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Saturn & Mars "
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Reduced Order Models

du(t)
dt

= Lu(t) + N(u(?))

da(t)
dt

= 71L&, a(t) + T N(®,a(t))




Question #1

What is the nature of your data?

- quality

- quantity

- observability

- extrapolation vs interpolation




Model Discovery

Finding governing equations




W  Mathematical Framework

Dynamics State-space Parameters

dx N\ /

E :J\C(Xata@aﬂ)

Dynamics Stochastic effects

Measurement

y(tr) = 7(tkax(tk)

Measurement model Measurement noise
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Interpretability
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Parsimony

The Ultimate Physics Regularization

# of terms
# of dimensions




W What Could the Right Side Be?

Limited by your imagination

OX)=|1 X X X ... sin(X) cos(X) sin(2X) cos(

2"d degree polynomials

x5(t1)  wa(ti)zs(t) -+ wp(t)

xP2 _ x5(ta)  wa(t2)zs(te) -+ wp(t2)

© Z(tm) Taltm)Tstm) o E(tm).




w Sparse ldentification of Nonlinear Dynamics (SINDy)
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. Sparse Regression to Solve for Active Terms in the Dynamics
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PDE

Form

Error (no noise, noise)

Discretization

~ KdV

1%+0.2%, T%+5%

z€[—30, 30], n=512, t€0, 20], m=201

l. Burgers

Ut + UlUe — €Uge =0

0.15%=0.06%, 0.8%+0.6%

z€[—8, 8], n=256, tc[0, 10], m=101

“ Schrodinger

: 1 2
Ut + sUze — Fu=0

0.25%+0.01%, 10%+7%

z€[-17.5,7.5],n=512, t€[0, 10], m=401

* NLS

Ut + 3Use + |uf’u =0

0.05%=0.01%, 3% +1%

z€[-5, 5], n=512, t€[0, w|, m=501

1.3%+1.3%, 70%+27%

z€(0, 100], n=1024, t€[0, 100], m=251

0.1V%u + A(A)u — w(A)v
¢ = 0.1V20 + w(A)u + A(A)v
=u?+v2 w=—BA% \=1—A2

0.02% =+ 0.01%, 3.8% =+ 2.4%

x,y€[—10, 10], n=256, t€[0, 10], m=201
subsample 3 -10°

m Navier Stokes

we + (- V)w = = Vw

1% £ 0.2% , 7% + 6%

z€l0, 9], n,=449, y€|0, 4], n,=199,
t€l0, 30], m=151, subsample 3 -10°




Discrepancy Models

I’'m not dumb




Instead of model discovery from scratch...

...we often start with partial knowledge of the physics

Idealized Hamiltonian or Lagrangian system

Knowledge of constraints, conservation laws, symmetries

Imperfect model Discrepancy







Digital Twins
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KEY CHALLENGES

Limited measurements & data
Noise

Multi-scale physics

Latent variables

Parametric dependencies
Stochastic systems




Manifolds and Embeddings

Observables & Coordinates




W Bernard Koopman 1931

Definition: Koopman Operator (Koopman 1931): For a dynamical

system

dx
E — N(X),

where x € R” is in a state space x € M. The Koopman operator K acts on
aset of scalar observable variables g; which comprise the vector g : M — C

S0 that
A g(x) = g(N(x)) .




Koopman Invariant Subspaces
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W Burgers’ Equation

Ut + Uy — €Uz =0 €>0, x € [—00, 0]

Cole-Hopf (a)

U = —2€v; /v

Kutz, Proctor & Brunton, Complexity (2018])



Neural Nets

“Supervised learning is a high-dimensional interpolation problem.”

S. Mallat, PRSA (2016])
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W NNs for Koopman Embedding

Autoencoder: ¢ 1 ((p(x") =Wk

Encodery = ¢(x) Decodery = ¢~*(x)

Prediction: ¢~1 (K(p x")) — yk+1




Failure!

(obviously)




Duffing Oscillator

O u +tu+euw =0
— tu+eu =
0t?

Nonlinearity: Shifts Frequencies + Generates Harmonics

3
u(t) = Asin[(1+3eA%/8)t] + % {3sin[(1+3eA%/8)¢t] —sin[3(1 +3eA*/8)t]}




Spectrogram




Handling the Continuous Spectra

Yk Yk+1




W Training Loss Function

i
Q)
N

Autoencoder:

@~ (@(xp) = x
ol

Yk

i

j

Encoder y = ¢(x)

Decoder x = @~ 1(y)

Prediction: @~1(K@(xy)) = xi41
| S

Yk+1

Linearity: K@(xy) = @(xXi41)
Network outputs equivalent

)
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The Pendulum

Lusch et al. Nat. Comm (2018)
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Relax Koopman




Coordinates + Dynamics

2123223 1 21 29223 Zi‘z 21292 Zg

Tz e®

i = Vol ©(F) = (o))

Ix = $(@)l; + X [[x = (V.9(2)) (OET)E) [, + 2 ||(Vz) x - ©EE], + s IE],

Y

reconstruction loss SINDy loss in x SINDy loss in z

Champion et al (arxiv 2019)




Coordinates + Dynamics

Z12223 1 21 222321 21292 Zg £1£2£3_

GENERALIZABLIEE

% = Xw(xi)xi O(z]) = O(p(xi)")

[Ix — 9(=)ll5+ A1 (& = (Va1i(2)) (O E.)||2 + X2 ||(sz)x = )E‘”;J” As I,

reconstruction loss SINDy loss in x SINDy loss in z




Discovered Dynamics Coefficient
Matrix

21 i 10.0Z1 + 10.022 !
2z = 27.72y — 0.9z, — 5.5z, .
3 =—2.773+5.52;2,
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(b) Reaction-diffusion
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(c) Nonlinear pendulum
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Generalization

&
Limits

“Supervised learning is a high-dimensional interpolation problem.”

S. Mallat, PRSA (2016])




Parsimony

The Ultimate Physics Regularization

# of terms
# of dimensions




