJ0F9wZlCCmepe8aPbi0gSUqEJx0p1HDvWboqlZoTTrNBNFI0xGeI+7RgUOKTKTSdXZOjQOD0URNI8odHE/TmR4lCpUeibzvGaar42Nv+rdRIdnLspE3GiqSDTj4KEIx2hcSSoxyQlmo8MYCKZ2RWRAZaYaBNcwYTgzJ/8F5rVinNSqV6flmoXszjysAcHUAYHzqAGV1CHBhC4h0d4hhfrwXqyXq23aWvOms3swi9Z71+BuZiW</latexit>

(q,p)n+1
<latexit sha1_base64="RTzp82fEe5JSoeF6QSIly+g+GNk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJSSVEGXRTcuK9gLtCFMppN26GQSZyZCCdm58VXcuFDEra/gzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiDgBGnDqU4yUtlxzv9ILkBp6fnKXnsAfjtIjN+HHduqaZatqTQTnwc6hDHI1XPOz1w9xHBCuMENSdm0rUk6ChKKYkbTUiyWJEB6hAelq5Cgg0kkmd6TwUDt96IdCP67gxP09kaBAynHg6c5sUTlby8z/at1Y+RdOQnkUK8Lx9CM/ZlCFMAsF9qkgWLGxBoQF1btCPEQCYaWjK+kQ7NmT56FVq9qn1drNWbl+mcdRBHvgAFSADc5BHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T1oKRz+yCPzI+vgFs15kG</latexit>

�t
<latexit sha1_base64="6YoFy1pkwQYqujyqmRUE2w/KnSk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk2a14p1XqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGQw4+o</latexit>

OGN / HOGN

fq̇,ṗ
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<latexit sha1_base64="C9Oln2KAP1rvyuPHzRO4CpxTw18=">AAACD3icbVDLSsNAFL2pr1pfUZduBotSQUpSBV0W3bisYB/QhjKZTtqhk4czE6GE/IEbf8WNC0XcunXn3zhps7DVAwOHc+69c+9xI86ksqxvo7C0vLK6VlwvbWxube+Yu3stGcaC0CYJeSg6LpaUs4A2FVOcdiJBse9y2nbH15nffqBCsjC4U5OIOj4eBsxjBCst9c3jSm8QqqTnYzVyveQ+TU/RnBKl6Umf9c2yVbWmQH+JnZMy5Gj0zS89hcQ+DRThWMqubUXKSbBQjHCalnqxpBEmYzykXU0D7FPpJNN7UnSklQHyQqFfoNBU/d2RYF/Kie/qymxLuehl4n9eN1bepZOwIIoVDcjsIy/mSIUoCwcNmKBE8YkmmAimd0VkhAUmSkdY0iHYiyf/Ja1a1T6r1m7Py/WrPI4iHMAhVMCGC6jDDTSgCQQe4Rle4c14Ml6Md+NjVlow8p59mIPx+QPjSp0z</latexit>

(q̇, ṗ)i
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informed inductive biases 

• ODE integrators  

• Hamiltonian mechanics 

•into graph networks for learning 
simulation, and found they could 
improve performance, energy, and 
zero-shot time-step generalization. 
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Abstract

We introduce an approach for imposing physically informed inductive biases in
learned simulation models. We combine graph networks with a differentiable
ordinary differential equation integrator as a mechanism for predicting future
states, and a Hamiltonian as an internal representation. We find that our approach
outperforms baselines without these biases in terms of predictive accuracy, energy
accuracy, and zero-shot generalization to time-step sizes and integrator orders
not experienced during training. This advances the state-of-the-art of learned
simulation, and in principle is applicable beyond physical domains.

1 Introduction

Learning to simulate complex physical processes has been shown to benefit from rich inductive
biases about the structure of the system’s state, such as modeling particles and their interactions via
nodes and edges in a graph [1–5], and optimizing internal representations to predict known physical
quantities [6]. Here we explore another class of physically informed inductive biases: that a system’s
dynamics can be modeled as an ordinary differential equation (ODE) and formulated as Hamiltonian
mechanics. These have recently been studied individually by Chen et al. [7], Rubanova et al. [8]
(ODE bias), and Greydanus et al. [9] (Hamiltonian bias), but here we incorporate both into graph
network-based neural architectures [10, 1, 3] for learning simulation.

Our experiments show that our trained models have greater predictive accuracy than baselines, as
well as better energy conservation (via the Hamiltonian inductive bias) and stronger generalization
to novel time-steps and integrator orders (via the ODE integrator inductive bias). These inductive
biases also carry trade-offs: with lower order integrators and coarse time-steps, both our learned
Hamiltonian model as well as a model which uses the true Hamiltonian derived from physics struggle,
because the Hamiltonian puts hard constraints on how the higher order structure of the dynamics must
be modeled, whereas the less constrained models can learn ways of approximating such structure.

2 Background

Graph networks We represent a particle system as a graph whose nodes correspond to particles,
and with edges connecting all nodes to each other. All of our models use a graph network (GN) [10],
which operates on graphs G = (u, V, E) with global features, u, and variable numbers of nodes,
V , and edges, E. Here we focus on GNs which can compute per-node outputs, V 0 = GNV (G),
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FIG. 3. Jet classification performance for various input rep-
resentations of the RNN classifier, using kt topologies for the
embedding. The plot shows that there is significant improve-
ment from removing the image processing step and that sig-
nificant gains can be made with more accurate measurements
of the 4-momenta.

FIG. 4. Jet classification performance of the RNN classifier
based on various network topologies for the embedding (par-
ticles scenario). This plot shows that topology is significant,
as supported by the fact that results for kt, C/A and desc-pT
topologies improve over results for anti-kt, asc-pT and random
binary trees. Best results are achieved for C/A and desc-pT
topologies, depending on the metric considered.

further supported by the poor performance of the random
binary tree topology. We expected however that a simple
sequence (represented as a degenerate binary tree) based
on ascending and descending pT ordering would not per-
form particularly well, particularly since the topology
does not use any angular information. Surprisingly, the
simple descending pT ordering slightly outperforms the
RNNs based on kt and C/A topologies. The descending
pT network has the highest pT 4-momenta near the root
of the tree, which we expect to be the most important.
We suspect this is the reason that the descending pT out-
performs the ascending pT ordering on particles, but this
is not supported by the performance on towers. A similar
observation was already made in the context of natural
languages [24–26], where tree-based models have at best
only slightly outperformed simpler sequence-based net-
works. While recursive networks appear as a principled
choice, it is conjectured that recurrent networks may in
fact be able to discover and implicitly use recursive com-
positional structure by themselves, without supervision.
d. Gating The last factor that we varied was

whether or not to incorporate gating in the RNN. Adding
gating increases the number of parameters to 48,761, but
this is still about 20 times smaller than the number of
parameters in the MaxOut architectures used in previ-
ous jet image studies. Table I shows the performance of
the various RNN topologies with gating. While results
improve significantly with gating, most notably in terms
of R✏=50%, the trends in terms of topologies remain un-
changed.
e. Other variants Finally, we also considered a num-

ber of other variants. For example, we jointly trained
a classifier with the concatenated embeddings obtained
over kt and anti-kt topologies, but saw no significant
performance gain. We also tested the performance of
recursive activations transferred across topologies. For
instance, we used the recursive activation learned with
a kt topology when applied to an anti-kt topology and
observed a significant loss in performance. We also con-
sidered particle and tower level inputs with an additional
trimming preprocessing step, which was used for the jet
image studies, but we saw a significant loss in perfor-
mance. While the trimming degraded classification per-
formance, we did not evaluate the robustness to pileup
that motivates trimming and other jet grooming proce-
dures.

B. Infrared and Collinear Safety Studies

In proposing variables to characterize substructure,
physicists have been equally concerned with classification
performance and the ability to ensure various theoretical
properties of those variables. In particular, initial work
on jet algorithms focused on the Infrared-Collinear (IRC)
safe conditions:

• Infrared safety. The model is robust to augmenting
e with additional particles {vN+1, . . . ,vN+K} with

Q C D - I N S P I R E D  R E C U R S I V E  N E U R A L  N E T W O R K S
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towers 

particles

images

• Generative process is a tree-like, 
~stationary Markov Process 

• Physics algorithms exist to 
estimate the tree 

• Tree-RNN needs much less data 
to train!

Louppe, Cho, Becot, KC [arXiv:1702.00748]

Insight of data generating process informs inductive bias on architecture
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SciPost Physics Submission

AUC Acc 1/✏B (✏S = 0.3) #Param
single mean median

CNN [16] 0.981 0.930 914±14 995±15 966±18 610k
ResNeXt [30] 0.984 0.936 1122±47 1246±28 1286±31 1.46M

TopoDNN [18] 0.972 0.916 295±5 378± 5 391 ± 8 59k
Multi-body N -subjettiness 6 [24] 0.979 0.922 792±18 802±12 783±13 57k
Multi-body N -subjettiness 8 [24] 0.981 0.929 867±15 926±20 886±18 58k
TreeNiN [43] 0.982 0.933 1025±11 1209±23 1167±24 34k
P-CNN 0.980 0.930 732±24 838±13 841±14 348k
ParticleNet [47] 0.985 0.938 1298±46 1383±45 1374±41 498k

LBN [19] 0.981 0.931 836±17 852±67 971±20 705k
LoLa [22] 0.980 0.929 722±17 768±11 751±11 127k
Energy Flow Polynomials [21] 0.980 0.932 384 1k
Energy Flow Network [23] 0.979 0.927 633±31 734±13 729±11 82k
Particle Flow Network [23] 0.982 0.932 891±18 1005±21 1005±29 82k

GoaT 0.985 0.939 1368±140 1549±208 35k

Table 1: Single-number performance metrics for all algorithms evaluated on the test sam-
ple. We quote the area under the ROC curve (AUC), the accuracy, and the background
rejection at a signal e�ciency of 30%. For the background rejection we also show the
mean and median from an ensemble tagger setup. The number of trainable parameters of
the model is given as well. Performance metrics for the GoaT meta-tagger are based on a
subset of events.

els for each tagger and define 84 ensemble taggers by combining six of them. This set
allows us to evaluate the spread of di↵erent ensemble taggers. For each subset, we obtain
the mean-of-ensemble and median-of-ensemble tagger results. This approach leads to a
5 ... 15% improvement in performance compared to the single-model, depending on the
algorithm. For the uncertainty estimate of the background rejection we remove the out-
liers. In Fig. (1) we see that for the background rejection there exists a sizeable variation
from around 1/600 to better than 1/1000. Again, the ParticleNet, ResNeXt50, TreeNiN,
and PFN approaches lead to the best results, corresponding to an improvement of the
signal-to-background ratio by a factor ✏S/✏B > 300, and vastly exceeding the current top
tagging performance in ATLAS and CMS.

Altogether, in Fig. 5 and Tab. 1 we see that some of the physics-motivated setups
remain competitive with the technically much more advanced ResNeXt50 and ParticleNet
networks. This suggests that even for a straightforward task like top tagging in fat jets
we can develop competitive and e�cient physics-specific tools. While their performance
does not quite match the state of the art standard networks, it is close enough to test
both approaches on key requirements in particle physics, like treatment of uncertainties,
stability with respect to detector e↵ects, etc.

The obvious question in any deep-learning analysis is if the tagger captures all relevant
information. At this point we have checked that including full or partial information on
the event-level kinematics of the fat jets in the event sample has no visible impact on
our quoted performance metrics. We can then test how correlated the classifier output
of the di↵erent taggers are. We show the pair-wise correlations for a subset of classifier
outputs in Fig. 6, with the correlation matrix given in Tab. 2. As expected from strong
classifier performances, most jets are clustered in the bottom left and top right corners,
corresponding to identification as background and signal, respectively. The largest spread

14
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PD2i({p1 . . . pn}) = Pt=1 · · · Pt=nt = 5
U2M/V

Figure 2: With any fixed clustering algorithm, the probability distribution over final-state

momenta can be decomposed into a product of distributions. Each factor in the product

corresponds to a di↵erent step in the clustering tree. Subsequent probabilities are conditioned

on the outcomes from previous steps, so this decomposition entails no loss of generality.

We will now formalize this discussion into explicit equations. For the rest of this section

we assume that the clustering tree is determined by a fixed jet algorithm (e.g. any of the

generalized kt algorithms [58, 59]). The particular algorithm chosen is theoretically inconse-

quential to the model, as the same probability distribution over final states will be learned

for any choice. Practically speaking, however, certain algorithms may have advantages over

others. We will discuss the choice of clustering algorithm further in Secs. 5.2 and 5.3.

The application of a clustering algorithm on the jet constituents p1, . . . , pn defines a

sequence of “intermediate states” k(t)
1

, . . . , k(t)
t . Here the superscript t = 1, . . . , n labels the

intermediate state after the (t � 1)th branching in the tree (where counting starts at 1) and

the subscript i = 1, . . . , n enumerates momenta in that state. To be explicit,

• the “initial state” consists of a single momentum: k(1)

1
= p1 + · · · + pn;

• at subsequent steps {k(t)
1

, . . . , k(t)
t } is gotten from {k(t�1)

1
, . . . , k(t�1)

t�1
} by a single momentum-

conserving 1 ! 2 branching;

• after the final branching, the state is the physical jet: {k(n)

1
, . . . , k(n)

n } = {p1, . . . , pn}.

In this notation, the probability of the jet (as shown in Fig. 2) can be written as

Pjet({p1, . . . pn}) =

"
n�1Y

t=1

Pt
�
k(t+1)

1
, . . . , k(t+1)

t+1

��k(t)
1

, . . . , k(t)
t

�
#

(2.2)

⇥ Pn
�
end

��k(n)

1
, . . . , k(n)

n

�
.

Eq. (2.2) allows for a natural, sequential description of the jet. However, it obscures

the factorization of QCD which predicts an approximately self-similar splitting evolution.

Thus we decompose the model further, so that each Pt in Eq. (2.2) is described by a 1 ! 2

branching function that only indirectly receives information about the rest of the jet. The

latter is achieved via an unobserved representation vector h(t) of the global state of the jet at

step t. To be explicit, let k(t)
m ! k(t+1)

d1
k(t+1)

d2
denote the branching of a mother into daughters

that achieves the transition from k(t)
1

, . . . , k(t)
t to k(t+1)

1
, . . . , k(t+1)

t+1
in the clustering tree. Then

– 8 –

Andreassen, Feige, Frye, Schwartz  arXiv:1804.09720

JUNIPR is a causal, generative model for jets. 
Can train on real data!Introduction Jet Physics Previous work Proposed model Experiments Conclusions
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Figure 10: Branching function modelled by a deep undirected energy model over continuous

variables z, ✓, �, � that parameterize the branching. Shown is the marginalized distribution

over z, averaged over all t steps. Comparison is made between actual outcomes in the vali-

dation set of Pythia jets and Junipr’s probabilistic predictions for these jets.

any reasonable importance distribution q. Indeed, we found that a uniform distribution over

the transformed coordinates of Eq. (3.2) is a fine choice for q.

In Fig. 10 we show results for Junipr trained with the continuous branching function as

described above. In this case, we can use arbitrarily high-resolution binning, as Junipr has

learned a fully continuous probability density. Fig. 10 can be roughly compared to Fig. 9,

where we were required to use 10 bins for each dimension of x.

To close this section, we note that in most cases, we expect the discretized branching

function with 10 bins per dimension of x to be su�cient, especially if one performs a linear

interpolation on the output cells. This simple case is certainly faster to train and does not

require the technique described here to avoid biased gradient estimates.

4 Applications and Results

With Junipr trained and validated, we turn to some of the most interesting results it enables.

Given a jet, Junipr can compute the probability density associated with the momenta inside

the jet, conditioned on the criteria used to select the training data. To visualize this, we show

a C/A-clustered Pythia jet in Fig. 11 with the Junipr-computed probability associated

with each branching written near that node in the tree. Note that these are small discretized

probabilities due to the discretized implementation of Junipr’s branching function described

in Sec. 2. This is shown primarily to conceptualize the model, which is constructed to be quite

interpretable as it is broken down to compute the probability of each step in the clustering

history of a jet.

A direct and powerful application of the Junipr framework, enabled by having access to

separate probabilistic models of di↵erent data sources, is in discrimination based on likelihood

– 20 –

… and it is interpretable

tractable likelihood



C O M P O S I T I O N A L I T Y

•Vocabulary of kernels + grammar for 
composition 

• physics goes into the construction of 
a “Kernel” that describes covariance 
of data

!89

Structure Discovery in Nonparametric Regression through Compositional Kernel Search

cylinders. Some of their discrete graph structures have
continous analogues in our own space; e.g. SE1 ⇥ SE2

and SE1 ⇥ Per2 can be seen as mapping the data to
a plane and a cylinder, respectively.

Grosse et al. (2012) performed a greedy search over a
compositional model class for unsupervised learning,
using a grammar and a search procedure which parallel
our own. This model class contained a large number
of existing unsupervised models as special cases and
was able to discover such structure automatically from
data. Our work is tackling a similar problem, but in a
supervised setting.

5. Structure discovery in time series

To investigate our method’s ability to discover struc-
ture, we ran the kernel search on several time-series.

As discussed in section 2, a gp whose kernel is a sum
of kernels can be viewed as a sum of functions drawn
from component gps. This provides another method
of visualizing the learned structures. In particular, all
kernels in our search space can be equivalently writ-
ten as sums of products of base kernels by applying
distributivity. For example,

SE⇥ (RQ+ Lin) = SE⇥RQ+ SE⇥ Lin.

We visualize the decompositions into sums of compo-
nents using the formulae given in the appendix. The
search was run to depth 10, using the base kernels from
Section 2.

Mauna Loa atmospheric CO2 Using our method,
we analyzed records of carbon dioxide levels recorded
at the Mauna Loa observatory. Since this dataset was
analyzed in detail by Rasmussen & Williams (2006),
we can compare the kernel chosen by our method to a
kernel constructed by human experts.
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Figure 3. Posterior mean and variance for di↵erent depths

of kernel search. The dashed line marks the extent of the

dataset. In the first column, the function is only modeled

as a locally smooth function, and the extrapolation is poor.

Next, a periodic component is added, and the extrapolation

improves. At depth 3, the kernel can capture most of the

relevant structure, and is able to extrapolate reasonably.
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Figure 4. First row: The posterior on the Mauna Loa

dataset, after a search of depth 10. Subsequent rows show

the automatic decomposition of the time series. The de-

compositions shows long-term, yearly periodic, medium-

term anomaly components, and residuals, respectively. In

the third row, the scale has been changed in order to clearly

show the yearly periodic structure.
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B A B Y  S T E P S

•Before we are able to discover new models on experimental 
data, should be able to recover model from simulation 

• should be able to recover ground truth with increasingly 
fewer hints (in less restricted model space) 

• Simulators have causal structure, can perform 
interventions and test different approaches to causal 
discovery 

•The ability to systematically improve on an existing simulator 
model with real data may be easier than discovering new 
model from scratch, and may be even more valuable in 
practice
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W H Y  D O  W E  C A R E  A B O U T  I N T E R P R E TA B I L I T Y ?

•For a fixed task, one might not care about interpretability as 
long as the performance on the task is good  

• Depending on context, “good”may mean that it 
generalizes well, is robust to domain shift, performance 
can be characterized and validated to be within some 
tolerance, etc… 

•But for progress in science, we don’t just want to solve 
today’s task well.  

• For science to progress we need to be able to generate 
new hypotheses, design experiments, etc.
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Towards understanding deep learning
• What is a good model to consider (analog of the stochastic block 

model for neural networks)? 
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Insight of data generating process informs inductive bias on architecture

* Lenka Zdeborova
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We have joint likelihood ratio
r(x, z|✓0, ✓1) ⌘

p(x, zd, zs, zp|✓0)
p(x, zd, zs, zp|✓1)
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We want likelihood ratio

With                     , we define the functional  
 
                                                                                                                     
 
 

One can show it is minimized by 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We want score

t(x|✓0) ⌘ r✓ log p(x|✓)
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Similar to the joint likelihood ratio, 
we can calculate the  joint score

t(x, z|✓0) ⌘ r✓ log p(x, zd, zs, z|✓)
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We want score
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Similar to the joint likelihood ratio, 
we can calculate the  joint score

t(x, z|✓0) ⌘ r✓ log p(x, zd, zs, z|✓)
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Given                       , 
we define the functional  

 
                                                                                               
 
 

One can show it is minimized by 
 

                                                              . 
 

Again, we implement this minimization  
through machine learning
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<latexit sha1_base64="a+S2m5qHrTtRYMoLgTUe2Kklld4="></latexit><latexit sha1_base64="a+S2m5qHrTtRYMoLgTUe2Kklld4="></latexit><latexit sha1_base64="a+S2m5qHrTtRYMoLgTUe2Kklld4="></latexit><latexit sha1_base64="a+S2m5qHrTtRYMoLgTUe2Kklld4="></latexit>

t(x|✓0) = argmin
t̂(x|✓0)

Lt[t̂(x|✓0)]
<latexit sha1_base64="hl6rLvS4HEntvLEYqUn7bAE/FIc="></latexit><latexit sha1_base64="eKRChSZrYDkO1o42G1PxuGHzs0k="></latexit><latexit sha1_base64="eKRChSZrYDkO1o42G1PxuGHzs0k="></latexit><latexit sha1_base64="s6JuRkdrjnaGtTZJqBbl7NVOqck="></latexit>

Lt[t̂(x|✓0)] =
Z

dx

Z
dz p(x, z|✓0)

⇣
t̂(x|✓0)� t(x, z|✓0)

⌘2
�

<latexit sha1_base64="jtSsQD7NrUhRcIjgd8Od8zN992A="></latexit><latexit sha1_base64="WkwOABKktP1ys0CUFz56lH58G/w="></latexit><latexit sha1_base64="WkwOABKktP1ys0CUFz56lH58G/w="></latexit><latexit sha1_base64="3GftDvXCF7D5rwyEQaegHNkQ73g="></latexit>

arXiv:1805.12244 
PRL, arXiv:1805.00013 
PRD, arXiv:1805.00020 

arXiv:1808.00973 
physics.aps.org/articles/v11/90 

https://physics.aps.org/articles/v11/90


T H E  H I G G S  B O S O N



T H E  C A U S A L ,  G E N E R AT I V E  M O D E L

!99



T H E  C A U S A L ,  G E N E R AT I V E  M O D E L

!99



T H E  C A U S A L ,  G E N E R AT I V E  M O D E L

!99



T H E  C A U S A L ,  G E N E R AT I V E  M O D E L

!99



T H E  C A U S A L ,  G E N E R AT I V E  M O D E L

•Conceptually: Prob(detector response | particles ) 

•Implementation: Monte Carlo integration over micro-physics 

•Consequence: evaluation of the likelihood is intractable 

•
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1 0 ⁸  S E N S O R S   →  1  R E A L - VA L U E D  Q U A N T I T Y

•Most measurements and searches for new particles at the LHC are based on the 
distribution of a single summary statistic 

• choosing a good summary statistic (feature engineering) is a task for a skilled 
physicist and tailored to the goal of measurement or new particle search 

• likelihood p(x|θ) approximated using histograms (univariate density estimation)
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This doesn’t scale if x is high dimensional!



H I G H  D I M E N S I O N A L  E X A M P L E

•When looking for deviations from the standard model 
Higgs, we would like leverage subtle kinematic correlations 

• thus each observation x is high-dimensional
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FIG. 2: Distribution of the cos θ∗ (left), Φ1 (second from the left), cos θ1 and cos θ2 (second from the right), and Φ (right)
generated for mX = 250 GeV with the program discussed in the text (unweighted events shown as points with error bars) and
projections of the ideal angular distributions given in the text (smooth lines). The four sets of plots from top to bottom show
the models discussed in Table I for spin-zero 0+ and 0− (top), spin-one 1+ and 1− (second row from top), spin-two 2+m, 2+

L
,

and 2− (third row from top), and the bottom row shows distributions in background generated with Madgraph (points with
error bars) and empirical shape (smooth lines). The J+ distributions are shown with solid red points and J− distributions are
shown with open blue points, while the 2+m and 2+

L
are shown with red circles and green squares, respectively.

production angles in Fig. 3, where we plot the distributions of θ∗ and Φ1 production angles for the spin-zero particle
X . If these distributions are measured with the “ideal” (4π) detector, the results are flat. Hence, the non-trivial
shapes of these distributions shown in Fig. 3 are entirely due to an acceptance effect.
It is evident from Fig. 3 that the acceptance effects are very important in the analysis of data. They have to be

taken into account explicitly, otherwise the results of the analysis will be biased. This can be easily done in our MC
simulation program on an event-by-event basis using the acceptance function in Eq. (39), where we reject events if
at least one lepton exceeds the maximal pseudorapidity. It is also possible, but much harder, to incorporate this
acceptance function into the likelihood function that is discussed in the next section. However, as we explain now,

2

FIG. 1: Illustration of an exotic X particle production and decay in pp collision gg or qq̄ → X → ZZ → 4l±. Six angles fully
characterize orientation of the decay chain: θ∗ and Φ∗ of the first Z boson in the X rest frame, two azimuthal angles Φ and Φ1

between the three planes defined in the X rest frame, and two Z-boson helicity angles θ1 and θ2 defined in the corresponding
Z rest frames. The offset of angle Φ∗ is arbitrarily defined and therefore this angle is not shown.

discussed in Refs. [21–23] KK graviton decays into pairs of gauge bosons are enhanced relative to direct decays into
leptons. Similar situations may occur in “hidden-valley”-type models [24]. An example of a ”heavy photon” is given
in Ref. [25].
Motivated by this, we consider the production of a resonance X at the LHC in gluon-gluon and quark-antiquark

partonic collisions, with the subsequent decay of X into two Z bosons which, in turn, decay leptonically. In Fig. 1,
we show the decay chain X → ZZ → e+e−µ+µ−. However, our analysis is equally applicable to any combination of
decays Z → e+e− or µ+µ−. It may also be applicable to Z decays into τ leptons since τ ’s from Z decays will often be
highly boosted and their decay products collimated. We study how the spin and parity of X , as well as information
on its production and decay mechanisms, can be extracted from angular distributions of four leptons in the final state.
There are a few things that need to be noted. First, we obviously assume that the resonance production and

its decays into four leptons are observed. Note that, because of a relatively small branching fraction for leptonic Z
decays, this assumption implies a fairly large production cross-section for pp → X and a fairly large branching fraction
for the decay X → ZZ. As we already mentioned, there are well-motivated scenarios of BSM physics where those
requirements are satisfied.
Second, having no bias towards any particular model of BSM physics, we consider the most general couplings of the

particle X to relevant SM fields. This approach has to be contrasted with typical studies of e.g. spin-two particles
at hadron colliders where such an exotic particle is often identified with a massive graviton that couples to SM fields
through the energy-momentum tensor. We will refer to this case as the “minimal coupling” of the spin-two particle
to SM fields.
The minimal coupling scenarios are well-motivated within particular models of New Physics, but they are not

sufficiently general. For example, such a minimal coupling may restrict partial waves that contribute to the production
and decay of a spin-two particle. Removing such restriction opens an interesting possibility to understand the couplings
of a particle X to SM fields by means of partial wave analyses, and we would like to set a stage for doing that in this
paper. To pursue this idea in detail, the most general parameterization of the X coupling to SM fields is required.
Such parameterizations are known for spin-zero, spin-one, and spin-two particles interacting with the SM gauge
bosons [7, 8] and we use these parameterizations in this paper. We also note that the model recently discussed in
Refs. [21–23] requires couplings beyond the minimal case in order to produce longitudinal polarization dominance.
Third, we note that while we concentrate on the decay X → ZZ → l+1 l

−
1 l

+
2 l

−
2 , the technique discussed in this

paper is more general and can, in principle, be applied to final states with jets and/or missing energy by studying
such processes as X → ZZ → l+l−jj, X → W+W− → l+νjj, etc. In contrast with pure leptonic final states,
higher statistics, larger backgrounds, and a worse angular resolution must be expected once final states with jets and
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